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1 General Tips and Guidelines for Proofs

Proofs, or really any question that asks you to justify or explain something, are a huge part
of this course, as well as a part of this course that many people struggle with. For those of
you that still struggle, here are a few guidelines and tips for approaching proofs.

When the problem asks to justify your answer, or explain your
answer, you should probably do that.

In those questions, the problem asks for more than just an answer like ”h = 3” or ”h = 3 is
the answer we need”, but how you came to that answer, and why that is the answer. For
these kind of roblems, you do not get full marks for just writing an answer down.

Know the definitions of EVERY term in the problem statement.

This should go without saying, but for those of you who don’t know where to begin, this is
a good place to start. After all, if you don’t even know what the question is asking you, how
can you hope to answer it? It helps to know any equivalent definitions that were covered in
lecture as well. (e.g. A set of vectors is linearly dependent if at least one of the vectors is a
linear combination of the others OR, alternatively, if the homogeneous system Ax = 0 has
a non-trivial solution, where the vectors form the columns of A). Professor Harel has gone
over several terms over the course of this session, and you should be well acquainted with
all of them.

Figure out what it is you need to prove

This seems obvious, sure, but it is one thing that students will get wrong. The problem might
explicitly state what it is that needs to be proven, but if it does not, please pay attention to
what it is you need to prove. Really know the meaning of the terms of the conclusion you
are trying to reach.

Often, when you’re stuck on how to approach a problem, it helps to start by
asking what the problem is asking in the first place. This goes hand in hand with
knowing what the terms mean, in terms of starting a proof.

Figure out what information you have to go on: your assumptions
and premises

You will often be given a bunch of informationatthe beginning of a proof/justification ques-
tion. Maybe you’re given a specific matrix A and are told to find its eigenvectors. Or maybe
you’re just given some arbitrary matrix A that has certain characteristics, like invertability,
or a pivot in every row, or that its lower triangular.
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Theorems are your friends!

For these sorts of problems, theorems can be incredibly useful. It does not mean
you need to use a theorem to get an answer, but a lot of the time, they work as stepping
stones to help reach an answer. Understandng theorems can help in understanding certain
concepts. For example, understanding the equivalence of vector equations, matrix equations,
and augmented matrix systems (chapter 1, theorem 3) helps in understanding why we row
reduce an augmented matrix to solve a lot of problems.

Theorems can provide alternate definitions and conditions that may be easier
to prove. For example, if you wanted to prove something is diagonalizable, you might find
the diagonalization theorem useful: An n × n matrix A is diagonalizable if and only if A
has a basis of eigenvectors (n linearly indepndent eigenvectors). So instead of proving you
achieve the definition of diagonalizable, you can show that a matrix has n linearly indepen-
dent eigenvectors.

A lot of the time, you may feel lost because what you’re given and what you need to prove
can seem very disconnected, but I assure you, they are indeed connected. Theorems often
help IMMENSELY in connecting these ideas together, so it helps to know them (specifically,
the ones Professor Harel went over in lecture).

For example, if you had an n× n matrix A whose determinant is non-zero, and you wanted
to prove that the columns of A span Rn, the ideas and topics may be disconnected, but a
theorem like a matrix whose determinant is non-zero is invertible makes it a lot easier to
prove the result. The whole proof can be achieved usingthe theorems:

PROOF:
If the determinant of A isn’t zero, A is invertible (this is from a theorem). Since A is in-
vertible, rref(A) is the identity (this is also from a theorem) and there is a pivot in every
row. Since there is a pivot in every row, the columns of A must span Rn (this is also from a
theorem).

This is NOT necessarily the format of how to prove things (though this will work fine in this
case), but the idea is that it is useful to use theorems to reach whatever conclusion you’re
trying to prove.

Working backwards

A lot of times during lecture, Professor Harel uses the word ”contradiction” when he proves
things. The general pattern is, when proving a statement, you assume the concluion is false
and then realize that some of your assumptions have to be untrue.
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Example:

If there is rain, there are clouds in the sky. Suppose that there aren’t clouds in the sky, but
it’s raining. That’s impossible, so contradiction.

2 Common Pitfalls and Mistakes

When writing proofs and/or justifying and explaining answers, we come across a lot of
common errors.

Proof by Example

When we ask you to prove something in general for something, for example, a matrix A or
some linear system that follows certain characteristics, do NOT just give an example, show
that your solution works for that example, and call it a day. If you want to prove something
in general, prove it

Simple Everyday Example

Say you wanted to prove the statement: If something interesting happens in Jor-el’s
Life, he will post pictures of that thing on instagram.

How NOT to prove that: That one time Jor-el went to Seattle, he posted pictures onto
instagram, so the above statement MUST be true!

Why that isn’t a proof: The bad proof doesn’t prove the statement in general and only
uses a single example. Clearly, no one considered that there may be things in my life that
are interesting that I never post about, because I lead a secret superhero double life that no
one must know about.

Math example:

Suppose A is a 4 × 3 matrix and b is a vector in R4 with the property that Ax = b has a
unique solution. Find rref(A). Show your work and justfy your answer.

How NOT to prove that:


1 1 0 2
0 1 0 1
0 0 1 1
0 0 0 0

 is a system with a unique solution. The rref of

the coefficient matrix is


1 0 0
0 1 0
0 0 1
0 0 0

. This is the rref for A, since it works and the system has

a unique solution
Why it isn’t a proof:The bad proof doesn’t prove the statement in general and only uses
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a single example. There are infinitely many examples, and you need to cover those cases.

Proving the Wrong Statement

This goes along with knowing what you have to prove, but sometimes, people try to prove
the wrong statement. One of the common ways to do this is proving the converse (when you
switch what you need to prove with what you’re given). If you are asked to prove something,
please make sure you are proving the correct thing.

Simple Everyday Example

Say you wanted to prove the statement: If something interesting happens in Jor-el’s
Life, he will post pictures of that thing on instagram.

How NOT to prove that: Every time Jor-el posts onto instagram, it is about something
interesting happening in his life. So if Jor-el posts something onto instagram, something
interesting is happening in Jor-el’s life. This proves exactly what you wanted to prove and
not something entirely different

Why that isn’t a proof: The bad proof doesn’t even prove the original statement and
proves the converse instead, which isn’t what you want. And again, no one considered that
there may be things in my life that are interesting that I never post about, because I lead a
secret double life as a secret agent that no one must know about.

Math example:

Suppose A is a 4 × 3 matrix and b is a vector in R4 with the property that Ax = b has a
unique solution. Find rref(A). Show your work and justfy your answer.

How NOT to prove that:


1 0 0
0 1 0
0 0 1
0 0 0

 is a matrix in reduced row echelon form. Every

column is a pivot column, so any system with this as the coefficient matrix has no free vari-
ables, so for any b where Ax = b is consistent, the system has a unique solution.

Why it isn’t a proof: The question asks to find the rref of A, and then explain why it is
the rref of A, not to prove that that particular rref would have a unique solution.

Using Theorems Wrong

When using theorems, you want to make sure you are using them correctly, and that they
apply to the situation that you are trying to prove.
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Example:

Many people stated that the following augmented matrix:1 −5 3
0 1 −2
0 0 h− 3


never corresponded toa consistent system, because of theorem 4 in chapter 1. The idea was
that since the coefficient matrix did NOT have a pvot in every row, it could not be consistent.
But theorem 4 states that having a pivot in every row is equivalent to having a solution for
EVERY possible constant vector, rather than just a few individual cases. (here, the system
is consistent if h=3, by chapter 1, theorem 2). In other words, you can’t really use that
theorem here, since you’re NOT looking at every constant vector b.
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