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Problem 33.11.
a) The function is given by f(z) = z,2 € (5, 27rk+7r) for some k € Z,
1

flz) = —z,z € (27Tk+7r’27rk) for some k£ € Z and f(z) = 0 if 2 = ——
for some m € Z \ {0}. It is clear that f has discontinuities at all points
z = m € Z\ {0} and they all belong to [—1,1], which means that f has
infinitely many discontinuities in [—1,1]. A piecewise continuous function
can have a finite number of discontinuities; indeed a piecewise continuous
function has a partition P = {—1 =ty < t; < ... < t, = 1} of [-1,1] and
is uniformly continuous on each (tx_1,%x), thus it can have discontinuities
only at t;,0 < k <n and these are finitely many.

b) From part a) we learn that f changes monotonicity at each point of
the form z = #, m € Z\ {0}, in the sense that f is strictly increasing on
(527, ﬁ) and strictly decreasing on (57— s 52-). As before, a piecewise
monotonic function can change monotonic behavior only at finitely many
times, thus our function is not piecewise monotonic.

c) Given k € N, we know that f is piecewise continuous (as well as

monotonic) on [—1, —52-] and it is piecewise continuous on [2 > 1]. Thus
there exists P partition of [—1, —51-] and P, partition of [52, 1] with the
property that
1 1
U(fvpl) (f’Pl) % U(fv-PQ) (f’P2)<%
Now we let P; = {—5i;, 5=} be the partition of [~ 517, 2-] and note that

E )

U P = LU P = (ML= ) = il gD ) <

where we have used the simple fact that —1 < :Usign(sin%) < 1 for any
€[-1,1].
Now P = P; U P, U Ps is a partition of [—1,1] and we have that

U(f, P)=L(f, P) = U(f, Pr)=L(f, P)+U(f, P2)—L(f, P2)+U(f, P3)=L(f, P3) <

Since this can be done for every k € N, it follows that for any € > 0 we can
find a partition P with U(f, P)— L(f, P) < ¢, thus f is integrable on [—1, 1].

Problem 34.2. a) Let F(z) = [/ e’ dt. Then we have
* F(x)— F(0
lim — e’ dt = lim M
z—0 T J =0 -0
1

=F(0)=¢e" =1.
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b) With the same notation as above,

3+h B
t2 . F(3+h]/)b F(3):F/(3):e32:69

lim — e’ dt = lim
h—0 h J3 z—0

Problem 34 5.

We let G(z fo t)dt; the choice of 0 is arbitrary, we could have chosen
any other constant We know that G is dlfferentlable and G'(z) = f(z).

Now we have that F(x) = mH — Iy 'f=Gx+1)—G(z —1). Since
G is differentiable, it follows that F is differentiable and, by using the chain
rule,

F()=G(xz+1)(z+1) -G (x-1)(z—-1) = flz+1)— f(z—1).



