
Math 20E
Stokes’ Theorem

Theorem 1. Let S be a C2 (twice continuously differentiable) parametrized surface with C1

(continuously differentiable) boundary ∂S and let F : R3 → R3 be C1 on S and ∂S. Then,∫∫
S

(∇× F) · dS =

∫
∂S

F · ds.

Proof. Let
Φ : D ⊂ R2 −→ S ⊂ R3

(u, v) 7−→ Φ(u, v) = (x(u, v), y(u, v), z(u, v))

be a one-to-one positively-oriented C2 parametrization of S, and let

c : [a, b] ⊂ R −→ ∂D ⊂ R2

t 7−→ c(t) = (u(t), v(t))

be a positively oriented C1 parametrization of of ∂D. Then

Φ ◦ c : [a, b] ⊂ R −→ ∂S ⊂ R3

t 7−→ (Φ ◦ c)(t) = Φ (u (t) , v (t))

is a positively oriented C1 parametrization of ∂S. Using the parametrization Φ(u, v) for S,
we can write ∫∫

S

(∇× F) · dS =

∫∫
D

[
(∇× F)(Φ)

]
·
(
∂Φ

∂u
×∂Φ

∂v

)
du dv

After a straightforward (but tedious) computation, one sees that[
(∇× F)(Φ)

]
·
(
∂Φ

∂u
× ∂Φ

∂v

)
=

∂

∂u

(
F(Φ) · ∂Φ

∂v

)
− ∂

∂v

(
F(Φ) · ∂Φ

∂u

)
.

By Green’s Theorem,∫∫
D

[
∂

∂u

(
F(Φ) · ∂Φ

∂v

)
− ∂

∂v

(
F(Φ) · ∂Φ

∂u

)]
du dv =

∫
∂D

F(Φ) · ∂Φ

∂u
du+ F(Φ) · ∂Φ

∂v
dv.

Thus, ∫∫
S

(∇× F) · dS =

∫
∂D

F(Φ) · ∂Φ

∂u
du+ F(Φ) · ∂Φ

∂v
dv.

On the other hand, ∫
∂D

F(Φ) · ∂Φ

∂u
du+ F(Φ) · ∂Φ

∂v
dv =

∫
∂S

F · ds

since Φ ◦ c(t) = Φ(u(t), v(t)) is a parametrization of ∂S (because Φ is a one-to-one parametriza-
tion of S). Stokes’ Theorem follows.


