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Disclaimer: The solution may contain errors or typos so use at your own risk.

6.2

Problem. Suppose f =0, f is continuous on [a, b], and fff(x)dx = 0. Prove that f(x) =0 for all
x € [a,b].

Proof. Suppose on the contrary that there exists x € [a, b] such that f(x) > 0. By continuity,
there exists 6 > 0 such that | f(x) — f(y)| < @ forall ye (x—8,x+0). Refine 6 so that (x -6, x +
&) < [@,b]. Then infye(x_s/2,x+872) f (1) = L2 Let Q = {a, x — 8/2, x + /2, b}. Since f =0,

)

b
f f:supL(P,f)zL(Q,f)zé-%>0
a P

contradiction.

Remark. Note how the continuity hypothesis is used. If f is not assumed to be continuous, we
could take f to be 1 at a single point and 0 elsewhere as in Exercise 6.1.

6.5

Problem. Suppose f is bounded real function on [a, b, and f? € R on |a, b). Does it follow that
f € R? Does the answer change if we assume that > € R?

1 xeQnla,b]
-1 x¢Qnlabl
b— a. However, f ¢ Ras U(P, f) = b—a and L(P, f) = —1 for all partition P. Now assume f3 € R.
Then f = ¢(f3), where ¢ : R — R given by x — ¢/x. Since ¢ is continuous, f € R by Theorem
6.11.

Proof. Consider the function f(x) = { f?=1onlablso f?eRand [ f?=

2

Remark. Note that f? € R is not enough to conclude f € R because the function x — x? is not

injective so has no continuous inverse on R.
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6.8

Problem. Assume that f =0 and f decreases monotonically on [1,00). Prove that [{° f(x)dx
converges iff Y77, f(n) converges.

Proof. Let neNand P, ={1,2,---,n}. Since f decreases monotonically on [1,00),

n n n—1
LPp, =) flk) < fl fdx<UP,, =) fk).
k=2 k=1

It follows from f = 0 that
n V4 n
> fo sf fdx< ) f(k)
k=2 1 k=1
for n < z< n+ 1. Hence the conclusion. [ |
6.11

1/2
Problem. Leta be afixed increasing function on [a, b). For u € R(a), define||ull, = {ff | ulzda}» .
Suppose f, g, h € R(a), and prove the triangle inequality

Hf=hllz<Ilf—gll2+11g — All2.

Proof. 1t suffices to prove || f + gll2 < |l fll2 + lIgll2 for f, g € R(a). Define an inner product on
the vector space R(a) by the map R(a) x R(a) — Rby (f,g) = ff fgda. Verify that this map is
an inner product, i.e. the following holds for all ¢, b e R, f, g, h € R(a)

e {(af +bg,hy=a(f, h)+b{g,h)

* & N=(8
o (f,f)=0forall f € R(a) and (f, f) = 0iff f =0.

Observe that || f|lo = v/{f, f). The proposition below shows any vector space with an inner
product with the above axioms satisfies the Cauchy-Schwarz inequality and the triangle inequality
is a consequence of Cauchy-Schwarz:

Wf+glls=(f+&f+8
=1Ifll3+2(f, 8 +1gll5
<IIflI5+2lfl2l1gll2 +11gll5
= (112 +11gl12)°%.
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Proposition. [(x, y)| < ||x||||yl| with equality iff x and y are linearly dependent.

Proof. Assume (x,y) # 0. Let a = sign(x, y) € {+1} and z = ay, so that (x,z) = (z,x) = [{x, )I.
For t € R we have

0<(x—tz,x—tz)=||x|> + 2||yl|I* = 2t|{x, )|

1 2(x, )|
= Z(tz— Y t)+||x||2
Iyl Iyl
Kx, 1)1\2 14x, p)1? )
= ||2(t— ) -~ +1x]|
Y B 17112

The expression on the right is a quadratic function of ¢ whose absolute minimum occurs at
t=|lyl |=2|(x, ) |. Setting ¢ equal to the absolute minimum, we obtain

0 < |lx— tzl* = lxII* = Iyl "2 IKx, y)I?
with equality iff x = tz = aty. [ |

Remark. [ lied. R(a) with the inner product defined above is ALMOST an inner product space.
Which axiom does not hold? (I told you to verify.) Even though R(«a) is not an inner product
space, the part of axioms that it fails to satisfy does not affect the proof of the Cauchy-Schwarz
inequality. However, the statement that equality iff linearly dependent does not hold for R(a).

6.12

Problem. Suppose f € R(a) and e > 0. Prove that there exists a continuous function g on [a, b]
such that||f —gll2 <e.

Proof. Lete > 0and M =sup|f(x)|. Since f € R(a), there exists P = {a = xg,---, X, = b} such
that UL f,a) = L(B f,a) =Y ;(M; —m;)Aa; < % Let g be the piecewise linear function g(t) =
’X;ff(x,-_l) + I_A’;"i’lf(x,-) for t € [x;_1, x;], i.e. g is the line segment connecting f(x;—1) and f(x;)
for 1 =i <n. So g is continuous. It is easy to see that sup,¢,, , ;1 (%) — gXx)| = M; — m; and

the infinmum is 0. So, L(B|f — g|2, a) =0forall P and

URIf-gfa)=) sup |f(x)—gI*Aa;

i X€[xi—1,%;]
< Z(Ml - mi)zAai
i
<2M) (M; - mj)Aa;
i

<€2.

Hence IIf—gII2 <U®RIf - glz,a) < €2. Therefore, [If—gll2<e. [ |
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1

Problem. Consider f : [a,b] — R defined by f(x) = x*>. Compute |, f f(x)dx using only the
definition of the integral.

Proof. Assume b > a = 0. First we need to show f € R on [a, b]. Consider the partition P,, =
b—a

{a,a+ T,---,b}.Bycomputation,
nop— b-a)\? +1)2n+1 +1
U, )=y “(a+k-—“) =@ b-ay+ (- TELEHD |y g2t L
=1 n n n

2
Similarly, L(Py, f) = Y.1-} =4 (a+ k- b;n“) =a*(b-a)+ (b-a)*P=0ED 4 q(h— a)? L. So

U(Py, f)=L(Py, f) = L=0E=) _, a5 5 — o0, implying f € R. Then [ f(x)dx = inf, U(Py, f) =
sup,,L(Py, f) = b35“3. Note that we assume b > a = 0 so that f is monotonically increasing,
M; = f(x;), and m; = f(x;_1). Convince yourself this assumption is valid by the continuity of f
asthemeshlanH:%—>0. [ ]

2

Problem. Assume f : [a,b] — R satisfies f € R(a). Prove that f* € R(a).

Proof. Lete >0and P bea partition such that }_; (M;—m;)Aa; < 55;,

Observe thatsup ey | | f (0% =SUp ey, , x| (O = (SUPgere, |f(x)|)2 = M? and similarly
infxe[xi_l,xi] |f(x)2| = mlz So

where M = sup ¢, 5 | f(2)].

U ) - LB ) =) (M; —mH)Aa; <2M Y (M; — m)Aa; <e,

implying 2 € R(a). [ |



