"/ home/ n262f 99/ KOEPF/ wor ksheet sV. 4/ hwBansm mas

Math 262a, Fall 1999, Glenn Teder
Homework 3

"> read ‘ hsum mpl *;
Copyright 1998 Wolfram Koepf, Konrad-Zuse-Zentrum Berlin

7 K oepf #5.8(a)
> gosper (1/ (k*(k+10)), k) ;

1
-5 (2053152 k + 362880 + 3518100 K2 + 2894720 K° + 1346625 K* + 379638 K°

+ 66150 k° + 6960 k” + 405 k® + 10 K*) / ((k+9) (k+8) (k+7) (k+6) (k+5)

| (k+4)(k+3)(k+2) (k+1)k)

| Check it:

> sk :=": sinplify(subs(k=k+1, sk)-sk);
1

| k (k+10)

' Conclusion: as an indefinite sum,

> Sum( 1/ (k*(k+10)), k) =sk+C;

1 1
> —————=—— (2053152 k + 362880 + 3518100 k’ + 2894720 k
— k(k+10) 10

+ 1346625 k* + 379638 k® + 66150 k® + 6960 k’ + 405 k> + 10 K°) / ((k + 9) (k + 8)

(k+7)(k+6)(k+5)(k+4)(k+3)(k+2)(k+1)k)+C

" and as adefinite sum,
> Sum( 1/ (k*(k+10)), k=m .n-1) = subs(k=n, sk)-subs(k=m sk);

n-1

1 1
Z ——————=—— (2053152 n + 362880 + 3518100 n* + 2894720 n°’
k (k+10) 10

k=m

+ 1346625 n* + 379638 n° + 66150 n° + 6960 n” + 405 n® +10n°) / ((n +9)
1
(n+8)(n+7)(n+6)(n+5)(n+4)(n+3)(n+2)(n+1) n)+E(2053152m

+ 362880 + 3518100 N’ + 2894720 m® + 1346625 m" + 379638 m® + 66150 m°
+6960 m" + 405 m? + 10 m’) / ((M+9) (m+8) (m+7) (m+6) (Mm+5) (m+4)
(m+3)(m+2)(m+1)m)
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K oepf #5.8(d)
> gosper (2"k* (k"3-3*k"2-3*k-1)/ (k”*"3*(k+1)"*3), k) ;
2k
* i@
K oepf #5.8(i)
> gosper (bi nom al (m k)/ bi nom al (n, k), k) ;
(—n + k—=1) binomial(m, k)
(n+1-m) binomia(n, k)

>
K oepf #5.13

> # Rk2ak(Rk, k) gives the termak fromthe certificate Rk,
using initial terma(0)
# Rk2ak(Rk, k,false) gives a product forrmula for it
i nstead of a closed form
# Rk2ak(Rk,k,i) uses initial terma(i)
# Rk2ak( Rk, k,true/fal se,i) does both
Rk2ak : = proc(RkK, k)
| ocal rat, ak,i,cflag,arg;
I :=0; cflag := true;
for arg in args[3..nargs] do
I f type(arg, bool ean) then cflag := arg
else i := arg
fi
od,

# termratio a(k+l)/a(k) = (1+R(k))/R(k+1)
rat .= sinplify((1+Rk) / subs(k=k+1, RK));
rat := subs(k=n,rat);

i f cflag then
ak :=a(i) * product(rat,n=i..k-1);
el se
ak :=a(i) * Product(rat,n=i..k-1);
fi;
. end:
"> Rk2ak(3, k) ;
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K oepf #5.13(a)

> Rk2ak(al pha/ (al pha-1), k) ;
2a-1
(0) %

: a

K oepf #5.13(b)

> Rk2ak(k, k) ;
: a(0)

K oepf #5.13(C)

> Rk2ak(k"2, k) ;
a0) (k-1 T(k+1)
F(k+1)°T(=1) ()

0 E: 14 1?
e —o(n"'l)

Sy
a(O)EI_l (n+n ) E
=0

It's unhappy about the division by 0. Instead we should do
> Rk2ak(1/k, k, 1);

> Rk2ak(k"2, k, fal se);

K oepf #5.13(d)
> Rk2ak(1/k, k) :

a(1) M(k+1)
(k)

> sinmplify(");
| al)r(k+1)k
> convert(",factorial);
a(l) (k+1)k
k+1

{ It's very stubborn... it should be a(1) * k * k!
[ >
.
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K oepf #5.13(e)
> Rk2ak((k-1)/k,k);

—~(2n-1 1
do%ﬂW( : ;UH_)E

L =0
- Same problem with division by O, try again.
> Rk2ak((k-1)/k, k, 1);

1a(1)2kl'é<—$%r(k+l)

2 r(k)zﬁ
21 (1) r%«iﬁk

7 r(k) /T
‘> Rk2ak((k-1)/k, k, 1,fal se);

—(2n-1 1
au)gj( . ;}n+)%

> sinplify(");

>
K oepf #5.13(f)
> Rk2ak( (k+1)/k, k);

— (2n+1)(n+1)
A0) glj!) n(n+2) E

[
> Rk2ak((k+1)/k, k, 1);
1
a(1) 2krE<+£%r(k+ 1)
* r(k) M(k+2)/m
>
>
K oepf #5.20

> gosper (binom al (n, k), k);
L Error, (in gosper) no hypergeonetric termantidifference exists
- > gosper (binomal (-n, k), k);
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| Error, (in gosper) no hypergeonetric termantidifference exists
"> gosper (binom al (5, k), k);
L Error, (in gosper) no hypergeonetric termantidifference exists
"> infol evel [ sum : =3;
infolevel ;=3
Note that binomial(-n,k) = (-n)(-n-1)...(-n-k+1)/k! = (-1)*k * binomial (n+k-1,k).
In the following output from gosper, using binomial(-5,k), say, seemsto give incorrect
results (they are inconsistent with the computations | did by hand in the other part of the
answer key), probably because it’s confused about the top number being negative. But

| using the alternate formula gives results consistent with what | said.
> bin2 :=(n,k) -> (-1)"k * binom al (-n+k-1,k);

I bin2:=(n, k) - (-1)“binomial(-n+k- 1, k)
[ >
> for nn from-11to -5 by -1 do
print(‘ gosper‘(binomal (nn,k),k) =
sunt ool s[ gosper] (bi nom al (nn, k), k));
print(‘*‘=suntool s[gosper] (bin2(nn, k), k));

Print( ----------"--“““““-- e “);
od;
sunt ool s[ gosper] a( k )/ a( k -1 = 1
sunt ool s[ gosper ] CGosper’s algorithm applicable
sumnt ool s[ gosper] p: = 1
sunt ool s[ gosper] g: = 1
sunt ool s[ gosper] r:= 1

sunt ool s[ gosper] degr eebound: = 1
sunt ool s[ gosper] sol ving equations to find f
sunt ool s[ gosper ] CGosper’s al gorithm successfu

sunt ool s[ gosper] f:= k
gosper(binomial(-1, k), k) =(k—1) binomial(-1, k)

sunt ool s[ gosper ] a( k )/ a( k -1):= -1
sumnt ool s[ gosper] Cosper’s algorithm applicable
sunt ool s[ gosper] p: = 1
sunt ool s[ gosper] g:= -1
sunt ool s[ gosper] r:= 1
sunt ool s[ gosper] degr eebound: = 0
sunt ool s[ gosper ] solving equations to find f
sumnt ool s[ gosper] CGosper’s al gorithm successfu
sunt ool s[ gosper] f:= -1/2

=——(-1 k

(D)

sumnt ool s[ gosper] a( k )/ a( k -1):= (k+1)/k
sunt ool s[ gosper] CGosper’s algorithm applicable
sunt ool s[ gosper] p: = k+1
sunt ool s[ gosper] q: = 1
sunt ool s[ gosper] r:= 1
sunt ool s[ gosper ] degr eebound: = 2
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sunt ool s[ gosper] sol ving equations to find f
sunt ool s[ gosper] CGosper’s al gorithm successfu
sunt ool s[ gosper] f.= 1/ 2*k* (k+3)

1 (k- 1) (k+ 2) binomial(-2, k)

gosper(binomial (-2, k), k) =

2 k+1
sunt ool s[ gosper] a( k )/ a( k -1 = -(k+1)/k
sunt ool s[ gosper] Gosper’s algorithm applicable
sumnt ool s[ gosper] p: = k+1
sunt ool s[ gosper] g = -1
sunt ool s[ gosper] r:= 1

sunt ool s[ gosper] degr eebound: = 1

sunt ool s[ gosper] sol ving equations to find f
sunt ool s[ gosper] Gosper’s al gorithm successfu
sumnt ool s[ gosper] f:= -3/4-1/2*k

1 1+2Kk) (-1)¥
= 4( ) (-1)

sunt ool s[ gosper] a( k )/ a( k -1 = (k+2)/k
sumnt ool s[ gosper] Cosper’s algorithm applicable

sunt ool s[ gosper] p: =  (k+1)*(k+2)
sunt ool s[ gosper] q: = 1
sunt ool s[ gosper] r:= 1

sunt ool s[ gosper] degr eebound: = 3
sunt ool s[ gosper] solving equations to find f
sumnt ool s[ gosper] CGosper’s al gorithm successfu

sunt ool s[ gosper] f:= 1/ 3*k* (11+6* k+k"2)
o 1 (k-1) (6 +4k+ k) binomial(-3, k)
gosper(binomial(-3, k), k) =—
3 (k+1) (k+2)
sumnt ool s[ gosper] a( k )/ a( k -1):= -(k+2) 7k

sunt ool s[ gosper] CGosper’s algorithm applicable
sunt ool s[ gosper] p: (k+1)*(k+2)

sunt ool s[ gosper] q: -1

sunt ool s[ gosper] r: 1

sunt ool s[ gosper] degr eebound: = 2

sumnt ool s[ gosper] sol ving equations to find f
sunt ool s[ gosper] CGosper’s al gorithm successfu

sunt ool s[ gosper] f.= -714-2%k-1/ 2*k"2
_ 1 (1+4k+2K) (-1)binomia(k + 2, k)
4 (k+1) (k+2)

sunt ool s[ gosper] a( k )/ a( k -1 = (k+3)/k

sumnt ool s[ gosper] CGosper’s algorithm applicable

sunt ool s[ gosper] p:=  (k+3)*(k+2)*(k+1)
sunt ool s[ gosper] q: = 1
sunt ool s[ gosper] r:= 1

sunt ool s[ gosper] degr eebound: = 4

sunt ool s[ gosper] solving equations to find f
sumnt ool s[ gosper] CGosper’s al gorithm successfu
sunt ool s[ gosper] f:= 1/ 4*k* (k+5) * (k"2+5*k+10)
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| Error,

gosper(binomial (-4, k), k) =

sumnt ool s[ gosper]
sumnt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sumnt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]

sunt ool s[ gosper]
sumnt ool s[ gosper]
sumnt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sumnt ool s[ gosper]
sumnt ool s[ gosper]

(k 1) (k +4) (K + 3k + 6) binomial(-4, k)

(k+3)(k+2)(k+1)
a( k )/a( k -1): - (k+3) 1k

CGosper’ s algorlthnlappllcable

p: = (k+3) (k+2) *(k+1)
q: =

r.= 1

degr eebound: = 3

solving equations to find f
Cosper’s al gorithm successfu
f:= -1/8*%(2*k+5) *(2*k"2+10*k+9)

1(2k+3) (2K +6k+1) (-1)“binomial(k + 3, k)
8 (k+3)(k+2)(k+1)

a( k) /a( k  -1): (k+4)/k
CGosper’ s algorlthn1appllcable

p: = (k+4) *(k+3) *(k+2) *(k+1)
q: = 1

r:= 1

degr eebound: = 5

sol ving equations to find f
CGosper’s al gorithm successf ul
f:=  1/5%*k*(274+225*k+85*k"2+15*k"3+k"4)

gosper(binomial (-5, k), k) =
1 (k-1) (120 + 96k +46 k* + 11K + k*) binomial(-5, k)

5

sumnt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]
sumnt ool s[ gosper]
sunt ool s[ gosper]
sunt ool s[ gosper]

Koepf #5.21

(k+4)(k+3)(k+2)(k+ 1)

a( k )/a( k  -1):
CGosper’ s algorlthn1appllcable

- (k+4) 1k

p: = (k+4) (k+3) *(k+2) *(k+1)
q: =

r:= 1

degr eebound: = 4

sol ving equations to find f
CGosper’s al gorithm successfu
f:=  -93/4-42*%k-25*k"2- 6*k"3- 1/ 2*k"4

(3+32k+40K* +16 K +2K*) (-1)*binomial(k + 4, k)

1
4

(k+4)(k+3)(k+2)(k+1)

> infol evel [sum: =

infolevel,,,:= 0

> gosper (1/ k"2, k);

(in gosper) no hypergeonetric termantidifference exists
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[ >

> read ‘gsum npl*‘;

Copyright 1998, Harald Boeing & Wolfram Koepf
Konrad-Zuse-Zentrum Berlin

K oepf #5.25

> (525] := qgosper (g™(j*k),q, k);
(j k)

9525] 1= —

"> for jj from1l to 5 do
print(* qgosper’ (g*(jj*k),d,k) =
qgosper (q™(jj *k), d, k))
od;

Clg?- Clg+df

qgosper(d, g, k) =

qg-1
_Cl q4 _ _Cl q2 + q(2 k)
qgosper(q®¥, g, k) =
(g-1)(q+1)

(q-1) (f+q+1)
q(4k) + _Cl q8 _ _Cl q4

(g-1) (q+1) (g +1)
q(5 k) + _Cl q10 _ _Cl q5

, (a-1)(q'+a’+q*+q+1)

" It added a constant to the antidifference: _C1*(q"10-g"5)/(g"5-1)=_C1*g"5 is constant
with respect to k. The original input summand isrational w.r.t. k, so thereisnot a
unique g-hypergeometric antidifference, but rather an additive "constant” rational w.r.t.
g is contained in the answer.

> sinplify(qgosper(g*(5*k), q, k) - subs(j=5,9525)));

_Clq’

qgosper(q®Y, g, k) =

qgosper(q*¥, g, k) =

qgosper(q©®Y, g, k) =

K oepf #5.26(a)
> ggosper (g™(j *k) *gpochhamrer (n, g, k), q, k) ;

Error, (in ggosper) No g-hypergeonetric antidifference exists.
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'>fna =] ->qg"(j*k) * gpochhamer(n, q, k);

I fna:=j - q* gpochhammer(n, g, k)
> for jj from1l to 5 do

printf(‘at j=%,j]);

print (qgosper(fna(jj),q,k));

od;
at j=1
gpochhammer(n, q, k)
n
at j=2
(-g+ 1 -nd") gpochhammer(n, g, k)
n°q
at j=3

(- +q+q°-1-ng**? +ng-n’q**29) gpochhammer(n, g, k)

n3q3
at j=4
(k+3) _ 12 (1+2K)

—(q"+d’ -’ +q-1-¢'-ngd“"?+ng“"?+ng-ng“"?-n’q

+n? 4+ 29 + n® g***?)) gpochhammer(n, g, k) / (n*q°)
at j=5

— gpochhammer(n, g, k) (= +q° - +2q°-q+1-* - ng**® + ng**+?

+nq(k+9)_nq(k+5)+nq(k+4)_nqk_nq(k+7)+nq(k+3)_n2 q(5+2")+n2 q(1+2k)
2 (8+2k 2 (4+2k 3 (7+3k 3 (3k+3 4 _(6+4Kk 5 10
>
K oepf #5.26(c)

> qgosper ((-1)*k*g*bi nom al (k, 2) *gbi nom al (n, k, q), g, k);
_(d-1) (-1) g™ gbinomial(n, k, @)

n

qg-1

K oepf #5.26(d)
> ggosper (g™(j *k) *gbrackets(k, q), q, k);
C(1+q"V - g+ g) g7 gorackets(k, q)

f (d-1)(-1+q"" V) (- 1)
"> qgosper (g™(2*k) *gbrackets(k, q), q, k);
gbrackets(k, q)
(_Cl qe + Cl qs - c1 q3 _ q(2k+2) - Cl qz + q(1+3k) _ q(1+2k) + q(3k) _ q(2k)) /
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((a°-1)(q-1) (q+1) (F+q+1))
[>

K oepf #5.26(e)
> qgosper (g™bi nom al (k, 2) *gbrackets(k, q), g, k);
qbinomial(k, 2) qbrackets( k, q)

q-1

K oepf #5.26(f)
> ggosper (g™(-k*(k+1)/2)*qbrackets(k,q), q, k);
) q(k—l/2k(k+ 1)) qbrackets(k, q)
q-1
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