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The divided difference operator

Set X, = {x1,X2,...,Xn}. For P € Q[X,,] we will write P(x) for P(x1,X2,...,Xn).

Let s;; denote the transposition which interchanges x; with x;.

Proposition
The divided difference operator

1
05 = ‘xmlx.wﬁlmav

sends polynomials into polynomials and satisfies the “Leibnitz” identity

5 (P(x)Q(x)) = (05P(x)Q(x) + (syP(x))di; Q(x)

Proof
We trivially have

(1-s35)PQ = PQ—(s;P)(s3Q) = (P-—syP)Q + (s;5P)(Q —s15Q)

and (2) follows upon dividing both sides by x; — x;
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More identities

Setting

u = Xj +Xj, V = Xj — Xj

we can write
u+t+v u—v

N Y
Thus any polynomial P has an expansion of the form

Xi =

P = a,, + MU a,su’ v° (with aj; polynomials in the remaining variables)
r+s>1

Since si;u=u and s;v=-—v it follows that

(1—-s5)P = Mumwm u (1—(—1)°)v® = 2 MU apsu’ v°

s>1 s odd

Thus the highest power of x; —x; that divides (1—s;;)P is necessarily odd, in particular

1

Nm|u£

AH — mavu.u

is a polynomial
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The m-Quasi-invariants

P is m-quasi-invariant if, for all 1 <i < j <n , (1 —s;;)P is divisible by (x; — x;)?™*1
Some basic facts:
(1) The space QI,,[X,] of m-quasi-invariants in xi,xz,...,x, IS an algebra
(2) Q[Xn] = QIy[Xn] D QL [Xn] D ... D QL [Xn] D - D QI [Xn] = SYM,, (Symmetric polynomials)

(3) Each QI,,[X,] is an S,, module
Proof

(1): (1-sy)(PQ) = (P-sP)Q + (siP)(Q—5;Q)
(2): (%3 —x;)?™+1  “divides” P —s;P for all m if and only if P —s3P = 0
va.. If o € S, then

(1—sy)o'P = o 'o(l—si5)0 'P = o (1 —54,,)P

— Q.IHANS . NS.VNEJrH@ — Auﬁ _ um.mvNE.THO.IH@



Proof
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Further properties of m-Quasi-invariants

(1) QL. [Xn] = Ho[QL,,] ® H1[QL,] & H2[QL,] @ -+ & He [QL,,| @

5

where H, [QI,,] denotes the subspace of homogeneous m-Quasi-invariants of degree r.

(2) Setting TI(x) = [I;<jcjcn(xi —%;) We have
IM(x)*™*! ¢ QI [X4]
(3) More generally for every polynomial P € @[X,] we have
II(x)*™P(x) € QI [X,]

(1): If P=%F_ P, and Q=" ,Q, with P,,Q, homogeneous of degree i then

k h
Glmavﬁﬂﬂxmlﬁvat@HvMﬁlmavmﬁHMOQI&.VNBLLDH
mno

r=0

(This also shows that the first 2m components of P must be symmetric)

(3): (1—syH(x)*"P(x) = I(x)*™(1-sy)P(x) = I(x)*(x —x;)Q(x)
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Some deeper facts

Theorem (Etingof-Ginsburg, etc )
QI [X.] is free over SYM[X,] and the quotient

@ngﬁﬁ_\ﬁwuu €2,... QQSVOHE
is a graded version of the Regular representation of Sy

Theorem (Felder-Veselov using a KZ connection) (KZ=Knizhnik-Zamolodchikov)

The Frobenius characteristic of QI [X)n] as a graded S,-module is

Ssrn $200) Sresmpn a ™ () -)
1-a)(1-q?) - (1-q")

v o= Y (-1

(1.J)eA

(There are m-analogs of everything in sight!)



Classical Harmonics of S,
H, — T@EE . qc HL with M(x)= [[ (x

m- Harmonics of S,
Note if q(x) is homogeneous of degree d

1

d
Q r —r r
a0 = qagp D (5)CUATTAOAT A0 o+
r=0

For q € QI,[X,] set

1 & /d
La(m) = g2 ((5) (-1 A a6 Am)”
r=0
with X
Am) = A —2m MU (Ox, — Ox;)
1<icj<n 17X
Then
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A bit on Finitely generated graded algebras

(1) A = Ho(A) & Hi(A) & Ha(A) & Ha(A) & --- with

*??Pv X i.wTPv - ifmePv

(2) For some ajy,as,...,am € A the collection {a}*ab?---aBm} spans A.

The Hilbert Series

Fa(t) = ) t° dimH,(A)

Theorem r=0

Fa(t) is a rational function and if B is a homogeneous basis for A then

H‘MPAHV _ Mﬁo—mmﬂmﬁvv
beB

If a; is homogeneous of degree d; then

1
AH — HQHXH — ﬁa_mv . AH _ HQEV

(2): = Fa(t) <<

and thus Fa(q) has a pole of order at most m at t =1
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The Krull dimension

Theorem
The following three integers are equal (with b; € A homogeneous )
n, : The order of the pole of Fa(t) att=1

n, : The maximum m such that {b}*b}?...bP=} is an independent set

pi=>0
ns : The minimum m such that d=dim A/(by,ba,...,bn)a < oo (x)

m®d5>”5H”5N”5w

Note that if {Q1,Q2,...,Qa} C A is any basis for the quotient in (*) then
(*) implies that the collection

A@m _U%H_UWM T UW_BWHMWMQWPNO AV_C_AV

spans A. When m = ma we say that {by,ba,..., by} is an HSOP
HSOP="Homogeneous System Of Parameters”

Note that if (**) is a basis for A then A is called “Cohen-Macaulay” and of course

then A is a free module over Q[by,bs,...,by] of rank d moreover if d; = degree(b;) then

M“H ﬁQodemA@mv
(1 — 691 )(1 — 692) - - (1 — tdn)

Fa(q) =
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The Classic Example

R, = Q[x1,X2,...,Xp]
with
. 1 . T\Ln_ o r—1
Hﬁwsﬂﬁv = A”_.|ﬁv5 = AH|HVAH|ﬁNVAH|Q5v T.T|”_.|_|&|_| +t A%v
Theorem
The collection ART,, = {x* =x5?x5*---xt»} with 0 <r; <i—1 spans the quotient
R,/(e1,ez2,...,en)R
with

€k = M Xii1 Xip o X

1<iy <ig,...<ik<n

Then it follows from (*) that the collection

r Pi_ P2 ﬁ:w
{x"el'e} n’ SxreART,

is a basis for R.
Thus R is a Cohen-Macaulay algebra, free over Qley,es,..., e, = SYM, of rank n!
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A few words about GORDAN (“Grébner”) bases

Theorem 1 (Gordan: Liouville Journal 1900)
Any collection of monomials in x;,xs,...,x, has a finite number of minimal
elements under the division partial order.

For P € R denote by h(R) the homogeneous component of highest degre in P
and let Im(P) be dlex largest monomial in P (leading monomial)

Theorem 2 (Gordan: Liouville Journal 1900)
If J is any ideal in R and m;, m,, ..., my are the minimal elements of

My={lm(P) : PcJ}

and
m; = h(f1), mz = h(fz),..., mx = h(fk)

then every P € J may be expressed in the form
P=Af; + Axfo + -+ Ayfy ASED A; € R and degree(A;f;) < &mmﬂmmﬁwvv

Moreover the complement of Mj yields a monomial basis for the quotient R/J
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An Application

Theorem
For J = (ey,ez,...,ey)r We have
min My = {x1,x3,...,x"}
Proof

The “dlex” GORDAN basis of the ideal (e1,ea,...,e,)r is simply given by the complete

homogeneous symmetric functions

k-1

hy (XK, Xk41,---yXn) = xw + MU Xy ke r (X411, Xn) (for 1 <k <n)
r=0

It thus follows from the Gordan Theorem that the collection

ART, = {x3*x3®---x}r (with0<r;<i-—1)

is a basis for the quotient

H_W\\AGH“GM“ SR umsvw\
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More on m-Quasi-Invariants

It follows from the classic example that every polynomial P € Q[x1,Xa2,...,Xy] has an
expansion of the form

Px) = 3 b(x)Apx)

bc ART
where the coefficients A, are symmetric polynomials uniquely determined by P.

Example: For n =3 any P € Q[x1,X2,x3] may be uniquely expressed in the form

P = Agowo + AoioXz + Agoixs + AgozXa + Apgi1XeXs + Agiz XoXa

Thus we may represent each P € Q[xy,x2,x3] by a sixtuple of symmetric polynomials

P «— A.Pooo , Ao1o;, Aoo1 , Aooz, Aot , >oBv

Theorem

The algebra QI [X,] of m-Quasi-Invariants is finitely generated
Proof
It easily follows from the Hilbert basis theorem (or constructively from the Gordan
Theorem) that a module of N*"Pes gyver a polynomial ring is finitely generated.
(use induction on N and apply the result to the ring Q[e1, ez, ..., enq].
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A not so well known CM criterion

Theorem

Let A be a finitely generated graded algebra and let by,b,, ..., by be
an HSOP of A and let d; = degree(b;). Suppose that

a) limg, 1(1-q")(1-q®)---(1-q™)Fa(q) = N

and
Uv QWE»P\AUHLUNV..JUWV> = N

then A is free over Q[by,ba,...,by] of rank N and thus a Cohen-Macaulay algebra
In particular if {Q1,Qa2,...,Qn} € A is a homogeneous basis for A/(by,ba,...,by)a
then

MWH Q&mmu.om?um

(1—q%)(1—qd2)- - (1 —qlx)

Fa(q) =

14
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Back to m-Quasi-Invariants

Corollary

The algebra QI of m-Quasi-Invariants in x1,Xa,...,X, IS a free module
over Qley,es,...ey,| of rank n!
Proof

It can be shown that
dimQI,, /(e;1,ez,...ey)qr,, = n!
On the other hand the inclusions
I, (x)*™1Q[xy,%2,...,%a] € QI,, C Q[x1,X2,...,Xg]
imply the component wise Hilbert series inequalities

QEE+C@ @ 1
— << F qQ << —-——
(1—q)m Qo (1—q)

Thus
limg . -1(1-q)(1-q%) - (1-q")Fa(q) = n!

15
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On m-Quasi-Invariants of Sj
Theorem
The polynomial
HVH = A Aumm + umwv + wvmmxw

with A, B symmetric, is m-quasi-invariant if and if only we have

mv A = |%HNuAH ANH - VﬁvaE H_./\HANV B = %HNAumH - vawa “_./\._”Avmv
where M is any polynomial that satisfies the two conditions (%)
m.v S13 H/\HANV = ZAVAV , Uv %N&%HNANH — NwVNEEANV = Ou
Problem

Construct these mysterious polynomials M(x)
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The reduction to a Gordan basis problem

.mpv %H&%HNANM — vamg H/\._”ANV = O“
Uv S23 ZANV = ZANV .

Now b) implies that

ZANV = a + _UANN l_lua..wv + CX2X3 Asmﬁw QQUVO c m<§wv

and we also have

ANN |um“wvmg — >E + wEANN |_|unwv + OE X2Xsg Asmﬁr >va5903 S m<3wv

Now it turns out that a) simply requires that

with

>E — >-B + ”_WEGH + Oamm ) ng — ng + OE@H ) OE — OE



Theorem 3.3
The space of triplets of symmetric functions

Mm(e) = {(a,b,c) : cA, + bBn, + aC, = 0}
is a free Q[ey, es, e3]-module of rank 2. With Hilbert series

¢ 4 gt
Fae)t) = (1 —6)(1—¢2)(1—1¢3)

“Proof”
(*) Follows from the two identities

NMSIM + NMSIH +ww§

\SSA&A v AkﬁymSVinA v + AH _ wvﬁ _ wwvﬁ _ wwv

A4t =) (1 -t
ﬁmﬁsgmaf@iv@v - AH o NVAH _ waH _ wwv
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