
Here are more homework solutions. If you want to know more about other homeworks, oryou would like to see more details or have other questions, ask in lass, review setion or oÆehour. Setion 3.1, Problem 4For (a) and (b), we use equation (6) in Setion 3.1 whih says that the funtion v(x; t)de�ned by this formula is the unique (by results in Setion 2) solution of the di�usion equationwith the initial ondition v(x; 0) = �(x). Hene, in (a), v(x; t) is the solution of the di�usionequation vt = kvxx with the initial ondition v(x; 0) = f(x). Moreover, we showed in Setion2.4 that any linear ombination of solutions of the di�usion equation and of their derivativesis again a solution of the di�usion equation. Hene w(x; t) is the solution of the di�usionequation with initial ondition w(x; 0) = vx(x; 0) � 2v(x; 0) = f 0(x)� 2f(x).For part (), just observe that g(x) = f 0(x) � 2f(x) = �2x � 1 for x < 0, and g(x) =f 0(x) � 2f(x) = �2x + 1 = �g(�x) for x > 0. Part (d) now follows from this, part (b) andExerise 24.11.For part (e), it only remains to hek that v(x; t) satis�es the Robin boundary ondition.As w(x; t) is an odd funtion in x for t > 0, we have 0 = x(x; 0) = vx(0; t) � 2v(0; t). This�nishes the proof. Setion 3.2, Problem 1We are onsidering the problemvtt = 2vxx ;v(x; 0) = �(x); vt(x; 0) =  (x) ;vx(0; t) = 0 :Here 0 < x < 1 and �1 < t < 1. Essentially, we proeed as in Setion 3.2 in thebook, exept for the hanged boundary ondition vx(0; t) = 0. In analogy to our study ofthe di�usion equation, we redue this problem to the one without boundary onditions byonsidering the even extension of this problem to the whole line. So we de�ne �ev(x) = �(jxj)and  ev(x) =  (jxj), for �1 < x <1, and we onsider the initial value problemutt = 2uxx ;u(x; 0) = �ev(x); vt(x; 0) =  ev(x) ;where now �1 < x <1. Using the solution formula for the wave equation, we getu(x; t) = 12 [�ev(x+ t)� �ev(x� t)℄ + 12 Z x+tx�t  ev(y)dy:We would like to express this solution for x > 0 by just using the original funtions �(x) and (x). The only nontrivial part is if the integration variable y ould beome negative, i.e. if1



2x � t < 0. Observe that in this ase we have R 0x�t  ev(y)dy = R jx�tj0  ev(y)dy. Hene thegeneral solution beomesv(x; t) = 12 [�(x+ t)� �(jx� tj)℄ +( 12 R x+tx�t  (y)dy if x� t � 0,12 [R x+tjx�tj  (y)dy + 2 R jx�tj0  (y)dy℄ if x� t < 0.Setion 3.2, Problem 2Apply the solution of the previous problem, with �(x) = 0 for all x � 0 and with  (x) = 1for a < x < 2a and  (x) = 0 otherwise. Ask me in lass if you want to see the skethes.Setion 3.3, Problem 2Following the hint, we onsider the funtion V (x; t) = v(x; t) � h(t), where v(x; t) is asolution of the given PDE. Then V (x; t) satis�esVt � kVxx = f(x; t)� h0(t) ;V (0; t) = 0 ;V (x; 0) = �(x)� h(0) :This problem now has a homogeneous boundary ondition, for whih we an use our solutionformula, see Setion 3.1, (6). Hene we haveV (x; t) = 1p4�kt Z 10 [e�(x�y)2=4kt � e�(x+y)2=4kt℄(�(y) � h0(t))dy:Substituting p = (x� y)=p4kt, we get1p4�kt Z 10 e�(x�y)2=4ktdy = 1p� Z x=p4kt�1 e�p2dp = 12(1 + Erf(x=p4kt)):Similarly substituting p = (x+ y)=p4kt, we get1p4�kt Z 10 e�(x+y)2=4ktdy = 1p� Z �x=p4kt�1 e�p2dp = 12(1� Erf(x=p4kt));where we used R�a�1 = R 0�1� R 0�a and R 0�a e�p2dp = R a0 e�p2dp, as e�p2 is an even funtion.Hene we getV (x; t) = 1p4�kt Z 10 [e�(x�y)2=4kt � e�(x+y)2=4kt℄�(y)dy + h0(t)Erf(x=p4kt):Substituting bak, we obtain the solutionv(x; t) = 1p4�kt Z 10 [e�(x�y)2=4kt � e�(x+y)2=4kt℄�(y)dy + h0(t)Erf(x=p4kt) + h(t):


