Quiz 4 - Math 142B

Problem 1. Let f :[0,1] — R defined by f(z) = 0 for x = ¢ for
some ¢ € Q, f(z) =1 for x = /2 - ¢ for some ¢ € Q, and f(z) =
otherwise. Is f is integrable on [0, 1]7 Fully justify your answer. Here
Q is the set of rationals.

Solution. Let P = {a =ty < t; < .. < t, = b} be a partition of
[0,1]. Since Q is dense in R and R\ (QU+/2Q) is dense in R, it follows
that for any 1 < i < n, there exist a point ¢; € Q N [t;_1,%;] and a
pOint T € [7, 1 ] \ (@ U \/_Q) Thus f(qz) = 0 and f(rz) = 2 and
for any s € [t;_1,t;] we have 0 < f(s) < 2; thus m(f;[ti—1,t]) = 0
and M(f;[ti—1,t]) = 2 for any 1 < ¢ < n. This gives L(f,P) = 0
and U(f,P) = >, 2(t; — t;—1) = 2 for any partition P. Therefore
L(f) =0+#2=U(f) and this shows that f is not integrable.

Problem 2. i) Given a finite set S = {z1,..,z, } [a,b], let f :
[a,b] — R defined by f(z;) = ¢;,1 <i<nand f(z) =0,z §é S. Prove
that f is integrable and fabf =0.

ii) If f,g : [a,b] — R are such that f(z) = g(x) for all z € [a,b]
except for a finite set, and f is integrable on [a,b], prove that g is
integrable on [a, b] and fabg = f: f.

Solution. Let M be such that |¢;| < M, V1 < i < n.

Given e > 0 Let P ={0 =1ty <t; < --- <t, = 1} be a partition
such that tk—i—l — tk 2nM

An element x; may belong to at most two partition intervals [¢tx_1, x].

Therefore in the set of intervals [t;_1,t;] with there are at most 2n
intervals which contain an element in the sequence and these are the
intervals where M(f,[tr—1,tk]) = ¢ if ¢; > 0, for the rest we have
M(f, [ty—1,t:]) = 0.

Then U(f, P) < = &

A similar argument shows that L(f, P) > —=<

Thus we have shown that there exists a partition P with U(f, P) —
L(f, P) < e, hence f is integrable.

In fact our partition satisfies —§ < L(f, P) < U(f, P)
since € is arbitrary, it follows that 0 < L(f) < U(f) <
the value of the integral to be 0.

ii) Let h = g — f; h has the property that h(z) = 0 for all x € [0, 1]
except for a finite set, thus it satisfies i). Therefore h is integrable and

Ph=0.
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Now g = h+ f and both h and f are integrable, thus g is integrable
b b b b
andfag:fathfaf:faf.



