
MATH 190A

WINTER 2021

Problem Set 9

Due by 2359 (11:59 PM) on Sunday March 7. Hand in via Gradescope.

You may discuss these problems among yourselves, but your final submitted solutions must
be written by you alone, in your own words, without any other solution in front of you.

1. Let X be a compact toplogical space. Suppose C1, C2, C3, . . . are closed subsets of X such
that C1 ⊇ C2 ⊇ C3 ⊇ . . . . Suppose moreover that Ci are all non-empty.

Prove that
⋂∞

i=1 Ci is non-empty.

2. Let X,Y be two topological spaces and suppose they are both sequentially compact. Prove
that X × Y is sequentially compact.

[Note: you may not assume X,Y are metric spaces, so an argument that tries to show
X,Y are compact will not succeed.]

3. Let X be a compact metric space. Which of the following statements are true? Justify
your answers.

(a) For any ε > 0 there exists a finite cover of X by closed balls of radius ε; that is, for some
x1, . . . , xn ∈ X we have

X = Bε[x1] ∪Bε[x2] ∪ · · · ∪Bε[xn].

(Note these are closed balls, Bε[y] = {x ∈ X : d(x, y) ≤ ε}.)

(b) For any cover of X by closed balls of radius ε > 0, there exists a finite subcover: that is, if

X =
⋃
i∈I

Bε[xi]

for some collection (xi)i∈I , then there exist i1, . . . , im ∈ I such that

X = Bε[xi1 ] ∪Bε[xi2 ] ∪ · · · ∪Bε[xim ].

4. Let X be a compact metric space and let (Ui)i∈I be an open cover of X.

Prove that there exists ε > 0 (a Lebesgue number for the covering) such that for all
x ∈ X there exists i ∈ I such that Bε(x) ⊆ Ui.

[Hint: you may wish to consider the open sets of the form

Ui,n = {x ∈ X : B1/n(x) ⊆ Ui}
for i ∈ I and n ∈ N.]

5. Consider the space X = {0, 1}N (infinite sequences of 0s and 1s) with the following metric:

d
(
(xi)i∈N, (yi)y∈N

)
=

∞∑
i=1

2−i|xi − yi|.

You may use without proof that this is a metric (although you should convince yourself
why this is so).
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(a) Prove that the metric topology induced by this metric, coincides with the topology from
Pset 3 Q1.

(b) Prove directly that X with this metric is sequentially compact.

(c) Suppose f : {0, 1}N → {0, 1} is a function. Suppose that for all x ∈ {0, 1}N there exists
m ∈ N such that

∀y ∈ {0, 1}N such that y1 = x1, . . . , ym = xm : we have f(x) = f(y).

Prove that there exists a global value M ∈ N (independent of x) such that for all x ∈
{0, 1}N,

∀y ∈ {0, 1}N such that y1 = x1, . . . , ym = xM : we have f(x) = f(y).

[This has a not-entirely-obvious interpretation as the statement: if a computer program
terminates on every possible infinite input string, then it terminates after some globally
bounded amount of time.]


