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Qsym over Sym is free
by
A. M. Garsia and N. Wallach

Astract
We study here the ring 9S8, of Quasi-Symmetric Functions
in the variables xy,zs,...,2,. F. Bergeron and C. Reutenauer [4]

formulated a number of conjectures about this ring, in particular
they conjectured that it is free over the ring A,, of symmetric func-
tions in 1, 2o, ...,7,. We present here an algorithm that recursively
constructs a A,-module basis for 98, thereby proving one of the
Bergeron-Reutenauer conjectures. This result also implies that the
quotient of @S, by the ideal generated by the elementary symmet-
ric functions has dimension n!. Surprisingly, to show the validity of
our algorithm we were led to a truly remarkable connection between
9S,, and the harmonics of S,,.

I. Introduction
Quasi-symmetric functions arose in the theory of P-partitions and were first intro-
duced by Gessel (see [9] p. 401). The space 9S,, of quasi-symmetric functions in the alphabet

X, = {x1,79,...,2,} may be defined as the linear span of the polynomials
Mipy po,opr] [ Xn] = Z it al? -t (for k <n and p1,p2,...,px > 1) I.1

1< <ip < <ip<n
It is customary to call a vector p = (p1,pe,...,pr) With positive integer components a “com-
position”, the integer k is called the “length” of p and is denoted “I(p)”. We also set

lpl = pi+p2+-+pi
and call |p| the “size ” of p. The collection of all compositions is denoted “C”. It will also be
convenient to denote by “C_,” and “C<,” the subcollections of C consisting of compositions
of lengths = k and < k respectively.

For p € C, we denote by \(p) the partition obtained by rearranging in decreasing order

the parts of p. This given it is easy to see that the polynomial

MyX,] = ) my[X,] 1.2

Alp)=A

is none other that the ordinary “monomial” symmetric function. For this reason the poly-
nomials defined by I.1 are called “quasi-monomials”. It may be shown that the product of
any two quasi-monomials is a linear combinations of quasi-monomials and thus 9§, is also a
ring. It follows from 1.2 that the ring A,, of symmetric functions in z;, s, ..., z, is contained
in 9S,. F. Bergeron and C. Reutenauer in [4] conjectured that QS, is a free module over
A,. They also conjectured that the quotient

0S8,/I, 1.3



October 2, 2002 2

where Z,, is the ideal generated in 9S,, by the homogeneous symmetric functions of positive
degree has dimension n!. We give here an algorithmic proof of both conjectures. To give a
precise statement of our results we need to make some preliminary remarks.

Since every symmetric function is a polynomial in the elementary symmetric functions

el[Xn]a €2 [Xn]7 s aen[XN}

we may write
I, = (el[Xn],eg[Xn],...,en[XnDQSn. 14

It follows from this that if {n[X,],72[X.],...,nn[X,]} € QS, is any basis of 9S,,/Z,, then any
quasi-symmetric function P € 9S,, has an expansion of the form

P = Z [ XnAi(e1[Xn], e2[Xn), - . ., en[ X)) L5

with the Als polynomials in their arguments. The Bergeron-Reutenauer conjecture asserts
that these expansions are unique. In fact uniqueness for the expansions in 1.5 for a single col-
lection {n[X,], n2[X.],--.,n8[X,]} yields the Cohen-Macauliness of 9S,, as well as the asserted
n! dimension for the quotient 9S8, /Z,.

Our approach is to derive the existence of such bases for @S, from the analogous
result for the ordinary polynomial ring Q[X,]. To make this precise we need to recall some
basic facts. To begin let us say that an integral vector p = (p1,pa,...,px) (With p; > 0) is
“n-subtriangular” if

plfn_lap2§n_2; "'apk:gn_ka

Here and after we will denote by SuB,, the collection of all n-subtriangular vectors of length
n. A monomial 27 = 2§22 - 27* whose exponent vector (pi,po,...,pi) is “n-subtriangular”
will be called “n-subtriangular” as well. Now it is well known and proved by E. Artin in [2]
that the collection of n-subtriangular monomials AB,, = {z¢}.csus, is a basis for the quotient
ring
R, = Q[X,]/Z..

Since we shall make extensive use of this result in the sequel it will be convenient to briefly
call the elements of AB, “Artin monomials”.

We will study here alternate bases for the quotient ring R,, which are of the form

{77117[)(71]}])6&71 U {xe}eezn 1.6

with S,,_; and Z, appropriately chosen subcollections of C<,,_; and SiB, respectively. To be
precise we can obtain such bases by applying the Gauss elimination process modulo Z,, to
the collection

{m,, [Xn]} L7

PEC<n-1
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followed by the Artin monomials

{7
eeSUB,

This done we let S,,_; be simply the set of compositions indexing the elements of 1.7 that
survive the process and likewise we let Z,, be the set of exponents of the Artin monomials
that remain at the end of the process. It immediately follows from the fact that 1.7 is a basis
for R,, that the collection

{mplXa] el XaJe [X0] -+ e [Xa] fpes, | {o el Xl [Xa] -+ e [Xo] feez, I8
qi>0 q;>0

is a basis for Q[X,].
With this notation in place our main result can be stated as follows.

Theorem A
For n > 2, whenever S,_, and Z, are obtained by means of the algorithm described
above the resulting subcollection of 1.8 given by

{mpXa) e [Xale? [Xn] -l [Xa] bpes, | {2 el Xalef[Xa] -+ el K] fec, 19

q:>0 q:>0

is basis for QS,. In particular this implies that QS, is a free module over the ring A, of
symmetric functions.

Note that since 1.9 is contained in I.8, its independence is immediate. Thus to show
that 1.9 is a basis for 98, we need only show that it spans 9S,. This will obtained by a
counting argument based on some truly remarkable identities. To appreciate their signifi-
cance we need some preliminary remarks. To begin it is easily shown that the Hilbert series
of 98, is given by the rational function

2 n
q q q
F. - 1 + + + o+ :
0s. (0 I—g = (g7 (1—q"
Now we can show that it may also be written in the form
Pn(q)

Fos, (q) .10

(1-q)(1—¢*) - (1—q")
with P,(¢) a polynomial with positive integer coefficients. This discovery, due to Bergeron
and Reutenauer, already by itself should suggest to the wise the Cohen-Macauliness of 9S,, .
But we can proceed a bit further and derive from .10 that we must have
Pa(q) Pn-1(q) q"

-9l -a)-1-¢) Q- -¢)1-¢ - (I—gn

Let “[n],!” denote the customary g-analogue of n!, that is

I.11

[l = A+l +q+¢) - (L+g+++q"7).
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Putting everything to a common denominator we can rewrite .11 in the form

Poo1(g) + ¢" ( [n]q! - Pnfl(Q)) )

F 1.12
0s. ) (-0 —a) (¢
In particular from I.10 we derive that the polynomial P,(¢) must satisfy the recursion
Po(q) = Puoi(q) + ¢" ([nlg! = Puoi(q)) - .13

This given, the following two beautiful identities are the culminating point of our
efforts.
Theorem 1.1

If {m,[X,]}pes,_, are the quasimonomials that survive the Gauss elimination process
applied to the collection {m,[X,|}pec.,_,, then

Z d"' = P,_1(q) 1.14

PESn_1

Equivalently, if {z¢}.cz, are the Artin monomials that survive the Gauss elimination process
described above then

S Pl = [l Pail) L15
€€EZn

In view of 1.12 the assertion that the collection in 1.9 is a basis for 9S,, is an immediate
consequence of 1.14 and 1.15. Now it develops that these identities follow from a remarkable
property of the Harmonics of S,. To state it we need some definitions. To begin let o;(n)
denote the cycle (i,i +1,...,n) and set

Tw=Y_oi(n), =Y ()" oi(n) 1.16
i=1 i=1
It is well known that the space H, of Harmonics of S, is the linear span of the
derivatives of the Vandermonde determinant A[X,] = det|z} [#;=1 - In symbols

H, = L[7A[X,]].
Now it is easily seen that 7/ preserves harmonicity. Taking all this into account the identities

in 1.14 and I.15 are consequences of the following basic fact

Theorem 1.2
The kernel of 7/, as a map of H,,_, into H,, has dimension (n — 2)!.

The connection between Harmonics and Quasy-Symmetric functions stems from the following
surprising result.
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Theorem 1.3
A polynomial h[X, 1] € H,_; is in the kernel of 7! if and only if it is of the form

h[Xn-1] = Q(0r1s0uss---,04, 1))AXn 1]

with
Q(xl,xg, A ,.fn,l) S QS[anl] .

We shall see that Theorem 1.3 implies Theorem [.2. Indeed it follows from Theorem
[.3 that the Hilbert series of the kernel of 7/ on H,,_; is given by the polynomial

P, 5(1/g)q"2 ).

We have essentially two different proofs of our freeness result, a leasurely one which
derives the identities in 1.14 and 1.15 from Theorem 1.3 and a more economical one which
derives that the collection in 1.9 is a basis directly by proving the dimension result of Theorem
[.2.

This paper is divided into six sections. In the first section we prove some useful
properties of the ring of Quasi-symmetric functions, and for sake of completeness review
some basic facts about Hilbert series and expansions in the polynomial ring Q[X,,] we shall
also give there a combinatorial proof of the positivity of P,(¢). In the second section we give a
precise description of our algorithm and establish some criteria that imply its validity. In the
third section we develop the connection between Quasi-symmetric functions and Harmonics
and show that Theorem I.3 implies Theorem 1.1. In the fourth section we give a proof of
Theorem 1.3 and explore some further consequences of our arguments. In the fifth section
we show from general principles that our algorithmic approach is not only sufficient but also
necessary and obtain our second proof of the freeness of 9S, . The sixth and last section
contains a number of remarks and identities which are by-products of our efforts and we
regard to be interesting in themselves and conducive to further investigations.
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1. Hilbert series and properties of 9S,.

If v is a graded vector space, we have the direct sum decomposition
V = H(V)eH(V)D - ®@H(V)D -

where H,4(V) denotes the subspace of V spanned by the homogeneous elements of degree d.
We recall that the “Hilbert series” of V, denoted here by “Fy(q)”, is the generating functions
of dimensions

Fy(q) = ) dim(Ha(V))q". L1
d>0

Now we have the following basic criterion.

Proposition 1.1
Let {n},es be a collection of homogeneous elements of V, then

a) If {n},es is a basis we necessarily have

S gleareem = py(g). 12
neB

b) Conversely if 1.2 holds true then the following three properties are equivalent
(i) {n},es is a basis of V,
(ii) {n},es Spans V,
(iii) {n},es is an independent set.
Proof
Equating coefficients of ¢¢ in 1.2 yields

#{n € B : degree(n) = d} = dim(Ha(V)) 1.3

and this is clearly necessary for {n},cs to be a basis. This proves a) . On the other hand if
1.2 his true then 1.3 holds for all d and to show that the subcollection {n},cs aegree(n=da is @
basis of H4(V) we need only show that its spans H4(V) or that it is an independent set. This
proves b).

The space of quasi-symmetric functions 9S,, is graded by the customary degree of a
polynomial and its Hilbert series is given by the rational function

2 n
q q q
- + o+
l1—q (1—q)? (1—q)"
In fact, if we denote by OS_;[X,] the linear span of the quasimonomials {m,[X,]},ec_,, We
easily see that we have

Fos_,xg(@) = Y a7 = Y % D grtetotee (ﬂq)w 15

peC p1>21p2>1 pr=>1
l(p)=k

1.4

Fos, () = 1 +
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and then 1.4 follows from the direct sum decomposition
QS, = 9S_o[X,]|® OAS_1[X,]® AS1[X,,] @ --- @ QS [X,,]. 1.6
Setting as we did in the introduction for each n > 1
Pula) = (1-=@)(1—¢*)--(1—q") Fos,(q) 1.7
we have seen (in 1.13) that these polynomials satisfy the recursion
Pu(g) = Puoi(e) + ¢"([n)g! = Pui(9)) - 1.8
Starting from the initial conditions
Po(q) = Pi(q) =1 1.9
we obtain the following three terms of the sequence {P,(q)}n>1:
Py(q) = 1+4+4°,
Py(q) = 1+4¢*+2¢" +2¢°,
Pi(q) = 14+¢° +2¢" +5¢° +5¢° +5¢" +3¢° + ¢° + ¢"°.
Note that setting ¢ =1 in 1.8 we derive that
P,(1) = n! 1.10

thus P,(q) may be viewed an another g-analogue of n!. This given, it should be of interest
to see a combinatorial interpretation of its positivity. There is in fact, a combinatorial
interpretation of the positivity of the difference [n],! — P,_1(¢). It will be good to give it here
since it leads in a natural way to the recursive construction of our bases. To begin, let Art[X,,]

denote the sum of all Artin monomials in 1, s, ...,z,. That is
n—1 )
Art[X,] = J[Q+zital+-+a277") = > at 1.12
i=1 eeSUB,

With this notation, we let {II[X,]} _, be the sequence of polynomials defined by setting

1.13
2) X, =H[X,1] + z32- zn(Art[X,] — I[X,_1])

We can now easily see that we must have
Proposition 1.2
a) Each T1[X,,] is a sum of n! distinct (n + 1)-subtriangular monomials,

b) The compositions appearing as exponents of monomials in TI[X,] have length < n.
¢) In particular the polynomial P,(q) must have positive integer coefficients.
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Proof

Since multiplication by zjzs - - -2, sends an n-subtriangular monomial into an (n + 1)-
subtriangular monomial, then if we recursively assume a) and b) to be true for n — 1, it
immediately follows from 1.13 2) that a) and b) will also be true for n. To prove ¢) note
that if we set all the variables equal to ¢ in II[X,,] we obtain the sequence of polynomials
{P.(q)},-, satisfying the recursion in 1.8 with the initial condition in 1.9 This shows that
P,(q) ¢-counts the monomials in I1[X,,] by degree.

To simplify our language, a set A, of homogeneous polynomials with the property
that the collection

— q1 g2 oL eldn
By = {bIXaJef! [Xp]ef [X,] - el [Xn]}beAn 1.14

is a basis for the polynomial ring Q[X,,], will be simply called a “A,,-basis for Q[X,,]”. Likewise,
a set of quasi-monomials {m,[X,]},ecs, (With S, € C<,) such that

Bu = {mp [ XaJel! (X, e [Xo] - el [X] fpes, 115

qi>0

is a basis for @S, will be briefly called called “A,-basis of 9S,” .
It will be good to keep in mind the following basic criteria

Proposition 1.3
(a) A set A, of homogeneous polynomials is an A,-basis for Q[X,] if and only if
(i) The collection in 1.14 spans Q[X,] and
(ﬁ) ZbeAn qdegree(b) = [n]q!
likewise
(b) A set of quasi-monomials {m,[X,]}pes, iS an A,-basis for @S, if and only if
(i) The collection in 1.15 spans QS,, and

(11) ZpES” qlpl = Pu(q)

Proof
In the first case we have
Z qdegree(P) — [nlq' — F@[X ](Q)
ot 1-q)1—=¢?)--(1-q") "

and in the second case from 1.7 we get

= Fgs,(q)

degree(P) _ Pn(q)
! (

e =i —¢) (¢

Thus in both cases the result follows from Proposition 1.2.

As we mentioned in the introduction the following result is well known.
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Theorem 1.1
The set of monomials {x¢}.csup, is a basis for the quotient

R, = Q[Xn]/(el[Xn],eg[Xn],...,en[Xn]).

in particular it follows that {z¢}.csus, Is a A,-basis for Q[X,].

A proof of the first assertion may be found in [2]. For our purposes we need only recall
how to expand, modulo (ey,es,...e,), every polynomial in zy,zs, ..., 2, as a linear combination
of n-subtriangular monomials. To this end note that by equating the coefficients of the tm—i+!
in the identity

1

(1= 2ig1t) - (1 — apt) = Ao (—nD (mod(er,ez,...,e,)) 1.17
we derive that the homogeneous symmetric functions
{hn—ivalzr, @2, .. @},
lie all in (e1,eq,...,e,). In fact, they are the Grobner basis of this ideal. In particular it
follows that for 1 <i <n we have
. n—i+1 )
x?ﬂ“ =— Z :v?*”lfrhr[xl +xo+ -+ xi—1] (mod (e1,eq,...ep)). 1.18
r=1

We can clearly see how this identity may be used to recursively reduce the exponent of z; to
a value < n —i at the expense of increasing the exponents of z1,z,,...,2;_;. This algorithm
will eventually transfer all the extra powers on x; where it will necessarily terminate because
for i =1, 1.18 reduces to

] = (mod (e1,eq,...ep)).

Of course this proves the second assertion since it implies that the collection
B, = {az?x? cox e (X ]eh? (X el [ X]  0< 6 <n—i&p; > O}

spans the polynomial ring Q[X,,] and then an application of Proposition 1.3 yields uniqueness.

To formalize an argument that will be used several times in the sequel we need to
introduce some notation. To begin, it will be convenient to denote by 9S<,[X,] the subspace
of 95[X,] spanned by quasimonomials indexed by compositions of length < k. In symbols

QS <[ Xn] = ﬁ[mp[Xn] tlp) < k]

Likewise we set
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We shall make frequent use of the following basic property of quasi-symmetric func-
tions:
Proposition 1.4

For P(z1,29,...,2,) € QS, we have

P(z1,29,...,2,-1,0) =0 1.19

if and only if
PeOS_n[Xn] = enlXy]QX,]. 1.20

In particular P must be of the form
P = AlX.]en]X0] 1.21

with A[X,] € Q[X,].
Proof
We have already observed that when i(p) = n we have

mplX,] = 0

Thus 1.20 implies 1.19. To show the converse note that if P is of degree d the expansion of
P in terms of quasimonomials may be written in the form

P(z1,22,...,2,) = P(O)—i—z Z cpMp(T1, T2, ..., Tp)

k=11(p)=k
lp|<d

This gives

n—1
P(zy,z9,...,2p-1,0) = P(O)—i—z Z cp Mp(T1,22,...,2n-1,0)
k=1 1(p)=k
[pl<d

Since, the quasimonomials {m,[X,_1]} lpy<n_1 BT€ independent, the condition in 1.19 forces
the vanishing of all the coefficients in this expansion. In other words 1.19 forces P to be of
the form

P(zi,xa,...,2,) = Z cp Mp(T1,T2,...,2n),

l(p)=n
|p|<d

but this is 1.20.
The step of replacing X,,_; by X, is best viewed as the action of a linear operator
En : OS[Xp_1]—0OS[X,)
which we call “extension” and is defined by setting for every composition p of length <n —1

En mp[Xn—l] = mp[Xn]
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The operator &, has a number of properties that are worth recording.

Proposition 1.5
(i) &, has a left inverse which simply consists of setting z,, = 0. In symbols

En P[X 1] = P[Xn_1] (V P € QS[X,1]).

Tn,—0
(ii) For any two compositions p,q we have
En (Mp[Xn—1]me[Xn-1]) — (Enmp[Xn-1])(Enme[Xn-1]) € QS=p[Xn] 1.22

2

(iii) The operator “€,e,—,” which simply consists of multiplication by e,_1[X,_1] followed
by &, is well defined as a map of

Q[Xn—l]/(el7e2a-~-7€n—1)Q[X,,L,1] jntO Q[Xn]/(el,eg,...,en)Q[Xn]
(iv) For every composition p € C<,_1 we have

Enen—1mp[Xp—1] =0 ( mod (ey,eq,. .., en))

Proof
Note that for p = (p1,ps,...,pr) We have the addition formula

mp[Xn] = mp[Xn 1]l + My, pe ) [Xn-1]2bF. 1.23

Thus
mp[Xn]

xny—0

This proves (i). Note next that if

mp[Xn—1]mg[Xna] = Z C]Tn,q M [ X 1]

then by definition
En (Mp[Xp-1]me[Xn—1]) = Z C;,q my[Xy]

T

and consequently (by (i)):

En (mp [anl] Mg [anl])

=3 ) meXn1] = mp[Xp 1] mg[Xn_1]. 1.24

T

x,—0
Likewise

En mp[anl])(gn mq[anl])

= mp [ Xp] mg[X]

T, —0

= mp[anl] mq[anl] .

xn,—0
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Subtracting this from 1.24 and using Proposition 1.4 gives 1.22.
To show (iii) let P[X,_1] € Q[X,_1] and suppose that for 4;[X,_1] € Q[X,,_1] we have

P[anl] = i Ai[Xn,ﬂei[anl] .
Then B
enfl[anl]P[anl] = Z €n,1[anl]Ai[anl]ei[anl] .

Since e, _1[X,_1]4:[Xn_1] € @S, _1, we derive from 1.22 that for some A[X,] € Q[X,] we have

n—1

gn(en—l[Xn—l]P[Xn—l]) = ZSn<6n—1[Xn—l]Ai[Xn—l])ei[Xn] + A[Xn]en[Xn]-

This proves
En(en—1[Xn_1]P[X,1]) € (e1[Xy], e2[ X0, .. en[Xn]) -

Finally note that from (ii) it follows that
5nen71mp[anl} - enfl[Xn] mp[Xn} + A[Xn] en[Xn]
for some A[X,] € Q[X,]. This proves (iv) and completes the proof.

2. The Algorithm
The validity of our algorithm stems from a sequence of propositions that are of inde-
pendent interest. The following two basic properties play a crucial role in our developments.
They may be defined as follows
Property G,
In the quotient ring Q[X,]/(e1,es,...,en)q(x,], the subspace spanned by the quasi-
monomials indexed by compositions of length <n — 1 has Hilbert series P,_1(q).

Property K,
For n > 2 the kernel of &,e,_, as a map of
QX 1)/(€1, €90 v en1)oix,_y] IO Q[Xnl/(e1, €2, -, en)opx.]
is the projection of Q8,1 into Q[X,_1]/(e1,€a;...,€n-1)Q[x, 1]
Our ultimate goal may be stated as

Property B,

The space QS, has a A,-basis {m,[X,]} for a suitable collection S, € C<,, with

PESH

Z g = P.(q). 2.2

PES
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These properties interlace in a remarkable way to yield Theorem A.
Theorem 2.1

G, = B, 2.2

Proof

Let S,—1 € C<,—1 be such that {m,[X,]} is a basis for the linear span

peESn—1
Lmp[X,] : p€Cap]

in the quotient ring Q[X,]/(e1,ea, .. €n) QX Note that under G,,. we must have
S g = Pia(g). 2.3
PESn-1
Now select Z,, C SUB,, so that the colletion
{mp[Xn]}pesnfl U {z}eez, 2.4

is a basis for the quotient Q[X,]/(e1,e2,...€x)g[x,). We may find such a collection by the Gauss
elimination process, modulo (e1, ez, ...en)gx,), applied to

{mp [Xn]}p68n71 fOHOWQd by {.%'6}5651,1371 .

Then {2¢}.cz, simply consists of the monomials z¢ that survive the process. Since the Hilbert
series of Q[X,]/(e1,e2,...en)gLx,) 18 [n]g!, from 2.3 we derive that we must have

> d = ! = Paalg). 2.5

€€l

It also follows that the collection

B = {mplXu] el [Xalef (Xu] - e [X0] fpes, o U o el [Xalef [Xo] - el (Xl feez, 26

qi>0 qi>0
is a basis for Q[X,,].
We claim that the collection
08B, = {mp[Xn] ef [Xn]eg® [Xn] - - el [Xy] }pesnfl U {xs el [Xn)ed* [Xn] - - e?f’_‘_l[Xn] }eeZ,,L 2.7
qi>0 q;>0

is a basis for 9S,. We first observe that the containment 9B, C B, implies that 9B, is
independent. Thus to show that it is a basis, by case b) (iii) of Proposition 1.1, we need only
verify that it has the correct distribution of degrees. To this end note that 2.7 gives

Yopes, A7+ 0" (Xeez, )

Ip| PESn 1 n

2 -0 —¢) - (1—q")

Pnfl(q) + qn([n]q'_Pnfl(q))
I—q)(1—g?) - (1—q")

(by L13) = Fos,(q).

beQB,

(by 2.3 and 2.5) =
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We have thus proved Property B, with

S = SpaU{e+1"} 2.8
where for € = (e1,€2,...,¢,) for convenience we set
e+1" = (e1+1l,ea+1,...,6,+1). 2.9
Theorem 2.2
G,-1 + K, — G, 2.10
Proof
Let {mp[Xn_l]}peS"iz and {z}__,  be obtained as in the proof of Theorem 2.1 with

n replaced by n — 1. By construction we have the following properties

(a) Z ¢"' = P,_5(q)

PESn_2

(b) >0 dI=ln -1l Pua(e).

€Zp
(c) {771,1,[Xn_1]}pe$%2 U {xs}eezn,l is a A,,_;-basis for Q[X,,_]
(d) {mp[Xn_l]}peSw2 U {en—l[Xn—l]xE}eezn,l is a A,,_1-basis for 0S,,_;
(e) {mp[)(n,l]}pesn_2 U {xe}eezn_1 is a basis for Q[X,1]/(e1-€2,- -, en1)Qx, ]
This given, we claim that
(i) {mp[Xn-1]},cs, , Is @ basis for the kernel of Enen—1 on Q[X,-1]/(e1,- ., en—1)Qpx,_, -

(ii) {my[X,] Yoes, ,Uimenn1[Xal} o, | s a basis for the the subspace of Q[X,]/(e1, .- .. en)Qx,) -
spanned by the quasi-monomials indexed by compositions of length <n —1

Using (d), we obtain that for any quasi-symmetric polynomial Q[X,,_1] € 9S,_; we have the
expansion

Q[Xn—l]: Z cp(elae%'~~7en—1)mp[Xn—1]+ Z de(€17627~-wen—l)en—l[Xn—l}xe

PESH—2 €EZn_1
with ¢, (v1,y2,...,yn—1) and de(y1,92,...,yn—1) polynomials in their arguments. This gives
Q[Xn-1] = Z cp(0,0,...,0) mp[Xp—_1] ( mod (e1,ea,...,€n-1) )
PESn_2

This proves that {m,[X,_1]}
that {m,[X, 1]}

bes,_, Spans Q8,1 modulo (e, €3, ..., en 1)qx, ,) - Since (c) gives

»es,_, 1s independent, claim (i) then follows from property K,.
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To show claim (ii) we need to prove that the collection

-An = {mp[sz]}p€Sn72U{meJrl"*l[Xn]}EeZn71

is independent and spans the desired space. To prove independence, suppose, if possible,
that for some constants ¢, and d. we have

S ompXal 4 Y demepina[Xa] = > AX,] e[ X 2.11

PESn—_2 €€Zn—1 =1

Setting =, = 0 we then get that

n—1
Z Cpmp[Xn—l] + en—l[Xn—l] Z dex® = ZAi[Xn—l}ei[Xn—ly
=1

PESH -2 €€EZn_1

Now this implies that

Z cpmp[Xn_1] =0 ( mod(er,e2,...,en-1)). 2.12

PESn—2

But, as we have seen, property (e) in particular asserts that {my[Xu-1]} s, , is an indepen-

dent set. Thus 2.12 forces the vanishing of all the constants ¢,. This given, 2.11 now reduces
to

Z demeiin[X,] = 0 ( mod(ey,es,. .., en)@[xn] ) . 2.13
€EZn 1

However, using the relation

gnen_lxe = m€+1n71[Xn]

we may rewrite 2.13 as

Enen,1< Z d. g;e) = 0 ( mod(ey, ea, .. ., en)@[xn] )

€€EZn 1

Thus from (i) we deduce that for some constants a, we must have

Z de ],'6 = Z Clpmp[Xn_l] (mOd(€1, €2y, en—l)Q[X“71] )

€€EZn—1 PESn_2

But this is inconsistent with our construction of the collection Z,,_; unless all the coefficients
d. do vanish. To complete our proof of claim (ii) choose any composition ¢ € C<,,—; and note
(from property (d)) that we must have the expansion

mq[Xn_l] = Z cp(el, ey en_l)[Xn_l] mp[Xn_l] + Z de(el, ey en—l)[Xn—l]en—l[Xn—l] € ,
PESn—2 €EL 1
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where ¢, (y1,...,yn—1) and dc(y1,...,d,_1) are suitable polynomials in their arguments. Apply-
ing &, to both sides of this identity (and using (ii) of Proposition 1.5) we get

my[ X, = Z cplers . en)[Xn] mp[Xn] + Z de(ery ... en—1)[Xn]mey1n-1[Xn] + A[X,] e[ X0

PESn—2 €EZp_1

Thus

me[Xal = Y (0, 0)mp[Xn]+ Y de(0,. ., 0)meyr0- [Xo] (mod (ex, ez, ., en)Qpx,] ) -
PESH—2 €€y _1

This yields the desired spanning property of the basis A,.
Finally note that from (a) and (b) we derive that

Z q\bl = P,_o + q"_l([n—l]q!—Pn72> = P.1(q)
beA,

This proves G,, and completes the proof of the theorem.
Remark 2.1

Note that the above argument shows that (under K,,) if we start with a subset S,,_» C
C<n—2 such that the collection

An72 = {mp[anl]}

PESn—2

is a basis for the linear span
L{my[Xn-1] : p€Ccp2}

and Z,_; € SUB,_; is obtained by the Gauss elimination process as indicated in the proof of
Theorem 2.1, then a basis for the linear span

L[my[X,] : pe€Can )

is given by the collection
A, = {mp [Xn}}

PESH_1
with
Sn—l = n—2 U {€+ 1n71}€EZn71 :
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3. Quasi-symmetric functions and Harmonics of S,,.
Note that by combining Theorems 2.1 and 2.2 we derive the following diagram of
implications

GQ —>B2
!
K3 — Gg —>B3
!
Ky — Gy —By
! 3.1

K5 — G5 HB5

K, —» G, —B,

It is apparent from this diagram that, after having verified G., and proved K,, for all n >3
we will have established the validity of our algorithm for proving the Cohen-Macauliness of
all the rings of Quasi-Symmetric functions. In this section we prove that property K, is
equivalent to the statement of Theorem I.3.

But before we can proceed with our arguments we need a few additional facts about
the Harmonics of S,,. To begin, recall that we let A[X,] denote the Vandermonde determinant
in z1,22,...,2,. That is

Alzn) = ™I -
Now it is well known that we have
P € (e1,e2,...,en)qx,; = Plon]A[Xn] = 0, 3.2
where for a polynomial P[X,] € Q[X,] we set
Pl0y] = P(0syy0ngy vy 0u,) -

This shows the well known fact that the orthogonal complement of the ideal (e;, e, ..., €n)Q[X,]
is given by the linear span of derivatives of A[X,]. This space is denoted here by “H,,” and
its elements are usually called “Harmonics of S,,”. In symbols

H, = L[P(D)A[X,]. 3.3

Another consequence of 3.2 is that the Artin monomials yield us a basis for the Harmonics.
To be precise a basis for H, is given by the collection

{og A[Xn}}eesugn . 3.4

The bridge between K,, and Theorem 1.3 is provided by the following purely combi-
natorial fact.
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Proposition 3.1
For P[X, 1] € QS—,,_1 we have

gn P[Xn_l] = Tn P[X"_l]. 35

where 7,, is as defined in 1.16.
Proof
It is sufficient to prove 3.5 for monomials. So let

_— P1,..P2 Pn—1
PXpa] = 2{'zy® 25

with p; > 1 for alli=1,2,...,n—1. Then

— P1.P2 Pn—1
EnP[X,1] = g ol

Tn—1
1<i1 <ip <+ <ip_1<n

;Jl(n) lenmz; o 'fon—T = Tn P[anl] QED

The connection between Quasi-Symmetric Functions and Harmonics stems from the
following basic result:

Proposition 3.2
For any P[X,,_1] € Q[X,,_1] we have

Enen—1P[Xn_1]= 0 (mod(el, €. .., en)Q[Xn]) 3.6

if and only if
7 P(0yy,00ys -y 00, )A[Xna] = 0 3.7

Proof
From 3.2 and 3.5 we derive that 3.6 is equivalent to

(Tnen—lp) (8n)A[Xn] = 0. 3.8

Since
o (n)A[Xn] = (_1)n_iA[Xn]

we may rewrite 3.8 in the form
7 (P21 Ouas o O )0, Oy 00, L AIX]) = 0 3.9
Now it is easily verified that we have
OpyOpy - 0z, AIXy] = nlA[X,—1].

Using this identity in 3.9 proves the equivalence of 3.6 and 3.7.
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The crucial step in our developments is provided by the following immediate corollary
of Proposition 3.2.

Theorem 3.1
Theorem 1.3 and K,, are equivalent. Moreover On the validity of Theorem 1.3 and
Gn—-1 the Kernel of 7! as map of
H, . Iinto H,

has Hilbert series

") P, _5(1/q) 3.10

Equivalently, the the Kernel of &,e,,_; as map of

Q[Xn-1]/(e1,€2,...,en_1)g[x,_,) 1Nt0 Q[X,]/(e1,€2,...,€n)0x,]

has Hilbert series
Pa-s(0) 3.11

Proof
Proposition 3.2 asserts that a polynomial P[X,,_,] is in the kernel of &,e,,_; if and only
if the harmonic polynomial
P(OsyyOngy vy Onp_ )JA[X—1] 3.12

is in the kernel of 7/. Now Theorem 1.3 implies that this holds true if and only if we have
P(Oyyy02ny vy On, )A[Xn—1] = Q(0uyyOngy---s0u, 1 )A[Xp_1] 3.13

for some quasi-symmetric polynomial Q[X,,_1] € 9S,_;. But from 3.2 we derive that this
holds true if and only if

PlX,—1] =Q[Xn-1] mod (e1,€2,...,€n—1)Q[X_1] - 3.14

Conversely, the equivalence of 3.7 and 3.6 yields that if the harmonic polynomial in 3.12 is
in the kernel of 7/ then P[X,_;] itself must be in the kernel of &,e, ;. But then from K,
we derive that 3.14 must hold true for some Q[X, 1] € @S,,_1. The equivalence of 3.14 and
3.13 then yields that Theorem I.3 holds true for 7). Note further that we have seen in the
proof of Theorem 2.2 that under G,,_; and K, a basis for the kernel of &,e,_; is given by
the collection {m,, [Xn—l]}p cs,_, it follows then from the equivalence of 3.6 and 3.7 that under
G, _1 a basis for the kernel of 7/ is given by the collection

{mp(02,, 005, .-, 00, ) Al Xp_1]} . 3.15

PESn_2
Thus we see that the assertions in 3.10 and 3.11 regarding the Hilbert series of ! and
Enen—1 are immediate consequences of property (a) in the proof of Theorem 2.2.

To complete the first proof of the validity of our algorithm we must verify that we
can start the inductive process and establish Theorem 1.3. The latter will be carried out in
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the next section. To illustrate our algorithm we end this section by showing the validity of
G2,G3 and Gy4. To this end recall that G, asserts that, modulo the ideal (ey,e.,.. © €n) QX
the linear span

Lmy[Xy-1] : p € Cani] 3.16

has Hilbert series P,_1(¢). Now recall that we have
Pi(q)=1, Pq)=1+¢>, Ps(q)=1+¢"+2¢"+2¢" ,

This given we have the following findings

Gz: For n = 2 the linear span in 3.16, modulo the ideal (e1,es)gx,), reduces to Q. Thus it
is of dimension 1 = (2 —1)!. Since P;(¢q) = 1 we see that G, is trivially true. Now for
n =2 the Artin basis reduces to {1,z,} and the basic relations are

T2 =€ —I1

1‘% = T1€e1 —€y.

Thus from the construction given in the proof of Theorem 2.1, we obtain that our
As-bases for Q[X;] and QS, are respectively

{1,z:} and {1,129 x 21}.

Note that here, the Gauss elimination step eliminates “1” out of {1,2;}. Thus our
Ao-basis for 9S, may be rewritten as

{1,m271[X2]}. 317

Ggs: For n =3 the Artin basis is
{1 y L1, T2, T1X2 , .’II% ) xixQ} 3.18

and the basic relations are
T3 —=€1 —T1 — X2
x% = —ZIoT] — x% —eg +e1xy + e1xa 3.19
mg = ele — esx1 + e3

Applying the operator & to the collection in 3.17 gives

{1, maa[X3]} 3.20

Now it is easily verified that this collection spans the linear span in 3.16 for n = 3.
Indeed, m1[X35], mi1[X3],ma[X3] and ma1[X3] + me1[X3] are symmetric, and all quasi-
monomials indexed by 2-part compositions of degree greater than 3 vanish modulo
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(e1, €2, €3)Qpxy)- Clearly, the collection in 3.20 is independent modulo (e, es, €3)Qxs] and
since P»(q) = 1+ ¢* we see that G is satisfied. Next, from the expansion

mo1[Xs] = 2220 + 2223 + 323
and the relations in 3.1 we derive that
m271[X3] = x%xg (HlOd (61762,63)(@[)(3])

This given, if we apply Gauss elimination modulo (e, ez, e3)g(x, to 3.20 followed by
3.18, we find that the elements that survive are

r1 , 2, 122 , JI%
Thus in this case we have
Zs = {[1,0,0],[0,1,0],[1,1,0],[0,2,0] },
and we derive that a Az-basis for Q[X3] is given by the collection
{1, moa[Xs]} Udaa, a1, zi2a, 23 }.
This implies that the collection
{1, ma[X5]} U {maq11[X3s],mi2.1[X3], ma21[Xs],m131[X5]} 3.21
is a Az basis for 95;. We may now set
S = {[],12,1],12,1,1],[1,2,1],[2,2,1],[1,3,1]} 3.22
To diminish our work for n = 4 and to illustrate another aspect of our algorithm
we shall take the shortcut of proving B, directly in this case, G, then will follow
automatically. To this end note that for the Gauss elimination process to deliver
A,-bases for Q[X,] and 98, it is sufficient to show that we can construct a collection

{mp[Xn]}peSnil, which is independent modulo (e1,€2,- -+ €n)Qrx, ) with 8,1 € C<p—1
satisfying the requirement
Z q\l’\ = Pn—l(Q) .

PESH -1

Indeed then the collection of Artin monomials {z¢} _, that survive will necessarily
have degree distribution given by [n],! — P,—1(¢), and that is all that is needed for B,,.
Now if we follow the process used in the proof of Theorem 2.2 our choice for S, ;
when n = 4 should be the collection in 3.22. We are thus reduced to showing that the
collection

Ay = {1, maa[X4]} U {mao11[Xa], mi21[Xa], ma21[Xa],m31[X4]} 3.23
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is independent modulo (eq, ez, e3, €4) Qx4 Clearly, we need only check the independence
of the subcolllection

{ma 1 1[Xa],m1,2,1[Xa], ma 21 [Xa], m1 31 X4]} 3.24

Now, denoting by “=” equivalence modulo (ei, ez, 3, e4)qx,;, from 1.18 we obtain

=0,

3= —mad —airy — 2t

9::2,) = —21%9 — T1T3 — Talsz — ] — m% ,

Ty = —X1 — X9 — I3
This gives

ma11[X3] = —aias,

mi31[X3] = —2ixs — pixdws,
and the independence of 3.24 is assured. Since
S d" = 1+ +2  +2° = Ps(g)
PES3
our observations yield that B, holds true and in particular the collection A, in 3.23
must necessarily a basis for the linear span in 3.16 for n = 4.

4. The action of 7/ on the Harmonics of S, ;

The goal of this section is to determine the kernel of 7/ on H,,_;. Before we can state
and prove our results we need to establish a few properties of 7/ as well as some further facts
about harmonics.

We begin with a simple but important observation.
Proposition 4.1
For any polynomial P[X, 5] € Q[X,—_2] and any exponent a >0 we have

TT/L :cfl_lP[Xn_g] = 71‘% T'(/L—lp[X’fL—Q] —+ xi_lp[Xn_Q] 4.1
in particular on Q[X,,_»] we have
7'7/1 = 1- 71/1—1
Proof
The result follows from the simple fact that for 1 <i <n—1 the cycles o;(n) and o;(n—1)
have the same action on polynomials in 2y, 2, ...,z,_». This given, from the definition in 1.16
we derive that
n—1
g PXn o] = Y (~1)""atoin)P[Xy o] + 2% P[X, o]
=1
n—1 )
= —ap Y (1) 'oi(n = )P[Xp o] + a5 P[X, o]
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This proves 4.1.

The following identities will play a crucial role in many of our arguments.
Proposition 4.2

For any polynomial P[X,,_s] € Q[X,,—2]
7/1/ 7-7,1,—1 P[XH—Q} =0 )
b)  TPP[X, o = 7. P[Xn s,

a T,
) 4.2

Proof
It easily verified that 757 1 =0 thus to prove 4.2 a) we can proceed by induction and
assume that for P[X,,_3] € Q[X,,_3] we have

T T o P[X,_3] = 0. 4.3

n

Clearly we need only verify 4.2 a) when P[X,,_»] is a monomial. Now let m[X,,_s] = 22_,m,[X,,_3]
where m,[X,_3] is a monomial in z;,2s,...2,_3, Then from 4.1 (for n-1) we derive that

Tpo1 Tp_oMo[Xn-3] = —a5 17, _omo[Xn-3] + z5_5me[Xp-3].
Thus
T7lz Tr/L 1T _oMo[Xn—3] = _7—7/1 fo—lT:w—Qmo [X-a] + 7'7,1 Ty o Mo[Xp—3]
(by 4 1) = _( -y Tr/z—l 77/1—2 Mo[Xyn—3] + ng—lTvlL—Q Mo [anE’J) + 7—7/1 Ty o Mo[Xn 3]
(by 4.3) = —af 17y mo[Xn—a] = 71 @5 M0 [ K] + 25,5 1m0 [ X—3)]
(by 4-1) = T 1 Th_a Mo[Xn—s] + a5 1 7o Mo [ Xn—5] — 25, _5 mo[Xn—3] + 25 _o mo[Xn—3]

This completes the induction and the proof of 4.2 a). To prove 4.2 b) we note that, again
by 4.1(with a = 0) we get for all monomials m,[X,,_2] € Q[X,_2]
Tr/LTr/L mO[anﬂ = Tr/L( - TrlzflmO[Xn*ﬂ + mO[anQ])
= =7, T 1Mo Xn_2] + 7, mo[X,—_2]

n ‘n—

(by4.2a)) = 7, mo[X,_a.

Remark 4.1

We should note that 4.2 a) implies in particular that for all » > 3 the Vandermonde
A[X,,_1] is in the kernel of 7). To see this note that since the cycles o;(n) may be taken as
representatives of the left cosets of S,_; in S,, we may write A[X,,_;] in the form

! an—=2,_ n—3

/ /
AXyq1] = T Ty g T Xy “xy " Tp_g.

n

To see what other harmonics are in the kernel of 7/, we need further identities.
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Proposition 4.3
Denoting by A™[X,_1] the cofactor of «i, in the matrix ||z} ~7||?,_, we have

n—1
() ALK = Y () AT
r=0
(Z’L) A(T) [anl] = enfrfl[Xn,ﬂA[Xn,ﬂ 4.4

n—1
(ii7) D 0., AV (X ] = (r + 1) AUTV[X, ]
i=1

Proof
Note that we may write
A[Xn] = (1'1 - xn)(xQ - xn) e ('Tn—l - xn) A[Xn—l}
n—1
= Z(_xn)ren—r—l[xn—l]A[Xn—l]
r=0

comparing with (i) yields (ii). To prove (iii) we note that (ii) gives
n—1 n—1 n—1
ZazlA(T) [anl] = (Zaxienfrfl[Xn71]>A[Xn71] + enfrfl[anl](ZaziA[Xn71]>
i=1 =1 i=1

and (iii) is derived from the following two identities that are easily proved

n—1 n—1
Z azlA[anl] =0 & Z 8zienfr71[Xn71] = (T + 1)en7r72[Xn71] .
=1 =1

These identities yield us an important corollary.

Theorem 4.1
For a polynomial P[X,_4] € Q[X,,_1] we have

PO, 1]A[X,] =0 <= P8, 1]AY[X, ,]=0, 4.5
In particular it follows that the ideal of polynomials that kill A)[X, 1] is generated by the
modified power sums
n—1

n—1
> oaf 4+ (—Zm)k (for k=23,...,n) 4.6
=1

=1

<.

Thus )
ok AD[X, ] = (D) +1) 1P AU, ) 47
=1

with (r+1) 7* 1= (r+1)(r+2)--- (r + k).
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Proof
Hitting the expansion in 4.4 (i) with P[9,_] gives
n—1
Plon1]A[X,] = > (—2n)" Pl0n_1]AV[X, ] 4.8
r=0

43

setting z,, = 0 proves “=". To prove the converse note that from 4.4 (iii) we get

n—1
<Z 6x,i)kA(r) [Xn—l] - (T + 1) Tk71 A(rJrk)[Xn_l] s 49
=1
thus
(Za ) PO, A X, ] = K Pl 1AW (X, ]

Now we see that
P[0, 1]AP[X, 1]=0 =  Pl2,1]AP[X, ]=0 (for all k). 4.10
and P[0,_1]A[X,] = 0 then follows from 4.8.

It is well known that the ideal of polynomials that kill A[X,,] is also generated by the
power sums

Zojf (for k:1,2,...,n)
i=1

Thus it follows that the modified power sums given in 4.7 must also kill A[X,]. Conversely,
assume that P[z,_4] kills A[X,,]. We must then have

Plz1] ZAk (Z o). 4.12

Since the left hand side is independent of z,, we may make the replacement z, — — Zt LT
in the right hand side and obtain
n—1 k
Plx,—1] ZAk (Zoj <72x1> >
=1
This proves that the modified power sums generate the ideal of polynomials that kill A©[X,,_,].

Now we also see from 4.10 that the modified power sums kill all of the polynomials A [X,,_,].
This given, 4.7 immediately follows from 4.9.

Remark 4.2

Note that since for k+r >n —1 the alternant Y7~ ' 9 AM[X,_;] has degree less than
(";1), it must necessarily vanish. We derive from this that the alternant AM[X,_,] is killed
by the collection of polynomials

n—1

(Sat+ (-Z17 U S, U (B0}

i=1 i=1

In fact it is shown in [1] that this collection generates the ideal of polynomials that kill
AMIX,_4].
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Remark 4.3
Note that since every symmetric function in Q[X,,_;] is a polynomial in the power
sums Y77 z¥ it follows from 4.7 that if Q[X,,_,] is symmetric and homogeneous of degree

(2

then, for a suitable constant Cp , we must have
Qo 1]AM[X, 1] = Co,A"™M[X, 1], 4.13

where, for Q(z1,zs,...,2.m) € Q[X,,] here and after we shall use the symbol “Q[4,,]” to denote
the operator “Q(0,,,04,, +,0.,.)".

Before we proceed with the next result we should note that every polynonial h[X,,] € H,
may be written in the form
h[X,] = P(0n-1)A[X,] 4.14

with P € Q[X,_1]. This is an immediate consequence of the identity
n—1
02, A[Xn] = =) 0., A[X,)] 4.15
=1

which shows that derivations with respect to x,, are not needed in the production of harmonic
polynomials.

Proposition 4.4
Every harmonic h[X,] € H, may be written in the form

h[Xn] = Ti(_xn)rhr[Xn—l] 4.16
r=0

where for a suitable polynomial P € Q[X,,_,] we have
helXn1] = P(8n1)AY[X,_4]. (for r=0,1,...n—1) 417
In particular, h[X,] is of maximum degree n —1 in x,, if and only if
B 1[Xno1] = P(On_1)A[Xn_1] # 0 418

Proof
These identities follow by combining 4.14 with the expansion in 4.4 (i).

Proposition 4.5
For

m

WXpa] = Y (=1)ah he[Xn o] 4.19
r=0

with h,[X,_s] € Q[X,,_»] for r=0,1,...,m we have

Thh[Xna] = —7h holXnoo] 4+ R[Xnoa] — D (=127 he[Xaoo] 4.20
r=1
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Proof
Using 4.1on 4.19 gives

T;zh[Xn—l] = Z(_l)r(_x:zTrlz—lhr[Xn—Q] + $2—1h7'[Xn—2])

= 7T’I/L—1h’0[Xn_2] - Z(*l)rx:LT;L—lhr[Xn—ﬂ + Z(*l)rI;—lhr[Xn—ﬂ)

and this is 4.20.

The next result may be viewed as a first step in the identification of the kernel of 7/ .

Proposition 4.6
A harmonic polynomial h[X,,_1] is in the kernel of 7/, if and only if

WXp1] = 7 holXn o] 4.21
This given, it follows that

7 h[Xn_s] = 0 (for r=1,...n—-2) 4.22

n

Proof

From Proposition 4.4 we derive that h[X,_;] may be written precisely in the form
given by 4.19 with m = n —2. We can thus use Proposition 4.5 and conclude that when
7! h[X,—1] = 0 we must necessarily have

n—2
0 = —Tuo1ho[Xn_a] + h[Xa] — D (=127 1h[Xn o] 4.23

r=1

and 4.22 follows by setting z,, = 0. Conversely, suppose that 4.21 holds true. This given,
note that the harmonicity of h[z,_,] yields

n—1
Zamlh[xn,l] = 0.
i=1

Moreover, since the operator 7' 9,, commutes with /_,, hitting 4.21 with 77" 8,, gives

T,_lhl[Xn—Q] = 0.

n

But then all the relations in 4.22 follow from 4.4 (iii) by successive applications of the
operator 7' d,,. However the validity of 4.21 together with 4.22 yields 4.23, and this, via
4.20, forces 7/ h[X, 1] = 0, completing the proof.

We are thus led to study the space of harmonics in H[X,_,] that can be written in
the form given in 4.21. To this end we have the following important auxiliary result.
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Theorem 4.2
For given polynomial A denote by Ly[A]] the linear span of derivatives of A. Then a
basis for £4[A®)[X,_4]] is given by the collection of polynomials

Bo[Xp-1] = {3§A(7-)[Xn71]}eesu3n_1- 4.24

0<r<n—1

In particular we derive that
dim £o[AP[X,_4]] = nl. 4.25

Proof
Note that Theorem 4.1 implies in particular that £5[A©)[X,_]] and £4[A[X,]] have
the same dimension. Since
dim Ly [A[Xn]] = n!

4.25 necessarily follows. Thus to obtain that B,[X,_1] is a basis we need only show that it is
an independent set. To do this we proceed by contraddiction. Suppose if possible that we
have a set of polynomials

P.[X,1] = Z Qe T for 0<r<n-1 4.26
eeSUB, 1
such that X
> Pona]AV[X, 4] = 0, 4.27
r=0

Now let r; be the first » such that P,[X,_1] # 0. This given, if we hit 4.27 by 379 and
use 4.7 we obtain

n—1—k
S (=D 4 k) T P01 ]ATTRX, 4] = 0,

r=ry‘
since Y0 9k A[X,, 1] =0 for r+k>n—1. Now for k =n—1—r this reduces to
P [0n_1]A VX, 4] = 0. 4.28

Now our definition of AM[X,, ;] gives A®=D[X,, ;] = A[X,,_1] and since the collection in 3.4 is a
basis for £o[A[X,,—1]], we cannot have 4.28 with P, [X,_;] # 0. This yields our contraddiction
and completes the proof of the theorem.

Remark 4.4
Although the following additional fact is not needed here we should point out that
the collection

BrolXoma] = {950 X] feesus, -

ro<r<n—1
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gives a basis for the subspace £5[A")[X,,_]. In fact, the identical argument that gives the
independence of B,[X, ] gives also the independence of B,,[X,,_1]. The result then follows
since it was shown in [3] that

dim Lo[AT[X, 1] < (n —71o)(n - 1)!.

If we do not wish to us this inequality, the alternate path is to show that this collection spans
Lo[AT9)[X,_;]. This can be done as follows. By Theorem 4.2 we know that every element
of this space must have an expansion in terms of the basis in 4.24. So it only remains to
show that the terms with » < r, in 4.24 do not occur in these expansions. But this follows
immediately since every element of £y[A()[X,_,] is killed by the operator 37 o7~ while
these unwanted elements are not.

We are finally in a position to give our proof of Theorem 1.3. Recall that it states:
Theorem 1.3

A polynomial h[X, 1] € H[X,_1] is in the kernel of 7/ if and only if

h[anl] = Q[anfl}A[anl] 4.30

with Q € QS,_;1.
Proof

Combining case (iv) of Proposition 1.5 with Proposition 3.2 we derive that for every
composition p € C<,—1 we have

70 Mp[On—1]A[X,—1] = 0.

This proves the sufficiency. Thus we need only show the necessity. The special cases we
worked out in section 3. yield the validity of the theorem for n = 2,3,4. We can thus proceed
by induction on n and assume it is valid up to n — 1.
Now, given that
h[anl] = P[anf2]A[Xn71}

from Proposition 4.6 we derive that

h[Xn—] = 7/:,—1P[8n—2}A[Xn—1]| = "J—lp[an—Q]A(O) [Xn—2].

Tp—1=0 - n

Theorem 4.2 then implies that there is a unique set of polynomials

P.[X, o] = Z Qe X° (for r=1,2,...,n—2)
eeESUB, 2
giving
n—2
Plon-o) AV Xy o] = Y Pr0n-o]AT[X, o]



October 2, 2002

Thus we may write h[X, 4] in the form
hXpa] = D 70 1 Prl0n—2] AT (X, o]

Let us suppose that for some 0 <r, <n —2 we have
P.[X, 2] #0 and P Xn—2]=0 (for 0<r<r,)

SO

Z Tn— 1P (r)[Xn—Q}'

T=To

It will be convenient here and after to set
Dv(v{f) = fo ’
1=1

this given, hitting 4.32 with D*); the harmonicity of h[X,_] gives

0 = ZDn T P[0 _o] AT X, ]

T=T0o

= Z 1P [0u—2] DY, A X, ]

n—2
(by 4.7) = Y (=D r+1) 1" 1) P0n o] AUTPIX, ]
=70
For k =n —2—r, this forces
TrlL—lpro [anfﬂA(n_Q) [anQ] =0

Since A=2[X,, 5] = A[X,_,], the induction hypothesis gives that

Pro[an—2]A[Xn—2] = Qm[an—2]A[Xn—2]

with Q,,[X,_2] € 9S,_2. This implies that

Pro[an—Q] = Q’r‘g[ n— 2 + ZA n— 267.[Xn—2]
=1
Thus
n—2
Pry[0n o] AT Xy o] = Qro[0no] AU [Xp o] + D Ai[0n_2ei[0n o] ATO[X, ]
i=1
n—2

(by Remark 4.3) = Qry[0n—2] AT [X, 5] + ZCi,roAi[an72]A(m+i)[Xn72]-

i=1

30

4.31

4.32
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This gives
n—2
Trlz—lpro [an—2]A(TO)[Xn—2] = r/z—lQro [an—2] A(TO)[XTL—Q] + Z Clirg TéflAi[an—ﬂA(mH) [Xn—2] : 4.33
i=1

Now note that we have
AT [X, o] = Cryin Opy Oy - - O,y _,ATTV[X,, 1]

with Cy, ., = (n — 1)!/(ro + 1). Thus

7'1/1—1Q7'o [8n—2]A(TO)[Xn—2] = Qrgn 7'7/1—1Q7'o [87,_2]81.18952 "'6wn72A(TO+1)[Xn—1]
= Qpyn T:llero[an72]en72[an72}A(ro+l)[anl]

4.34
But

Qe [On—slen—2[0n o] ATTVIX, 1] = (70 1Quy [Xnoslen—2[Xn2]) [0n 1 JATTVI[X, 4], 435
Now 3.20 and (ii) of Proposition 1.6 give that for a suitable A[X,_] € Q[X,,—;] we have

Tn—1Qro[Xn—2len—2[Xn-2] = Qry[Xn-1]en—a[Xn1] + A[Xn_1]en1[Xn1].
Substituting this in 4.35 gives
71 Qo [On—slen—2[0n o] ATTVX, 1] = (Qry[On—1len—2[0n1] + AlOn-1]en1[0n1])ATTV[X, ).
Now it is easily verified that
en—1[0n—1]) ATTV[X, 4] = 0,

while for a suitable constant C we have

0 if r, >0,
en72[8n71]A(T0+1)[Xn71] =
CA[Xn_l} lf To = 0.

Combining this result with 4.34 we finally obtain

0 if r, >0,
T 1Qry [On—2] A [X, ] = 4.36
C’ Qo[anfl]A[anl] lf To = 0.

for possibly another constant C’.
Now suppose first that r, = 0. In this case, combining 4.36 with 4.33 and 4.32 we
derive that h[X,_,] may be rewritten in the form

n—2
WXno1] = C'QolOn1]AXu-1] + Y 71 Pll0n—2] AV (X,
r=1
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with a new set of polynomials

P[X, 2] = Z a, . <.

eESUB,—2

We can now work with the difference

k[anl} = h[ ] CQO[ n— 1 Z

October 2, 2002

n 2A()[ n— 2]'

32

4.37

Applying the same reasoning to k[X,_;], we see that the first alternative in 4.36 will apply

in this case and we will be able to rewrite k[X,,_;] in the form

n—2
Z TJL—IPTN[a’ﬂ—Q}A(T) [Xn—2] .
r=2

with a second set of polynomials

P/[X, o] = Z al . xc.

eeSUB,, 2

Clearly we are in a position to repeat this process and reduce the expansion of k[X,,_

1] to a

single summand. To be precise we ultimately obtain that for some polynomial R[X, ;] we

have
k‘[Xn_l} = T/ R[an_g]A[Xn_g]

n—1

But now we can use the further determinantal identity

AlXn 2] Gy 0010y Oy Al X1
and obtain that
kX, 1] = ﬁ 7 1 R[0n—2]04, Opy - Op, _,A
= g (1 RIXslena(Xoa] ) [0n1] AL 1]
(by Proposition 3.1) = Ly (€a1 RIXylen—2[Xo-2] ) 100 1]AX 1]

= Q1[0p-1]A[X 1]

where for convenience we have set

QilX-1] = Gty (EamtRIXn-slen—2[Xna]) -

Combining 4.38 with 4.37 we finally derive that

h[Xn—l} = O/QO[an—l}A[Xn—l] + Ql[ n— 1] [Xn—1]~

4.38
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Since Q1[X,,_1] is Quasi-Symmetric this final identity completes the induction and the proof
of the theorem.

5. The alternate proof of Theorem A.
In this section we will use an alternate approach for establishing that

QS,, is a free module over A,,.

We will prove this by showing that Theorem A is equivalent to Theorem 1.2 and
then proving Theorem 1.2. In the course of the derivation several results will be proved
that show that the algorithm in the introduction is forced by the structure of the algebra of
quasi-symmetric polynomials.

A few caveats concerning the contents of this section are necessary at this point. To
begin with, some of the constructs introduced in previous sections will be dealt with here
with a slightly different notation. The style and the tools used may be more germane to
contemporary commutative algebra litterature than the algebraic combinatorial litterature
of recent years. We hope that this lack of uniformity in the paper will make its contents
accessible to a wider audience.

Recall that if X,, is the alphabet zi,...,z, then we have the elementary symmetric
functions e;[X,],...,e,[X,]. If the alphabet is understood we will drop here the [X,]. We will
also look upon Q[X,] as a module for ey,...,e, 1 With e,,; acting by 0. We denote by ¢,
the map of Q[X,] onto Q[X,_;] given by ¢, (f)(x1,....,xn_1) = f(x1,...,20—1,0). We also recall
the map &, : 98,1 — QS,, given by &,(mpp, . p [ Xn-1]) = mp, .. pa[Xn]. Then ¢, &,(f) = f for
f € 9S,-1 (see Proposition 1.5). We will also denote by = the natural projection of Q[X,]
onto Q[X,]/ 3 eQ[X,].

We observe that we have an exact sequence of ey, ..., e, .1 modules

€n+1 Son—l-l
0 - Q[XnJrl] - Q'Sn+1 - QSn - 0

Here the first map is given by multiplication by e,.; and e,;; acts by 0 on the last space.

If M is a vector space over Q that is a module for commuting operators ey, ...,e, then
we can form the Koszul complex of M as follows. We consider the free vector space V over Q
with basis ey, ...,e,. We set C.(le1,....,en]M) = M QQ A"V if ey, ...,e, are understood we will just
write C,.(M). We define the coboundary operator 9 : C,.(M) — C,_1(M) by

r

om@ei New N\ Nei) =D D e;m@es Nein N Nés - Nei.

i=1

here (as is usual) the “ hat” means remove. The r-th homology of this complex will be
denoted H,([ei,...,en], M) or H,.(M) if the e; are understood. In particular we have

Ho(M) = M/ZeiM;
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Hy(M) ={>_m; Qe Y eimi =0}/0(Co(M)).

As usual, 9S,, and A,, are graded by degree and we look upon QS,, as a graded A,-module.
The standard theory of the Koszul complex (cf.H. Matsumura, Commutative Ring Theory,
Cambridge,1986, Theorem 16.5) implies

Lemma 5.1. The A,-module QS,, is free if and only if
Hy([e1[Xn], -, en][Xn]], @Sn) = 0.
We note that 9S; = A;. We will now assume (until further notice) that we know that

9S,, is free as a A,, module for all m <n. We will now embark on an inductive proof of the
freeness for 9S,,1. The exact sequence above leads to the long exact sequence

Hi(Q[Xn41]) — Hi(QSn41) —  Hi(lei[Xn], s ena[X0]], QSn) —
—  Ho(QXn41]) — Ho(QSn41) — Ho(QS.) — 0.

We first observe that the previous lemma and the fact that Q[X,..] is a free A,-module
implies that H;(Q[X,1]) = 0. We next calculate

Hi([ea[Xn], - ent1[Xnt1]], QSn)
and the connecting homomorphism. We first note that
Ho([er[Xnl, o enir[Xnsall, @Sn) = Hol[e1[Xnl, oons en[Xnl], QSn).

We are assuming that 98, is a free A,, module and the lemma above imply that if m; € 9S,
and Y2, ., eim; = 0 then (since e, y1mny1 = 0) there exists

NS @ M®ei/\ej

1<i<j<n
with v =37, m; @e;. Thus modulo 9C1(QS,) every class in
Hl([el[Xn}v ceey en+1[Xn+1H7 an)

is represented by an element of the form m ®e,.;. We note that if u; € 9S,, then we have
O iensr1ui @ei Nen =3, eiui @ en. We therefore see that

Hl([el[Xn]7 veey en+1[Xn+1]]7 Q‘Sn) = HO(QS’H) ® €n+1-

We next calculate the connecting homomorphism. Let v = m®e,,1 be a representative of
a class in Hy([e1[Xn], . eni1[Xni1ll, @Sn) - Then m = ¢,41(u) with v € 9S,,1. We can take
u = E,y1(m). Then the element e, 1E,,1(m) is in the image of the map of Q[X, 1] to S, 1.
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Hence the connecting homomorphism is just m ® en1 — 7€,11(m). We therefore have the
exact sequence

0 — Hi(QS,+1) — Ho(9S,)Qens1 —
— Ho(Q[Xn11]) — Ho(QSn+1) — Ho(QS,) — 0

with the connecting homomorphism (which will be called ¢) as described. At this point we
have the following

Proposition 5.1.

The map u +— Eup1(u) + Y04 € Q[Xpqa] from Hy(QS,)to Ho(Q[X,11])is well defined.
Furthermore, QS, 1is a free A, .1-module if and only if this map is injective. Furthermore,
if it is free it is free on (n + 1)! generators.

Proof.

If the map is injective then, since its kernel is H,(9S,11), H1(9S,+1) = 0. If H(QS,11) =
0 then the map is injective. The last assertion is also clear since dim Hy(Q[X,1+1]) = (n+1)! and
if Hy(QSns1) =0 then dim Ho(QSns1) = dim Ho(Q[Xns1)).

Remark 5.1.

The above exact sequence shows that our construction of the basis in 1.9 is essentially
the “ only way” of getting such a basis. This observation will become clearer in the proof of
the next proposition.

We will now use Proposition 5.1 to establish a more direct relationship with the
chain of ideas in the previous sections. Recall that H,, denotes the space of S,-harmonic
polynomials in Q[X,,].

Proposition 5.2.
A necessary and sufficient condition for @S, ito be a free module over the ring of
invariants for the symmetric group is that

dimkermo &y y1e, 1, < (n—1)! 5.1

Proof.
If we apply the above exact sequence to the case of n then we see that since we are
assuming that H,(9S,) =0 we have the exact sequence

0 — Ho(QSn-1)@en — Ho(QXn]) — Ho(QSn) — Ho(QSn-1) — 0.

We note that this implies that the dimension of the kernel of the map Hy(Q[X,.]) — Ho(9S,)
induced by multiplication by e, is (n—1)! and that there is a subspace, W,,, of the S, harmonic
polynomials in Q[X,] such that e, W, projects bijectively onto the image V,, of Hy(Q[X,]). It
also implies that if apply 7o &, to 98,1 we get a subspace of Hy(QS,) complementary to
the image of Hy(Q[X,]). Let G, denote this subspace. Then Hy(QS,) = G, ® V,,. Then we
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note that 7o &,,1(G,) N 7o &ui1(e,Q[X,]) = (0). Indeed, let f be in that intersection. Then
since it is in 7o &,41(V,) We see that if g is a representative then ¢, o ¢, 11(g9) = 0. But since
it is in mo &,,1(G,) it has a representative of the form &, o &,(h) with n in QS, ;. But
©n 0 Pni1(Ens1 0 &En(h)) = h. This proves the assertion. If H,(9S,.1) = 0 the dimension of the
image of ¢,Q[X,] under 7o &, is at least (n)! — (n — 1)!. Suppose it is greater. This implies
that 7 o0 &,,1(9S,) has dimension d > (n)!. Applying ¢,.1 we see that dim Hy(QS,) > d > n!.
But we are assuming that QS, is free as a A, module. This implies that it must have n!
generators as a free A,-module. Thus if 95, ., is free as a A, module then the map 7o &,,4
restricted to e,Q[X,] has an (n —1)! dimensional kernel. This certainly proves the necessity.

We now prove the sufficiency. If H,(9S,:1) # 0 then dim Imno &,,1(9S,) < n!. Since
G, Ne,Q[X,] = (0) we see that

This implies that dimmo~,-1(9S,-1) = (n —2)! + dim7 oy, _1(€p—1,n—1Hn—1). Now assuming the
upper bound in 5.1 for the dimension of the kernel we see that

dim7 o &,41(Q8n) > (n —1)! +n! —dimkermo &, 1c, 1, > nl.
This contradiction implies the sufficiency.

As in the introduction we define

n n

Tw o= » (hi+1...,n) and 7, = > (-1)" (it 1,...,n).

=1 i=1

The basic role (for our purposes) of these elements of the group algebra of S, is that if
f € Q[X,] then (Proposition 3.1)
Enenf = Tnenf.

This implies that
dimker 7o &, g, = dimker(f — 77,16, f)

the latter being considered as a map from H,, to Q[X,41]/> e:Q[Xp11].

The Vandermonde determinant (or discriminant) in X, , that is [T, ;. <, (z: —z;), will
be denoted here A, . If f € Q[X,,] then we shall set here

o(f) = f(Ozyss0n,)-

We recall that we have f e 3, e:Q[X,] if and only if 9(f)A, = 0. With this notation in mind
we see that the condition of Proposition 5.2 is

dimker(f — O(mnt1(enf)) Apt1) < (n—1)!
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where the above map is considered to be a map of H,_; to H,. We recall that we have
O(en)Ansr = (n+ DI A, .

This yields the identity (see the proof of Proposition 3.2)

O(nr1(enf)) Ansr) = (n+ 1! 7, () An)

for f € Q[X,]. Finally we note that 9(H,)A, = H,. Putting this together we see that
Proposition 5.2 can be refomulated as

Proposition 5.3.
A necessary and sufficient condition that QS, 1 be a free module over A, ,is that

dimker 7, , g, < (n—1).

As in section 4 we introduce the differential operators DY) = 0, , we will write
1<k<n ’

DU if we are differentiating all of the variables. We have

Lemma 5.2.
We have f € kerr)  u,if and only if f = e‘“f"Dle—)lgb with ¢ € Q[X,_1] satisfying the
conditions
(1) (—rh+e P26 =0

2) (DY 4 (=DW))¢p=0 for j >2.

Proof.
Let f € Q[X,] be such that DY f =0. We write f =" fjzJ with f; € Q[X,,—1]. Then the
condition that D™ f = 0 means that

DW fi == +1)fj41-

Thus if we set ¢ = f; then f = e*””"DSllgb. The converse is also easily checked, that is if f is

given as e~ D214 then DO f=0. We are now ready to prove the Lemma. We note that

_ (1) _ (1) _ (1)
Thpre TnPnoig = e T Pntig —em T Pisl g
. _ (1) . . .
Thus if f = e *"Pr-1¢ is such that 7/, f = 0, comparing coefficients the powers of z,,.1, we get
(1)
0=ec"Prirg—1/0.

Thus f = e *Pi1 ¢ satisfies 7/ +1f =0 if and only if condition (1) is satisfied. We next look
at the condition that f is harmonic. We note that

DWenPilig — =20 P (D) 4 (—DMY)g).
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_ (1) . .. . .. . .
Thus f = e “*P»-1¢ is harmonic if and only if the condition (2) is satisfied.

We are finally ready to complete the induction that has been weighing on us through-
out this section. That is to say we will now prove dimker7, g, < (n—1)!.. We first observe
that one can check that this is true directly and without much difficulty for n <2. We also
recall that we are assuming that 9S,, is free as a A,, module for all m < n.

Let v denote the space of a ¢ satisfying the two conditions of Lemma 5.2. Let V;
denote the subspace of V consisting of those elements ¢ € V such that (DM)ig =0. We write
¢n—1 = dimker(r, — I)ju, ,. We prove by induction on j that dimV; < (j —1)(n —2)! + ¢,—1. We
first look at V;. Then if ¢ € V; we have ¢ € H,,_; and

Thd = .
Then dimV; =¢,_1. Now consider ¢ € V5 then
'+ ¢ —x, DY = 0.

If g = 3 ¢;a), | with ¢; € Q[X,,_»] then we have
730

—6+ > Thoi(6)2h + b — 20 DM =0.
j=>0
Thus
7 po=0 and DW¢=1_ 4.
Thus we have DW¢ € H,,_; and 7,DM¢ = 0. This implies by the inductive hypothesis that
dim DWWV, < (n —2)!. Since ker DMy, = V1 we see that dim Vs < (n—2)! + ¢,_1. Suppose that we
have shown that
dimV; < (j —1)(n—2)! + ¢p_1.

Let us consider a = (DW)i¢ with ¢ € V4. If we write ¢ = 3 ¢;2/_, (as usual) and write out
i

n—1
condition (1) above we have
71_1(¢;) = £H(DWY ¢ = *a.

Thus a € ker 7,57, ,. Thus dim(DW)IV; 4 < (n—2)!. Now ker(DW) |, =V;. Hence
dim Vi1 < dimV; + (n —2)!.

Thus to complete the proof we must show that ¢, ; < (n —2)!. This will be proved
by an argument analogous to the one above. If ¢ € Q[X,_2] and if ¢ = e‘;”"*Dfll—)zg then ¢ €
ker(), — I)|m, _, if and only if ¢ satisfies the two conditions

1

a) T,16=0
) (DY 4 (~DIY) £=0.
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Let W be the space of those elements ¢ of Q[X,_»] that satisfy (a) and (b). Let W, =
{¢p e W|(DW) ¢ = 0}. We now show that dim W; < j(n—3)! by induction on j. This will complete
the proof since W, _, = W. We have Wy = ker7),_,u, ,, S0 dimW; = (n —3)! by the inductive
hypothesis. Now (DM)7W;,; ¢ Wi and ker(DW)7y, = W;. Thus dim W;;1 < dimW; + (n — 3)!.
The proof is complete.

6. Final Remarks and identities
It should be apparent at this point that our algorithm for constructing A,-module
bases for 98, follows closely the recursion satisfied by the numerator of its Hilbert series.
Namely
Polg) = Poi(e) + ¢"([nlg! = Paoa(a)) - 6.1

Now it happens that there is a very intriguing further recursion satisfied by the polynomial
P, (q) which we have been unable to translate into an alternate algorithm for proving the free-
ness of 9S,,. We shall present here since it may be conducive to further findings concerning
this remarkable algebra. More precisely we have the following result

Theorem 6.1

The expression

Qulq) = I+ 1! = Pu(e) 6.2

[n]q

vields a polynomial in N[q]. In fact, the pair P,(q), Q.(q) satisfies the following recursions

a) Pu(q) = Pualg) + ¢"[n—1];Qn-1(q)

6.3
b) Qn(q) = an—l(Q) + [’I’L - 1]an—1(Q)
with initial conditions Pi(q) = 1 and Qi(q) = q. In particular we derive that
o n+1 .
Pn(Q) - Pn—l(Q) + q Z[ni1]4"'[n7r+1]qpn—r(Q)' 6.4
r=2
Proof
Substituting 6.1 into 6.2 gives
1 n n
(@) = (It 1y = Poa (@)~ "kt + " P (0))
q
1

- ([n}q[n]q - (1—q")Pn_1(q))

[n]q

nlg — (1=¢)Pu-1(q)

= [nlg = Po1(0) + aPu-1(q)
(by 6.2forn—n—-1) = [n—1]4Qu-1(q) + qPu_1(q).

This proves 6.3 b). Clearly, 6.3 a) is obtained by combining 6.1 with 6.2 for n —n —1. We
have seen in 1.9 that Pi(¢) = 1 and then 6.2 for n =1 gives Qi(¢) = ¢. The identity in 6.4 is
obtained by combining 6.3 a) with recursive applications of 6.3 b).
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Remark 6.1

The recursion in 6.4 suggests the existence of a very special A,-basis for QS,, consisting
of a A,,_;-basis for 9S,,_; followed by certain Artin monomials multiplying e, times A,,_,-bases
for 9S,,_,. Such a basis might be found if we could only find a setting that explains why the
ratio in 6.2 turns out to be polynomial with non-negative integer coefficients.

In the context of special bases we should mention that a substantial part of our
computer data was obtained using the conjectured A,-basis of Bergeron-Reutenauer [4].
Assuming the validity of their conjecture we were able to carry out computer explorations
of a size that appeared forbidding by any other means. The construction of the Bergeron-
Reutenauer basis may be obtained by a process which closely follows the constrution of
the polynomials M[X,,] defined in 1.12 and 1.13 with Artin monomials replaced by “descent
monomials”.

Let us recall that for a given permutation o = (01,09,---,0,) wWe define the descent
monomial d,[X,] corresponding to o by setting

d,[X,] = H To Loy Ty - 6.9
1<i<n—1
T;>0i41
For convenience let us set
rdo’ [Xn] = H Tn+l—01Tn+l—0s " Tn4l—0o; -
1<i<n—1
0;>0i41

and call it a “reversed” descent monomial. This given let

DM[X,] = > rds[X,] 6.9

oSy
and recursively define the sequence of polynomials Z[X,,] by setting

1)
2)

[1]

—_

[(Xi] =1,

6.10
[(Xn] = E[Xn1] + m172---7p (DM[Xn] — E[Xn_l])

[1]

It develops that there is a complete analogue of Proposition 1.2. More precisely, setting
S, = {p:a” 1isasummand in Z[X,]} 6.11

we have

Proposition 6.1
a) Fach Z[X,] is a sum of n! distinct monomials each of which is a summand in DM[X,, 1]
b) The compositions in S, have length < n.

C) ZpESn q|P| = Pn(Q) .
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Proof
It is easily seen that multiplication by xq,,,..., 2, of a reversed descent monomial in
DM([X,] yields a reversed descent monomial in DM[X,,,;]. Thus if we inductively assume a)
and b) to be true for n — 1 the recursions in 6.10 will assure them to be true for n. It is well
known that we have
> = o

ocES,

where “maj(o)” denotes the major index of o. Since degree(d,[X,]) = maj(o), setting all the
variables z; equal to ¢ in 6.10 2) yields the recursion

St o= 3 gy qn([n]q!_ 3 q|p|).

PESH PESH_1 PESH_1

This proves that both sides of ¢) satify the same recursion. Since both sides satisfy the same
initial conditions the identity in must hold true for all n. This completes our proof.

F. Bergeron and C. Reutenauer conjectured that the collection

By = {mplXu]} cs. 6.12

is a A,-basis for 9S,,. Note that if we set
DZ, = {p : 2P is a monomial in DM|[X,,] — E[Xn_l}}
then the collection in 6.12 may be written in the form

— p
B, = {mp[xn] }pesn,? {en[Xn]x }pe% 6.13
which is completely analogous to the bases constructed in the proof of Theorem 2.1. Now
we conjecture that the collection

An = {mp[X"] }pesn,gJ {xp }pGDZn 014

is itself a A,-basis for Q[X,]. We have extensive data in support of this conjecture. In
particular, computer explorations based on its validity, predicted a variety of facts which
eventually led us to the proof of Theorem I.3.

Remark 6.2

It was shown in [6] that the collection of descent monomials {dU[Xn}}O_e s, is a basis
for the quotient Q[X,]/(e1,ez,...,e,). Since this quotient is S,-invariant, the same will be
true for the collection of reversed descent monomials. In going from {rd,[X,]}_ cs, Lo A, we
see from 6.10 2) that we have replaced the monomials in DM[X,,] that are in {xp}p s, . by
the quasi-monomials in {mp[Xn]}p cs,_,- LI this replacement caused no loss of independence

modulo (e, es,...,e,), then A, would necessarily be a A,-basis for Q[X,] and it would then
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follow that B,, is a A,-basis for 9S,,. The same conclusions can be drawn if A, is shown
to span the quotient Q[X,]/(e1,e2,...,e,). Thus a direct proof of the independence or the
spanning property of A4, not only would provide a further proof of the freeness of 98, but
it would as well establish the Bergeron-Reutenauer conjecture about B3,.

We should also mention that our quest for a proof of Theorem 1.2 led us to a most
surprising fact concerning the action of the group algebra element 7/. In fact, some of the
identities proved in Section 4. yield the following result
Theorem 6.2

The Hilbert series Fk, (q) of the kernel of 7! as a map from Q[X,,_,] into Q[X,] satisfies

the following recursion.
1
I, (9) + Fk, . (9) = =gz 6.15

with initial condition Fx,(q) = 1. In particular it follows that

q

6.16
(1-q)

Fe.@) = Bm)+ Y B(n—r)

with E(m) =1—m mod 2.
Proof
From Propositions 4.2 and 4.5 it follows that a polynomial r[X,,_] € Q[X,_;] is in the
kernel of 7/ if and only if
WXno1] = 7y ho[Xn_o] 6.17
with
ho[Xn—2] € Q[Xn_o]. 6.18

Indeed, any polynomial h[X,,_,] of degree m in z,,_; may be written in the form given by 4.19
that is

m

hXn-1] = Z(_]‘)T‘/L.Zflh’r[Xn72]‘
r=0
If 7/ h[X,—1] = 0 formula 4.20 (for =, = 0) gives 6.17 with 6.18. Conversely, if 6.17 and 6.18
hold true then 4.2 a) of Proposition 4.2 gives 7/ h[X,_1] = 0. In other words the kernel of 7/,
is the range of 7/,_,. Since the Hilbert series of the co-kernel and the range of 7/,_; on Q[X,,_»]
are the same we must necessarily have

1
This proves 6.15. Now 6.16 is trivially true for n = 2 because the only elements of Q[X;] that
are killed by 75 are the constants. We can thus proceed by induction and assume 6.16 true

for n — 1, and 6.19 gives

Fe,(@) = 75 — BEmn-1)-Y En—-1-7r) 1. 6.20
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Since for n > 3 we have

o _q 4 T S
(I—gq)2 l—q (1—-9) (I—gq)2

substituting this in 6.20 gives

n—3
- 1_FE(n— —En—-1-—r a d .
Fx,(@) = 1-En-1)+ ; (1 E(n—1 )) (1—-q) * (1—q)n—2

and this is just another way of writing 6.16 completing the proof of the theorem.

43

What is surprising about the relation in 6.15 is that it yields the simplest mechanism

for producing the polynomials P,(q). More precisely 6.15 implies that
Theorem 6.3

(") P, (1/q)
B q n(1/q
Bl = Gopa=g) (1=
Proof
For convenience set
B ' (q)
Fosl) = Gogi—g)a—g)
and 6.15 becomes
(1-q¢)(1—¢*)---(1—q") (1-q¢)(1—¢*) - (1—q" 1) (I—gqm"

Making the replacement ¢ — 1/¢q we may thus rewrite this in the form

(1-q)(1—¢?)---(1—q") (I-q1—¢?)---1—=qY)  (1—g¢

Multiplying both sides by (1 —¢)(1 —¢?)--- (1 — ¢") converts this to

() Ta(t/g) o) Ta(1/) (<) q) (—1)"g"
)

La(1/g) ) = (10— ¢ (0/a) a4 g [nly!
Paci(1/9)a®) + " ([nlg! = Tua(1/9)g))),

6.21

6.22

which we can easily recognize to be the recursion satisfied by P.(¢). Note that for n = 3

formula 6.17 gives

_qa _ Ti(g)

Therefore
141

2T (1/g) = 1 = Pig).
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Combining this with 6.22 yields the equality

n+1

¢"IT.(1/q) = Palg), 6.23

completing the proof of the theorem.

The reappearence of P,(q) in this further context begs for an explanation. Comparing
formula 3.10 with the equality

"2 P s(1/q)
(I-q)(1—¢*) - (1—qg2)
suggests using the freeness of Q[X,,_;] over A,_; to relate the kernel of 7, on H,_; to kernel
of 7/ on Q[X,,_1]. However we found this path fraught with technical difficulties.

Fx, ()

The group algebra elements 7,, and 7/ have appeared in previous literature. Indeed,
denoting by L the left regular representation of S,,, it was shown in [10] that the matrix L(r,)
is diagonable with eigenvalues

0,1,2,...,n-2,n. 6.24

It was later shown by Diaconis et al. in [5] (see also [7]) that the multiplicity of i in L(r,) is
equal to the number of permutations with i fixed points, beautifully explaining the absence
of n—11in 6.24.

In [5] Diaconis et al. imbed a conjugate of 7, as the first member of a one-parameter
family B, of group algebra elements naturally arising in a card shuffling context. This yielded
them an explicit formula for all the successive powers of 7, and a number of interesting
identities. It develops that these identities and further ones can be established in a very
simple, elementary way. We will end this writing with a brief presentation of this further
development.

If o and 3 are two words in an alphabet A, we denote by “a LU 87 the formal sum of
all the words that can be obtained by shuffling o and g as it is done with two decks of cards.
This given, let us set for 1 <a<n

B, = Z @ W Ban 6.25
a€S,

where a permutation a € S, is viewed here as a word in the alphabet {1,2,...,a} and g,
denotes the word (a + 1)(a +2)---(n). It is easy to see that the right hand side of 6.25 is
none other than the sum of all the permutations of S,, with a+1,a+2,...n occurring in their
natural order. It is also seen that B; reduces to the sum of cycles



Topics in Algebraic Combinatorics LECTURE NOTES October 2, 2002 45

This implies that 7, and B; are conjugate elements of the group algebra of S,,. To be precise
5 = o B, o™ 6.26

with ¢ the top element of S,,.
Interpreting all the B,’s as elements of the group algebra of S,, we have the following
basic identities.
Proposition 6.1
Fori<a<n-1
B:B, = aB, + Bu.1, 6.27

thus
Ba = Bl(Bl - I)(Bl - 2]:) e (Bl - (a - 1)1) 5 6.28

where T represents the identity permutation. This in turn gives
k
BY = ZS,W B, 6.29
r=1

where Sy, as customary denotes the Stirling number of the second kind. We also have

a+b
a b
B,xB, = Y (Tb)(ra) (a+b—7) B, 6.30

r=aVb

Proof

The identity in 6.27 can be obtained by grouping the permutations o occurring in B,
according to the value of o;. Clearly o; can only take the values 1,2,...,a+ 1. Each of the
groups where 1 < oy < a yield a term B, upon multiplication by B; and the group where
o1 = a+ 1 is easily seen to give the term B,,;. This given, we can rewrite 6.27 in the form

Bot1 = (B1—al)B,
and 6.28 then follows by iteration. Formulas 6.29 and 6.30 are immediate consequences of
the classical identities (see [8] V. I p. 35)
k
ot = ZSkyax(m—1)(x—2)---(x—a+1)
a=1
a+b

@@l = Y (,2,)(,0,) @ro-nr

r=aVb

where for convenience we have set

(@) = z(z—1)(x—-2)---(z—k+1).
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Remark 6.3
We should note that formula 6.28 already implies that 7,,, as a group algebra element,
is diagonable with eigenvalues a subset of the integers in 6.24. Indeed, since both B,,_; and
B,, reduce to the sum of all the permutations of S,,, formula 6.27 for « = n—1 may be rewritten
as
BB, = nB,

and from 6.28 with a =n — 1 we get that
Bi(B: —I)(B: —2I)---(B1 — (n = 2)I)(B1 —nI) = 0

This implies the diagonability of B;. The diagonability of =, then follows from 6.26. To
get more precise information about the multiplicities of the eigenvalues we may follow the
argument given in [5]. This is based on the following identity of Diaconis et Al. which can
be obtained here as Corollary of 6.29.

Proposition 6.3

PR 5 1 — (=1)+" <L <
BF = ;z ; ; @ B, (for 1 <k <n) 6.31
Proof
It is well know that the Stirling numbers of the second kink may be expressed in the
form
k', "
Sk:,a = 5(6_1) ’t’“
Substituting this into 6.29 gives
k k!
k ' b a
Bf = > B, pl (e —1)" ], 6.32

a=1
However note that since for a > k we clearly have

k! .
a(et—l) o =0

we may rewrite 6.32 in the form

" k!
BY = ZBG—(et—l)a|tk

a=1

S kl x~ (a it a—i
— ZBQEM <Z>e (—1)

a=1

= k' (a\ i ai
= B> (§) ey

a=1 T =0

n a -k

= 1B Y

a=1 =
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and 6.31 is obtained by changing order of summation.

It is easily shown that the operators

o (—pye
! az=:z (a—1)! Ba

2| =

E, =
(3

do sum to the identity. Moreover it follows from 6.31 that they are the orthogonal projections
onto the eigenspaces of B;. Denoting by L the left regular represedntation of S, it follows
from this that the multiplicity of i in the matrix L(B;) is given by the trace of L(E;). Now
we have

1 n —1)e—t
trace L(E;) = a Z ((a—)i)‘ trace L(B,)

and since the left regular represenation has trace zero except at the identity this formula
reduces to

trace L(E;) = % Z % nl

n! T

il a!
a

(e sEdr - (o

where D,, denotes the number of fixed-point-free permutations of S,,. The desired conclusion
concerning multiplicities follows since the number of permutation of S, with i fixed points is
precisely equal to (7) D,—; .
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