Math 104a: Number theory — Problem set 1

Francois Thilmany

Due Friday 6 July 2018

Problem 1. Prove the following properties of division. Here, a, b, c,d are arbitrary elements
of Z.

(@) al0,a|aand=£1]|a;

(b) ifa|band b |c,thena]c;

(¢c) ifa|band b |a, thena =+b;

() al|banda|cifandonlyifa | (xb+ yc) forall x,y € Z;

(e) ifa|bandc|d, then ac| bd;

(f) ifac| bcand c #0, then a | b.

Problem 2. Prove that for any n € N, 52" 4+ 22"*1 jg divisible by 7.
Problem 3. Prove the following properties of the greatest common divisor, denoted ‘ged’.
Here, a and b are arbitrary elements of Z and d € N—{0}.

(a) ged(a,0) =lal, ged(a,a) = |a, and ged(a, £1) = 1;

(b) gcd(a,xa £ b) = gcd(a, b), for any x € Z;

(¢) if d divides a and b, then ged(§, g = @.
Use parts (b) and (c) to quickly compute gcd(23000,2310).

Problem 4. Let a, b € Z be such that gcd(a, b) = 1. Determine the value of gcd(a + b,a—b)
as a function of a and b.

The Fibonacci sequence is the sequence (F, | n € N) given inductively by
Fy=0, F,=1 and F,,=F,+F,; forn>1.

Problem 5. Prove that for any n € N, gcd(F,, F,,1) = 1.

Problem 6. Prove that for any k,n € N with k < n, one has
Fo = FFo + FFo -

Deduce that if m | n, then F,, | F,,.



Problem 7. Let a € Z. What are all the possible remainders of the (Euclidean) division of
(i) a®by 2;
(ii) a®by3;
(iii) a? by 5;
(iv) a®by8;
(v) a®—a by 3;
(vi) a® by 3;
(vii) a3 by 5;
(viii) a® by 7.

Problem 8. Let a be an odd integer, and assume a > 1. Prove that a has a unique represen-
tation a = x* — y? as a difference of two squares if and only if a is a prime number.

Problem 9. Let a, b, c € Z. Prove that
(a) ifa| bc and ged(a,b) =1, then a | c;
(b) ifa|c, b|cand ged(a,b) =1, then ab | c.

Problem 10. Let 7, < be two rational numbers in reduced form (i.e. a,c € Z, b,d € N— {0}
and ged(a, b) = ged(c,d) = 1). Show that if § + 7 is an integer, then b =d.

Problem 11. Let a € Z be both a square and a cube, i.e. there are b,c € Z such that a = b?
and a = c3. Prove that a is a sixth power, i.e. there exists d € Z such that a = d°.

Let lem(a, b) denote the least common multiple of two integers a and b, that is, [ is a
positive multiple of both a and b, and [ divides any other common multiple of a and b.

Problem 12. Let a,b € Z and write a = +p}’ ...py, b==p7 ...p{r their unique factoriza-
tion as a product of the distinct positive primes p, ..., p, dividing either a or b. Prove that
ged(a, b) = prlnin(el’fl)...p;“i“(er’ff) and that lem(a, b) = prlnax(el’fl)...pf‘ax(ef’fr). Deduce that
gcd(a, b) -lem(a, b) =a- b for any a, b € N.

Problem 13. Let a € N— {0} and write a = p' ... p¢r its unique factorization as a product of
the distinct positive primes p4,...,p,. Determine the number of (positive) divisors of a, in
term of the p,’s and the e;’s. Deduce that a is a square if and only if it has an odd number of
positive divisors.

Problem 14. Show that there are infinitely many prime numbers whose residues are 3 mod-
ulo 4. (Hint: adapt Euclid’s proof of the infinitude of prime numbers.)



