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ABsTRACT. There are many models for the K-theory spectrum known to-
day, each one having its own history and applications. The purpose of
this note is to give an elementary description of eight such models (and
certain completions of them) and to relate all of them by canonical maps,
some of which are homeomorphisms (rather than just homotopy equiva-
lences). Our survey begins with Raoul Bott’s iterated spaces of minimal
geodesics in orthogonal groups, which he used to prove his famous peri-
odicity theorem, and includes Milnor’s spaces of Clifford module struc-
tures as well as the Atyiah-Singer spaces of Fredholm operators. From
these classical descriptions we move via spaces of unbounded operators
and super semigroups of operators to our most recent model, which is
given by certain spaces of super symmetric (1|1)-dimensional field the-
ories. These theories were introduced by the second two authors for
the purpose of generalizing them to cocycles for elliptic cohomology in
terms of certain super symmetric (2|1)-dimensional field theories.

INTRODUCTION

At the first Arbeitstagung 1957 in Bonn, Alexander Grothendieck pre-
sented his version of the Riemann-Roch theorem in terms of a group (now
known as Grothendieck group) constructed from (isomorphism classes of)
algebraic vector bundles over algebraic manifolds. Some people say that
he used the letter K to abbreviate ‘Klassen’, the German word for (isomor-
phism) classes. Michael Atiyah and Friedrich Hirzebruch instantly realized
that the same construction can be applied to all complex vector bundles
over a topological space X, yielding a commutative ring K(X), where addi-
tion and multiplication come from direct sum respectively tensor product of
vector bundles. For example, every complex vector bundle over the circle
is trivial and hence K(S') = Z. Moreover, it is also easy to see that

K(S?) = Z[L]/(L - 1),

is generated by Hopf’s line bundle L over the 2-sphere.
At the second Arbeitstagung in 1958, Raoul Bott explained his celebrated

periodicity theorem which can be expressed as the computations K(S ") =
1
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K(S')and K(S§") = K(S?) for all n € N. Bott also proved a real periodicity
theorem involving the Grothendieck group of (isomorphisms classes of) real
vector bundles over X. After dividing by the subgroup generated by trivial
bundles (the quotient is denoted by a tilde over the K-groups) one obtains

Z for n=0 mod4
KO(S™) =17/2 for n=1,2 modS§8
0 else

It was again Atiyah and Hirzebruch who realized that Bott’s periodicity
theorem could be used to define generalized cohomology theories K"(X)
and KO"(X) that are 2- respectively 8-periodic and satisfy K° = K, KO° =
KO. They satisfy the same Eilenberg-Steenrod axioms (functoriality, homo-
topy invariance and Mayer-Vietoris principle) as the ordinary cohomology
groups H"(X) but if one takes X to be a point one obtains non-trivial groups
for some n # 0. In fact, the above computation yields by the suspension
isomorphism

Z for n even

K" (pt) = K(S°) = K'(§") =
() 5% %) {O for n odd

and similarly for real K-theory. Several classical problems in topology were
solved using this new cohomology theory. For example, the maximal num-
ber of independent vector fields on the n-sphere was determined explicitly.
A modern way to express any generalized cohomology theory is to write
down a spectrum, i.e. a sequence of spaces with certain structure maps.
For ordinary cohomology, these would be the Eilenberg-MacLane spaces
K(Z,n) and for K-theory one can use Bott’s spaces of iterated minimal
geodesics in orthogonal groups, see below.

The purpose of this note is to give an elementary description of eight
models (and their completions) of the spaces in the K-theory spectrum and
relate all of them by canonical maps, most of which are homeomorphisms
(rather then just homotopy equivalences). We will exclusively work with
real K-theory KO but all statements and proofs carry over to the complex
case, and, with a little more care, also to Atiyah’s Real K-theory.

Before we start a more precise discussion, we’ll give a list of the models
that will be described in this paper. Recall that a pointed CW-complex E,
is said to represent the functor KO" if there are natural isomorphisms of
pointed sets

[X,E,] = KO"(X)

for all CW-complexes X. By Brown’s representation theorem, such E,, exist
and are unique up to homotopy equivalence. The suspension isomorphism
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KO'(E,) = K O™ (ZE,) in real K-theory then takes the identity map on E,
to amap £E, — E,,; whose adjoint must be a homotopy equivalence

€ E, — QE,.,.

The sequence {E,, €,},cz of spaces and structure maps is an {2-spectrum
representing the cohomology theory KO. The homotopy groups of the
spectrum, 7, KO := m,E,, are then given by the connected components
mE_, = ngQ"Ey = m,Ey which explains partially why we describe these
negatively indexed spaces below.

To fix notation, let C, be the Clifford algebra associated to the positive
definite inner product on R". It has generators ey, ...., e, satisfying the rela-
tions

el-2 =—1, eej+eje;=0"fori+j

and it turns into a C*-algebra via e = —e;. Forn > 0, we define C_, to be the
Clifford C*-algebra for the negative definite inner product, so the operators
e; are self-adjoint and ¢? = 1l. We also fix a separable real Hilbert space
H, with a =-representation of C,_; such that all (i.e. one or two) irreducible
C,-1-modules appear infinitely often. Note that C,, is a graded algebra such
that the even part C¢" is isomorphic to C,_;. Thus we get a graded C,-
module H, := H, ® C,. We denote the grading involution by a. All
gradings in this paper are Z/2-gradings.

Theorem 1. The following spaces are all homotopy equivalent and repre-
sent the (—n)-th space in the real K-theory spectrum. The spaces in (2) to
(5) are actually homeomorphic.

(1) The Bott space B,. Here B, is defined to be the union of all orthog-
onal groups and for n > 1 and the space B, is the space of minimal
geodesics in B,,_.

(2) The Milnor space MZ" (resp. M) of “C,_i-module structures” on
H,. More precisely, for n > 1 these are unitary structures J on H,,
such that J — e,_; has finite rank (is compact) and Je; = —e;J for
1<i<n-2.

(3) The space Int)" (resp. Inf,) of ”infinitesimal generators”, i.e. odd,
self-adjoint unbounded C,-linear operators on H, with finite rank
(compact) resolvent.

(4) The configuration space Conf{f” (resp. Conf,) of finite dimensional
(ungraded) mutually perpendicular C,-submodules V, of ‘H,, la-
belled by finitely (countably) many A € R satisfying V_, = a(V)).

(5) The space SGo!" ( resp. SGO,,) of super semigroups of self-adjoint
C,-linear finite rank (compact) operators on H,,.

(6) The space EF T, of super symmetric, positive Euclidean Field The-
ories of dimension (1|1) and degree (—n).
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(7) The classifying space Q, of (internal space) categories that arises
from a certain C,-module category by Quillen’s S 'S -construction.

(8) The Atiyah-Singer space T, of certain skew-adjoint Fredholm oper-
ators on H,, anti-commuting with the C,_,-action.

The above theorem only gives very rough descriptions of the spaces in-
volved. Detailed definitions for each item (k), k = 1, ..., 8, can be found in
Section k below. Section k also contains the proof that the spaces in (k) are
homeomorphic (resp. homotopy equivalent) to spaces appearing previously.

To our best knowledge, the homeomorphisms between the spaces in (2),
(4), (5) and (7) are new, even though it was well known that the spaces are
homotopy equivalent for abstract reasons (since they represent the same Q-
spectrum and have the homotopy type of a CW complex; in fact. our results
imply that this is the case for all the spaces in Theorem [T). Moreover,
our maps relating the spaces in (3) and (8) seem to be new and slightly
easier than the original ones. One new aspect is the precise treatment of
super semigroups and the spaces SGO,, Finally, the main new result is the
equivalence of the older description of K-theory with the one in (6). This
is the way that the long term project of the last two authors tries to address
a geometric description of “elliptic cohomology”: we are trying to make
sense out of super symmetric Euclidean field theories of dimension (2[1),
so we are trying to raise the bosonic dimension by one.

Remark 2. The spaces in (3) to (7) are defined for all n € Z and the theorem
holds for all integers n. The Bott and Milnor spaces only make sense for
n > 1 and the same seems to be true for the spaces in (8). This comes
from the fact that the Atiyah-Singer spaces ¥, are defined in terms of the
ungraded Hilbert space H, and for n < 0 our translation to H,, doesn’t work
well. However, this can be circumvented by never mentioning the Clifford
algebra C,_; in the definitions and working with the ungraded algebra C;"
instead. Then the spaces ¥, are defined for all n € Z and our theorem holds.
We chose the formulation above to better connect with the reference [AS].

We now give a rough outline of where the spaces come from and how
they related. The spaces B, were defined by Raoul Bott in his classic
paper [B] on “’the stable homotopy of the classical groups” whose periodic-
ity theorem is the heart and soul of K-theory. This model actually predates
the invention of K-theory as a generalized cohomology theory, but was used
by Bott to completely calculgtecthe coefficients of this theory.

Atiyah, Bott and Shapiro S] showed the significance of Clifford al-
gebras in K-theory and they suggested to look for a proof of the periodicity
theorem using Clifford algebras. A proof along these lines yas then found
by Wood in [W] and also by Mﬂ%%l(': 1p his beautiful book [Mi] on Morse
theory. We will recall in Section [T"Thow one can easily compute (iterated)
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spaces of minimal geodesics in the orthgepnal group in terms of Clifford
module structures on H,,. In Section EW’H‘(l?ﬁne the Milnor spaces M, to
be a certain completion of these spaces of Clifford module structures. These
new spaces do not any more depend on a basis of H, but they have the same
homotopy type as B, by a theorem of Palais [P].

The configuration spaces Conf™ are the easiest to work with because
one can geometrically picture its elements well. It came as a surprise to
us that these simple spaces are actually the geometric realizations Q, of
certain (internal space) Quillen categories. Given a configuration {V,} in
Conf™, we can interpret it as the eigenspaces and eigenvalues of an odd,
self-adjoint, C,-linear operator D € Inf,ﬁlIl with domain P , Va that is given
by

Dv)y:=42-v YveV,

We note that the domain of D is finite dimensional; in particular, D is not
densely defined, a common requirement for self-adjoint operators in text
books. We expand the usual definition of a self-adjoint (unbounded) oper-
ator by just requiring that the operator is self-adjoint on the closure of its
domain. As a consequence, it is very natural to study completions Conf,
of the spaces Conf™ where there is a discrete set of labels and hence the
corresponding operator P € Inf, may have dense domain (and it has com-
pact resolvent). The resulting spaces Inf, are equipped with the generalized
norm topology and the fact that one can retract the completed spaces back to
their finite rank subspaces goes back to (at least) Segal [Se] but we reprove
this fact here.

The operator D can be used as the infinitesimal generator of the super
semigroup

2
(l, 9) — e—t@ +0D

of finite rank (resp. compact) operators on H,. These are the elements of
SGO™ (resp. SGO,). Here (1,6) € Rﬂé parametrize a certain super semi-
group whose super Lie algebra is free on one odd generator. Such super
semigroups of operators should be considered the ‘fermionic’ or ‘odd’ ana-
logue of usual semigroups of operators.

The homeomorphism from Conf™ to M, is basically given by applying
the inverse of the Cayley transform to the operator O. If one applies this
transformation to elements in Conf, one obtains interesting completions of
the Milnor and Bott spaces. ST

The spaces SGO, were introduced by two of us in LEST] as super semi-
groups of self-adjoint operators and at the time we thought of them as Eu-
clidean field theories, without having a precise definition for these. In the
meantime, we have developed a very general notion of super symmetric
Euclidean field theories and we denote the resulting spaces by EF 7 ,,. As
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a consequence of part (8) of the above theorem, the homotopy type of the
space stays unchanged by these modifications.

If one starts with a closed n-dimensional spin manifold )M then the C,-
linear Dirac operator D), (called Atiyah-Singer operator in [LM, p.140]) is
an example of a (non-finite) element in Inf,, where H,, are the L>-sections of
the C,-linear spinor bundle on M. One can think of this operator as the in-
finitesimal generator of a super symmetric (1]1)-dimensional quantum field
theory, with Euclidean (rather than Minkowski) signature. This is the rea-
son why we use the terminology Euclidean field theory. Actually, physicists
would call it super symmetric quantum mechanics on M, not a field theory,
since space is 0-dimensional. AS

The spaces ¥, first appeared in the article hS] by Atiyah-Singer and
are probably the most common model for K-theory. They make all the
wonderful applications to analysis possible. From our point of view, the
connection is easiest to make with the space Inf,: Starting with a skew-
adjoint Fredholm operator Ty on H,, that anti-commutes with ey, ..., e, 1,
we can turn it into an odd, self-adjoint, C,-linear Fredholm operator

T=Ty®e, orequivalently 7T = ( 0 T, )
o, O

onH, = H,®H,. Itis easy to see that the map T — T is a homeomorphism

and it is important to note that the skew-symmetry of 7| is equivalent to the

relation Te,, = e, T. This correspondence actually extends to the well known

case n = 0 where one starts with all Fredholm operators on H and gets all

odd, self-adjoint Fredholm operators on Hy @ H,.

The essential spectrum of a Fredholm operator has a gap around zero
and hence one can push the essential spectrum outside zero all the way
into +oo by a homotopy. This turns a bounded operator into an unbounded
one and is the basic step in the homotopy equivalence that takes a Fredholm
operator 7 to an infinitesimal generator 9. In the analytic literature, one can
sometimes find concrete formulas in terms of functional calculus (which
just describes the movement of the spectrum of 7') like

3 D
1+ D

Such precise formulas are not important from our point of view but the fol-
lowing subtlety arises in the operator D: its eigenspace at co, by definition
the orthogonal complement of the domain of D, is decomposed into the
parts at +oo respectively —oo. Such a datum is not present in general ele-
ments of Inf, and it reflects the fact that we started with a bounded operator.
Roughly speaking, this represents no problem up to homotopy if both these
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parts at oo are infinite dimensional. This uses Kuiper’s theorem and is the
only non-elementary aspect of this paper.

Taking into account the C,-action, this is related to the following well-
known subtlety in the Atiyah-Singer spaces of Fredholm operators. If n #
3 mod 4, the spaces ¥, are given by operators T (or equivalently 7T) as
above. However, Atiyah-Singer showed that for n = 3 mod 4 the space
of C,_;-antilinear skew-adjoint Fredholm operators on H, has two boring,
contractible components 79,? consisting of operators T such that

61.62...en_1.TO

is essentially positive (respectively negative). Recall that an operator is es-
sentially positive if it is positive on a closed inyariant subspace of finite
codimension. So in the precise version for 7, in [AS], the two components
7},? are disregarded. It turns out that the above functional calculus leads to
a map of all C,_,-antilinear skew-adjoint Fredholm operators to our spaces
Inf, but this map is a quasifibration (with contractible fibres) only on the
component ¥,,. Hence our spaces automatically remove the need for think-
ing about the above subtleties that arise from bounded operators and are
interestingly only visible in the presence of special Clifford actions.

We end this introduction by explaining the easiest description (that we
know) of a symmetric ring spectrum that represents (ﬁ'ﬁr}nl?r(r?ﬁ’h Let H_; bea
C_;-module as in the paragraph preceding Theorem [T, in particular it con-
tains a submodule V = C_; as C_;-modules. Then H_, := (Hfz’f’ has the

desired properties and therg,are corresponding spaces E, := Inf™ of oper-
ators as in (3) of Theorem [T."One can also use the completed version Inf_,
instead. E, contains a canonical base point, namely the operator whose

domain is zero (and thus all eigenvalues are at co).

Theorem 3. For n > 0, the spaces E, form a symmetric ring spectrum
representing real K-theory. The relevant structures are given as follows.

o The symmetric group %, acts by permuting the n factors of H_,,.
e The multiplication maps E, N E,, — E,.,, are given by the formula

(Dy,Dy) = D, @1 + 1 ®D,,

o The X,-equivariant structure maps R" — E, are given by sending
v € R” to its Clifford action on the C_,-module V®" (and oo on the
orthogonal complement in H_,). As v — oo, Clifford multiplication
also goes to oo and hence the structure maps can be extended to S",
sending the point at « to the base point in E,. These operators are
odd and self-adjoint which explains the negative sign of —n.

J
This result is a reformulation of a theorem of Michael Joachim Ho], SO
we shall not give a proof. By using complex Hilbert spaces and Clifford
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algebras, all our results translate to complex K-theory. In fact, keeping
track of the involution of complex conjugation, one also gets Atiyah’s Real
K-theory which contains both, real K-theory (via taking fixed points) and
complex K-theory (by forgetting the conjugation map).

1. BOTT SPACES OF MINIMAL GEODESICS

The origin of topological K-theory is Raoul Bott’s classical paper FB] on
”The stable homotopy of the classical groups”. For a Riemannian manifold
M, let v = (P, Q, h) denote a ‘base point in M’ which is actually a pair of
points P, Q € M, together with a fixed homotopy class / of paths connecting
P and Q. If P = Q then A is just an element in m; (M, P). Bott considers the
space M"” of minimal geodesics from P to Q in the homotopy class . Let
[v| be the first positive integer which occurs as the index of sqme geodesic
with base point v. Then Bott proved the following theorem in%g]:

Theorem 4 (Bott). If M is a symmetric space, so is M"*. Moreover, the
based loop space Q, can be built, up to homotopy, by starting with M* and
attaching cells of dimension > |v|:

Q, ~ MU e U (higher dimensional cells) — writtenas M" LN M

For example, if M = §", n > 1, with the round metric and P, Q are
not antipodal, then there is a unique minimal geodesic from P to Q. The
second shortest geodesic from P to Q reaches the point —Q that has an
(n —1)-dimensional variation of geodesics to Q and hence |[v| = n— 1. In the
notation above, one gets

n—1
pr=M "5 M=

which implies that QS” is (n — 2)-connected, or equivalently, that §" is
(n — 1)-connected, not such a great result. However, if one considers all
geodesics, one can say much more. In fact, the indices of geodesics from
Pto Q are k(n — 1) for k = 0,1,2,.... This is a case of Morse’s origi-
nal application of his theory to infinite dimensional manifolds: the energy
functional

1
E: QM —R, E(y :=f ly' (O)Pdt
0

is a Morse function with critical points the geodesics and indices given by
the number of conjugate points (counted with multiplicity) along the given
geodesic. Morse shows that infinite dimensionality is not an issue, because
the space of paths with bounded energy has the homotopy type of a finite
dimensional space, namely the piecewise geodesics (where the number of



FROM MINIMAL GEODESICS TO SUPER SYMMETRIC FIELD THEORIES 9

corners is related to the energy bound and the injectivity radius of M). As a
consequence of our example above,

Q8" = 8"yl yelrby . .

If P and Q are antipodal points on S”, then the energy is not a Morse
function. For example, the minimal geodesics form an (n — 1)-sphere,
parametrized by the equator in §”. However, Bott developed a theory for
such cases, now known as Morse-Bott theory, where the critical points form
a submanifold whose tangent space equals the null space of the Hessian of
the given function, the Morse-Bott condition. Applied to the case at hand,
we can derive the same cell decomposition of Q,S” as above but this time
the bottom cell consists of the minimal geodesics:

n—1 y 20n-1) n

ST =M —M=S5

So Freudenthal’s suspension theorem is a direct consequence of this result,
using only the index of the first non-minimal geodesics (not the first two, as
in the generic case studied by Morse), Mgre, generally, for any symmetric
space, this is Bott’s proof of Theorem h above.

His approach to study the homotopy types of the classical groups was
to apply this method to compact Lie groups which are symmetric spaces
in their bi-invariant metric. For example, consider M = O(2m) and P =
I, Q = —1. Then every geodesic y from P to Q is of the form

v(t) = exp(nt - A), te€]0,1]

where A is skew-adjoint. Thus we can ‘diagonalize’ A by an orthogonal
matrix T, i.e. TAT " is a block sum B of matrices

0 a;
—a; 0

with ay,...,a, > 0 after normalization. Since y(1) = —11, we see that the
a; are odd integers. It is not hard to see that the energy of y is given by the
formula
E(y) =2(aj + - +ay)

so that minimal energy (or equivalently, minimal length) means that all
a; = 1. We note that for m > 1, the energy determines the homotopy class
h of such a path so that we don’t need to mention it for minimal energy
(or length) paths (this stays true in all considerations below as well). We
conclude that

A2=T'"BT=T'"(-IDT=-1 and A" =-A=A"

so that A is a complex structure on R*". Just like for the standard complex
structure we have

A =exp((n/2) - A) = y(1/2)
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and we obtain the following result.

Proposition 5 (Bott). The space B,(2m) of minimal geodesics in O(2m)
with basepoint v as above is isometric to the space M,(2m) of unitary struc-
tures on R*" (consisting of J € O(2m) with J* = —11). Moreover; this is a
totally geodesic submanifold of O(2m) and just like for antipodal points on
S", the homeomorphism is given by sending a geodesic vy to its midpoint
y(1/2).

We are introducing a notation that is consistent with

Bi(m) = O(m) = M;(m)

and will lead to the Bott and Milnor spaces in the limit when m — co. Now
recall that 8,(2m) is again a symmetric space by Bott’s theorem so that we
can iterate the construction: Pick a complex structure J; and study the space
B5(4m) of minimal geodesics in B,(4m) from J; to —J; (they automatically
lie in a fixed homotopy class).

By a very similar discussion as above, it turns out that the midpoint map
gives an isometry

Bs(4m) = Ms(4m) :={J € O(4m) | J* = -1, JJ, = =J,J}.

Note that the right hand side is the space of (orthogonal) quaternion struc-
tures on R*" that are compatible with the given unitary (or orthogonal com-
plex) structure J;. The set of such structures form a totally geodesic sub-
manifold of O(4m). More generally, we make the following

Definition 6. Assume that R” is a C,-module for some n > 1. More pre-
cisely, there is a *-homomorphism C, — End(R™) sending e; to J; for
i = 1,...,n. Note that the compatibility with * implies that J; € O(m).
Then we deﬁne Milnor spaces

My(m) :={J € Om)| J* = -1,JJ;=-JiJ Yi=1,...,n-2}
to be “the space of all C,_;-structures on R™”, compatible with the given

C,—»-structure. Note that these spaces can be empty.

Proposition 7 (Bott). All M, (m) are totally geodesic submanifolds of O(m).
The space of minimal geodesics in M, (m) from J,_; to —J,_; is isometric to
M,..1(m) via the midpoint map.

Proof. Let’s assume the first sentence and show the second assertion. Any
geodesic y from J,_; to —J,,_; 1s of the form
Y(0) = Jpoy - exp(nz - A), 1€[0,1]

for some skew-adjoint matrix A. One checks that y(1/2) = J,_; - A has
square —1l and anticommutes with Jy,...J,, if and only if y lies in the
submanifold M, (m). O
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Definition 8. Inductively, let the Bott spaces B,,.,(m) be the space of min-

sec:Milnor

imal geodesics in B,(m) from J,_; to —J,_; (for those m where such a path
exists). Then the previous discussion shows that the midpoint map gives an
isometry

Bn+l(m) = Mn+l(m)

Theorem 9 (Bott). Let d, be the minimal dimension of a C,,-module. Recall
Bott’s notation for the cell decomposition of the space of loops. Then

m_j

Byor(m) 2 B,(m)

This implies in particular that for m — oo, the smallest dimension of a
cell needed to get the loop space from the space of minimal geodesics also
goes to infinity. Thus in the limit, one gets a homotopy equivalence

Qan = Bn+l .

To make t%ii;,’ precise, we define the spaces M, (c0), which were studied by
Milnor in [Mi], as the union of all M, (m) inside O(co0) (which is the union
of all O(m)). In fact, we only take the union over those m that are divisible
by d,. With a similar definition of B, = $B,(c0), the midpoint maps give
homeomorphisms

B,(m) =~ M,(m) Ym=1,2,... (including m = 00).
between these Bott and Milnor spaces. Now by Morita equivalence M, (c0) ~

M,.+8(c0) because C,,g is a real matrix ring over C,. As a consequence,

Corollary 10 (Bott). There are homeomorphisms and homotopy equiva-
lences

Bn ~ Bn+8 = QSBn
and the homotopy groups of O(o0) are 8-periodic.
These groups are known as the ‘stable’ homotopy groups of the orthogo-
nal group because

m;0(m) = m1;0(c0) VYi<m-—1.
2. MILNOR SPACES OF CLIFFORD MODULE STRUCTURES

For each n > 1, let H, be a separable Hilbert space that is a C,,_;-module
such that each irreducible representation of C,_; appears with infinite mul-
tiplicity.

Definition 11. For n = 1 we define
M?“ ={A € O(H;) | A = 1 modulo finite rank operators }.

For n > 2 the (finite rank) Milnor space M™ is the space of orthogonal

operators J on H), satisfying
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e J? = —11, or, equivalently, J is skew-adjoint,
e J anti-commutes with ey, ..., e,_»,
e J — ¢,_; has finite rank.

If we replace finite rank operators by compact operators in the above defi-
nition, we get the Milnor spaces M, forn > 1.

The main result from the previous section is that the Bott spaces 8, are
homeomorphic to the filtered union (with the direct limit topology)

M) = | Motk -d)

k=1

i.e. they can be calcuﬂgg%(:lﬂllg%%ms of spaces of Clifford algebra structures
on R*, see Definition 6. e e the unique irreducible C,_;-module if n is

not divisible by 4, respectively the sum of the two irreducible C,,_;-modules
if n is divisible by 4. We may choose embeddings

Hym):=(McH, Ym=12,.. (ncludingm = co).
k=1

This is just the choice of an orthonormal basis in the case n = 1. We get an
embedding of H,(c0) (= R* forn = 1) into H, and an induced inclusion of

M, (c0) into M,,.
Theorem 12. For all n > 1, this inclusion is a homotopy equivalence

M, (0) = M,

. .. |finite vs non-finite i
It will follow from Proposition 29 that the inclusions M," < M, are ho-

motopy equivalences (and hence so are the inclusions M, (c0)> M), In
fact, in the definition of the Milnor spaces, one can use any space of opera-
tors in between finite rank and compact operators (with the norm topology)
to make this result true.

Proof. We shall use Palais’ Theorem (A) from FP] which states the follow-
ing. Let E be a Banach space and z(m) continuous projection operators onto
finite dimensional subspaces E(m) C E(m + 1) which tend strongly to the
identity as m — oo. Then for any open subspace O of E, the inclusion map

O(c0) = O

is a homotopy equivalence. Here O(c0) is the direct limit of all O(m) :=
ON E(m). In our setting, we have an extra parameter n > 2, where we leave
the easiest case n = 1 to the reader. We define

E,:={A € K(H,) | A" = -A,Ae; = —e;Afori=1,...,n—2}
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where K(H,) is the Banach space of compact operators on H, with the norm
topology. Consider the C,_;-linear orthogonal projections H, —» H,(m)
which by pre- and post composition induce projections

n(m) : E, » E,(m) := E, N K(H,(m)).

We may assume that H,, is the closure of H,(c0) and hence that the (m) tend
strongly to the identity. For the open subset in Palais’ theorem we choose

O,:={A€E,|A+e,_ is invertible }

and O,(m) := O, N E,(m). Then the map A — A + ¢, gives homeomor-
phisms of O, respectively O,(m), with

G, ={BeGLH,)|B-e, 1 €E,}

respectively G,(m) := G, N GL(H,(m)). Palais’ theorem says that the inclu-
sion induces a homotopy equivalence

Gn(0) = G,

thm:Palais
To prove our Theorem T2, we néed to replace the general linear groups by
the orthogonal groups in all of the above. This can be done by the polar
decomposition of the invertible skew-adjoint operators B above. We may
write

B=U-P=P-U

where P := VB*B = VBB~ is positive and U is an orthogonal operator.
Note that U is actually also skew-adjoint:

U'=BP Y =P 'B =P (-B)=-U

Moreover, B anticommutes with ¢; fori = 1, ..., n—2 and therefore P com-
mutes with these e; and hence U anticommutes with them again. Finally, it
is easy to check that U — ¢,_; is a compact operator and hence U has the
same properties as B and therefore lies in M,, € G,. This implies that here
is a commutative diagram

Gu() — G,
R

M(c0) — M,

where the vertical maps are given by polar decomposition B +— U. Since
these are well knowp te be the homotopy inverse to the inclusion maps, the
proof of Theorem ;2 is completed.

O
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3. INFINITESIMAL (GENERATORS

In this section we will review some basic facts about self-adjoint (un-
bounded) operators, reminding the reader of a nice topology on this space.
Let H be a separable complex Hilbert space. Denote by Inf the set of all
self-adjoint operators on H with compact resolvent. Note that we do not
require an element D € Inf to be densely defined. By ‘self-adjoint’ we
mean that O defines a self-adjoint operator on the closure of its domain.
The compact resolvent condition means that the spectrum of D consists of
eigenvalues of finite multiplicity that do not have an accumulation point
in R. Hence, if the domain of D is infinite dimensional, the operator O
on dom(®P) is necessarily unbounded. Because of this, we will think of
dom(D)™ as the eigenspace of D associated with the ‘eigenvalue’ co.

Functional calculus gives a bijection, see e. g. [HG],

Inf «— Hom(Cy(R), K)

where the right hand side is the space of all C*-homomorphisms from (com-
plex valued) continuous functions on R that vanish at co to the compact op-
erators K on H. Note that both of these C*-algebras do not have a unit.
Below, we will also deal with C*-algebras that do have a unit and in this
case Hom will denote those C *-homomorphisms that preserve the unit.

We define the space Inf to be just as above, except that we do not re-
quire the spectrum to be discrete (and the eigenspaces can be infinite dimen-
sional). The “Cayley transform” is defined for such operators by functional
calculus using the Mobius transformation

c(x) := x—+l
xX—1
which takes R U {oo} to the unit circle S'. It defines the mapping from the
very left to the very right in the following theorem.

Theorem 13. There are bijections

Inf <% Hom(Cy(R). B) ~ Hom(C(S ), B) —— U

where 8 and U are the bounded respectively unitary operators on H. More-
over, the bijection b on the right, given by functional calculus, is a homeo-
morphism from the pointwise norm topology on Hom(C(S1'), B) to the op-
erator norm topology on ‘U.

Definition 14. We give Inf the topology coming from the above bijec-
tions. This is sometimes referred to as generalized norm topology because

of Lemma h'G_IElo_w.
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Remark 15. Just like Inf has an interpretation in terms of configuration
spaces, by using the pattern of eigenvalues and their eigenspaces, the space
Inf ca be interpreted as the space of all projection valued measures on
R, see [RS, Thm.VIIL.6]. The fact that the operators must not be densely
defined is reflected in the fact that the projection corresponding to all of R
is not necessarily the ide%%ity but projects onto the domain. Thus the result

becomes cleaner than in [RS] where the map b is not onto.

thm: Infb
Theorem T3 is'Well known, we just need o collect various bi%%and pieces

of the argument, for example from Rudin L[‘R] or Reed-Simon [RS]. These
authors only define the adjoint of a densely defined operator D because oth-
erwise the adjoint is not determined by the formula

(Dv,w) = (v, D*w)

In particular, self-adjoint operators are assumed to be have dense domain.
As a consequence, [R, Thm.13.19] proves that the Cayley transform gives
an inclusion of all densely defined self-adjoint operators onto the space of
unitary operators without eigenvalue 1. If one allows non-dense domains,
i.e. eigenvalue oo (defining the adjoint also to be co on that subspace), then
the Cayley transform takes the eigenspace of oo to the eigenspace of 1 and
therefore becomes onto all unitary operators, i.e. gives the desired bijection
Inf o U.

%_l%m;ﬁﬁ o . o
Proof of Theorem [I3The map a is given by functional calculus which is
well defined on self-adjoint operators that are densely defined. Since the
functions f vanish at co one can extend this for all D € Inf by defining f(D)
to be zero on the orthogonal complement of the domain of D. For the sec-
ond map, note that C(S!) is obtained from Cy(R) by adding a unit 1 (and
using the above Mobius transformation c¢). We get an isomorphism between
the two spaces of C*-homomorphisms since we require that 1 maps to 1 (if
the algebras have units). Finally, the map b is given by evaluating a homo-
morphism at the identity map z : §' — S!. It is clear that the composition
from left to right is therefore the Cayley transform and hence a bijection.
Recall that by Fourier decomposition, there is an isomorphism of complex
C*-algebras
cShH=C2)

where Z is the infinite cyclic group, freely generated by an element z (which
corresponds to the above identity z on S'!). It follows that C*(Z) is free as a
C*-algebra on one unitary element z and hence C*-homomorphisms out of
it are just unitary elements in the target. Moreover, the bijection is given by
evaluating functions on this unitary z which is our map b above.

To show that b is a homeomorphism, we need to show that a sequence ¢,
of C*-homomorphisms converges if and only if ¢,(z) converges (in norm).
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By definition, the ¢, converge if ¢, (f) converges (in norm) for all f, so one
direction is obvious. For the other, assume that u, := ¢,(z) converges to
u € U and note that ¢,(f) = f(¢.(2)) = f(u,). We want to show that f(u,)
converges to f(u) and we claim that this is easy to check in the case when
f is a Laurent polynomial. For the general case, pick € > 0 and choose a
Laurent polynomial p = p(z) such that ||f — plls, < €/3andan N >> 0
such that ||p(u,) — p(w)|| < €/3 for n > N. Then for n > N we have

I1f () = fFOIl = [I(f () = p(un)) + (p(un) = p(w)) + (p(u) = fW))ll < €

ang hence f(u,) converges to f(u). This argument is very similar to the one
in [RS, Thm.VIIL.20(a)]. O

Lemma 16. The Cayley transform on bounded operators
B C Inf «— U

is an open embedding, i.e. the generalized norm topology on Inf extends the
operator norm topology on B*, the bounded self-adjoint operators on H.

Again this result is well known, see for example FI%S, Thm.VIII.18].
Reed and Simon use the resolvent instead of the Cayley transform but this
is just a different choice of Mébius transformation, using x +— (x + i)~! in-
stead of c¢. This has the effect that the image of R is not the unit circle but a
circle of radius 1/2 inside the unit circle. Therefore, one does not get uni-
tary operators but there is certainly no difference for the induced topology.
Unfortunately, in the above Theorem VIII.18, Reed and Simon assume an
additional property on the sequence considered, namely that it is uniformly
bounded. It turns out, however, that this assumptjon is unnecessary which
is an easy consequence of Theorem VIII.23(b) inthkgl(nS].

R
Remark 17. It is interesting to recall from LFR, Thm.13.19] that the Cayley
transform can also be applied to symmetric operators, i.e. those that are for-
mally self-adjoint and with Dom(D) € Dom(D"). The result is an isometry
U with

Dom(U) = Range(D +i-1) and Range(U)= Range(D —-i-1)

D is closed if and only if U is closed and D is self-adjoint if and only if
U is unitary. Using the Cayley transform and its inverse one sees that the
self-adjoint extensions of D are in 1-1 correspondence with unitary isomor-
phisms between the orthogonal complements of Dom(U) and Range(U).
In particular, self-adjoint extensions exist if and only if these complements
have the same dimensions, usually referred to as the deficiency indices.

An example to keep in mind is the infamous right shift which is an isom-
etry with deficiency indices O and 1. Thus its inverse Cayley transform has
no self-adjoint extension.
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Let Inf™ be the space of all self-adjoint operators on H, with finite spec-
trum and multiplicity (not necessarily densely defined).

Proposition 18. The Cayley transform induces the following bijections

Inf < Hom(Cy(R), %) = Hom(C(S), K +C- 1) > UN (K +C- 1)

Inf™ <% Hom(Co(R), FR) & Hom(C(S ), FR+C-1) s UNFR+C-1)

where K and FR are the compact respectively finite rank operators on H.
Moreover; the bijections b on the right, given by functional calculus, are
homeomorphisms from the pointwise norm topology on the spaces of C*-
homomorphisms to the operator norm topology on U.

Proof. The Cayley transforms give the bijections from the very left to the
very right because one can read off the conditions of being compact resp. fi-
nite rank from the spectrum and multiplicities of the operators. These con-
ditions are mapped into each other by definition of the spaces. The, fact that
the maps b are homeomorphisms is proved exactly as in Theorem 13 m)

We now have complete control over the topology on our various spaces.
The largest space Inf is homeomorphic to U and hence contractible by
Kuiper’s theorem, wh%&:ﬁ% fhe subspaces ll{léfﬁ“ and Inf are homotopy equiv-
alent (see Proposition 29) and have a very interesting topology.

We shall now add some bells and whistles, like grading, real structure
and Clifford action to make these spaces even more interesting. In a first
step, assume that our complex Hilbert space H has a real structure, i.e. that

H=Hp®z C

for some real Hilbert space Hy. If we think of the real structure (a.k.a. com-

plex conjugation) on H as a grading involution @ (which has the propeﬁ%p: infk
that the even and odd parts are isomorphic) then the above Proposition

leads to the following result.

Proposition 19. The Cayley transform induces homeomorphisms
Inf,gq(H) ~ O(Hx)N(K+C-1)  and  Inf" (H) ~ O(Hp) N(FR+C- 1)

Here Inf,,,(H) denotes the subspace of odd operators in Inf(H) (which are
still C-linear) and O(Hy) is the usual orthogonal group, thought of as the
subgroup of real operators in the unitary group U(H).

Proof. Since both sides have the subspace topology, it suffices to show that
the Cayley transform is a bijection between the spaces given in the Proposi-
tion. An operator D in Inf(H) is odd if and only if D := aDa = —D. Since
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our grading involution a is C-antilinear, we also have i* = —i and therefore'
D+i\* -D—-i D+i

) = - = - =c(D)
D—i -D+i D-—i
Since the operators in U(H) that commute with complex conjugation are
clearly those in the real orthogonal group O(Hg), we get c¢(D) € O(Hg) and
as before, c(D) — 1 is compact (resp. finite rank). Conversely, a similar

calculation shows that if ¢(D) is real then D* = —D. O

D) = ey =

Let H, be as in the introduction, a graded real Hilbert space with a -
action of the real Clifford algebra C,. For example, the above discussion
is the case n = 1 if we define H; = H with the grading and C; = C-
action as above. Note that in this case one can think of C-linear operators,
say in K'(H), as R-linear operators that commute with the C;-action. This
motivates the following definition.

Definition 20. We denote by K, (resp. ¥R,) the space of all C,-linear self-
adjoint compact (resp. finite rank) operators on H,,, and by Inf,, (resp. Infﬂ“)
the subspace of Inf (resp. Inf™) that consists of all C,-linear and odd oper-
ators.

In order to extend Proposition %gtr%llﬂf_me have to identify the image
of these spaces under the Cayley transform in O(H,). We now assume the
following model for our graded Hilbert space H,. For n > 1, let H, be a
real Hilbert space that is a C¢"-module and consider the graded C,-module

H, :=H,®c C, = H, ® C.

The last isomorphism should be interpreted as saying that the complex
structure on H, is given by the last basis element ¢, € C, and that the
grading can be thought of as corresponding to complex conjugation, just
like in our previous discussion.

Proposition 21. For all n > 1 there are homeomorphisms

Inff" ~ M™ and  Inf, ~ M,.
For n =1 they are given by the Cayley transform D w— c(D) and for n > 1
by D — e,_ic(D).

Proof. We will show that there is a homeomorphism Inf, ~ M, which
restricts to the desired homeomorphism on Inf™. The case n = 1 was dis-
cussed above because in this case we have by definition

OH)NM+K)=M, and OH,) Nl +FR) =M™

IThe notation (D + i)" best interpreted on each pair of eigenspaces V, @ V_, of D
separately; there it definitely makes sense and that is all we care about here.
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Now, let n > 2. Recall that the complex structure on H,, is given by e,,
hence the relation De, = e,D gives the C-linearity of c¢(D). We claim that
the relations De; = e;D for the remaining n — 1 generators e; of C,, imply
that the generators e; of C,,_; satisfy

eic(D) = c(D)'e;.
To see this, note that we have the relations
eD+i)=(DFie;ande,(D+i)" = (DFi) e
which together yield
eic(D) = e(D—i)(D+i)" = (D+i)D-i)"e;=c(D) e

Note that all these are operators on H, but that our odd operator D gives
an action of ¢(D) on H,. We assert that the same relation holds for this
operator c¢(D) on H,. First, note that since c(D) is C-linear, i.e. it commutes
with e,, we have e,e;c(D) = c(D) 'e,e;. Next, one checks that under the
isomorphism C¢" = C,,_; the action of ¢,e; € C,,, i = 1, ...,n—1, corresponds
to the automorphism ¢; ® id of H, ® C. This together with the relation we
computed for ¢(D) ® id implies e;c(D) = c(D) 'e; fori=1,...,n— 1.
Hence we see that the Cayley transform ¢ gives a homeomorphism

Inf, ~ {A € O(H,)|A=1mod K(H,) and e;,A = A'e; fori=1,...,n— 1}

The space on the right-hand side is not quite M, yet. However, we claim
that it can be identified with M, by associating to an operator A the complex
structure

J = en_lA S Mn.
It is clear that J = e¢,_; mod K(H,). Furthermore, J is indeed a complex
structure:
J? = e, 1Ae, 1A = e,_1AA e, = 1.
It remains to check that J anti-commutes with the generators of C,_,. The
following computation shows this claim using &; = (e,_;¢€;):
(en-1€)(en-1A) = (en-16) (A7 €so)) = €o1Aeien ) = —(€n_1A)(enr€;)

where we have interpreted H,, as a module over C,_, via

= ev ~
Cho — Cn—l’ e — e, 6,

with &y, ..., ,_, denoting the standard generators of C,_,. O

For later use, we define the real graded C*-algebra S to be given by real
valued functions in Cy(R) with trival = and with grading involution induced
by x — —x (leading to the usual decomposition into even and odd func-
tions).
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To motivate the use of self-adjoint operators, we make the following easy
observation that comes from the above case n = 1.

Lemma 22. Restriction to self-adjoint elements defines homeomorphisms
Hom,, (Co(R), K(H)) «— Homy, (S, K*(H))

where H is a complex Hilbert space with grading involution as above and
Homy, denotes grading preserving x-homomorphisms. The analogous state-
ment holds for ¥R in place of K.

Proof. Recall that S are just the real valued functions in Cy(R) (a.k.a. the
self-adjoint elements in this complex C*-algebra) and that the grading invo-
lutions agree. Moreover, there is an isomorphism

S ®r C= Co(R)

The same statements apply to K (resp. ¥ R) and therefore the complexifi-
cation map gives an inverse to the restriction map in the lemma. O

The same argument as above then leads to the following result.

Proposition 23. Functional calculus induces the homeomorphisms
Inf, ~ Hom,(S,%,) and Inf?" ~ Hom, (S, FR,).

4. CONFIGURATION SPACES

The unbounded operators of the previous section can be visualized as
configurations on the real line: an operator D € Inf is completely deter-
mined by its eigenvalues and eigenspaces and hence by the map V that
associates to A € R the subspace V(1) on which D = 1. We call V a ‘con-
figuration on R’, since V(1) may be thought of as a label attached at A € ]@séc: AS
Since slightly different spaces of configurations will appear in Section &;
we give a general definition that also covers the case considered there.

Let A be a topological space equipped with an involution s and H a
separable graded Hilbert space with grading involution a. A configuration
on A indexed by orthogonal subspaces of H is a map V from A to the set
of closed (ungraded) subspaces of H such that

e the subspaces V(1) are pairwise orthogonal
e H is the Hilbert sum of the V(1)’s
e V is compatible with s and «, i.e. V(s(1)) = a(V(Q)) for all 1 € A.

Recall that closed subspaces of H correspond precisely to continuous self-
adjoint projection operators on /. Hence we may interpret V as a map

V : X — Proj(H) c B(H).
To save space, we write V, := V(A). Define supp(V) :={1e€ A|V, #0}.
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Definition 24. The space Conf(A;H) of configurations on A indexed by
orthogonal subspaces of H is the set of all configurations V : A — Proj(H)
equipped with the topology generated by the subbasis consisting of the sets

B(U,L) = { V € Conf(A;H) | Vy := ) Vy€ L, supp(V) N OU =0},
AeU
where U and L range over all open subsets U C A and L C Proj(H).

We will need the following variations. Let ® C A be a subspace that
is preserved under the involution s. Define Conf(A, ®; H) c Conf(A; H)
to be the subspace of configurations V such that V, has finite rank for all
A € O° := A\ O and such that the subset of all 4 € ®° with V(1) # 0
is discrete in ®°.? Replacing the discreteness condition by requiring that
there should be only finitely many A € ®° with V, # 0 we obtain the space
Confﬁn(A, ®; H) of configurations that are ‘finite away from ®’. Finally,
if C is an R-algebra and H is a C-module, we can replace subspaces of H
by C-submodules in order to obtain spaces Confc(A, @; H). If C is graded
then we assume that H is a graded C-module, but the subspaces V(1) are
still ungraded; only those for which s(1) = A are graded modules over C.
Our main examples will be the Clifford algebras C = C,,.

Examples 25. Consider the one-point compactification R of R equipped
with the involution s(x) := —x. Define

Conf, := Conf¢ (R, {co}; H,),

where H,, is tl}grgg%lfg ¢apmodule from the previous section. We will see
in Proposition 27 that Conf, gives a different model for the space Inf, of un-
bounded operators introduced above. The homeomorphism Inf, — Conf,
is given by mapping D € Inf, to the configuration defined by associating
to A € R the A-eigenspace V, of D. Here we let V,, := dom(D)*. Since
P has compact resolvent, the set of 4 € R with V, # 0 is indeed discret
in R and each eigenspace V,, 4 € R, is finite-dimensional. The relation
V(s(1)) = a(V(2)) corresponds to D being odd.

In order to get a better feeling for the topology on Conf,, let us describe
a neighborhood basis for each configuration in Conf,. This will also be
useful for the proof that the map Inf, — Conf, is a homeomorphism.

We begin by pointing out that the topology on Conf, is generated by the
sets B(U, L), where U C R is bounded. To see this, note that, by definition
of Conf,, co € supp(V) for all V € Conf,. Hence B(U, L) = O whenever
oo € AU so that the case of unbounded U C R is irrelevant. Furthermore, if

’This terminology will be convenient for our purposes. However, we should point
out that with our notation Conf(A;H) = Conf(A,A;H) and not Conf(A;H) =
Conf(A, 0; H).
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oo € U we can use B(U, L) = B(U, 1 — L) to describe B(U, L) in terms of
U¢ := R\ U. Thus it is sufficient to consider B(U, L) for U c R bounded.

Definition 26. Let V € Conf, and let K be a (large) positive real number
such that Vi = 0. Let Bg(0) be the ball of radius K around 0 and denote
by A4, ..., 4, the numbers in Bg(0) such that V;, # 0. Let6 > O and & > 0
be (small) real numbers; we may choose 6 so small that Bs(4;) N Bs(4;) = 0
fori # j. Denote by Vi s, the set of all configurations W such that ||V, —
W, |l < € for all i and such that W, = 0 for all A € Bg(0) that do not lie in
one of the balls Bs(4;).

Thus, an element W € Vi 5. almost looks like V on Bg(0): the only thing
that can happen is that a label V; ‘splits’ into labels W, with |1 — ;| small
(< 0) and }; W), close to V, (< &). The Vi, form indeed a neighborhood
basis of V: assume V € (., B(Uy, Ly), with Uy c R bounded. Choose
K as above with (J;_; Uy € Bg(0). Picking 6 > 0 so small that Bs(4;) C
Mie; Ui for all i it follows easily using the triangle inequality that for &£ > 0
sufficiently small Vg s. ¢ N, B(U;, L;).

In particular, we see that the topology on Conf, controls configurations
well on compact subsets of R but not near infinity. The discussion also
shows that Conf), is first countable since we may choose K, ¢, and € in Q.

Given any V € Conf, = Conf¢, (R, {oo}; H,) and any function f € S,
we can define a C,-linear operator f(V) on H, by requiring that (V) has
eigenvalue f(A1) exactly on V,. This operator is always compact and it is of
finite rank if and only if V € Conff‘lIl = Conffé:(f&, {oo}; H,) C Conf,, the
subspace of configuration that are finite away from {oo}.

Proposition 27. Functional calculus F(V)(f) := f(V) gives homeomor-
phims

F : Conf, — Hom,(S,%,) and Conf = Hom,(S,FR,).
Inf and Hom
Combining this result with Proposition 23 we obtain as a corollary
Inf, ~ Conf, and Inf" ~ Conf™ .

Proof. 1t is clear that F is a bijection because the map that identifies opera-
tors with the eigenspaces and eigenvalues is obviously a bijection and it is
the composition of F* with a homeomorphism. Since Conf), is first count-
able, we can check the continuity of ' on sequences. To do so, assume
V., — Vand fix f € 8. We have to prove f(V,) — f(V). Given ¢ > 0,
choose K > 0 such that |f(x)| < ¢ if |[x|] > K. Since the continuous map f
is automatically uniformly continuous on compact sets, we can find a ¢ > 0
such that for all x € Bg(0) we have |f(x) — f(y)| < € provided |x — y| < 6.
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The assumption V,, — V tells us that V,, € V. for large n. The claim now
follows from the following estimate that holds for all W € V;.:

LEV) = FOMI = 1 D FOVa= D FaW, |

AeR HER

IA

I fvi- f(,u)W,,]lI+23

A€Bk(0), Vaz0 ( UEBs(A)

IA

#{A € Bx(0) | V; iO}-(maX f(/l)-8+8)+23
1Bk (0)

< C-g

where the constant C only depends on f and V. The first inequality follows
by re-arranging the terms and using the triangle inequality together with
|f(x)| < € for |x| > K. The second inequality follows from

LFOVa= D F@Wdl < IFOV= Wall+ 11 D (FD) = fE)W,l
HEBs(A) HEBs(A)

max f(1)-e+e.
/leBK(O)f @)

IA

The space Hom,,(S, K,,) is also first countable. This follows since f(V,) —
f(V) for all2 f € S if and only if thistirsi gll}elgilse for f(x) = e and
f(x) = xe™ (see the proof of Lemma h‘ZT%hTs we can check the con-
tinuity of F~!' on sequences as well. Assume f(V,) — f(V) forall f € S
and V € B(U, L). We have to show V,, € B(U, L) for n sufficiently large.
More explicitly: supp(V,)NoU = @ for n large and lim,, ., ||(V,,)u —Vull = 0.

Note that for an accumulation point y € R of the set |, supp(V,) we must
have V, # 0, because otherwise we would also have ||f(V,) — f(V)|| > %
for infinitely many » if we choose f to be a bump function with f(y) = 1
that is concentrated near y. This together with supp(V) N dU = @ implies
that there is a neighborhood v(0U) of U such that (V,), # 0 for 4 € v(0U)
occurs only for finitely many n. In particular, supp(V,)NAU = 0 for n large.
Now, choose f € S such that f|z,y = 0 and fl|y\wsv) = 1. By construction,
f(V,) = xu(V,) for n large, where y; denotes the indicator function for U.
The same identity holds for V and hence we can conclude

lim [[(V)y = Vull = lim |lyy(Va) = xo (Wl = lim [|f(V,) = fF(V)Il = 0.
This completes the proof. O

Remark 28. A continuous map f : A — A’ that commutes with the invo-
lutions on A and A’ induces

f+ : Conf(A; H) — Conf(A";H), (f.(V)y = Z Vi

Aef~1)
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We show that the map f. is continuous under the assumption that the space
A’ is normal. Let V € f-1(B(U, L)). From the definition of B(U, L) we find
supp(f.V)NaU = 0. Since A’ is normal, there is an open neighborhood Ny
of supp(f, V) such that Ny N U = 0. Unravelling the definitions one finds

Ve B(f'(U),L) N B(f ' (Ny), {idw}) € f7(B(U, L))

so that £71(8B(U, L)) is a neighborhood of V. Thus £~'(8B(U, L)) is open.

The additional properties that we required in the definition of the spaces
Conf(A, ®; H) are not stable under pushforward. In order to get an induced
map we have to require f to be ‘nice’. For example, if f : (A,Q) —
(A’, @) is a proper map between locally compact Hausdorff spaces, we get
an induced map f, : Conf(A, ®; H) — Conf(A’,0"; H).

A sightly more complicated argument along the same lines can be used
to show that a homotopy 4 : A X [0,1] — A’ induces a homotopy H :
Conf(A, H) x [0,1] — Conf(A’,H), at least if A is compact.

The following result implies that the ’finite’ and "non-finite’ versions of
the spaces considered in the previous chapters are homotopy equivalent.

Proposition 29. The inclusion Confﬁ" — Conf, is a homotopy equiva-
lence.

Proof. Consider the family of maps %, : R — R defined by
X . 11
h(x) := { ) if xe (_7’ 7)
(09)

else.
These induce a homotopy
H, := (h;), : Conf,, — Conf,

from the identity on Conf, to H;. Note that the image of H; equals Confi"‘.
Thus, we see that the inclusion Conf™ s Conf, is a homotopy equivalence
with homotopy inverse H, : Conf, — Conf™. |

, where Conf®

(k)
n n

Remark 30. We will later consider the space colimy_,., Conf’
is the subspace of configurations V € Conf, such that V; # 0 for at most k
numbers A with 0 < 1 < co. As a set, colim;_,., Conf® is just Conf™, but
the topology has more open sets than the topology of Confﬁ“. We claim that

colimy_, e Confﬁlk) — Conf,

is also a ho&moto,g_y equivalence. The same homotopy as in the proof of
et inite’ vsinon-finite
Proposition 29 can be used. This works because the map H; : Conf, —

colim;_,, Conf™ is still continuous. This follows from the observation that

C: Conf, — N, V s C(V) := Z dim V,
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is locally bounded so that for every V € Conf, we can find an open neigh-
borhood N of V such that H;(N) C Confﬁlk) for some k (since H; moves all
labels outside (-1, 1) to o0). Since continuity can be checked locally and
since on Conf’ the topology induced from Conf, and the colimit topology
coincide, it follows that H; : Conf, — colim;_, Conf,(f) 1s continuous.

In particular, we see that the identity map id : colimy_, Confff) —
Conf"™ is a homotopy equivalence.

The same argument applies in the case of the filtration X of Conf,ﬁlIl given
by the dimension of a configuration: if X; C Con’fgr1 is the subspace of
configurations V with dim(V) := dim¢, (®,erV,1) < 2k, then the identity
map colimy_,., X; — Confﬁ;m is a homotopy equivalence.

5. SUPER SEMIGROUPS OF OPERATORS

In this section we will define super semigroups of operators (SGOs) using
as little super mathematics as possible. We will only need basic definitions
and rggults from the theory of supermanifolds, as can be found in Chapter
2 of [DM]. Super manifolds are particular ringed spaces, i.e. topological
spaces together with a sheaf of rings, and morphisms are maps of ringed
spaces. The local model for a supermanifold of dimension (p|g) is Eu-
clidean space R” equipped with the sheaf of commutative super R-algebras

U C*(U)® A (RY).
This ringed space is the supermanifold R”9.

Definition 31. A supermanifold M of dimension (p|q) is a pair (|M|,Oy)
consisting of a (Hausdorff and second countable) topological space |M| to-
gether with a sheaf of commutative super R-algebras O, that is locally iso-
morphic to R,

To every supermanifold M there is an associated reduced manifold
M := (|M|, Oy /nil)

obtained by dividing out nilpotent functions. By construction, this gives a
smooth manifold structure on the underlying topological space |M| and there
is an inclusion of supermanifolds M"*? < M. For example, (RP4)"4 = RP,

The main invariant of a supermanifold M is its ring of functions C*(M),
defined as the global sections of the sheaf Oy, For example, C*(RP1) =
C*(R”)® A*(R?). It turns out that the maps between supermanifolds M and
N are just given by grading preserving algebra homomorphisms between
the rings of functions:

Hom(M, N) = Homy,(C*(N), C*(M))
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Example 32. Let E — M be a real vector bundle of fiber dimension g over
the smooth manifold M?. Then (M,I'(A*E)) is a supermanifold of dimen-
sion (p|g). Bachelor’s theorem says that every supermanifold is isomorphic
(but not canonically) to one of this type. This result does not hold in ana-
lytic categories, and it shows that in the smooth category, supermanifolds
are only interesting if one takes their morphisms seriously and doesn’t just
consider isomorphism classes.

Definition 33. Define the ‘twisted’ super Lie group structure on R!! by
m: R xR — R (7,0), (s, me (t+s+6n0+n).

This super Lie group plays a special role in super geometry, the reason
being the particular structure of its super Lie algebra: Lie(R'") = R[D]
is the super Lie algebra generated freely by one odd generator D. Thus,
R may be considered the odd analogue of the Lie group R. For example,
integrating an odd vector field on a supermanifold M leads to a flow M X
R — M, and formulating the flow property involves the ‘twisted” group
structure.

From the definition of m it is clear that the open sub supermanifold Ri'ol
defined by the inclusion R,y C R inherits the structure of a super semi-
group.® Now we can already guess what a SGO should be: just as an or-
dinary semigroup of operators is a homomorphism from R.( to an algebra
of operators, a super semigroup of operators will be a homomorphism from
the super semigroup Rl'(l) to a (Z,-graded) operator algebra. In order to
make sense of such a homomorphism, we will consider the latter to be a

neralized super semigroup using the ‘functor of points’ formalism (see

M], §§2.8-2.9). Note that we, implicitly, already used the ‘functor of
points’ language when writing down the group law m. The formula above
tells us what the product of two elements in the group Hom(S, R!") is. Since
the rule holds functorially for all supermanifolds S, this defines the map m
by the Yoneda lemma.

Finally, we would like to remark that the structure of Lie(R!"') and the
existence of an odd infinitesimal generator 9 for a SGO @ that we will
prove below are closely related: D is nothing but the image of D under the
derivative of ®. However, making this precise requires some work (note that
® maps to an infinite-dimensional space!). We will avoid such problems
altogether: the super Lie algebras do not appear in our argument.

Generalized supermanifolds and super Lie groups. We will use the fol-
lowing, somewhat primitive, extension of the notion of supermanifolds:

3A super (Lie) semigroup is a supermanifold M together with an associative multiplica-
tion MxXM — M. In terms of the functor of points language: the morphism sets Hom(S, M)
carry semigroup structures, functorially in S'.
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Definition 34. A generalized supermanifold M is a contravariant functor
from supermanifolds to sets.* Similarly, if M takes values in the category
of (semi)groups, we call it a generalized super (semi)group. Morphisms in
all these categories are natural transformations.

Examples 35. (1) The Yoneda lemma implies that supermanifolds are em-
bedded as a full subcategory in generalized supermanifolds by associating
to a supermanifold M the functor

S > M(S) := Hom(S, M).

The analogous statement holds for super (semi)groups. For example, we
will consider Ri'é as a generalized super semigroup by identifying it with
the contravariant functor

S + Hom(S,R)

from supermanifolds to semigroups.

(2) Every Z,-graded real Banach space B = B, ® B; may be considered as a
generalized supermanifold as follows. We define the value of the functor B
on a super domain U = (|U|,C*()[#6, ...,0,]) C R”M to be

B(U) := (C™(|U|, B)[6, ..., 6,])".

The superscript ev indicates that we pick out the even elements, so that an
element f € B(U) is of the form

f=) 5
I

where I C {1, ...,q} and @' := [1e 0; and each f; is a smooth map [U| — By,.
Foramap ¢ : U" — U between super domains, the map B(y) is defined us-
ing the formal Taylor expansion, just as in the case of usual supermanifolds.
This functor on super domains may be extended to the whole category of
supermanifolds by gluing.

(3) If B is a Z,-graded Banach algebra, B(U) is an algebra and thus B is a
generalized super semigroup. Again, B may be extended to all supermani-
folds by gluing.

Remark 36. Giving a morphism from an ordinary supermanifold 7" to a
generalized supermanifold B amounts to prescribing the image of the uni-
versal element id € Hom(7,T) in B(T). Hence B(T) is exactly the set of
morphisms from 7 to B.

“We use this simple notion here in order to avoid dealing with infinite-dimensional
supermanifolds.
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Now assume that, in addition, 7" and B carry super (semi)group struc-
tures. A map ® : T — B is a homomorphism if

Hom(S,T) x Hom(S,T) — Hom(S,T)

i/CDXEI) i/(D

B(S) x B(S) B(S).

commutes for all supermanifolds S. Again, it suffices to check the commu-
tativity for the universal element

pr1 X pry € Hom(T X T,T) x Hom(T X T, T).

Definition 37. Let H be a Z,-graded Hilbert space, and denote by B(H) the
Banach algebra of bounded operators on H equipped with the Z,-grading
inherited from H.

(1) A super semigroup of operators on H is a morphism of generalized
super semigroups

@RI — B(H).
As explained in the previous remark, ® is of the form A + 6B, where
A:R.o — B”(H)and B : R.y — B (H)

are smooth maps. The homomorphism property: Apounts to certain relations
between A and B (cf. the proof of Proposition %9).

(2) If K c B(‘H) is a subset, we say @ is a super semigroup of operators
with values in K if the images of A and B are contained in K.

(3) If ‘H is a module over the Clifford algebra C,, we say @ is C,-linear if
it takes values in C,-linear operators.

Examples 38. SGOs arise in a natural way from Dirac operators. We give
two examples of that type and then extract their characteristic properties to
describe a more general class of examples. The verification of the SGO
properties for these more general examples also includes the case of Dirac
operators.

(1) Let D be the Dirac operator on a closed spin manifold X. There is a
corresponding SGO on the Hilbert space of L?-sections of the spinor bundle
S over X. It is given by the super semigroup of operators

Rilé — B(LX(S)), (1,0) = e + 0De™™? (= D)

and takes values in the compact, self-adjoint operators K**(L*(S)) C B(L*(S)).
(2) If dimX = n, one can consider the ;,-linear spinor bundle and the
associated C,-linear Dirac operator (see ], chapter 2, §7). Using the
same formula as in the previous example one obtains a C,-linear SGO.

(3) Now, let H be any Z,-graded Hilbert space. For any closed subspace
Vo C H invariant under the grading involution and any odd, self-adjoint
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operator D on V2 with compact resolvent, there is a unique super semigroup
of self-adjoint, compact operators ® = A + 6B defined (using functional
calculus) by
A(t) = e and B(t) = De™® on V-

and A(f) = B(t) = 0 on V.. The first thing to check is that the maps A
and B are indeed smooth; this follows easily using the fact that the map
R.g = Co(R), t —> e"xz, is smooth. Since D is self-adjoint, the same holds
for A and B. Finally, we have to show that ® is a homomorphism. Let
t,0, s,n be the usual coordinates on Ri'é X Ri'é. It suffices to consider the
universal element pr; X pr, = (t,6) X (s,7n7). The computation, which, of
course, heaydly uses that odd coordinates 6 and 7 square to zero, goes as
follows (cf. ], page 38):

O(1, )0 (s, 17)

= (€ +0De D) (e + nDe?)

— e—ti)z e—sz)z + e—tl)2nz) e—sDZ + 0D e—tl)z e—sl)z + 0D e—tl)znz) e—sz)z

= D 6 +n)D oD 0DnD o~ (1+9D?

— (1 _ 9771)2)3_([+S)Z)2 + (9 + n)z)e—(t+s)2)2

— e—(t+s+9n)D2 + (9 + U)De—(2+s+9n)2)2

= O(t+s+6n0+n)
The second to last equality uses the typical Taylor expansion in super ge-
ometry.

We call O the infinitesimal generator of ®. We will see presently that

every super semigroup of self-adjoint, compact operators has a unique in-

finitesimal generator and is hence one of our examples. Note that if V, is a
C,-submodule and if D is C,,-linear, then A and B will also be C,-linear.

Next, we will construct infinitesimal generators for super semigroups of
operators. We restrict ourselves to the compact, self-adjoint case, which
makes the proof an easy application of the spectral theorem for compact,
self-adjoint operators. However, invoking the usual theory of semigroups of
operators it should not be too difficult to prove the result for more general
SGOs.

Proposition 39. Every super semigroup ® of compact, self-adjoint opera-
tors on a Z,-graded Hilbert space H has a unique infinitesimal generator
D as in Example 3 above and is hence of the form

O(1,0) = e + 0D
If ® is C,-linear, so is D.
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We need the following technical lemma:

Lemma 40. Let A, B : Ry — K*“(H) be smooth families of self-adjoint,

compact operators on the Hilbert space H, and assume that the following
relations hold for all s,t > 0:

(1) As+1) = A(A®)
) Bis+1) = AG)BW) = B(s)A®D)
3) A(s+1) = —B(s)B().

Then H decomposes uniquely into orthogonal subspaces H;, 1 € R :=
R U {oo}, such that on H,

A(D) = ™ and B@t) = 1e™

(where we set e = 0, co - e ™ = 0). For A € R, the dimension of H, is
finite. Furthermore, the subset of A in R with H, # 0 is discrete.

Proof. The identities (1) — (3) above show that all operators A(s), B(f) com-
mute. We apply the spectral theorem for self-adjoint, compact operators to
obtain a decomposition of H into simultaneous eigenspaces H, of the A(s)
and B(f); the label A takes values in R and will be explained presently. We
define functions A,, B, : R,y — R by

A(t)x = A (t)x and B(t)x = By(t)x forall x € H,.

Clearly, A, and B, are smooth and satisfy the same relations as A and B.
From (1) we see that A, is non-negative, and (3) shows A’, < 0, hence A,
is decreasing. On the other hand, (1) implies A ﬂ(}l) = /A ;(1), so that

A(0) = lir%A () exists and equals O or 1.
t—

In the first case we conclude A, = 0 and thus also B, = 0; the label of the
corresponding subspace is 4 = co. In the second case, we have A,(1) # 0
and using (1) again we compute
A1 A H—-A A Ay(1+1)—A, (1

a( )lim as+1) 1(8) _ 1(8) lim A +10) a(1) = Z2A(s).
A, (1) -0 t A (1) -0 t
where 1> := —A’(1)/A,(1) defines the label A up to choice of a sign. By
uniqueness of solutions of ODEs, we must have

A)(s) =

At) = e

Finally, (3) gives
B\(1) = de ™,
picking the appropriate sign for A. O
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.. |infgen .

Proof of Proposition B9. Let ® = A + 6B be a super semigroup of compact,
self-adjoint operators. As before, we consider U = Rﬂé X Ri'ol with coor-
dinates ¢, 6, s,n. For the universal element pr; X pr, = (¢,60) X (s,1n) the
homomorphism property of ® gives that
Ot+s+6n,0+n) = A(+s+6n)+@+n)BE+s+60n

= A@t+s)+A(t+ 50+ @+ n)(B(+s)+ B(t+ s5)0n)

= A(t+s)+0B(t+s)+nB(t+s)+0nA'(t + 5)
equals

O(t, )D(s, 1)

(A1) + 0B(1))(A(s) + nB(s))

A(DA(s) + OB(1)A(s) + nA(t)B(s) — 6nB(t)B(s).
tech
Comparing the coefficients’ yields exactly the relations in Lemma e? s-

ing the corresponding decompostion of H into subspaces H, we define the
operator D by letting O = A on H,. From the construction it is clear that
D is the desired infinitesimal generator. Since A is even and B is odd, it
follows that P is an odd operator. If @ is C,-linear, so is D. ]

thm:mai
We can finally give the definition promised in part (5) of Theorem [T- e

Definition 41. Let H be a Z,-graded Hilbert space and C C B(H) a sub-

space of the algebra of bounded operators on H. We denote by SGO(C) the

set of super semigroups of operators with values in C and in particular
8GO, := SGO(K,) and SGO™ := SGO(FR,)

. . ldef:Kn_and FRn
(the subspaces %K, and ¥R, were defined in Definition 20). We endow

SGO(C) with the topology of uniform convergence on compact subsets, i.e.
®,=A,+6B, — D=A+6B
if and only if for all compact K C R, we have
A,(t) — A(t) and B,(t) — B(t) uniformly on K

with respect to the operator norm on B(H).

We will now relate the spaces SGO,, with our configuration spaces Conf,.
We have a triangle (and an analogous one for finite rank operators)

SGO, g Hom,, (S, %)

o~ T

Conf,,

>Just to make the formal aspect of this computation clearer, we would like to point out
that the considered identity is an equation in the algebra K**(H )(Ril(l) X Rl'é) = C*(Rsg X
R0, K*(H))[0, n].
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where I maps a super semigroup of operators to its infinitesimal generator,
F is given by functional calculus,

FD)(f) := (D),
and R is given by
R(p) := gp(e™™) + Op(xe ™).

Proposition 42. The maps I, F, and R are homeomorphims, and similarly
for finite rank operators.

Proof. From the previous discussion it is clear that the composition of the
three arrows is the identi'ty nopas .%rlgvli%{n% in the triangI.e we start. We al-
ready know from Proposition 27 that 7 is a homeomorphism. We complete
the proof by showing that R is a homeomorphism.

The continuity of R™! follows from the following assertion. We claim
that we have convergences of operators

f(Dn) — f(D) forall f e Co(R)

if and only if the following two sequences converge:
e P — ¢ and Z),,e‘Dg — D2,

The first obviously implies the second condition. To see the converse, note
that the assumption implies that f(D,) — f(D) for all f that can be written
as a polynomial in the functions ¢ and xe™*. Furthermore, the Stone-
Weierstrall Theorem implies that e and xe ™ generate Cy(R) as a C*-
algebra so that the set of such f is dense in Cy(R). Using that |[f(D)|| < ||f]|
for all D and the triangle inequality we can deduce that f(D,) — f(D)
holds for all f € Cy(R).

The continuity of R amounts to showing that if f(D,) — f(D) for all f,
then e — " and D,e P — De 2" uniformly for all 7 in a compact
subset K C R.o. As before, we can use || f(D)|| < ||f]l and the triangle
inequality to see that for a given £ > 0 we can find N such that we do not
only have || f(D,)—f(D)|| < eforall n > N, but that this estimate also holds
for all g in a small neighborhood of f. This together with the compactness
of K and the continuity of the maps ¢t e and 1 > xe ™ implies the
claim. O

Remark 43. The arguments in the last parts of the proof can be used to
show that we could also have equipped SGO, with the topology that con-
trols all derivatives of a super semigroup map @ and still would have ob-
tained the same topological space. We find this interesting, because this is
the topology that one usually considers on spaces of smooth maps.
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Super semigroups of operators and Euclidian field theories. In the con-
text of super symmetric Euclidian field theories of dimension (1|1) slight
variations of the spaces SGO, appear. We conclude this chapter by describ-
ing these spaces and showing that they have the same homotopy type as
the spaces SGO,.. More information about the axiomatic definition of super
symmetric EFTs will be given in the next chapter.

Definition 44. Let TC(H,) be the Banach algebra of trace class operators
on H, (equipped with the nuclear norm). Define SGO'© to be the space
of super semigroup homomorphisms Ril(l) — TC(H,) with values in self-
adjoint C,-linear operators. As before, we consider the topology given by
uniform convergence on compact subsets K C R.(. In the same way, we
define SGO'S, where TC(H,,) is replaced by HS(#,,), the Banach algebra
of Hilbert-Schmidt operators on H,,.

Examples 45. An SGO defined by an infinitesimal generator D lies in
SGO™ resp. SGO™S if the eigenvalues of D converge to infinity sufficiently
fast. Thisig, for example, the case for Dirac operators on closed spin mani-
folds, cf. [CM], Chapter 3, §5.

Proposition 46. The injections
SGO'© — 8GO, and SGO™ — SGO,
are homotopy equivalences.

Proof. We give the proof for SGOIC. The argument for SGO'S is similar.
The basic observation we use is that on operators of rank at most k the
operator norm and the nuclear norm are equivalent. More precisely,

ITI < 1T e < k- [IT]

if rank(T) < k. Namely, if T = 3| s:(., e;)f; with 5, > --- > s, > 0 for or-
thonormal systems e; and f;, then ||T|| = sy and ||T||,.c = Zle s; < ksy. De-
note by S® ¢ SGOTC the subspace of SGOs whose infinitesimal generator
has domain of dimension < 2k. By our basic observation, the topology on
S™® is the same as the one we get by considering it as a sub Po%f’moéoﬁgpn'
Using the identification I : SGO, ~ Conf, and Remark %U we see that
S := colimy_,. S¥ =~ SGO,. Hence, if we can show that ¢ : S — SGOT®
is a homotopy equivalence, then the same is true for SGOI® — SGO,.
Define homotopies H and H™® by the commutative diagram

SGO™ x (0,11 <= 8GO, x [0,1] — Conf, x[0, 1]

iHTC \LH l/H

SGO™* = 8GO, z Conf,,
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. . .. |finite vs non-finite
where H is the homotopy used in the proof of Proposition 2971t iS easy to

see that the map ' o H{© : SGO,© — § is continuous. We claim Eclllloah.tiil% 18 onfk
homotopy inverse for ¢«. The argument works exactly as in Remark 30 The
only thing to check is that the homotopy H'C is continuous (note that now
we are using the topology that comes from the nuclear norm). For ¢ # 0,
the continuity follows from the continuity of A and the fact that H™ locally
maps to S®, for some k, as long as ¢ # 0.

Let us now consider the case t = 0. Assume ®,, —» ® and ,, — 0. For
C C R, we denote by ®¢ the SGO defined by the infinitesimal generator
obtained from /(®) by omitting all labels in R \ C. Let K c R.( compact,
e > 0. Write ||®| := sup,cx IA)|luie + IB()|luic). Since ® € SGO™,
we can choose a big symmetric interval C = [—k,k] € R with I(®), = 0
such that [|® — ®€|| < &. Note that ®,, — @ also implies ®¢ — @F.
The continuity of A implies that the restriction of H™ to S® x [0, 1] is
continuous for all k. In particular, we have H'¢(®¢,1,) — ®°. Now,
choose N € N such that for all m > N

|® - @, <&, [|O°-D||<e, and |[HDE,1,) - D < e.
It then follows that for all m > N
I — H' (D, )| < (|O = DY + (|0 — H' (D, )| + [1H (D, 1,0
< 28+ D, — Q| + | - O + [|D° — D |
Se
where we used that |[H™C(®,\,7,)Il < |O,\|| = [|®, — ®||. This in-
equality follows directly from the definition of H™ (provided we choose

k > min,ex 1/ V2s), which we can certainly do). Hence, H'(®,,, 1,,)) — @
in SGOT® so that H™ is continuous. O

Remark 47. In %T] the notation EF 7, was used for the space SGO™. In
this paper we want to reserve the notation EF 7 for the “correct” notion of
Euclidean field theories: we give a geometric definition of super symmetric
Euclidian field theories of dimension (1|1) in the next chapter. It turns out
that the resulting spaces EF 7, are homeomorphic to SGO'°.

IA

6. 1-DIMENSIONAL SUPER SYMMETRIC EUCLIDEAN FIELD THEORIES
sec:

In this section we outline how the spaces SGO'C of super semigroups of
self-adjoint trace-class operators, studied in the previous section, are related
to the space of super symmetric (1|1)-dimensional (positive) Euclidean field
theories. Here we shall only treat the case n = 0, so there is no Clifford
algebra C, in the game. If n # 0, we would have to explain twisted Eu-
clidean field theories that are defined in terms of certain 2-functors between
2-categories. This would lead to far afield in this paper and in the end, it
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would only lead to a different way that the Clifford algebras C, arise. We
also work with complex vector spaces for simplicity, thus getting a model
for complex K-theory.

We first recall from 2] our (current) definition of super symmetric
Euclidean field theories. This can be done in any dimension d but later
only d = 1 will be relevant here. In addition to the degree n, we shall also
ignore in this exposition the fact that in dimension d one should really work
with d-categories and d-functors (but this is o.k. for d = 1) and we do not
work over a target manifold X, i.e. X is a point in this discussion. All of
these neglections still make it possible to get a space in the homotopy type
of BU X Z. However, it is essential that we work in the super symmetric
context, otherwise we would be left with a contractible space instead.

The symmetric monoidal category of Fréchet spaces. We sgart with a
review of some basic facts on Fréchet spaces, see for example [K]. These
are complete locally convex vector spaces which are metrizable. The last
condition is equivalent to having a countable neighborhood basis of zero, a
rather modest condition, satisfied for all separable spaces. More concretely,
Fréchet spaces are the complete topological vector spaces whose topology
is defined by an increasing sequence of semi-norms

P1L<pr = ...

Typical examples are Banach spaces (defined by a single norm) or spaces
of continuous functions C°(X), X a locally compact topological space that
is countable at infinity. Then X is a union of an increasing sequence of
compact sets K, and the p,, are given by the supremum norm on K,,. In fact,
every Fréchet space is a linear subspace of such an example. For a smooth
manifold M, one can also consider C*(M), where the Sobolev norms qual-
ify for the p;. A Fréchet space is Banach if and only if its strong dual is
a Fréchet space. For a Banach space, the dual space has again a complete
norm and that gives the strong topology. For a Fréchet space there are many
topologies on the dual space but we shall not explain them because there is
no definition that always ends up with a Fréchet space!

There are also many topologies on the algebraic tensor product of two
topological vector spaces V and W. We will only study the projective topol-
ogy which is the finest topology on V®,;, W for which the canonical bilinear
map

VXW— Ve, W
is continuous. This means that a linear map V ®,, W — G is continuous if

and only if the corresponding bilinear map V X W — G 1is continuous (in
both variables).
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Lemma 48. If V, W are Fréchet spaces then the completion V@ W of the

lgebraic tensor product in the projective topology is again a Fréchet space,
FK, IL, 178]. This tensor product is associative and commutative in the sense
that SF, the category of Fréchet spaces, becomes a symmetric monoidal
category under this projective tensor product.

We note that for Fréchet spaces, the projective and the inductive topology
on the algebraic tensor product agree. The latter is defined using seperately
continuous bilinear maps on V X W instead of maps that are continuous in
both variables.

Examples 49. If V is Fréchet then C*(M; V) = C*(M) ® V. In particular,
C(M xN)=C*(M)®C™(N)

for any smooth manifolds M and N. In fact, in the graded category these
statements continue to hold for super manifolds.

If V, W happen to be Hilbert spaces then V ® W can be identified with the
space of trace-class operators from V to W by the canonical map.

The last example can be generalized as follows. Let V’ be the continuous
dual of a topological vector space. Then there is a bilinear map

Wi VX W — LV, W)

into the vector space of linear operators. If V, W are Fréchet then this ex-
tends to a linear map ¥ on the completion V ® W. In general, this map is
not injective and V has the approximation property if ¥ is injective for all
W. The image of y are finite rank operators and the image of ¥ are the so
called nuclear operators. For V.= W they have a well-defined trace (given
by evaluation) if and only if V has the approximation property. Not even all
Banach spaces have this property but an important class of examples which
do have it are Fréchet spaces with a basis, [K, II, 250]. This is a sequence
of vectors {e,} in V such that any element v € V can be uniquely written as

(o]
V:Zan~en ,a, € C,
n=1

where the partial sums converge to v in the Fréchet topology. For example,
1,z,2%, ... is a basis for the Fréchet space of holomorphic maps on the open
unit disk. Also C%(S!), C=(S!) and LP(S"') have a basis for 1 < p < co. All
bounded measurable functions L= ([0, 1]) cannot have a basis since they are
dual to L'-functions and hence not separable. It follows (except for p = oo
which needs a seperate argument) that for any locally compact Radon mea-
sure space (R, i) the Banach space L”(R, u) has the approximation property
for 1 < p < o0 and so do C°(X) for locally compact topological spaces X
and C*(M) for smooth manifolds.
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The following lemma will be used in the main theorem of this section.
Lemma 50. Let V be a Fréchet space and h : V x V — C a continuous

bilinear map that is hermitian, positive definite and induces an (algebraic)
isomorphism V—V'. Then (V, h) is a Hilbert space (whose norm topology
agrees with the original Fréchet topology).

Before we give the proof of this lemma, we point out the case V = C*(M)
for a compact Riemannian manifold M. The inclusion C*(M) — L*(M) is
continuous but not open. It induces a positive definite inner product 4 on V
which satisfies all the conditions except that V. — V’ is only 1 — 1 and not
onto. So the following proof of the lemma doesn’t seem totally obvious to
us.

Proof. It is clear that the composition

V-5 VXV -5 C
is continuous and therefore the identity is a continuous map V — H, where
V denotes the original Fréchet space and H denotes V with the norm topol-
ogy given by ||v||* := h(v,v). We shall now show that the identity is also a
continuous mgp H — V which is all that needs to be shown.

Following [K, I, 263] the Fréchet topology on V is equal to the Mackey
topology V. given by the dual pair (V, V’, st), where st is the standard pair-
ing. As for any topology compatible with this dual pair, sz induces an (al-
gebraic) isomorphism V = (V})'.

The Mackey topology only depends on the algebraic data of a dual pair
and since h : V — V' is an isomorphism, V} is also the Mackey topology of
the dual pair (V, V, h). Now take complex conjugates to see that V has the
Mackey topology V; for the dual pair (V, V, k). Note moreover that & gives
an algebraic isomorphism

(V,V.h) = (V,(V}), s1)

All together, this says that A : V — V/ is an isomorphism of Fréchet spaces.
On the H side, we see similarly that 4 induces a map H — H, where the lat-
ter topology comes from the dual pair (H;, (H})’, st). But since the canonical
map H — (H,)’ is continuous, one still gets a continuous map jj, : H — H,
if one equips the latter with the topology from the dual pair (H;, H, st).

Now start with the continuous map id : V — H. By [K, I, 238], it is also
continuous with respect to the weak topologies V; respectively H, given by
the standard dual pairs. Therefore, its adjoint is again a continuous map id” :
H! — V. These dual spaces come from Fréchet spaces H’ = H respectively
Vi = V and their standard dual pairs (H’, H) respectively (V{, Vi). Hence
by %ﬁ I, 262] this map id" : H;, — V] is also continuous in the Mackey
topologies.
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Finally, we can put this information together to see that the identity map
id : H — V factors as the composition of the continuous maps
I SN ' (N
H—H —V, —YV
This finishes the proof of our lemma. O

Super Hilbert spaces. In the previous sections of this paper we were deal-
ing with (Z/2-) graded (complex) Hilbert spaces H. To be precise, we’ll
now write H = (V, a, h) where V is the underlying topological vector space,
a is the grading, and h : V x V — C is the (positive definite) inner product.
It will turn out that Euclidean field theories yield a slightly different notion,
namely the following.

Definition 51. A super Hilbert space is a triple (V, a,u) where (V,€) is a
graded vector space and u : V X V — C is a hermitian inner product with
the following symmetry property:

u(v,w) = (=D"Myw,v) Yv,weV.

Here |v| € Z/2 denotes the degree defined by . Writing v = vy + v; for the
decomposition of v € V into the even and odd parts, it follows that

uwg,vg) € R and u(vy,vy)€i-R.

As a “positivity” condition we require that the former is a positive real num-
ber for vy # 0 and the latter is i times a negative real number for v; # 0.

Then |u(v, v)* = p(vo, vo)*+u(vi, v;)? gives a norm on V which we require
to be complete. We will sometimes refer to u as a super inner product on
V.

Proposition 52. The category of super Hilbert spaces (and continuous lin-
ear operators) is equivalent to the category of graded Hilbert space (and
continuous linear operators) via the map

V,a,pu) = (V,a, h), with h(vy, wo) := u(vo, wo) and h(vy, wy) :=i-u(vi, wi)

Moreover, the topologies on V defined by the norms |u(v,v)| respectively
|h(v, V)| = [R(vo, vo)l+|h(vi, vi)l = [u(vo, vo)l+|u(vi, vi)| are equal and the two
inner products define the same adjoint operators for all even morphisms.

The proof of this proposition is straight forward and we leave it to the
reader. It is interesting to note the for odd operators, there result two differ-
ent notion of “self-adjoint” witjslgecs%%t to u respectively h. It is the latter
notion that was used in Section 3 Tor the notion of infinitesimal generators
D € Inf. Because of the last sentence in the above proposition, this con-
fusion does not arise for even opeggtors, in particular for the semigroups
generated by D as in Section g
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Euclidean field theories. There are three categories in the following defi-
nition, the easiest being the category SMAN of complex super (or cs) man-
ifolds. Furthermore, we introduce a certain super Riemannian bordism cat-
egory SRB, and the category SF of families of super Fréchet spaces. More
precisely, an object in SF is a sheaf of Z/2-graded, separable Fréchet mod-
ules over a cs manifold §. Roughly speaking, an object in SRBy is a fi-
bre bundle Y — S in SMAN whose fibres are clos%}?iemannian (d|1)-
dimensional cs manifolds. This notion is defined in 2] ford = 0,1,2
and will be explained for d = 1 below. There are symmetric monoidal
structures on these three categories, coming from the basic structures of

e cartesian product of cs manifolds (the parameter spaces),

e disjoint union of Riemannian super manifolds (the fibres),

e graded tensor product of sheafs of Fréchet modules, completed in
the projective topology.

Note that these are compatible in the sense that for two cs manifold §;
CT(S1X82) =CT(S1)®CT(S2)
is a (graded) projective tensor product.

Definition 53. A d-dimensional super symmetric Euclidean field theory is
a functor E that fits into the following commutative diagram

SRB, £ SF

~ 7

SMAN

The functor E is required to preserve pullbacks, the grading and symmetric
monoidal structure. (The two forgetful functors to SMAN are Grothendieck
fibrations that preserve grading and symmetric monoidal structure.)

All three categories come equipped with an involution induced by com-
plex conjugation. A Euclidean field theory E is called unitary if it also
preserves these involutions.

A grading on a category is a natural transformation from the identity
functor to itself that squares to the identity (recall that all gradings in this
paper are Z/2-gradings). For example, a graded vector space has a canoni-
cal involution given by the (even) grading operator. This induces a grading
on the category of graded vector spaces. The gradings on the above three
categories all come from this simple observation, namely that a grading
gives extra structure as well as extra symmetry on the resulting objects.

Instead of requiring E to be grading preserving, we initially tried to in-
duce the grading structure on the vector space E(Y) associated to a closed
(d|1)-manifold Y from the grading symmetry on C*(Y). This lead us to
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a category of ungraded modules over graded commutative rings C*(Y).
However, we were unable to equip this category with a symmetric monoidal
structure, compatible with the usual tensor product of graded rings (forced
on us from the cartesian product of super manifold).

Remark 54. Since we work with complex super manifolds, there is a com-
plex algebra of smooth functions. Taking the conjugate complex structure
gives a new cs manifold and this is the involution on SRB, used to define
unitarity. It turns out that this operation induces orientation (or s ie%:sstp c-
ture) reversal on the underlying reduced manifold, see Definition ES.

Using the involutions of complex conjugation in a particular way, we
believe that we can get a model for Atiyah’s Real K-theory out of the above
notions.

Germs of super Riemannian manifolds. Ignoring for now families over
S and odd directions, we consider Riemannian spin d-manifold Y¢, without
boundary, but with a finite number of ends e(Y). These are decomposed into

e(Y) = e’(Y) L e8(Y),

the boundary-like ends e*(Y) and the germ-like ends e*(Y). We can form
the metric completion Y in the direction of ¢(Y) and we require that Visa
topological manifold with boundary dY such that the canonical map induces
a bijection mo(8Y) = €*(Y).

For set theoretic reasons we assume that all cs manifolds are embedded
in some fixed R®®. Therefore, it makes good sense to talk about germs of
neighborhoods of ¥ in ¥. These are equivalence classes of manifolds Y as
above under the relation generated by inclusions (preserving the boundary
dY). These germs give the objects in SRB,, if one adds S -families and odd
directions, as explained below. The picture for two distinct objects in SRB;
is as follows:

spt spt
Here the boundary-like ends are drawn as e and the germ nature of the
neighborhood of e is expressed by the dotted lines. Finally, the orientations
are indic‘a.ted @X A AITOW. The Precise%nzzrﬁnition of the super point is giYen
in Definition B3, for more details see 2]. We note that we are workink
with complex super (cs) manifolds and hence the functions on the local
model R” are the complex graded algebras

Co(RP) = C*(RP) @ Clny, .. ., 1y

In particular, let us write y and 7 for the even respectively odd coordinate
function on R and 4,, 8, for the corresponding vector fields. Then the
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standard super Riemannian structure on this cs manifold is given by the odd
vector field

(4) D := 0, — ind,.

It squares to D? = —i0, and so it reduces to a complex vector field (D?),eu
on (R'),,; = R which is nowhere vanishing and whose complex conjugate
equals —(D?),.q. Since i(D?),.q is the vector field d,, we see that this super
Riemannian structure on RE,LI induces the standard Riemannian metric and
the standard spin structure on R. Moreover, changing the complex structure
on the algebra of functions changes multiplication by i to multiplication by
—i and hence 9, to —0,: the orientation has been reversed!

Definition 55. A super Riemannian structure on a (1|1)-dimensional cs man-
ifold is ag_%d vector field D, defined up to sign, which is locally given by
equation & above.

The super point spt is given by the germ of submanifolds (0, €) x R
of (R, D), where € > 0 tends to 0. By definition, the reversed super
point spt only differs from spt by taking the complex conjugate C-action
on the algebra of functions C*(spt). It is not hard to check that the map
@(y,1) := (-, eta) induces and isomorphism from spt with the germ of
submanifolds (—¢, 0) x RY" of (R'", D), where € > 0 tends to 0.

An S -family of such manifolds is a bundle map ¥ — S of cs manifolds,
with (1]1)-dimensional fibres and a vertical odd vector field D, defined up
SO sign, L—%that there are local coordinates on Y in which D is given by
equation ere D is called vertical if it annihilates all functions on X that
factor through S.

Germs of such S-families Y — S are the objects in SRB, if the reduced
part Y, satisfies fibrewise the conditions on its ends explained above.

Since a Euclidean field theory E preserves pullbacks, its value on the
trivial bundle S X spt — S is determined by its value on spt — *. Further-
more, an object in SRB; that is an S -family of super points is locally of the
form m; 1 So X spt = Sy. Since the value of E on this family is a sheaf
of modules over S, it is determined by these local data, and hence again
by E(spt). Finally, E preserves disjoint unions and takes the involution of
complex conjugation (aka orientation reversal) to complex conjugation. We
hence get the following

Corollary 56. A I-dimensional unitary Euclidean field theory E is deter-
mined on objects by the Fréchet space E(spt).

Super Riemannian Bordisms. Morphisms from Y;, to Y,,, in SRB,, again
ignoring S -families and odd directions for now, are isometry classes of Rie-
mannian spin bordisms from Y;, to Y,,; here a Riemannian spin bordism is
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a diagram of isometric spin embeddings

Lout Lin

Yout = X Yin

where X is again a Riemannian spin d-manifold, without boundary, but with
a finite number of ends e(X). These are decomposed into

e(X) = ™ () L ™(T),

the incoming and outgoing ends. We take the metric completion % in the
direction of ¢”(X) and we require that X is a topological manifold with
boundary dZ such that the canonical map induces a bijection

m0(8) > ().
The requirements on the embeddings ¢; : Y, — Z, satisfied for some repre-
sentative of the germ of Y}, are as follows:
e (;, is proper on the germ-like ends and induces a bijection
&(¥;) = €"(2).
® ¢, 1s proper on the boundary-like ends and the unique extension to
metric completions induces a homeomorphism
0 — 35
The composition of bordism is given by gluing along open subsets in the ob-

vious way. The properness conditions on the ¢, make sure that the resulting
space is Hausdorff.

Remark 57. There are no disjointness requirements on ¢, for example they
could both be surjective isometries. We call a bordism thick if X \ ¢;,(Y;,)
is d-dimensional, and otherwise thin. The invertible morphisms in SRB,
are necessarily thin and what one usually thinks of as a ‘bordism’ is the
topological manifold PIEN tin(Yin). It is always compact but d-dimensional
exactly in the thick case.

Here are some pictures of morphisms in SRB;:

(5) e
Dl

idgpt
R

We read all these bordisms from right to left, for example
I:spt—spt and R:0 — spt I spt.

Here the disjoint unions are read from fop to bottom and we note that R only
exists if the length of the interval is nonzero, otherwise there is no room for
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the embedding ¢,,,. On the other hand, I exists for all length: the length
zero morphism is the identity of spt.

The boundary-like ends of Y, are again drawn as e, with the understand-
ing that on the right of it there is a germ of a neighborhood given by ¢.
At the incoming end we have drawn some dots near the e to reflect ¢;, but
at the outgoing end we do not emphasize the embedding ¢,,,. A surprising
morphism might be u above:

u:sptspt — 0

It is a thin bordism because after removing the incoming object, only a
single point, drawn as e, remains. This point is the image of the two points
dY,,, under the canonical extension of ¢;, to the metric completion Y. We did
not require that the embedding ¢;, extends to an embedding of ¥, partially
to have u in t%% SASIOY It induces the adjunction transformation referred
to in Remark 59 below.

Remark 58. These pictures do not reflect the spin structures and certainly
not the odd directions. They do, however, show how the involution acts on
SRB,: just reverse the arrow on the pictures.

Remark 59. Originally we thought that intervals, i.e. morphisms from spt
to spt, are all one needs to understand 1-manifolds: just pick a triangula-
tion that decomposes any 1-manifold into intervals. However, there are also
morphisms spt LI spt — () and there is no way to recover them just from
intervals. To deal with this problem, we introduced the ‘adjunction trans-

mations’ on the bordism categories and on SF in our original approach

]. We required the functor E to preserve these extra structures, leading
to a more awkward definition.

However, if one defines the category SRB, as above, these additional
properties are automaticglly satisfied. We now prefer this approach which
is carefully explained in [ST2] because it revives thg concept of triangulat-
ing a 1-manifold in a precise fashion: in Theorem efow think of u as
associated to a vertex and R as associated to an edge.

Definition 60. A morphism X € Morsgg, (Yin, Your) 1s an S-fa d(l_gf :%% super
Riemannian cs manifolds of dimension (1|1) (as in Definition %5) together
with isometric embeddings ¢, : Y, < X over S whose reduced parts satisfy
fibrewise the condition on the ends explained above.

The main source of examples of morphisms is as follows: Start with a
function

feC>(S) = SMAN(S,R'M.
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. . .. |def:super moduli space
Then we can use the super group structure m on R!!! given in Definition 33

to define the translation map

T;:S xR
Note that 7', lies over the identity of S and that it is ﬁbrewei:%ei gnisometry: If
we equip R'' with the geometric structure from equation h‘fh‘en its isometry
group is (R'', m) which acts on itself by right multiplication.
We would like to use T to define an S -family of morphisms from spt to
spt. Recall that spt ¢ R!"" is an isometric submanifold whose reduced part
is a germ (0,€) C R as € — 0. Let us assume that

"'~ R satisfies frea = 0.

red

fred : Sred - R
Then we can take X := § X Ril(l) with ¢,,, the standard inclusion of § X spt
into X and ¢, given by T, restricted to § X spt. The properness assumptions
on ¢ are easy to check if we take as germ representative of spt the whole
positive line (0, co) (or we make X smaller according to the size of €).

Definition 61. For any cs manifold S, write f € C*(S) as f = ¢+ 6 where ¢
and 6 are even respectively odd functions on S. Assume that f,.y = t,.q > 0.
Then the above morphism is called the super interval of length (t, 6), written
as

I,y € Morgsgg, (S X spt, S X spt).
It lies over the identity map of S in SMAN.

If t,,s > O there is a close cousin also lying over the identity of §, the
right elbow of length (t, 0), written as

R,y € Morsgg, (0, S X (spt Lspt)).

It is defined like 7,4 with two exceptions: Firstly, we need to take the sub-
manifold of ¥ which on the reduced part is given by those (s,y) € §,.¢ X R
that satisfy 0 < y < t,4(s). Secondly, there is no ¢;, but ¢,,, is the disjoint
union of the standard embedding of § > spt and the translated embedding
Ty applied to S X spt, see Definition 55" One also needs to make the germ
representatives of spt and spt small enough so that ¢,,, is an embedding.

Generators and Relations for SRB;. For any base S, there is an inter-
esting structure on the morphism set Morgsgg, (0, S X (spt LIspt)). It makes
essential use of the morphism y, defined over any S by pulling back from *
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and it is given by the following picture defining R, o R;:

idgpt
. > ...
. R2
ldspt
[ SR

We shall need the following result that is contained, in a slightly different
version, in the first authors PhD thesis.

Theorem 62. ForS := Ril(l) there is a universal family of morphisms R — S

in SRB, from 0 to spt Lspt (over S ). Moreover, the above composition gives
an isomorphism of super semi groups

MorSRBl ((D, Spt Hs_pt) = Rilé

. i . . . . |def:super moduli space
where the composition on the right hand side was given in Definition 33.

Finally, this family has no automorphisms.

Using this universal family, we get a morphism R, 4 from 0 to spt Lspt for
any parameter space S: Think of (¢,6) as a 1 c?nglfp%si Mmanifolds § — Rl'é
and pull back the family R. Using picture g, with T = id,, we also get
a morphism /4 from spt to spt for any parameter space S, together with a
map § — Rﬂé. Note that for # > 0 this is built only from x and R, 4 (and for
t = 0 it is the identity).

Theorem 63. As a symmetric monoidal involutive category ov ’Br?:%nnlhg
the morphisms in SRB are generated by u and R (as in Theorem %2 above).

Here u can be defined over S = * and R over S = Ri'é.
The relations between the generators are as follows.

thm:Henni
(1) R satisfies the gluing law from Theorem 62 —

Rt2,92 ° Rtlﬂl = R11+lz+9192,91 +6>

(2) The limit of 1,4 is the identity as t — 0.

We now would like to get a topological space out of the above notion
of a 1-di gglrs:i%ljagcl%rslitary super symmetric Eufslidean field theory E,. By
Corollary %6, Eis completely determined on objects by the graded Fréchet
space E(spt).

Remark 64. We believe that the unitarity condition does not change the
homotopy type of the space but the unitary case is the one that’s closely
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related to the spaces in the previous section. We also believe that the pos-
itivity assumption can be given up without changing the homotopy type.
However, one clearly has to decide beforehand about the signature of the
Euclidean field theory, otherwise it would give an additional invariant of
the set of connected components. It seems most natural to work with am-
bient hermitian spaces H of signature zero, instead of the positive definite
case.

Proof. It is not hard to see that the unitarity of E implies that E(/,4) is a
super semigroup of self-adjoint operators. O

7. QUILLEN CATEGORIES AND THEIR CLASSIFYING SPACES

Fix a Z/2-graded real C,-module H, as in the introduction. Then we can
define the following category object €, in TOP, the category of (compactly
generated) topological spaces. Libman l}[L] calls such category objects in-
ternal space categories and we follow his example. All this means is that
the object set and the morphism set of ¢, are equipped with a (compactly
generated) topology and the structure maps are continuous..This category
is a topological version of Quillen’s S ~'S -construction, see [G].

The objects of €, are finite dimensional graded C,-submodules of H,,. A
morphism from W, to W, exists if and only if W; C W, and in this case

Morg, (Wi, W,) :={R€ OW, - W,) | " =R=R"', R* = -R}.

Here and in the following we use the notation W, — W, for the orthogonal
complement of W, in W,. The operators R are odd, orthogonal involutions
on this complemept, ... -

As in Section A& we think of subspaces of H, as orthogonal projection
operators, hence identifying the set of objects Objg of €, with a subspace
of B(H,). In order to topologize the set of morphisms Morg, of €, we
identify it with the set of triples (W, W,,A), where W, W, € Obj¢n and
A € B(‘H,) such that W, — W, is an invariant subspace for A, the kernel of A
is (W, — Wy)* and A defines an odd, orthogonal involution on W, — W;. We
make Morg, into a topological space, in fact, a metric space, by considering
it as a subspace of the product of three copies of B(H,,).

The usual construction gives a simplicial space, the nerve NG, of the

internal space category ¢,, whose geometric realization
Q, := BC, := |NG,|
is called the classifying space of €,. This classifying space is directly re-

lated to configuration spaces:

Theorem 65. There is a bijective continuous map G, : Q, S Conf™ that
is also a homotopy equivalence.
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Proof. 1t suffices to consider the case n = 0. In this case, we suppress the
index n altogether. In order to get the claim for general n, apply the n = 0
case to H, (merely considered as a Z,-graded real Hilbert space) to obtain
a bijective continuous map G : BE ~ Conf™. It is clear from the definition
of G (see below) that the classifiying space BE, c BGE of the subcategory
€, of € corresponds precisely to Conf™ < Conf™ under G. Since the
homotopy used to prove that G is a homotopy equivalence preserves the
subspace Confﬂ“, the claim follows for general n.

Recall that the k-simplices x € N;C of the nerve of our internal space
category € are chains of Z/2-graded finite dimensional subspaces

W()QW]g"'QWkC?’(

together with odd, orthogonal involutions R; on W; — W,_; fori = 1,... k.
We abbreviate this to x = (W}, R;). The classifying space BC is the quotient
space

(U NEX A [ (B (2, 1) ~ (x,Bu(1) ¥ B2 [m] — [n]

k=0
In our context, it is convenient to replace the usual standard simplex with

A={t=(,....t0€eR | 0<H <<t <0 ).

The face map d; : [k — 1] — [k] induces the map (d;). : A*! < A¥ given
by repeating #;, for i = 1,...,k — 1. Moreover, (d). adds a first coordinate
equal to 0 and (d;). adds a last coordinate equal to co. Fori =0,...,k— 1,
the degeneracy maps s; : [k] — [k — 1] induce (s;), : A* - A*!, given by
skipping f;;;.

Now, every (x,1) € N;C x A* defines a configuration G(x, t) € Conf'™ as
follows. The label G(x, t)q at zero is W;, where i is the largest index with
t; = 0. For 0 < A < oo, G(x,1)., is the sum of the +1 eigenspaces of all
operators R; with indices i with #; = A. The label G(x, t)., is the orthogonal
complement of all the other G(x, 7),’s. We claim that the map

G : B€ - Conf™, G[x,1] := G(x,1)

is well-defined. We have to check that for all (x, f) and face and degeneracy
maps  we have G(8*(x), 1) = G(x, B.(?)).

We start with the face maps. In these cases we write ¢ = (tq,...,4—). If
B =dy: [k—1] — [k] then 8*(x) is the chain of subspaces where W, and R,
have been removed (and the indices of the other W; and R; are shifted to the
left). Since B.(t) = (0,¢,...,#_1) it is clear from the definition of G that
the labels of G(8*(x), t) and G(x, B.(t)) coincide.

Fori=1,...,k—1and B = d,, the chain 8*(x) is obtained by composing
the morphisms R; and R;.;. This means that on W;,; — W,_; we get an
orthogonal sum of these two operators. Since the the +1 eigenspaces of this
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orthogonal sum equals the direct sum of the +1 eigenspaces of R; and R;;
and since S, (¢) just repeats f;, it is clear that G(5*(x), 1), = G(x,S.(?)),. All
the other labels are clearly unchanged so that G(5*(x), ) = G(x, B.(1)).

If B =d; : [k— 1] — [k] then B(x) is the chain of subspaces where W,
and R, have been removed. However, since S.(f) = (¢4, ..., -1, ©0), we have
G(B*(x),1), = G(x,B.(1)), for all 1 € R and so G(B*(x),1) = G(x,B.(?)).

For a deneracy map 8 = s; : [k] — [k — 1], where i = 0,...,k — 1, the
argument is even easier. Then for a (k — 1)-simplex x, we get a chain 8*(x)
of length k by inserting the identity at the i-th subspace. This operation
does not alter the operators R; (the identity corresponds to R = 0 on a 0O-
space), it only shifts the indices > i to the right. Similarly, B.(t,,...,%) =
(t1,...,5,..., 1), so that again a shifting of indices > i to the right occurs
and G(B*(x), 1) = G(x,B.(t)) follows.

Hence the map G is well-defined. It is bijective, since it has an inverse
Conf™ — BG defined by mapping a configuration {V,} with exactly k non-
trivial labels V,,,...,V,, with 0 < A; < oo to the equivalence class [x,f],
where x is defined by the chain W, C --- € W, where W, = V;, and

Wi = Wi—l &b V/zl. @b V_,L.

for i > 0 and the operator R; on V,, @ V_,. is defined to be the one with the
+1 eigenspaces V... It is clear that this defines an inverse for G.

It is easy to see that G is coptinyous: the description of the neighborhood
basis for Conf in Definition 26 and the definition of the topology on Morg
imply that G is continuous. Hence the same is true for G.

It remains to show that G is a homotopy_pguivalepce. Let Conf® c

fin . o1 Con ® .
Conf™ be the subspace defined in Remark B0 a e)nqte.by BE™ the im-
. ) -1"is/cont |
age of N;C x A*in BC. According to Lemma b6 below, G restricts to a
homeomorphism

G® : B&® — Conf®

for all k > 0. This gﬁqtrglegorwﬁgh the fact that id : colim_,. Conf® —
Conf™ (see Remark EOTm_pﬁ?j Bl}nab§ 1$.a homotopy equivalence. This
T H lllen

completes the proof of Theorem 165 O

Lemma 66. For all k > 0, the map
G® : B&® — Conf®
is a homeomorphism.

Proof. Since G is continuous, so is G®. The proof that G® is open is based
on the following fact.

Fact: There is a function g, : (0, %) — R satisfying &(6) — 0 as
6 — 0 with the following property. If | < k and V, W, W,, ..., W,, are finite-
dimensional subspaces of a Hilbert space H such that ”PV—PGBLIWI-” <6< %
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and the W;’s are mutually orthogonal, then there exists a splitting of V into
mutually orthogonal subspaces V, ..., Vi such that ||Py, — Pyl < &(6) for
all i. The idea of the proof is simple. The subspaces W; := Py(W;) C V give
a decomposition of V and the W; are almost orthogonal. Then use Gram-
Schimdt to orthogonalize the W;. Standard estimates plus induction on k
yield the desired function & (e.g. £¢(6) = 316> works).

Now, given a neighborhood N of [x, ] € BE® we have to find K > 0 and
8 > 0 such that Vg 55 N Conf® c GO (N), wherg V.= G®[x, 1] and Vs is
the neighborhood of V described in Definition b'().ﬁ'We may choose K to be
any number such that (—K — 1, K + 1) contains all non-trivial labels 1 € R
of V. In order to find &, observe that the preimage of N in [[%, N,€ x A’
contains a full e-neighborhood of the equivalence class [x, ¢] (recall that
N;ExA' is a metric space for all i) for some & > 0. The existence of & follows
from the Lebesgue covering lemma and the fact that [x, ¢] is compact.

Now choose 6 > 0 such that £(6) < &. In order to show that Vg ss N
Conf® c G®(N), consider any W € Vs N Conf®. Let j be minimal
with W e Conf". Using the Fact it is easy to see that there is (y, s) €
[x,2] N N;€ x A/ that lies within e-range of the unique preimage of W in
N;C x A/ under G. In other words, (y, s) lies within & distance from [x, t].
Hence the preimage of W under G lies in N, as desired.

This completes the proof that G® is open. O

8. SpaCES OF FREDHOLM OPERATORS

In this chapter we relate the spaces Conf, to the spacgs of skew-adjoint
Fredholm operators considered by Atiyah and Singer in [AS].

Fredholm operators. Recall that a Fredholm operator is a bounded oper-
ator whose kernel and cokernel are finite dimensional. Let Fred(H) Cc B(H)
be the subspace of Fredholm operators on the infinite dimensional separa-
ble real Hilbert space H. Denote by C(H) := B(H)/K(H) the C*-algebra of
bounded operators modulo compact operators (a.k.a. Calkin algebra) and
by m : B(H) — C(H) the projection. Then Fred(H) is the preimage of the
group of units in C(H) under x, i.e. we have

T € B(H) is Fredholm <= n(T) € C(H) is invertible.

We will need the following facts about the spectrum o (T") of a self-adjoint
bounded operator T. Let 0s(T') := o (n(T)) be the essential spectrum of T,
i.e. the spectrum of m(7) in C(H). Then there is a decomposition

O-(T) = O-ess(T) I O-discrete(T),

where 0 giscrete (1) consists precisely of the isolated points in o<(7) such that
the corresponding eigenspace has finite dimension. From the definition of
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the essential spectrum it is clear that for a Fredholm operator T
() Tess(T) N (=&(T), &(T)) = 0 for &(T) := |Ia(T) llc(n),

where ||.[[c) 1s the C*-norm on the Calkin algebra. In other words: the
essential spectrum of 7 has a gap of size &(T') around 0. Note that the map
¢ : Fred(H) — R is continuous.

K-theory and Fredholm operators. The most important invariant of a
Fredholm operator 7 is its index

index(7T) := dim(ker T') — dim(coker 7).

It turns out that the index is invariant under deformations, i.e. it is a locally
constant function on Fred(H). In fact, it defines an isomorphism

7o Fred(H) —> Z, [T] ~ index(T).

This is a special case of the well-known result that Fred(H) is a classify-
ing space for the real K-theory functor KO°. More explicitly, for compact
spaces X there are natural isomorphisms

KO°(X) = [X, Fred(H)].

This isomorphism is defined as follows. Consider [f] € [X,Fred(H)].
Changing f by a homotopy one can achieve that the dimensions of the ker-
nel and the cokernel of f(x) are locally constant. This implies that they
define vector bundles ker f and coker f over X. The image of [f] is defined
to be

[ker f] — [coker f] € KO°(X).
For X = pt this reduces to the above isomorphism

7o Fred(H) = [pt, Fred(H)] — KO°(pt) = Z.

Atiyah and Singer showed that the other spaces in the Q-spectrum repre-
senting real K-theory can also be realized as spaces of Fredholm operators.

The Atiyah-Singer spaces 7,. Letn > 1 and let H, be a real Hilbert space
with an action of C,_y, just as before. Define

Fni={To € Fred(H,)| Ty = -Tpand Tye; = —e;Tpfori=1...,n—1}.

Furthermore, let 7, := ¥, if n # 3 (4). In the case n = 3 (4) define F, C F,
to be the subspace of operators 7T satisfying the following additional con-
dition (AS): the essential spectrum of the self-adjoint operator e; - - - e,_1 Ty
contains positive and negative values (we say that e; ---e, 1T is neither
essentially positive nor negative). Atiyah and Singer introduce this condi-
tion, because it turns out that for n = 3 (4) the space ¥, has three connected
components, two of which are contractible. However, for the relation with
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K-theory only the third component, whose elements are characterized by
the above requirement on the ess gtial spectrum of ey...e,_; Ty, is interest-
ing. In fact, the main result of [AS] is that for all n > 1 the space ¥,
represents the functor KO™. We shall reprove this result in terms of our
configuration spaces.

The elements in ¥, can also be interpreted as odd operators on the Z,-

graded Hilbert space H, = H, ®ce C,. If we define
ﬁg’ :={T € Fred(H,) | T is odd, C,-linear, and self-adjoint }
we can identify 7, and F*" using the homeomorphism
Yge, F — ﬁgr, To—~T:=T)®e,.

The operator T has the matrix representation
T = 0 T;
T, O
with respect to the decomposition H,, = H, ® H,,. It is important to note that
the skew-symmetry of 7 is equivalent to the relation Te, = ¢,T.
In the next lemma, we will show that " is homotopy equivalent to a
configuration space. Let R := [—co, o] be the two-point compactification
of R equipped with the involution s(x) := —x.

Lemma 67. The subspace A C FEr of all operators T with ||T|| = 1 and
&T) = 1, see (*) for the definition of &(T), is a strong deformation re-
tract of Z‘,fr. Furthermore, A is homeomor, lgéc ggnggw configuration space
Conf¢, (R, {xoo}; H,) as defined in Chapter g

Proof. Define a homotopy H : F£ x [0,1] — F¢" by
(T,1) = H(T) := (t+ (1 = )lITl) - ¢ ((ce(T) ™" + (1 = )ITIT) - T).

Hereqb ‘R— [—1, 1] is defined by ¢|[—1,1] = ld, ¢|[1,oo) = land (]5|(oo’_1] = —1,
and ¢(_) denotes the functional calculus with ¢. The continuity of H follows
from the continuity of || lcand & and from the usual continuity properties of
functional calculus, see [RS], Theorem VIII.20. Also, C,-linearity and par-
ity of T are preserved under functional calculus. Furthermore,

Hy = idzy, H, = ids forall z, and Hy(F¥") C A.

Hence A is a strong deformation retract of %5

Now, for all T € A we have o(T) c [-1,1]and all A € o(T) N (-1, 1)
are eigenvalues of finite multiplicity. The spectral theorem for self-adjoint
operators implies that the eigenspaces V(T'), of T are pairwise orthogonal
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and span all of H,. Since T is odd, V(T)_, = a(V(T),), where « is the
grading involution on H,,. We thus obtain a map

A — Confc, (-1, 1], {x1};H,), T — V(T)

by associating to 7' the configuration A — V(T), on [—1, 1]. Here the in-
volution on [—1,1] is x — —x. It is easy to see that this map is a home-

X
1-|x|

of configuration spaces Conf¢ ([-1,1],{x1};H,) = Confcn(ﬂli, {£o0}; H.,),
thus completing the proof of the second statement in the lemma. O

omorphism. Finally, [-1, 1] = R X - induces a homeomorphism

Now we can formulate the relationship between the Atiyah-Singer spaces
¥, and our configuration spaces Conf,. Consider the map p : R — R that
is the identity on R and that maps +oco to co. It induces a continuous map

p. : Confc (R, {+oo}; H,) — Conf¢ (R, {co}; H,) = Conf, .
Let H be the homotopy equivalence defined as the composition
H:F, — F& —> Confc, (R, {oo}; H,).

The main result of this section is:

Theorem 68. Foralln > 1, p.H restricts to a homotopy equivalence

p:H|z : Fy —> Conf, .

Proof. Since H is a homotopy equivalence, the same is true for H|g,. It
remains to show that the restriction of p, to the path component H(¥,) of
Confc, (R, {xoo}; H,) is a homotopy equivalence. In order to do this, it will
be convenient to work with subspaces consisting of certain 'finite’ elements.
More precisely, if we define

Conf,, := H(F,) N Conf{" (R, {zoco}; H,,).
then we have a commutative diagram

H(F,) 2= Conf,

:JA JA:

D
Conf;, — Conf™

whose Vert‘ical arrows are, Hhomotapy equivalences (for the right arrow this
was done in Proposition 29; the same argument works for the arrow on
the left). Hence p.| H(T2) is a weakﬁhomot.opy .equivalence e?cactly if thistihsm:quasi £ib
the case for p, : Conf, — Conf,". This will be proved in Theorem 71
below. It follows that p.H|z, is a weak homotopy equivalence. Since ¥,
and Conf,, both have the homotppy type of a CW-complex, the map p.H|,
is a homotopy equivalence, cf. [Mi2]. O
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As a first step towards Theorem %%%lt%lgge a characterization of the
configurations contained the subspace Conf’,. Since the map H is surjective,
we have Conf/, = Confg‘:(ﬁ, {£oo}; H,) for n £ 3 (4) (recall that 7, = F,, in
this case).

The interesting case is n = 3 (4) . Our task is to understand what the
Atiyah-Singer condition (AS) means for the corresponding configurations.

Before we proceed, we need to collect somg representation theoretic facts
about graded Clifford modules. Recall from [EM] that for n # 3(4) the Clif-
ford algebra C, is simple, whereas it is the product of two simple algebras
in the other cases. Therefore, there is a unique irreducible C,-module (and
a unique graded irreducible C,.;-module) for n # 3 (4) otherwise there are
exactly two such modules.

Remark 69. Letn = 3(4) and recall from H:’IM, Chapter I, Prop. 5.9] that in
this case the action of the volume element e := e, - -- e, € C, distinguishes
the two distinct (ungraded) irreducible C,-modules. (Since e is a central
orthogonal involution, it acts as + id on these modules.)

Now, let T € F¢". The diagonal entries of the even operator eT are given
bye,---e,.1Ty : H, = H, and therefore the Atiyah-Singer condition (AS)
that the operator e; ---e,_1 Ty : H, — H, is neither essentially positive nor
negative is equivalent to the same condition on eT : ‘H, — H,.

Denote by A c A the subspace of operators with finite spectrum.

Lemma 70. Assume n = 3 (4). Let T € A™ and denote by W, the (+1)-
eigenspaces of T.

(1) eT is essentially positive (resp. negative) if and only if the volume el-
ement e has a finite dimensional (—1)-eigenspace on W, (resp. W_).

(2) The (AS) condition is equivalent to the (£1)-eigenspaces of e, re-
stricted to W, both being infinite dimensional.

(3) W, is a C,-module and the (AS) condition is equivalent to W, con-
taining both irreducible C,-modules infinitely often.

Proof. For part (1) we observe that eI = Te and hence we can find simul-
tanous eigenspace decompositions for these self-adjoint operators. Note
that the eigenvalues (+1) are the only possible accumulation points in the
spectrum of 7" and hence such eigenspace decompositions exist. Since
e? = 1, the operator e has spectrum inside {+1}.

A vector v € H,, is in an essentially positive eigenspace of T if and only
if either v € W, and e(v) = +1, orv € W_ and e(v) = —1. Since T is odd, its
spectrum is symmetric and, in particular, the grading involution « takes W,
to W_. Furthermore, « anti-commutes with e and hence

Cw, = €0 qw. = —@oew_
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so that « takes the (+1)-eigenspace of ey, to the (—1)-eigenspace of e . In
particular, these vector spaces have the same dimension. This finishes the
proof of part (1) as well as part (2).

To prove part (3) notice that T is C,-linear and therefore W, is a C,,-module
(which is not graded since « takes it to W_). The claim follows from the
well known algebraic fact stated at the beginning of the lemma. O

Note that Conf’, is s exactly the image of Afin L d:e fﬂir Il}a{lder the identifi-
cation A ~ Conan(R {£o0}; H,) from Lemma orcover, the (*1)-
eigenspaces W, of an operator T € A™ turn into the (+o0)-eigenspaces
W. of the corresponding con£ g}llrgél%r% W § Confﬁ“(R {£oo}; H,).

Hence part (3) of Lemma ells us that for n = 3 (4) the subspace
Conf’, C Confg':(ﬁRz, {£oo}; H,) consists precisely of the configurations {W,}
such that W, contains both irreducible C,-modules infinitely often.

We will now see why this is a very natural condition in terms of our
configuration spaces:

Theorem 71. The restriction
P = Pilcont, : Conf), — Confﬁ"
def:quasifib
is a quasi-fibration with contractible fibers (see Definition [7%).

Remark 72. In the case n = 3 (4) the space Conf), is the unique connected
component of Confgj(ﬁRz, {£o0}; H,) that is not contractible. On the two
remaining components the map p. is not a quasi-fibration as well shall see
below (the fibres have distinct homotopy groups).

Lemma 73. Let M be a graded C,-module.

(1) If M contains all (one or two) irreducible C,-modules infinitely of-
ten then the C,-action on M extends to a graded C,-action.

(2) Let My be a graded irreducible C,-module. Then there is a graded
vector space R, the multiplicity space, such that M is isomorphic to
the graded tensor product My ® R. In the case n # 3 (4) we may,
and shall, assume that R is concentrated in even degree.

(3) With this notation, the grading preserving Clifford linear orthogo-
nal group Oc¢,(M) is isomorphic to

Oc,(M) = O(R) = O(R*) x O(R**")

In particular, this group is contractible (by Kuiper’s theorem) if and
only if the multiplicity spaces R and R are both either zero or
infinite dimensional. This is equivalent to M containing either only
one type of graded irreducible C,-module, or containing both infin-
itely often.
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Proof. There are two cases to consider for proving (1): If only one graded
irreducible C,,-module exists, then take any irreducible C,,;-module M, and
restrict it to C,,. It is clear that over C,,, M must be given by infinitely many
copies of M.

Let’s say there are two graded irreducible C,-modules M, M, and hence
n is divisible by 4. By assumption, M is the sum of infinitely many copies
of My L M;. It then suffices to show that My, L M; has an C, -action.

We first claim that M, = M_", i.e. M, is obtained from M, by flipping

the gradg:' 1g.. Lsing the characterization of ungraded C,,—;-modules given in

Lemma [70, it sutfices to show that the volume element é; - - - &,_; acts with
different sign on M{" and M(‘)’dd . Here &; = e;e, are the usual generators of
C,-1 = C?. Since n is divisible by 4, it follows that

n e
él . 'én—l = (elen) “en (en_len) =e e, =1¢

is also the volume element in C,. Writing Mgdd = e; - M{" for some i, our
claim follow from ee; = —e;e. Finally, the module M, L M;" has a C,;-
action given by the element e¢,,; = fa, where f flips the two summands and
« is the grading involution.

For part (2) one again needs to know that in the case that there are two
graded irreducible C,-modules M, M, they differ from each other by flip-
ping the grading. This was proven above. Part (3) is obvious. O

Proof of Theorem %%n by proving that the fibers of p are con-
tractible. Fix V € Conf™. The fiber p~'(V) consists of all W € Conf’ such
that V, = W, for A4 € R and V, is the orthogonal sum of W, and W_,. Since
W_o = (W), where « is the grading involution on H,,, we may identify
p~1(V) with the space of decompositions of the graded C,-module V., of the
form V,, = W, L a(W,), where W, is an ungraded C,-submodule of V,
that for n = 3 (4) satisfies the (AS) condition: both irreducible C,-modules
appear infinitely often in W.

Without the (AS) condition, it is straightforward to show that this space
of decompositions of V,, is homeomorphic to the following space of C,. -
structures on V:

Cur1(Veo) 1= { €ns1 € O(Veo) | €2,y = —1,epprei = —€ipar, i=1,...,0}

Namely, given e, one can define W.,, to be the (+1)-eigenspaces of e,, ;@
(and vice versa). Under this correspondence, the (AS) condition translates
into the requirement that e,,; defines a C,,; module structure on V,, which
contains both graded irreducibles infinitely often. We denote this subspace
of €,,1(Vs) simply by €, (V) and observe that all these module structures
e,+1 on V,, are isomorphic.

We show in the following 4 steps that the fibre p‘l(V) ~ €1V, is
contractible under our assumptions.
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Step 1: By our basic assumption, the ambient Hilbert space /H, contains
all graded irreducible C,-modules infinitely often. Since V was a finite
configuration to stayf with, it follows that V., has the same property and by
part (1) of Lemma §3 it follows that €, (V) is not empty.

Step 2: Since any two points in ¢€,,(V,) lead to C,,;-module structures
on V,, that are isomorphic, the orthogonal group O, (V) acts transitively
(by conjugation) on €, (V). The stabilizer of a particular C,,-structure
is Oc,,,(V«) and hence

@n+l(vo<>) ~ OCn(Voo)/OC,Hl(VOO)

We shall show that this space is contractible, as a quotient of two con-
tractible groups.

Step 3: As a C,-module, V,, contains both graded irreducilﬁlgmg,f—modules
infinitely often, that’s what we need by part (3) of Lemma or the con-
tractibility of the larger group O¢, (V).

Step 4: For the smaller group Oc,.,(Vw), the (4S) condition tells us again

n+1

that the gssumptions of part (3) of Ifﬁcmn:lé%%si Are satisfied. o
To finish the proof of Theorem 7T, it remains to sho th%'?L Bs cl)gdeed a
;% but first

quasi-fibration. We will use the criterion in Theorem ut 1irst we give
the relevant definitions.

Definition 74. A map p : E - B is a quasi-fibration if forall b € B,i € N
and e € p~!(b), p induces an isomorphism

m(E, p~\(b), e) —> m:(B, b).

From the long exact sequence of homotopy groups for a pair it follows
that p is a quasi-fibration exactly if there is a long exact homotopy sequence
connecting fibre, total space and base space of p, just like for a fibration.
However, p does not need to have any (path) lifting properties as the fol-
lowing example shows.

Example 75. The prototypical example of a quasi-fibration that is not a
fibration is the projection of a ’step’

(—00,0] X {0} U {0} X [0, 1] U [0, 00) x {1} c R?

onto the x-axis. Even though all fibers have the same homotopy type (they
are contractible), the map doesn’t have the lifting property of a fibration,
since it is impossible to lift a path that passes through the origin.

The following sufficient conditign. for a map to be a quasi-fibration is an
easy consequence of the results of [DT]:

Theorem 76. Let p : Y — X be a continuous map between Hausdorff
spaces and Xy C X; C X, C ... an increasing sequence of closed subsets of
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X s.t. X = colim;_,o X;. Assume further that for all i > 0 the map ply,, \v,
is a Serre fibration, where Y; = p~'(X,), and that there exists an open
neighborhood N; of X; in X, and homotopies d, = d;i) : N; > N, and
D =D, : p (N;) = p~'(N)) s.t.

(1) D coversd, i.e. po D, =d, o p forallt.

(2) Dy = id, D(Y;) C Y; for all t, and D,(p~"(N;)) C ¥;

(3) For every x € N;, the map D, : p~'(x) = p~'(d\(x)) is a weak

homotopy equivalence.

Then p is a quasi-fibration.

Proof. According to Satz 2.15 in %%T] p 1s a quasi-fibration provided that
ply, 1s a quasi-fibration for all i > 0. To see this, we proceed by induction on
i. It is clear that ply, is a quasi-fibration, since, by assumption, it is a Serre
fibration. Now assume thaf we already know that ply, is a quasi-fibration.
Applying Hilfssatz 2.10 in kDT] with B = N;, B = X;, g = pl,-,, D = D,
and d = d, implies th%%plp-nwi) is a quasi-fibration. Now, applying the
Korollar of Satz 2.2 in [DT] with U = N;;; and V = Y, \ Y; we see that
ply,,, 1s a quasi-fibration. (Note that p is a quasi-fibration over U NV, since
it is even a Serre fibration.) O

. DT criterion fin
Now, in order to apply Theorem 76 we filter Conf," by the closed sub-
spaces

X; :={V e Conf™ | dim(V) := dim¢, (& V) < 2i }.
For each i consider the continuous function
L;: Xiy1 = [0,00], Vi Li(V) :=sup { r | dim¢,(®ae-r.nVa) < 2i }.

Clearly, L;'(0) = X;. Define N; := L;'((1, %]). The homotopies d* and
D are now easy to find. Namely, consider the homotopies on Conf™ and
Con%irig(glelcgg by, the family of maps h, defined in the proof of Proposi-
tion 297(in the case of Conf/, note that the formula defining %, indeed also

determines a homotopy on R and hence on Conf)). It is easy to check that
almost all assumptions of the Dold-Thom theorem are hold: (1) and (2) ob-
viously satisfied. Condition (3) is trivial, since all fibers are contractible.
The map plyx,,\x, 1s a fiber bundle, in particular, it is a Serre fibration. The
crucial point in the proof of this is that dimension dim(V) of configurations
in X;;; \ X; is constant. This makes it possible to choose an open neighbor-
hood N of V in X; .1\ X; such that the orthogonal projection Py_ : Wy, — V,
is an isomorphism for all W € N. It is easy to write down a local trivializa-
tion of p over such an N; this shows that plx.,\x, is a fiber bundle.

The only condition in the Dold-Thom theorem that is viglated.is that
Confgn is not the colimit over the subspaces X; (cf. Remark %D‘)._HWer,

this is not a serious issue: we can endow Conf™™ and Conf’ with the colimit
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topologies w.r.t. the filtrations X; and p~'(X;) and apply the Dold-Thom
theorem to see that p is a quasi-fibration in this case. It follows directly from
the definition of a quasi-fibration that the same also holds if we consider

the original topologies, since the identity maps colim,_,., X; —

ﬁcoglffrﬁ dg
T c

colim;,, ¥; — Conf], are homotopy equivalences (see Remark 0
fin . , .
Conf," case, the samjt r _I%I%esnitf%orks in the case Conf)). This completes

the proof of Theorem 7T O
REFERENCES

[ABS] M. Atiyah, R. Bott, A. Shapiro, Clifford modules, Topology 3 1964 suppl. 1,
3-38.

[AS] M.F. Atiyah, .M. Singer, Index theory for skew-adjoint Fredholm operators,
Inst. Hautes Etudes Sci. Publ. Math. No. 37 1969 5-26.

[B] R. Bott, The stable homotopy of the classical groups, Annals of Math. 79, 1959,
313-340.

[DM] P. Deligne, J. Morgan, Notes on Supersymmetry (following Joseph Bernstein), in
Quantum fields and strings: a course for mathematicians, Vol. 1, 41-97, Amer.
Math. Soc., Providence, RI, 1999.

[DT] A. Dold, R. Thom, Quasifaserungen und unendliche symmetrische Produkte,
Ann. of Math. (2) 67, 1958, 239-281.

[G] D. Grayson, Higher algebraic K-theory. II (after Quillen), Algebraic K-theory
(Evanston 1976), LNM 551, Springer 1976, 217-240.

[HG] N. Higson, E. Guentner, Group C*-algebras and K-theory, in Noncommutative
geometry, 137-251, Lecture Notes in Mathematics 1831, Springer, Berlin, 2004.

[Jo] M. Joachim, K-homology of C*-categories and symmetric spectra representing
K-homology, Math. Ann. 327, 641-670 (2003).

[K] G. Kothe, Topological Vector Spaces I and 11, Grundlehren der math. Wiss. 159
and 237, Springer Verlag, 1969 and 1979.

[LM] H.B. Lawson, M.-L. Michelsohn, Spin geometry, Princeton University Press,
Princeton, NJ, 1989.

[L] A. Libman, Orbit spaces, the normaliser decomposition and Minamis formula
for compact Lie groups, Preprint 2006.

[Ma] E. Markert, Connective 1-dimensional Euclidean Field Theories, PhD Thesis,
University of Notre Dame, 2005.

[Mi] J. Milnor, Morse theory, Princeton University Press, Princeton, NJ, 1963.

[Mi2] J. Milnor, On spaces having the homotopy type of a CW complex,Trans. Amer.
Math. Soc. 90, 1959, 272-280.

[P] R. Palais, On the homotopy type of certain groups of operators, Topology 3
1964, 271-279.

[R] W. Rudin, Functional Analysis, 2nd Edition, Mc-Graw Hill 1991.

[RS] M. Reed and B. Simon, Functional Analysis, Revised and Enlarged Edition,
Academic Press 1980.

[Se] G. Segal, K-homology theory and algebraic K-theory, K-theory and operator
algebras (Proc. Conf., Univ. Georgia, Athens, Ga., 1975), pp. 113-127, Lecture
Notes in Math., Vol. 575, Springer, Berlin, 1977.

[ST] S. Stolz, P. Teichner, What is an elliptic object?, Topology, geometry and quan-

tum field theory, Cambridge Univ. Press, Cambridge, 2004, 247-343.



FROM MINIMAL GEODESICS TO SUPER SYMMETRIC FIELD THEORIES 59

ST2| [ST2] S. Stolz, P. Teichner, Super symmetric field theories and integral modular func-
tions, preprint 2007.
[W] R. Wood, Banach algebras and Bott periodicity, Topology 4 1965/1966, 371—
389.

DEePARTMENT OF MATHEMATICS, UC SAN DIEGO, LA JorLa, CA, 92093-0112
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME, NOTRE DAME, IN 46556-4618

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY CA 94720-3840
E-mail address: hhohnhol@nath.ucsd.edu

E-mail address: stolz.1@nd.edu

E-mail address: teichner@math.berkeley.edu



