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24.6 (a) For any given x0 ∈ [0, 1],

lim
n→∞

(x0 −
1

n
)2 = lim

n→∞
(x20 −

2x0
n

+
1

n2
) = x20.

Hence the pointwise limit of fn(x) is f(x) := x2.
(b) Yes.

Proof. For any given ε > 0, Since

|f(x)− fn(x)| =
∣∣∣∣x2 − x2 + 2x
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n
,

whenN ≥ 3
ε , |f(x)−fn(x)| ≤ ε for any n ≥ N and x ∈ [0, 1]. �

24.13 For arbitrary x1, x2 ∈ (a, b) and n, we have

|f(x1)− f(x2)| = |f(x1)− fn(x1) + fn(x1)− fn(x2) + fn(x2)− f(x2)|
≤ |f(x1)− fn(x1)|+ |fn(x1)− fn(x2)|+ |fn(x2)− f(x2)|

Given ε > 0, since fn converge to f uniformly, there exists N such
that |f(x)− fn(x)| ≤ ε/3 for all x ∈ (a, b) when n ≥ N , and partic-
ularly, both |f(x1)− fN (x1)|, |f(x2)− fN (x2)| ≤ ε/3. Besides, there
exists δ > 0 such that |fN (x1) − fN (x2)| ≤ ε/3 for all x1, x2 satis-
fying |x1 − x2| < δ because fN is uniformly continuous. So for all
x1, x2 ∈ (a, b) satisfying |x1 − x2| < δ,

|f(x1)− f(x2)| ≤ ε.
And this implies that f(x) is uniformly continuous.

25.4 Given arbitrary ε > 0. For any m, k,

|fm(x)− fk(x)| ≤ |fm(x)− f(x)|+ |fk(x)− f(x)|.
Because fn → f uniformly, there exists N such that |fn(x)−f(x)| ≤
ε/2 for all n ≥ N and for all x ∈ S. Hence if m, k ≥ N ,

|fm(x)− fk(x)| = |fm(x)− f(x)|+ |fk(x)− f(x)| ≤ ε
for any x ∈ S, which means the sequence {fn} is Cauchy.

1


