ON THE BIRATIONAL AUTOMORPHISMS OF VARIETIES OF GENERAL TYPE

CHRISTOPHER D. HACON, JAMES M^CKERNAN, AND CHENYANG XU

In memory of Eckart Viehweg

Abstract. We show that the number of birational automorphisms of a variety of general type X is bounded by c · vol(X, K_X ), where c is a constant which only depends on the dimension of X.

Contents

1. Introduction 2 1.1. Sketch of the proof of (1.4) 6 2. Preliminaries 11 2.1. Notation and Conventions 11 2.2. Log pairs 12 2.3. The volume 13 2.4. Bounded pairs 15 3. Birationally bounded pairs 17 4. Deformation invariance of log plurigenera 20 5. DCC for the volume of bounded pairs 25 6. Birational geometry of global quotients 32 7. Proof of (1.4) and (1.1) 34 References 35

Date: September 26, 2013.

The first author was partially supported by NSF research grant no: 0757897, the second author was partially supported by NSF research grant no: 0701101, and the third author was partially supported by NSF research grant no: 0969495 and by a special research fund in China. We would like to thank Xinyi Yuan for sparking our initial interest in this problem, János Kollár for many useful conversations about this paper, and Igor Dolgachev and Mihai Păun for some helpful suggestions. We would also like to thank the referee for some helpful comments. 1

1. Introduction

Throughout this paper, unless otherwise mentioned, the ground field k will be an algebraically closed field of characteristic zero.

Theorem 1.1. If n is a positive integer, then there is a constant c such that the birational automorphism group of any projective variety X of general type of dimension n has at most c · vol(X, K_X ) elements.

For curves, this is a weak form of the classical Hurwitz Theorem which says that if C is a curve of genus g ≥ 2 with automorphism group G, then |G| ≤ 84(g − 1). Note that vol(C, K_C ) = 2g − 2 and so this bound may be rephrased as |G| ≤ 42 · vol(C, K_C ).

This problem has been extensively studied in higher dimensions, see for example, [1], [3], [8], [10], [16], [30], and [31], for surfaces, [9], [26], [28], [32], and [33], in higher dimensions, and [5], for surfaces in characteristic p.

Xiao, [31], proved that if S is a smooth projective surface of general type, with automorphism group G, then |G| ≤ (42)^2 vol(S, K_S ) (if S is minimal, then vol(S, K_S ) = K^2_S ; for the general definition of the volume, see [21, 2.2.31] or (2.3.1)). Xiao shows that we have equality if and only if S is a quotient of C × C, where C is a curve whose automorphism group has cardinality 42(2g − 2), by the action of a very special subgroup of the automorphism group of C × C.

Question 1.2. Find an explicit bound for the constant c appearing in (1.1).

If C is a curve with automorphism group of maximal size, that is, | Aut(C)| = 84(g − 1) and

X = C × C × · · · × C,

then Aut(X) = n!(42)^n(2g − 2)^n and vol(X, K_X ) = n!(2g − 2)^n, so that c ≥ 42^n. If we consider the example of the Fermat hypersurface

X = (X^m_0 + X^m_1 + · · · + X^m_{n+1} = 0) ⊂ P^{n+1},

then Aut(X) ≥ (n + 2)!m^{n+1} and vol(X, K_X ) = m(m − n − 2)^n. If we take m = n + 3 then the ratio Aut(X) vol(X, K_X )

≥ (n + 2)!(n + 3)^n,

exceeds 42^n for n sufficiently large (indeed, n ≥ 5 suffices), so that c is eventually greater than 42^n. In fact, c grows faster than n^n, so that c grows faster than any exponential function._2

It is all too easy to give examples which show that (1.1) fails spectacularly in characteristic p. Consider the finite field F_q2 with q^2 elements, where q = p^k is a power of a prime p. Note that the function F_q2 −→ F_q2 given by b −→ b̄ = b^q, is an involution which plays the role of complex conjugation in characteristic p. Suppose that V = F^m_q2 is the standard vector space of dimension m over the field F_q2 . Then there is a sesquilinear pairing

V × V −→ F_q2 given by (a, b) −→ ∑ i a_ib̄_i.

Let U_m(q) denote the group of m×m unitary matrices over the field F_q2 , so that U_m(q) is the group of linear maps of V preserving the pairing. Recall that U_m(q) is a finite simple group of Lie type, see for example [13], whose notation we follow. Note that the Fermat hypersurface

X = (X^{q+1}_0 + X^{q+1}_1 + · · · + X^{q+1}_{n+1} = 0) ⊂ P^{n+1}, is the projectivisation of the null cone of the pairing, so that Aut(X) ⊃ U_{n+2}(q). We have

|U_{n+2}(q)| = 1 (n + 2, q + 1) q(^{n+22} ) n+2∏ i=2 (q^i − (−1)^i),

see, for example, the table on page 8 of [13]. Note that both the order of the automorphism group and the volume of the Fermat hypersurface are polynomials f and g in q. f has degree ( n + 2 2 ) + ( n + 3 2 ) − 1,

and g has degree (n + 1).

If n = 1, the genus is a quadratic polynomial in q and the order of the automorphism group is bounded by a polynomial of degree 4 in g.

Question 1.3. Fix a positive integer n. Can we find positive integers c and d such that if X is any n-dimensional smooth projective variety of general type over an algebraically closed field of arbitrary characteristic, then | Aut(X)| ≤ c · vol(X, K_X )^d?

It is known that if n = 1 then we may take c = 216 and d = 4 (cf. [25]).

We now explain how to derive (1.1) from a result about the quotient. If Y is a variety of general type, then the automorphism group G = 3

Aut(Y ) is known to be finite, see [22]. If f : Y −→ X = Y/G is the quotient map, then there is a Q-divisor Δ on X such that K_Y = f^∗(K_X + Δ). We call any such log pair (X, Δ) a global quotient, cf. (2.2.1). As vol(Y, K_Y ) = |G| · vol(X, K_X + Δ),

the main issue is to bound vol(X, K_X + Δ) from below:

Theorem 1.4. Fix a positive integer n. Let D be the set of log pairs (X, Δ), which are global quotients, where X is projective of dimension n. (1) the set { vol(X, K_X + Δ) | (X, Δ) ∈ D },

satisfies the DCC.

Further, there are two constants δ > 0 and M such that if (X, Δ) ∈ D and K_X + Δ is big, then

(2) vol(X, K_X + Δ) ≥ δ, and (3) ϕ_{M(KX +Δ)} is birational.

DCC is an abbreviation for the descending chain condition. Note that, by convention, ϕ_{M(KX +Δ)} = ϕ_{⌊M(KX +Δ)⌋} (cf. (2.1)). Note also that the set of volumes of smooth projective varieties of fixed dimension is a discrete set (cf. [29], [15] and [27]). The situation for log pairs is considerably more subtle.

Remark 1.5. [29], [15] and [27] show that if we fix a positive integer n, then the set

{ vol(X, K_X ) | X is a smooth projective variety of dimension n },

is discrete. However, the corresponding statement fails for kawamata log terminal surfaces, whence also for surface with reduced boundary with simple normal crossings. See [19] for an example.

However we do have:

Conjecture 1.6 (Kollár, cf. [17], [1]). Fix n ∈ N and a set I ⊂ [0, 1] which satisfies the DCC.

If D is the set of simple normal crossings pairs (X, Δ), where X is projective of dimension n, and the coefficients of Δ belong to I, then the set { vol(X, K_X + Δ) | (X, Δ) ∈ D },

satisfies the DCC._4

Alexeev, cf. [1] and [2], proved (1.6) for surfaces. Note that if (X, Δ) is a global quotient, then the coefficients of Δ belong to the set I = { r − 1 r | r ∈ N }, so that (1.4) is a special case of (1.6).

We hope to give an affirmative answer to (1.6), using some of the techniques developed in this paper. Let I = { r − 1 r | r ∈ N }.

Assuming an affirmative answer to (1.6) for this particular set, it is interesting to wonder what is the smallest possible volume. Let (X, Δ) = (P^n, 1 2 H_0 + 2 3 H_1 + 6 7 H_2 + · · · + r_{n+1} r_{n+1} + 1

H_{n+1}),

where H_0, H_1, . . . , H_{n+1} are n+2 general hyperplanes and r_1, r_2, . . . are defined recursively by:

r_0 = 1 and r_{n+1} = r_n(r_n + 1).

Note that (X, Δ) ∈ D. It is easy to see that the volume of K_X + Δ is 1 r^n_{+2} . Question 1.7. Find an explicit bound for δ = min{ vol(X, K_X + Δ) | (X, Δ) ∈ D }.

The most optimistic answer to (1.7) would be δ = 1 r^n_{+2} . Note that c ≥^1_δ . When n = 1, we have δ = 1 r_3 = 1 42 , and the reciprocal is precisely the constant c = 42. On the other hand, one can check that r_n grows roughly like a^{2n} , for some constant a > 1, so that in general there is a huge difference between r_n and c_n. In fact it is easy to check that

r_{n+1} = n∏ i=0 (r_i + 1),

see §8 of [18] for more details._5

Theorem 1.8 (Deformation invariance of log plurigenera). Let π : X −→ T be a projective morphism of smooth varieties. Suppose that (X, Δ) is log canonical and has simple normal crossings over T .

(1) If K_X + Δ is kawamata log terminal, and either K_X + Δ or Δ is big over T , and m is any positive integer such that mΔ is integral, then h^0(X_t, O_{Xt} (m(K_{Xt} + Δ_t))) is independent of t ∈ T .

(2) κ_σ(X_t, K_{Xt} + Δ_t) is independent of t ∈ T . (3) vol(X_t, K_{Xt} + Δ_t) is independent of t ∈ T .

For the definitions of κ_σ and simple normal crossings over T , see (2.1). We will prove a similar but stronger statement (4.2) which implies (1.8). Obviously, (1.8) is a generalisation of Siu’s theorem on invariance of plurigenera, cf. [24]. We recently learnt that (1) of (1.8) holds even without the assumption that K_X + Δ is big, see Theorem 0.2 of [6]. We use (1.8) to prove:

Theorem 1.9. Fix a set I ⊂ [0, 1] which satisfies the DCC. Let D be a set of simple normal crossings pairs (X, Δ), which is log birationally bounded (cf. (2.4.1)), such that if (X, Δ) ∈ D, then the coefficients of Δ belong to I.

Then the set

{ vol(X, K_X + Δ) | (X, Δ) ∈ D },

satisfies the DCC.

1.1. Sketch of the proof of (1.4). The proof of (1.4) is by induction on the dimension n and the proof is divided into two steps. The first step uses some ideas of Tsuji which are used to prove that some fixed multiple of K_X defines a birational map, for a variety X of general type, see [29], [15] and [27]. In this step we establish that modified versions of (2) and (3) of (1.4) are equivalent, given that (1.4)_{n−1} holds (that is, (1.4) holds in dimension n − 1). Namely, consider (2) vol(X, r(K_X + Δ)) > δ, and (3) ϕ_{Mr(KX +Δ)} is birational.

We show that if (X, Δ) is a global quotient of dimension n, then there are constants δ > 0 and M such that for every positive integer r, (2) implies (3), see (6.1).

It is clear that if some fixed multiple of r(K_X +Δ) defines a birational map, then the volume of r(K_X + Δ) is bounded from below, (2.3.2), so that there are constants δ and M such that (3) implies (2). To go the other way, we need to construct a divisor 0 ≤ D ∼_Q mr(K_X + Δ), where m is fixed, which has an isolated non kawamata log terminal 6

centre at a very general point and is not kawamata log terminal at another very general point, (2.3.4). As we know that log canonical models exist by [7], we may assume that K_X + Δ is ample, so that lifting divisors from any subvariety is simply a matter of applying Serre vanishing. In this case, it is well known, since the work of Anghern and Siu, [4], that to construct D we need to bound the volume of K_X + Δ from below on special subvarieties V of X (specifically, any V which is a non kawamata log terminal centre of (X, Δ + Δ_0), where Δ_0 is proportional to K_X + Δ), see (2.3.5) and (2.3.6).

If V = X, there is nothing to prove, as we are assuming that vol(X, r(K_X + Δ)) > δ. Otherwise, the dimension of V is less than the dimension of X, and we may proceed by induction on the dimension; as V passes through a very general point of X, V is birational to a global quotient. In fact, we even know that vol(V, (K_X + Δ)|_V ) is bounded from below.

So from now on we assume that (2) implies (3). We may suppose that the constant δ appearing in (2) is at most one. The next step is to prove that (3) holds when r = 1 (that is, (3) of (1.4) holds). There are two cases. If the volume of K_X + Δ is at least one, then the volume of K_X +Δ is certainly bounded from below, and there is nothing to prove. Otherwise, we may find r > 0 such that δ < 1 ≤ vol(X, r(K_X + Δ)) < 2^n. But then ϕ_{m(KX +Δ)} is birational, where m = Mr and, at the same time, the volume of m(K_X + Δ) is bounded from above. In this case, the degree of the image of ϕ_{m(KX +Δ)} is bounded from above, and so we know that the image belongs to a bounded family. In fact, one can prove that both the degree of the image and the degree of the image of Δ and the exceptional locus have bounded degree, (3.1), so we only need to concern ourselves with a log birationally bounded family of log pairs, (2.4.1). This finishes the first step.

To finish the argument, we need to argue that the volume is bounded from below if we have a log birationally bounded family of log pairs. This is the most delicate part of the argument and is the second step. We use some ideas which go back to Alexeev. Firstly, it is not much harder to prove that the volume of global quotients satisfies the DCC. The first part of the second step is to argue that we only need to worry about log pairs (X, Δ) which are birational to a single pair (Z, B), rather than a bounded family of log pairs. For this we prove a version of deformation invariance of log plurigenera for log pairs, see (1.8). Deformation invariance fails in general (cf. [11, 4.10]); we need to assume that the family has simple normal crossings over the base (which roughly means that every component of Δ is smooth over the base). To reduce to this case involves some straightforward manipulation of 7

a family of log pairs, see the proof of (1.9) in §5. We prove, cf. (4.2), a version of (1.8) which is better suited to induction; to this end, we first show that if we have a family of log pairs over a curve then we can run the MMP in a family, (4.1).

So we are reduced to the most subtle part of the argument. We are given a simple normal crossings pair (Z, B), a set I which satisfies the DCC, and we want to argue that if (X, Δ) is a simple normal crossings pair such that there is a birational morphism f : X −→ Z with f_∗Δ ≤ B, then the volume of K_X + Δ belongs to a set which satisfies the DCC, see (5.1). To fix ideas, let us suppose that Z is a smooth surface (this is the case originally treated by Alexeev). We are given a sequence of simple normal crossings surfaces (X_i, Δ_i) and birational morphisms f_i : X_i −→ Z.

We have that Φ_i = f_{i∗}Δ_i ≤ B and the coefficients of Φ_i belong to I. Note that we are free to pass to an arbitrary subsequence, so that we may assume that Φ_i ≤ Φ_{i+1}. In particular, the volume of K_Z + Φ_i is not decreasing. The problem is that if we write

K_{Xi} + Δ_i = f^∗_i (K_Z + Φ_i) + E_i,

then E_i might have negative coefficients, so that the volume of K_{Xi} +Δ_i is less than the volume of K_Z + Φ_i. Suppose that we write E_i = E^+_i − E^−_i , where E^+_i ≥ 0 and E^−_i ≥ 0 have no common components. Note that E^+_i has no effect on the volume, as E_i is supported on the exceptional locus. What bothers us is the possibility that the E^−_i involve exceptional divisors that live on higher and higher models.

Clearly, we should consider the limit Φ = lim_i Φ_i. However, this is not enough, we need to take the limit of the divisors Δ_i on various models, and to work with linear systems on these models. It was for just this purpose that the language of b-divisors was introduced by Shokurov. Recall that a b-divisor D is just the choice of a divisor D_X on every model X, which is compatible under pushforward.

For us there are three relevant b-divisors. Since we want to work on higher models without changing the volume, or the fact that the coefficients lie in the set I, we introduce, (5.5), the b-divisor M_{Δi} associated to a log pair (X_i, Δ_i): given a model Y −→ X_i we just throw in any exceptional divisor with coefficient one. We next take the limit B of the sequence of b-divisors M_{Δi} ; on Z we just recover the divisor Φ. Finally, we define (5.2), a b-divisor L_{Δi} that assigns to a model π : Y −→ X_i the positive part of the log pullback. Actually, this is the most complicated of the three b-divisors, and it is the subtle behaviour of the b-divisors L_{Δi} which complicates the proof. 8

If we set Δ^′_i = Δ_i ∧ L_{Φi,Xi} , then,

vol(X_i, K_{Xi} + Δ^′_i) = vol(X_i, K_{Xi} + Δ_i),

see (2) of (5.3). If we knew that the coefficients of Δ^′_i belong to a set I ⊂ J that satisfies the DCC, then we would be done. In fact, if L_Φ ≤ B, then it is relatively straightforward to conclude that the volume satisfies the DCC, see the proof of (5.1). Unfortunately, since X_i −→ Z might extract arbitrarily many divisors, it is all too easy to write down examples where the smallest set J which contains the coefficients of every Φ_i does not satisfy the DCC (cf. (1.10)).

Therefore, our objective is to find a model Z^′ −→ Z and suitable modifications Δ^′_i of Δ_i such that L_Φ′ ≤ B^′, where B^′ is the limit of M_Δ′_i . We choose Δ^′_i so that the difference Δ_i − Δ^′_i is supported only on the strict transform of the exceptional divisors of Z^′ −→ Z. In this case, it is not hard to arrange for the coefficients of Δ^′_i to belong to a set I ⊂ J that satisfies the DCC.

We construct Z^′ −→ Z by induction. For this, we can work locally about a point p in Z. Suppose that p is the intersection of two components B_1 and B_2 of Φ. If B_1 and B_2 appear with coefficient b_1 and b_2 in Φ and π : Z^′ −→ Z blows up p, then working locally about p, we may write

K_Z′ + b_1B^′_1 + b_2B^′_2 + eE = π^∗(K_Z + b_1B_1 + b_2B_2),

where e = b_1 +b_2 −1. Here primes denote strict transforms and E is the unique exceptional divisor. We suppose that L_Φ ≤ B does not hold, so that there is some valuation ν, with centre p, such that L_Φ(ν) > B(ν). Since e = b_1 + b_2 − 1, the larger b_1 and b_2, the further we expect to be from the inequality L_Φ ≤ B. We introduce the weight w, which counts the number of components of Φ of coefficient one, that is, the number of i such that b_i = 1. In the case of a surface, the weight is 0, 1 or 2 and it clearly suffices to construct Z^′ −→ Z so that the weight goes down.

In fact, the extreme cases are relatively easy. If the weight is two, then we just take Z^′ −→ Z to be the blow up of p. The key point is that then the base locus of the linear system

f^′_{i∗}|m(K_{Xi} + Δ_i)| ⊂ |m(K_Z + Φ_i)|,

contains p in its support for all m sufficiently large and divisible and this forces the strict transform of E to be a component of E^+_i as well. Therefore we are free to decrease the coefficient of E in Φ^′ away from 1. At the other extreme, if the weight is zero, then (Z, Φ) is kawamata log terminal and we may find Z^′ −→ Z which extracts every divisor of 9

coefficient greater than zero. In this case L_Φ′ (ρ) = 0 for every valuation ρ whose centre on Z^′ is not a divisor and the inequality L_Φ′ ≤ B^′ is trivial.

The hard case is when the weight is one, so that one of b_1 and b_2 is one. Suppose that b_2 = 1. If ν is a valuation such that L_Φ(ν) > 0 then ν corresponds to a weighted blow up. At this point it is convenient to use the language of toric geometry. A weighted blow up corresponds to a pair of natural numbers (v_1, v_2) ∈ N^2. In fact, if

F = { v_1 ∈ N | (1 − b_1)v_1 < 1 },

then { (v_1, v_2) ∈ N^2 | v_1 ∈ F }, is the set of all valuations ν such that L_Φ(ν) > 0. The crucial point is that F is finite. For every element f_1 ∈ F, we pick v_2 ∈ N, which minimises B(f_1, v_2) (this makes sense as I satisfies the DCC). We then pick any simple normal crossings model Z^′ −→ Z on which the centre of every one of these finitely many valuations is a divisor. Using standard toric geometry, one can check that on Z^′ every valuation ν^′, whose centre belongs to a component of Φ^′ of coefficient one, satisfies the property L_Φ′ (ν^′) ≤ B^′(ν^′). It follows that the weight of (Z^′, Φ^′) is zero and this completes the induction. The details are contained in the proof of (5.1).

Example 1.10. Consider the behaviour of L_Φ in a simple example. We use the notation above. Note that e = b_1 + b_2 − 1 is an increasing and affine linear function of b_1 and b_2, whence a continuous function of b_1 and b_2. We are only concerned with the possibility that e > 0, and in this case, L_{Φ,Z}′ = b_1B^′_1 + b_2B^′_2 + eE, by definition. There are two interesting points p_1 = B^′_1 ∩ E and p_2 = B^′_2 ∩ E lying over p, and the coefficients of the divisors containing them are b_1, e and b_2, e. The problem is that we can blow up along either point and keep going.

Suppose that

I = { r − 1 r | r ∈ N }.

Note that if b_1 =^i_r and b_2 =^{r−1}_r then

e = b_1 + b_2 − 1 = i r + r − 1 r − 1 = i − 1 r . So, the smallest set J which contains I and which is closed under the operation of picking any two elements b_1 and b_2 and replacing them by b_1 + b_2 − 1 (provided this sum is non-negative) is Q ∩ [0, 1]. Clearly, this set does not satisfy the DCC.

2. Preliminaries

2.1. Notation and Conventions. We will use the notations in [20] and [21].

If D = ∑ d_iD_i is a Q-divisor on a normal variety X, then the round down of D is ⌊D⌋ = ∑ ⌊d_i⌋D_i, where ⌊d⌋ denotes the largest integer which is at most d, the fractional part of D is {D} = D − ⌊D⌋, and the round up of D is ⌈D⌉ = −⌊−D⌋. If D^′ = ∑ d^′_iD_i is another Q-divisor, then D ∧ D^′ := ∑ min{d_i, d^′_i}D_i.

The sheaf O_X (D) is defined by

O_X (D)(U) = { f ∈ k(X) | (f)|_U + D|_U ≥ 0 },

so that O_X (D) = O_X (⌊D⌋). Similarly we define |D| = |⌊D⌋|. If X is normal, and D is a Q-divisor on X, the rational map ϕ_D associated to D is the rational map determined by the restriction of ⌊D⌋ to the smooth locus of X.

If X is a normal projective variety and D is a Q-Cartier divisor, κ_σ(X, D) denotes the numerical Kodaira dimension, which is defined by Nakayama in [23, V.2.5] as follows: let H be a divisor on X, we define

σ(X, D; H) := max{ k ∈ N | lim sup_{m→∞} h^0(X, H + mD) m^k

> 0 }, and κ_σ(X, D) := max{ σ(X, D; H) | H is a divisor }.

If D is pseudo-effective, we define N_σ(X, D) as in [23, III.4] or [7, 3.3.1].

A log pair (X, Δ) consists of a normal variety X and a Q-Weil divisor Δ ≥ 0 such that K_X + Δ is Q-Cartier. The support of Δ = ∑ i∈I d_iΔ_i is the sum D = ∑ i∈I Δ_i. If (X, Δ) has simple normal crossings then a stratum of (X, Δ) is an irreducible component of the intersection ∩_{j∈J} Δ_j , where J is a non-empty subset of I (in particular, a stratum is always a proper closed subset of X). If we are given a morphism X −→ T , then we say that (X, Δ) has simple normal crossings over T if (X, Δ) has simple normal crossings and both X and every stratum of (X, Δ) is smooth over T . We say that the birational morphism f : Y −→ X only blows up strata of (X, Δ), if f is the composition of birational morphisms f_i : X_{i+1} −→ X_i, 1 ≤ i ≤ k, with X = X_0, Y = X_{k+1}, and f_i is the blow up of a stratum of (X_i, D_i), where D_i is the sum of the strict transform of D and the exceptional locus.

A log resolution of the pair (X, Δ) is a projective birational morphism μ: Y −→ X such that the exceptional locus is the support of a μ-ample divisor and (Y, G) has simple normal crossings, where G is the support of the strict transform of Δ and the exceptional divisors. Note that the 11

extra assumption that the exceptional locus is the support of a μ-ample divisor is not standard. However it is convenient for our purpose, and it can be always achieved after possibly choosing a higher model. If we write K_Y + Γ + ∑ a_iE_i = μ^∗(K_X + Δ)

where Γ is the strict transform of Δ, then a_i is called the coefficient of E_i with respect to (X, Δ). Note that −a_i is the discrepancy of the pair (X, Δ), with respect to E_i, see [20, 2.25]. A non kawamata log terminal centre is the centre of any valuation ν whose coefficient is at least one.

In this paper, we only consider valuations ν of X whose centre on some birational model Y of X is a divisor. We say that a formal sum B = ∑ a_ν ν, where the sum ranges over all valuations of X, is a bdivisor, if the set

F_X = { ν | a_ν ≠ 0 and the centre of ν on X is a divisor },

is finite. The trace B_Y of B is the sum ∑ a_ν B_ν , where the sum now ranges over the elements of F_Y . In fact, to give a b-divisor is the same as to give a collection of divisors on every birational model of X, which are compatible under pushforward.

2.2. Log pairs.

Definition 2.2.1. We say that a log pair (X, Δ) is a global quotient if there is a smooth quasi-projective variety Y and a finite subgroup G ⊂ Aut(Y ) such that X = Y/G and if π : Y −→ X is the quotient morphism, then K_Y = π^∗(K_X + Δ).

Note that if (X, Δ) is a global quotient, then X is Q-factorial, (X, Δ) is kawamata log terminal, and the coefficients of Δ belong to the set { r − 1 r | r ∈ N },

(cf. [20, 5.15, 5.20]).

Lemma 2.2.2. If (X, Δ) is a log pair and the coefficients of Δ are less than one, then ⌊mΔ⌋ ≤ ⌈(m − 1)Δ⌉,

for every positive integer m, with equality if the coefficients of Δ belong

to the set { r − 1 r | r ∈ N }.

Proof. Easy. □ 12

2.3. The volume.

Definition 2.3.1. Let X be a normal n-dimensional irreducible projective variety and let D be a Q-divisor. The volume of D is

vol(X, D) = lim sup_{m→∞} n!h^0(X, O_X (mD)) m^n . We say that D is big if vol(X, D) > 0.

For more background, see [21]. We will need the following simple result:

Lemma 2.3.2. Let X be a projective variety, D a divisor such that the rational map ϕ_D : X � P^n is birational onto its image Z. Then, the volume of D is greater than or equal to the degree of Z. In particular the volume of D is at least 1.

Proof. This is well known, see for example (2.2) of [15]. □

Definition 2.3.3. Let X be a normal projective variety and let D be a big Q-Cartier Q-divisor on X.

If x and y are two very general points of X then, possibly switching x and y, we may find 0 ≤ Δ ∼_Q (1 − ϵ)D, for some 0 < ϵ < 1, where (X, Δ) is not kawamata log terminal at y, (X, Δ) is log canonical at x and {x} is a non kawamata log terminal centre, then we say that D is potentially birational.

Lemma 2.3.4. Let X be a normal projective variety and let D be a big Q-Cartier divisor on X.

(1) If D is potentially birational, then ϕ_{KX +⌈D⌉} is birational. (2) If X has dimension n and ϕ_D is birational, then (2n + 1)⌊D⌋ is potentially birational. In particular, ϕ_{KX +(2n+1)D} is birational and K_X + (2n + 1)D is big.

Proof. Replacing X by a resolution, we may assume that X is smooth. As D is big, we may write D ∼_Q A + B where A is an ample Q-divisor and B ≥ 0. Using A to tie break (cf. [18, 6.9]), we may assume that (X, Δ) is kawamata log terminal in a punctured neighbourhood of x. As ⌈D⌉ − (Δ + ϵB + ⌈D⌉ − D) ∼_Q ϵA, is ample, Nadel vanishing implies that

H^1(X, O_X (K_X + ⌈D⌉) ⊗ J (Δ + ϵB + ⌈D⌉ − D)) = 0, where J (Δ + ϵB + ⌈D⌉ − D) is the multiplier ideal sheaf. But then we may find a section σ ∈ H^0(X, O_X (K_X + ⌈D⌉)) vanishing at y but not at x. In particular, as y is very general, we may also find τ not 13

vanishing at y. But then some linear combination ρ of τ and σ is a section which vanishes at x and not at y. This is (1).

Replacing D by ⌊D⌋, we may assume that D is Cartier. Let X^′ be the image of ϕ_D. Let x^′ = ϕ_D(x) and y^′ = ϕ_D(y) and let Δ^′ be the sum of n general hyperplanes through x^′ and n general hyperplanes through y^′. Let Δ be the strict transform of Δ^′. As x and y are general, ϕ_D is an isomorphism in a neighbourhood of x and y. It follows that (X, Δ) is not kawamata log terminal at y, (X, Δ) is log canonical at x and if we blow up x then the coefficient of the exceptional divisor is one. It is then easy to see that (2n + 1)D is potentially birational and (2) follows from (1). □

We will need the following result from [18]:

Theorem 2.3.5. Let (X, Δ) be a kawamata log terminal pair, where X is projective. Suppose that x and y are two closed points of X. Let Δ_0 ≥ 0 be a Q-Cartier divisor on X such that (X, Δ + Δ_0) is log canonical in a neighbourhood of x but not kawamata log terminal at y, and there is a non kawamata log terminal centre V which contains x. Let H be an ample Q-divisor on X such that vol(V, H|_V ) > 2k^k, where k = dim V .

Then, possibly switching x and y, there is a Q-divisor H ∼_Q Δ_1 ≥ 0 and rational numbers 0 < a_i ≤ 1 such that (X, Δ + a_0Δ_0 + a_1Δ_1) is log canonical in a neighbourhood of x but not kawamata log terminal at y, and there is a non kawamata log terminal centre V^′ which contains x, such that dim V^′ < k.

Proof. By (6.9.1) of [18], we may assume that V is the unique non kawamata log terminal centre which contains x, and we may apply (6.8.1), (6.8.1.3) and (6.5) of [18]. □

Theorem 2.3.6. Let (X, Δ) be a kawamata log terminal pair, where X is projective of dimension n and let H be an ample Q-divisor. Suppose γ_0 ≥ 1 is a constant such that vol(X, γ_0H) > n^n. Suppose ϵ is a constant with the following property:

For very general x in X and every 0 ≤ Δ_0 ∼_Q λH such that (X, Δ + Δ_0) is log canonical at x, if V is the minimal non kawamata log terminal centre containing x, then vol(V, λH|_V ) > ϵ^k, where k is the dimension of V and λ ≥ 1 is a rational number.

Then mH is potentially birational, where

m = 2γ_0 (1 + γ)^{n−1} and γ = 2n ϵ . 14

Proof. Let x and y be two very general points of X. Possibly switching x and y, we will prove by descending induction on k that there is a Q-divisor Δ_0 ≥ 0 such that:

(♭)_k Δ_0 ∼_Q λH, for some 1 ≤ λ < 2γ_0(1 + γ)^{n−1−k}, where (X, Δ + Δ_0) is log canonical at x, not kawamata log terminal at y and there is a non kawamata log terminal centre V of dimension at most k containing x. As vol(X, 2γ_0H) > 2n^n, we may find 0 ≤ Φ ∼_Q 2γ_0H, such that (X, Δ + Φ) is not log canonical at either x or y. If

β = sup{ α | K_X + Δ + αΦ is log canonical at x },

is the log canonical threshold, then β < 1. Possibly switching x and y, we may assume that (X, Δ + βΦ) is not kawamata log terminal at y. Clearly Δ_0 = βΦ satisfies (♭)_{n−1}, so this is the start of the induction.

Now suppose that we may find a Q-divisor Δ_0 satisfying (♭)_k. We may assume that V is the minimal non kawamata log terminal centre containing x and that V has dimension k. By assumption,

vol(V, λγH|_V ) > 2k^k,

so that by (2.3.5), possibly switching x and y, we may find Δ_1 ∼_Q μH, where μ < λγ and constants 0 < a_i ≤ 1 such that (X, Δ+a_0Δ_0 +a_1Δ_1) is log canonical at x, not kawamata log terminal at y and there is a non kawamata log terminal centre V^′ containing x, whose dimension is less than k. As

a_0Δ_0 + a_1Δ_1 ∼_Q (a_0λ + a_1μ)H, and λ^′ = a_0λ + a_1μ ≤ (1 + γ)λ < 2γ_0(1 + γ)^{n−1−(k−1)}, a_0Δ_0 + a_1Δ_1 + max(0, 1 − λ^′)B satisfies (♭)_{k−1}, where the support of B ∼_Q H does not contain either x or y (we only need to add on B in the unlikely event that λ^′ < 1). This completes the induction and the proof. □

2.4. Bounded pairs.

Definition 2.4.1. We say that a set X of varieties is birationally bounded if there is a projective morphism Z −→ T , where T is of finite type, such that for every X ∈ X, there is a closed point t ∈ T and a birational map f : Z_t � X.

We say that a set D of log pairs is log birationally bounded if there is a log pair (Z, B), where the coefficients of B are all one, and a projective morphism Z −→ T , where T is of finite type, such that for 15

every (X, Δ) ∈ D, there is a closed point t ∈ T and a birational map f : Z_t � X such that the support of B_t contains the support of the strict transform of Δ and any f-exceptional divisor.

Lemma 2.4.2. Fix a positive integer n.

(1) Let X and Y be two sets of varieties, such that if X ∈ X, then we may find Y ∈ Y birational to X. If Y is birationally bounded, then X is birationally bounded.

(2) Let X be a set of varieties of dimension n. If there is a constant V such that for every X ∈ X, we may find a Weil divisor D such that ϕ_D is birational and the volume of D is at most V , then X is birationally bounded.

(3) Let D and G be two sets of log pairs, such that if (X, Δ) ∈ D, then we may find (Y, Γ) ∈ G, and a birational map f : Y � X, where the support of Γ contains the support of the strict transform of Δ and any f-exceptional divisor. If G is log birationally bounded, then D is log birationally bounded.

(4) Let D be a set of log pairs of dimension n. If there are constants V_1 and V_2 such that for every (X, Δ) ∈ D we may find a Weil divisor D such that ϕ_D : X � Y is birational, the volume of D is at most V_1, and if G denotes the sum over the components of the strict transform of Δ and the ϕ^{−1}-exceptional divisors, then G · H^{n−1} ≤ V_2, where H is the very ample divisor on Y determined by ϕ_D, then D is log birationally bounded.

(5) If the set D of log pairs is log birationally bounded, then

X = { X | (X, Δ) ∈ D }

is birationally bounded.

Proof. (1), (3) and (5) are clear.

We prove (4). Suppose that Y ⊂ P^s is a closed subvariety of dimension n and degree at most V_1. Then by the classification of minimal degree subvarieties of projective space, we may assume s ≤ V_1 + 1 − n. By boundedness of the Chow variety, there are flat morphisms Z −→ T and B −→ T such that if Y ⊂ P^s has dimension n (respectively n − 1) and degree at most V_1 (respectively V_2), then Y is isomorphic to the fibre Z_t (respectively B_t) over a closed point t ∈ T . Passing to a stratification of T and a log resolution of the generic fibres of Z −→ T , we may assume that the fibres of Z −→ T are smooth. In particular, (Z, B) is a log pair.

Now suppose that (X, Δ) ∈ D. By assumption there is a divisor D such that ϕ_D : X � Y is birational. The degree of the image is at most the volume of D, that is, at most V_1. So there is a closed point 16

t ∈ T such that Y is isomorphic to Z_t. By assumption G · H^{n−1} ≤ V_2 so that we may assume that G corresponds to B_t. But then D is log birationally bounded. This is (4).

The proof of (2) is similar to and easier than the proof of (4). □

3. Birationally bounded pairs

§3 is devoted to a proof of:

Theorem 3.1. Fix a positive integer n and two constants A and δ > 0.

Then the set of log pairs (X, Δ) satisfying (1) X is projective of dimension n, (2) (X, Δ) is log canonical, (3) the coefficients of Δ are at least δ, (4) there is a positive integer m such that vol(X, m(K_X + Δ)) ≤ A, and (5) ϕ_{KX +m(KX +Δ)} is birational, is log birationally bounded.

The key result is:

Lemma 3.2. Let X be a normal projective variety of dimension n and let M be a base point free Cartier divisor such that ϕ_M is birational. Let H = 2(2n + 1)M.

If D is a sum of distinct prime divisors, then

D · H^{n−1} ≤ 2^n vol(X, K_X + D + H).

Proof. Possibly discarding ϕ_M -exceptional components of D, we may assume that no component of D is ϕ_M -exceptional. If f : Y −→ X is a log resolution of the pair (X, D) and G is the strict transform of D, then D · H^{n−1} = G · (f^∗H)^{n−1}, and vol(Y, K_Y + G + f^∗H) ≤ vol(X, K_X + D + H).

Replacing (X, D) by (Y, G) and M by f^∗M we may assume that (X, D) has simple normal crossings, and possibly blowing up more, that the components of D do not intersect.

Since no component of D is contracted, we may find an ample Qdivisor A and a Q-divisor B ≥ 0, such that

M ∼_Q A + B, 17

where B and D have no common components. As K_X + D + δB is divisorially log terminal for any δ > 0 sufficiently small, it follows that H^i(X, O_X (K_X + E + pM)) = 0, for all positive integers p, i > 0 and any integral Weil divisor 0 ≤ E ≤ D. If we let A_m = K_X + D + mH, then H^i(D, O_D(A_m)) = 0, for all i > 0 and m > 0 and so there is a polynomial P (m) of degree n − 1, with P (m) = h^0(D, O_D(A_m)), for m > 0. (2) of (2.3.4) implies that A_1 = K_X + D + H is big and so [7] implies that K_X + D + H has a log canonical model. In particular there is a polynomial of Q(m) of degree n, with Q(m) = h^0(X, O_X (2mA_1)), for any sufficiently divisible positive integer m. Note that the leading coefficients of P (m) and Q(m) are D · H^{n−1} (n − 1)! and 2^n vol(X, K_X + D + H) n! . If D_i is a component of D, and M_i = (D − D_i + (2n + 1)M)|_{Di} , then H^0(X, O_X (K_X + D + (2n + 1)M)) −→ H^0(D_i, O_{Di} (K_{Di} + M_i)), is surjective, and so the general section of H^0(X, O_X (K_X + D + (2n + 1)M)) does not vanish identically on any component of D. Pick sections s ∈ H^0(X, O_X (K_X +D+(2n+1)M)) and l ∈ H^0(X, O_X ((2n+1)M)), whose restrictions to each component of D is non-zero. Let t = s^{⊗2m−1} ⊗ l ∈ H^0(X, O_X (2mA_1 − A_m)).

Consider the following commutative diagram

0 � O_X (A_m − D) � O_X (A_m) � O_D(A_m) � 0

0 � O_X (2mA_1 − D) � � O_X (2mA_1) � � O_D(2mA_1) � � 0, where the vertical morphisms are injections induced by multiplying by t. Note that H^0(X, O_X (A_m)) −→ H^0(D, O_D(A_m)), 18

is surjective. Hence every element of H^0(D, O_D(2mA_1)) in the image of H^0(D, O_D(A_m)) lifts to H^0(X, O_X (2mA_1)). Therefore

P (m) ≤ h^0(X, O_X (2mA_1)) − h^0(X, O_X (2mA_1 − D)). Note that

Q(m − 1) = h^0(X, O_X (2(m − 1)A_1)) ≤ h^0(X, O_X (2mA_1 − D)), as h^0(X, O_X (2K_X + D + 2H)) ≠ 0. It follows that P (m) ≤ Q(m) − Q(m − 1).

Now compare the leading coefficients of P (m) and Q(m)−Q(m−1). □ Proof of (3.1). Let (X, Δ) be a log pair satisfying the hypotheses of (3.1). If π : Y −→ X is a log resolution of (X, Δ) which resolves the indeterminacy of ϕ = ϕ_{KX +m(KX +Δ)} : X � Z, and Γ is the strict transform of Δ plus the sum of the exceptional divisors, then (X, Δ) is log birationally bounded if and only if (Y, Γ) is log birationally bounded, by (3) of (2.4.2). On the other hand, vol(Y, m(K_Y + Γ)) ≤ vol(X, m(K_X + Δ)) ≤ A, and ϕ_{KY +(2n+1)(m+1)(KY +Γ)} is birational, as (m + 1)(K_Y + Γ) is big.

Replacing (X, Δ) by (Y, Γ) and m by (2n+1)(m+1), we may assume that ϕ = ϕ_{KX +m(KX +Δ)} : X −→ Z, is a birational morphism. In particular, if we decompose ⌊K_X + m(K_X + Δ)⌋ into its mobile part M and its fixed part E, so that |K_X + m(K_X + Δ)| = |M| + E, then M is big and base point free. Let H be a divisor on Z such that M = ϕ^∗H, so that H is very ample.

Note that

vol(X, K_X + m(K_X + Δ)) ≤ vol(X, (m + 1)(K_X + Δ)) ≤ 2^nA.

On the other hand, let G be the sum of the components of the strict transform of Δ on Z. Pick B ∈ |⌊K_X + m(K_X + Δ)⌋|. Let α = max( 1 δ , 2(2n + 1)).

If D_0 is the sum of the components of Δ and B which are not contracted by ϕ, then D_0 ≤ α(B + Δ). 19

Note that there is a divisor C ≥ 0 such that α(B + Δ) + C ∼_Q α(m + 1)(K_X + Δ).

As ϕ is a morphism and M is base point free, (3.2) implies that G · H^{n−1} ≤ D_0 · (2(2n + 1)M)^{n−1}

≤ 2^n vol(X, K_X + D_0 + 2(2n + 1)M) ≤ 2^n vol(X, K_X + α(B + Δ) + 2(2n + 1)(M + E + Δ)) ≤ 2^n vol(X, K_X + Δ + α(m + 1)(K_X + Δ) + 2(2n + 1)(m + 1)(K_X + Δ)) ≤ 2^n(1 + 2α(m + 1))^n vol(X, K_X + Δ) ≤ 2^{3n}α^n vol(X, (m + 1)(K_X + Δ)) ≤ 2^{4n}α^nA.

Now apply (4) of (2.4.2). □

4. Deformation invariance of log plurigenera Proposition 4.1. Let (X, Δ) be a Q-factorial log pair. Suppose that X −→ T is a projective morphism to a smooth curve T whose fibres (X_t, Δ_t) are terminal, where every component of Δ dominates T . Let 0 ∈ T be a closed point. Suppose that

• either Δ or K_X + Δ is big over T , and • no component of Δ_0 belongs to the stable base locus of K_{X0} +Δ_0.

Then we may find a log terminal model f : X � Y of (X, Δ) over T , such that f is an isomorphism at the generic point of every component of Δ_0 and f_0 : X_0 � Y_0 is a weak log canonical model of (X_0, Δ_0). Proof. We first prove this result under the additional hypothesis that K_X + Δ is pseudo-effective over T .

Note that X is smooth in codimension two, as the fibres X_t of X −→ T are Cartier and smooth in codimension two. Hence

(K_X + Δ)|_{X0} = (K_X + X_0 + Δ)|_{X0} = K_{X0} + Δ_0.

It follows from [7, 1.4.5] that the coefficient of any valuation μ with respect to (X, X_0 + Δ) is at most zero, if the centre of μ is neither a component of Δ nor a component of Δ_0.

By [7, 1.2], we may run the (K_X + Δ)-MMP over T , that is, we may find a sequence g^1, g^2, . . . , g^{m−1} of divisorial contractions and flips g^k : X^k � X^{k+1} starting at X = X^1 and ending with a log terminal model Y = X^m for the pair (X, Δ) over T . Let Δ^k denote the pushforward of Δ under the induced birational map f^k : X � X^k. We will prove by induction on k that_{20}

(a) g^k is an isomorphism at the generic point of any component of Δ^k_0 , and (b) g^k_0 : X^k_0 � X^{k+1}_0 is a birational contraction.

Suppose that (a–b)_{≤k−1} hold. Then f^k_0 : X_0 � X^k_0 is a birational contraction which does not contract any components of Δ_0 and so (X^k_0 , Δ^k_0 ) is terminal.

(b)_{≤k−1} implies that no component of Δ^k_0 is a component of the stable base locus of K_Xk_0 + Δ^k_0 . Suppose that g^k is not an isomorphism at the generic point of a divisor D contained in X^k_0 . Then D is covered by curves C such that

(K_Xk_0 + Δ^k_0 ) · C = (K_Xk + Δ^k) · C < 0.

It follows that D is a component of the stable base locus of K_Xk_0 + Δ^k_0 , so that D is not a component of Δ^k_0 . Thus (a)_k holds.

Suppose that G ⊂ X^{k+1}_0 is a prime divisor, which is not a component of Δ^{k+1}_0 . By the classification of log canonical surface singularities, we may find a valuation ν with centre G on X^{k+1} whose coefficient d with respect to (X^{k+1}, X^{k+1}_0 +Δ^{k+1}) is at least zero. As X^k_0 is the pullback of a divisor from T , g^k is (K_Xk +X^k_0 +Δ^k)-negative and so the coefficient c of ν with respect to (X^k, X^k_0 +Δ^k) is at least d, with equality if and only if g^k is an isomorphism at the generic point of G. By (a)_k the centre of ν on X^k is not a component of Δ^k_0 . It follows that 0 ≤ d ≤ c ≤ 0, so that c = d = 0 and g^k is an isomorphism at the generic point of G. Hence g^k_0 is a birational contraction, that is, (b)_k holds. This completes the induction and the proof that (a–b)_{≤m−1} hold.

As g^k_0 is a birational contraction which is (K_Xk_0 + Δ^k_0 )-negative, for k ≤ m − 1, it follows that f_0 is a (K_{X0} + Δ_0)-negative birational contraction. But then f_0 is a weak log canonical model.

It remains to prove that K_X + Δ is pseudo-effective over T . Pick a divisor A which is ample over T and let

λ = inf{ t ∈ R | K_X + Δ + tA is π-pseudo-effective },

be the π-pseudo-effective threshold. It is proved in [7] that λ is rational. By what we have already proved we may find a log terminal model f : X � Y of K_X + Δ + λA over T such that f_0 : X_0 � Y_0 is a weak log canonical model of K_{X0} + Δ_0 + λA_0. Let G = f_∗(K_X + Δ + λA). If λ > 0 then K_{X0} + Δ_0 + λA_0 is big, so that G_0 is big and nef. But then G^n_0 > 0 is positive and so G^n_t = G^n_0 > 0 for every t ∈ T . As G is nef over T , it is big over T , and so K_X + Δ + λA is big over T , a contradiction. It follows that λ = 0 so that K_X + Δ is pseudo-effective over T . □ 21

Theorem 4.2. Let X −→ T be a flat projective morphism of quasiprojective varieties. Let (X, Δ) be a log pair such that the fibres (X_t, Δ_t) are Q-factorial terminal, for every t ∈ T . Assume that every component R of Δ dominates T and that the fibres of the Stein factorisation of R −→ T are irreducible. Let m > 1 be any integer such that D = m(K_X + Δ) is integral.

If either K_X + Δ or Δ is big over T then h^0(X_t, O_{Xt} (D_t)) is independent of t ∈ T .

Proof. Let R be a component of Δ, let S −→ T be the normalisation of the Stein factorisation of R −→ T so that S −→ T is finite and S is normal, and let Y � X

S � � T, � be the fibre square. As S −→ T is finite, S is irreducible and Y −→ S is flat, Y is a quasi-projective variety. Y is normal by [14, 5.12.7]. Replacing X −→ T by Y −→ S finitely many times, we may assume that the fibres of R −→ T are irreducible, for every component R of Δ. Fix a closed point 0 ∈ T . Replacing T by the intersection of general hyperplane sections containing 0, we may assume that T is a curve. Replacing T by its normalisation and passing to the fibre square, we may assume that T is smooth. As the fibres of X −→ T are Q-factorial terminal, [11, 3.2] implies that X is Q-factorial.

It suffices to show that |D_0| = |D|_{X0} . In particular we may suppose that K_{X0} + Δ_0 is pseudo-effective. Further we are free to work locally about 0. In particular we may assume that T is affine. [7, 1.2] implies that the divisor N_σ(X_0, K_{X0} + Δ_0), defined in (2.1), is a Q-divisor. In particular Θ_0 = Δ_0 − Δ_0 ∧ N_σ(X_0, K_{X0} + Δ_0),

is a Q-divisor. By assumption we may find a Q-divisor 0 ≤ Θ ≤ Δ whose restriction to X_0 is Θ_0. If we set μ = m m − 1 , then K_X + μΔ is big. Therefore, we may find Q-divisors A ≥ 0 and B ≥ 0, where A is ample, the support of A is a prime divisor and X_0 is not a component of B, such that K_X + μΔ ∼_Q A + B. Possibly passing to an open subset of T we may assume that the components of B dominate T . Pick δ ∈ (0, 1/2) such that (X_t, Δ_t + δ(A_t + B_t)) is 22

terminal for every t ∈ T . If we let H = δ m − 1 − δ A, then

D − Ξ ∼_Q K_X + Φ + δB + (m − 1 − δ)(K_X + Θ + H), where Φ = (1 − δμ + δ)Δ and Ξ = (m − 1 − δ)(Δ − Θ).

As H_0 is ample, no component of Θ_0 + H_0 belongs to the stable base locus of K_{X0} + Θ_0 + H_0. (4.1) implies that we may find a log terminal model f : X � Y for (X, Θ + H), such that the induced birational map f_0 : X_0 � Y_0 is a weak log canonical model of (X_0, Θ_0 + H_0).

Let p: W −→ X and q : W −→ Y resolve f : X � Y , where p is also a log resolution of (X, Δ + A + B). If we let G = (m − 1 − δ)f_∗(K_X + Θ + H), then G is big and nef and (m − 1 − δ)p^∗(K_X + Θ + H) = q^∗G + F, where F ≥ 0 is exceptional for q.

Let W_0 be the strict transform of X_0. As (X_0, Φ_0 +δB_0) is kawamata log terminal, inversion of adjunction, [7, 1.4.5], implies that (X, X_0 + Φ + δB) is purely log terminal. Therefore, if we write K_W + W_0 = p^∗(K_X + X_0 + Φ + δB) + E, then ⌈E⌉ ≥ 0 is exceptional for p. Let L = ⌈p^∗(D − Ξ) + E − F ⌉.

Possibly passing to an open subset of T , we may assume X_0 is Q-linearly equivalent to zero. In particular, L − W_0 ∼_Q K_W + C + q^∗G, where C is the fractional part of −p^∗(D − Ξ) − E + F . Hence (W, C) is kawamata log terminal and Kawamata-Viehweg vanishing implies that H^1(W, O_W (L − W_0)) = 0.

Let N = p^∗(K_X + Θ) − q^∗f_∗(K_X + Θ). As H is ample, p^∗H ≤ q^∗f_∗H, and so mN = (1 + δ)N + (m − 1 − δ)N ≥ F. 23

As Ξ ≤ m(Δ − Θ) we have D − Ξ ≥ m(K_X + Θ) and so it follows that M = L − ⌊mq^∗f_∗(K_X + Θ)⌋ = ⌈L − mq^∗f_∗(K_X + Θ)⌉ ≥ ⌈mN + E − F ⌉ ≥ ⌈E⌉.

Let q_0 : W_0 −→ X_0 denote the restriction of q to W_0 and let L_0 and M_0 denote the restriction of L and M to W_0. We have

|D_0| = |m(K_{X0} + Θ_0)| by definition of Θ_0

⊂ |mf_{0∗}(K_{X0} + Θ_0)| since f_0 is a birational contraction = |mq^∗_0 f_{0∗}(K_{X0} + Θ_0)| ⊂ |L_0| as M_0 ≥ 0 = |L|_{W0} since H^1(W, O_W (L − W_0)) = 0 ⊂ |D|_{X0} since ⌈E⌉ is exceptional for p.

Thus equality holds, as the reverse inequality holds automatically. □ Proof of (1.8). We first prove (1). Let 0 ∈ T be a closed point. Replacing T by an unramified cover, we may assume that the strata of (X, Δ) intersect X_0 in strata of (X_0, Δ_0). Since the only valuations of non-negative coefficient lie over the strata of (X, Δ), replacing (X, Δ) by a blow up, we may assume that (X, Δ) is terminal. Thus (1) follows from (4.2).

Now we prove (2). Pick m_0 > 0 such that m_0Δ is integral and an ample divisor H such that H +m_0Δ is very ample. Pick a prime divisor A ∼ H + m_0Δ, such that (X, Δ + A) has simple normal crossings over T . If m ≥ m_0 is any positive integer such that mΔ is integral, then

(X, Δ^′ = m − m_0 m Δ + 1 m A) is a simple normal crossings pair and it is kawamata log terminal. Further K_X + Δ^′ ∼_Q K_X + Δ + H/m, and Δ^′ is big over T . Thus (2) follows from (1).

Note that

vol(X_t, K_{Xt} + Δ_t) = lim_{ϵ→0} vol(X_t, K_{Xt} + (1 − ϵ)Δ_t).

As (X_t, (1 − ϵ)Δ_t) is kawamata log terminal, (3) follows from (1) and (2). □

5. DCC for the volume of bounded pairs We prove (1.9) in this section. We first deal with the case that T is a closed point.

Proposition 5.1. Fix a set I ⊂ [0, 1] which satisfies the DCC and a simple normal crossings pair (Z, B), where Z is projective of dimension n. Let D be the set of simple normal crossings pairs (X, Δ), where X is projective, the coefficients of Δ belong to I and there is a birational morphism f : X −→ Z with Φ = f_∗Δ ≤ B.

Then the set { vol(X, K_X + Δ) | (X, Δ) ∈ D }, also satisfies the DCC.

Definition 5.2. Let (X, Δ) be a log pair. If π : Y −→ X is a birational morphism, then we may write K_Y + Γ = π^∗(K_X + Δ) + E, where Γ ≥ 0 and E ≥ 0 have no common components, π_∗Γ = Δ and π_∗E = 0.

Define a b-divisor L_Δ by setting L_{Δ,Y} = Γ.

Lemma 5.3. Let (X, Δ) be a simple normal crossings pair, where X is a projective variety.

(1) If Y −→ X is a birational morphism such that (Y, Θ = L_{Δ,Y} ) has simple normal crossings, and Γ−Θ ≥ 0 is exceptional, then vol(X, K_X + Δ) = vol(Y, K_Y + Γ).

(2) If f : X −→ Z is a birational morphism such that (Z, Φ = L_{Δ,Z} ) has simple normal crossings and Θ = Δ ∧ L_{Φ,X} , then vol(X, K_X + Δ) = vol(X, K_X + Θ).

Proof. (1) is clear, as

H^0(X, O_X (m(K_X + Δ))) ≃ H^0(Y, O_Y (m(K_Y + Γ))), for all m.

For (2), suppose m is a sufficiently divisible positive integer. We have

H^0(X, O_X (m(K_X + Δ))) ⊂ H^0(Z, O_Z (m(K_Z + Φ))) = H^0(X, O_X (m(K_X + L_{Φ,X} ))), and so

H^0(X, O_X (m(K_X + Δ))) = H^0(X, O_X (m(K_X + Θ))). □ 25

Lemma 5.4. Let (Z, Φ) be a simple normal crossings pair which is log canonical.

If ν is a valuation such that L_Φ(ν) > 0, then the centre of ν is a stratum W of (Z, Φ) and there is a birational morphism Y = Y_ν −→ Z such that ρ(Y/Z) = 1, Y is Q-factorial and the centre of ν is a divisor on Y ; Y_ν is unique with these properties.

Proof. This is a consequence of the existence of log terminal models, which is proved in [7], and uniqueness of log canonical models. □

Definition 5.5. Let (X, Δ) be a log pair. Define a b-divisor M_Δ by assigning to any valuation ν,

M_Δ(ν) = { mult_B (Δ) if the centre of ν is a divisor B on X, 1 otherwise.

Definition 5.6. Let B be a b-divisor whose coefficients belong to [0, 1] and let (Z, Φ = B_Z ) be a model with simple normal crossings. Let Z^′ −→ Z be a log resolution, and let Σ be a set of valuations σ whose centres are exceptional divisors for Z^′ −→ Z, such that L_Φ(σ) > 0.

For every valuation σ ∈ Σ, let Γ_σ = (L_Φ ∧ B)_{Yσ} , where Y_σ −→ Z is defined in (5.4). Let Θ = ⋀ σ∈Σ L_{Γσ ,Z}′ ,

the minimum of the divisors L_{Γσ ,Z}′ .

The cut of (Z, B), associated to Z^′ −→ Z and Σ, is the pair (Z^′, B^′), where B^′ = B ∧ M_Θ, so that the trace of B^′ on Z^′ is Θ ∧ B_Z′ and otherwise B^′ is the same b-divisor as B.

We say that the pair (Z^′, B^′) is a reduction of the pair (Z, B), if they are connected by a sequence of cuts, that is, there are pairs, (Z_i, B_i), 0 ≤ i ≤ k, starting at (Z_0, B_0) = (Z, B) and ending at (Z_k, B_k) = (Z^′, B^′), such that (Z_{i+1}, B_{i+1}) is a cut of (Z_i, B_i), for each 0 ≤ i < k.

Lemma 5.7. Let B be a b-divisor whose coefficients belong to a set I ⊂ [0, 1] which satisfies the DCC, and let (Z, Φ = B_Z ) be a model with simple normal crossings.

Then there is a reduction (Z^′, B^′) of (Z, B) such that

L_Φ′ ≤ B^′,

where Φ^′ = B^′_Z′ . 26

Proof. If W is a stratum of (Z, Φ), then define the weight w of W as follows:

If there is a valuation ν, with centre W , such that B(ν) < L_Φ(ν), then let w be the number of components of Φ with coefficient 1 which contain W . Otherwise, if there is no such ν, then let w = −1.

Define the weight of (Z, B) to be the maximum weight of the strata of (Z, Φ).

Suppose the weight of (Z, B) is −1. Then L_Φ(ν) ≤ B(ν) for any valuation ν whose centre is a stratum. If ρ is a valuation, whose centre is not a stratum, we have 0 = L_Φ(ρ) ≤ B(ρ) (cf. [20, 2.31]). In this case we just take Z^′ = Z.

From now on we suppose that the weight w ≥ 0. Suppose that (Z^′, B^′) is a cut of (Z, B). Then B^′ and B have the same coefficients, except for finitely many valuations. In particular, the coefficients of B^′ belong to a set I^′ ⊃ I which still satisfies the DCC. It suffices therefore to prove that we can find a cut (Z^′, B^′) of (Z, B) with smaller weight.

Now if (Z^′, B^′) is a cut of (Z, B), then B^′_Z′ ≤ L_{Φ,Z}′ . On the other hand, if ν is any valuation whose centre is not a divisor on Z^′, then B(ν) = B^′(ν). It follows that the weight of (Z^′, B^′) is at most the weight of (Z, B). Therefore, as (Z, Φ) has only finitely many strata, we may construct (Z^′, B^′) étale locally about every stratum. Thus, we may assume that Z = C^n and that Φ is supported on the coordinate hyperplanes.

We will use the language of toric geometry, cf. [12]. C^n is the toric variety associated to the cone spanned by the standard basis vectors e_1, e_2, . . . , e_n in R^n. If ν is any valuation such that L_Φ(ν) > 0, then ν is toric and we will identify ν with an element (v_1, v_2, . . . , v_n) of N^n. Order the components of Φ so that the last w components have coefficient one and let 0 ≤ c_1, c_2, . . . , c_s < 1 be the initial coefficients, so that n = s + w. With this ordering, we have

L_Φ(ν) = 1 − ∑ i v_i(1 − c_i).

(Indeed both sides of this equation are affine linear in v_1, v_2, . . . , v_n and c_1, c_2, . . . , c_s and it is easy to check we have equality when either ν is the zero vector or when ν = e_i, 1 ≤ i ≤ n.) Consider the finite set

F = { (v_1, v_2, . . . , v_s) ∈ N^s | ∑ i v_i(1 − c_i) < 1 }.

Given a valuation ν = (v_1, v_2, . . . , v_n), note that L_Φ(ν) > 0 if and only if (v_1, v_2, . . . , v_s) ∈ F._{27}

As I satisfies the DCC, for every f = (f_1, f_2, . . . , f_s) ∈ F, we may pick a valuation σ = (f_1, f_2, . . . , f_s, v_{s+1}, v_{s+2}, . . . , v_n), such that

B(σ) = inf{ B(ν) | ν = (f_1, f_2, . . . , f_s, u_{s+1}, u_{s+2}, . . . , u_n) }.

Let Σ be a set of choices of such valuations σ, so that Σ and F have the same cardinality. Let Z^′ −→ Z be any log resolution of (Z, Φ) such that the centre of every element of Σ is a divisor on Z^′. We may assume that the induced birational map Z^′ −→ Y_σ is a morphism, for every σ ∈ Σ. Let (Z^′, B^′) be the cut of (Z, B) associated to Z^′ → Z and Σ.

There are two cases. If w = 0, then Σ = F is the set of all valuations of coefficient less than one. It follows that if ν is any valuation whose centre on Z^′ is not a divisor, then L_Φ′ (ν) = 0, so that the weight of (Z^′, B^′) is −1, which is less than the weight of (Z, B).

Otherwise we may assume that w ≥ 1. Suppose that ν is a valuation whose centre is not a divisor on Z^′ such that B^′(ν) < 1 and L_Φ′ (ν) > 0. Then B(ν) = B^′(ν) and L_Φ(ν) > 0 and so ν = (v_1, v_2, . . . , v_n) is toric and (v_1, v_2, . . . , v_s) ∈ F. By construction, there is an element σ of Σ with the same first s coordinates as ν such that B(σ) ≤ B(ν) < 1. The cone spanned by the standard basis vectors e_1, e_2, . . . , e_n is divided into m ≤ n subcones by σ (these are the maximal cones of Y_σ), where m is the number of non-zero entries of σ, and so ν is a non-negative linear combination of σ and n − 1 vectors taken from e_1, e_2, . . . , e_n. It follows that

(♯) ν = ∑ j≠l

λ_je_j + λσ,

for some index 1 ≤ l ≤ n and non-negative real numbers λ_1, λ_2, . . . , λ_n and λ, where the lth entry of σ is non-zero.

If the centre of ν on Z^′ is contained in w components of Φ^′ of coefficient one, then the centre of ν on Y_σ is also contained in w components of coefficient one of Γ_σ = (L_Φ ∧ B)_{Yσ} . By assumption, the exceptional divisor of Y_σ −→ Y has coefficient strictly less than one, and so the centre of ν on Y_σ must be contained in the strict transform of the last w coordinate hyperplanes. But then, by standard toric geometry, l ≤ s. Hence the lth entry of ν is non-zero. Comparing the coefficient of e_l in 28

(♯), we must have λ = 1, so that ν ≥ σ. In this case,

L_Φ′ (ν) ≤ L_{Γσ} (ν) by definition of B^′, ≤ L_{Γσ} (σ) as ν ≥ σ, ≤ B(σ) since Γ_σ ≤ B_{Yσ} , ≤ B(ν) by our choice of σ, = B^′(ν) by definition of B^′.

It follows that the weight of (Z^′, B^′) is indeed smaller than the weight of (Z, B) and this completes the induction and the proof. □

Proof of (5.1). Suppose we have a sequence of log pairs (X_i, Δ_i) ∈ D, such that v_i ≥ v_{i+1}, where v_i := vol(X_i, K_{Xi} + Δ_i). We will show that the sequence v_1, v_2, . . . is eventually constant; to this end we are free to pass to a subsequence. Replacing I by Ī ∪ {1}, we may assume that I is closed and 1 ∈ I.

By assumption there are projective birational morphisms f_i : X_i −→ Z such that Φ_i = f_{i∗}Δ_i ≤ B. Note that if ν is a valuation such that M_{Δi} (ν) /∈ {0, 1}, then the centre of ν is a component of Δ_i. On the other hand, if M_{Δi} (ν) = 1 and M_{Δj} (ν) = 0 and the centre of ν is not a component of Δ_i, then the centre of ν is not a divisor on X_i and it is a divisor on X_j . Therefore there are only countably many valuations ν such that M_{Δi} (ν) ≠ M_{Δj} (ν) for some i and j. Therefore, as I satisfies the DCC, by a standard diagonalisation argument, after passing to a subsequence, we may assume that M_{Δi} (ν) is eventually a non-decreasing sequence, for all valuations ν. In particular, we may define a b-divisor B by putting

B(ν) = lim_{i→∞} M_{Δi} (ν).

Note that the coefficients of B belong to I. Let Φ = B_Z .

Suppose that (Z^′, B^′) is a cut of (Z, B) associated to a birational morphism Z^′ −→ Z and a set of valuations Σ. Let f^′_i : X_i � Z^′ be the induced birational map. Note that, if X^′_i −→ X_i is a birational morphism and (X^′_i, Δ^′_i = M_{Δi,X}′_i ) has simple normal crossings, then vol(X^′_i, K_X′_i + Δ^′_i) = v_i and the coefficients of Δ^′_i belong to I, so that (X^′_i, Δ^′_i) ∈ D. Therefore, we are free to replace (X_i, Δ_i) by (X^′_i, Δ^′_i). In particular, we may assume that f^′_i is a birational morphism.

Given σ ∈ Σ, let Γ_{i,σ} = (L_{Φi} ∧ B)_{Yσ} , where Y_σ −→ Z is defined in (5.4). Suppose we define a sequence of divisors

Θ_i = ⋀ σ∈Σ L_{Γi,σ ,Z}′ , 29

as in (5.6). Suppose that B is a prime divisor on Z^′ which is exceptional over Z. Then the coefficient of B in Θ_i is the minimum of finitely many affine linear functions of the coefficients of Δ_i. It follows that the coefficients of Θ_1, Θ_2, . . . belong to a set I^′ ⊃ I which satisfies the DCC. Finally, let Δ^′_i = Δ_i ∧ M_{Θi,Xi} ,

so that we only change the coefficients of divisors which are exceptional for Z^′ → Z. In particular, the coefficients of Δ^′_i belong to I^′. On the other hand,

Δ_i ∧ L_{Θi,Xi} ≤ Δ^′_i = Δ_i ∧ M_{Θi,Xi} ≤ Δ_i,

so that v_i = vol(X_i, K_{Xi} + Δ^′_i),

by (2) of (5.3). Finally, note that M_Δ′_i (ρ) is eventually a non-decreasing sequence for any valuation ρ. In particular, we may define a b-divisor B^′ by putting B^′(ρ) = lim_{i→∞} M_Δ′_i (ρ),

as before.

Hence, (5.7) implies that we may find a reduction (Z^′, B^′), of (Z, B) and pairs (X^′_i, Δ^′_i), whose coefficients belong to a set I^′ which satisfies the DCC, such that v_i = vol(X^′_i, K_X′_i + Δ^′_i), there is a birational morphism X^′_i −→ Z^′, and moreover L_Φ′ ≤ B^′. Replacing (X_i, Δ_i) by (X^′_i, Δ^′_i), I by I^′, and Z by Z^′, we may therefore assume that L_Φ ≤ B.

Note that

v_i = vol(X_i, K_{Xi} + Δ_i) ≤ vol(Z, K_Z + Φ_i) ≤ lim vol(Z, K_Z + Φ_i) = vol(Z, K_Z + Φ),

as lim Φ_i = Φ.

On the other hand, if we fix ϵ > 0, then (Z, (1−ϵ)Φ) is kawamata log terminal. In particular, we may pick a birational morphism f : Y −→ Z such that (Y, Ψ = L_{(1−ϵ)Φ,Y} ) is terminal. If we let Θ = L_{Φ,Y} and Γ = B_Y , then Ψ ≤ (1 − η)Θ ≤ Θ ≤ Γ

for some η > 0. As Γ is the limit of Γ_i = M_{Δi,Y} , it follows that we may find i such that Ψ ≤ Γ_i. As (Y, Ψ) is terminal, we have 30

Ψ_i = L_{Ψ,Xi} ≤ Δ_i. But then

vol(Z, K_Z + (1 − ϵ)Φ) = vol(Y, K_Y + Ψ) ≤ vol(X_i, K_{Xi} + Ψ_i) ≤ vol(X_i, K_{Xi} + Δ_i) = v_i.

Taking the limit as ϵ goes to zero, we get

vol(Z, K_Z + Φ) ≤ v_i ≤ vol(Z, K_Z + Φ),

so that v_i = vol(Z, K_Z + Φ) is constant. □

Proof of (1.9). We may assume that 1 ∈ I. By assumption there is a log pair (Z, B) and a projective morphism Z −→ T , where T is of finite type, such that if (X, Δ) ∈ D, then there is a closed point t ∈ T and a birational map f : X � Z_t such that the support of B_t contains the support of the strict transform of Δ_t and any f^{−1}-exceptional divisor.

Suppose that p: Y −→ X is a birational morphism. Then the coefficients of Γ = M_{Δ,Y} belong to I and

vol(X, K_X + Δ) = vol(Y, K_Y + Γ),

by (1) of (5.3). Replacing (X, Δ) by (Y, Γ), we may assume that f is a morphism and we are free to replace Z and B by higher models.

We may assume that T is reduced. Blowing up and decomposing T into a finite union of locally closed subsets, we may assume that (Z, B) has simple normal crossings; passing to an open subset of T , we may assume that the fibres of Z −→ T are log pairs, so that (Z, B) has simple normal crossings over T ; passing to a finite cover of T , we may assume that every stratum of (Z, B) has irreducible fibres over T ; decomposing T into a finite union of locally closed subsets, we may assume that T is smooth; finally passing to a connected component of T , we may assume that T is integral.

Let Z_0 and B_0 be the fibres over a fixed closed point 0 ∈ T . Let D_0 ⊂ D be the set of simple normal crossings pairs (Y, Γ), where the coefficients of Γ belong to I, Y is a projective variety of dimension n, and there is a birational morphism g : Y −→ Z_0 with g_∗Γ ≤ B_0.

Pick (X, Δ) ∈ D. Let Φ = f_∗Δ. Let Σ be the set of all valuations ν whose centre on X is a divisor which is exceptional over Z_t such that L_Φ(ν) > 0. We may find a birational morphism f^′ : X^′ −→ Z_t, such that the centre of every element of Σ is a divisor on X^′, whilst f^′ only blows up strata of (Z_t, Φ). Suppose that g : W −→ X is a log resolution which resolves the indeterminacy locus of the induced birational map X � X^′. If we set Δ^′ = M_{Δ,X}′ , then the coefficients of Δ^′ belong to 31

I and

vol(X, K_X + Δ) = vol(W, K_W + M_{Δ,W} ) ≤ vol(X^′, K_X′ + Δ^′),

by (1) of (5.3). If ν is any valuation whose centre is an exceptional divisor for W −→ X^′ but not for W −→ X, then the centre of ν is an exceptional divisor for X −→ Z_t and so L_Φ(ν) = 0, by choice of f^′. It follows that M_{Δ,W} ≥ M_Δ′_{,W} ∧ L_{Φ,W} , and so (5.3) implies that

vol(W, K_W +M_{Δ,W} ) ≥ vol(W, K_W +M_Δ′_{,W} ∧L_{Φ,W} ) = vol(X^′, K_X′ +Δ^′).

and hence the inequalities above are equalities. In particular

vol(X, K_X + Δ) = vol(X^′, K_X′ + Δ^′).

Replacing (X, Δ) by (X^′, Δ^′), we may assume that f only blow ups strata of Φ.

As (Z, B) has simple normal crossings over T and the strata of (Z, B) have irreducible fibres, we may find a sequence of blow ups g : Z^′ −→ Z of strata of B, which induces the sequence of blow ups determined by f, so that X = Z^′_t. There is a unique divisor Ψ supported on the strict transform of B and the exceptional locus of g, such that Δ = Ψ_t. If Y = Z^′_0 is the fibre over 0 of Z^′ −→ T and Γ is the restriction of Ψ to Y , then (Y, Γ) ∈ D_0. (1.8) implies that vol(Y, K_Y + Γ) = vol(X, K_X + Δ).

It follows that

{ vol(X, K_X + Δ) | (X, Δ) ∈ D } = { vol(X, K_X + Δ) | (X, Δ) ∈ D_0 }.

Now apply (5.1). □

6. Birational geometry of global quotients

Theorem 6.1 (Tsuji). Assume (1.4)_{n−1}.

Then there is a constant C = C(n) > 2 such that if (X, Δ) is a global quotient, where X is projective of dimension n, and K_X + Δ is big, then ϕ_{m(KX +Δ)} is birational for every integer m ≥ C + 1 such that

vol(X, (m − 1)(K_X + Δ)) > (Cn)^n.

Proof. First note that (2.2.2) implies that

K_X + ⌈(m − 1)(K_X + Δ)⌉ = ⌊m(K_X + Δ)⌋.

As we are assuming (1.4)_{n−1} there is a constant ϵ > 0 such that if (U, Θ) is a global quotient, where K_U + Θ is big and U is projective of 32

dimension k at most n − 1, then vol(U, K_U + Θ) > ϵ^k. Let

C = 2(1 + γ)^{n−1} where γ = 4n ϵ . By assumption there is a smooth projective variety Y of dimension n and a finite group G ⊂ Aut(Y ) such that X = Y/G and if π : Y −→ X is the quotient morphism, then K_Y = π^∗(K_X + Δ). As K_X + Δ is big, Y is of general type. Replacing (X, Δ) and Y by their log canonical models, which exist by [7], we lose the fact that X and Y are smooth, gain the fact that K_X + Δ and K_Y are ample, and retain the condition that K_X + Δ is kawamata log terminal and K_Y is canonical.

We check the hypotheses of (2.3.6), applied to the ample divisor K_X + Δ and the constants ϵ/2 and γ_0 =^{m−1}_C ≥ 1. Clearly

vol(X, γ_0(K_X + Δ)) > n^n.

Suppose that V is a minimal non kawamata log terminal centre of a log pair (X, Δ + Δ_0), which is log canonical at the generic point of V . Further suppose that V passes through a very general point of X, and 0 ≤ Δ_0 ∼_Q λ(K_X + Δ), for some rational number λ ≥ 1.

If Γ_0 = π^∗Δ_0, then every irreducible component of π^{−1}(V ) is a non kawamata log terminal centre of (Y, Γ_0). Let V^′ be the normalisation of π^{−1}(V ). As H = K_Y +Γ_0 is ample, Kawamata’s subadjunction formula implies that for every η > 0, there is a divisor Φ ≥ 0 on V^′ such that

(K_Y + Γ_0 + ηH)|_V ′ = K_V ′ + Φ.

Let W −→ V^′ be a G-equivariant resolution. As V passes through a very general point of X, W is a union of irreducible varieties of general type. If U = W/G is the quotient, then U is irreducible and we may find a Q-divisor Θ such that K_W = ψ^∗(K_U + Θ), where ψ : W −→ U is the quotient map.

As (U, Θ) is a global quotient, vol(U, K_U + Θ) > ϵ^k, where k is the dimension of V . Therefore

|G| vol(V, (K_X + Δ + Δ_0)|_V ) = vol(V^′, (K_Y + Γ_0)|_V ′ ) ≥ vol(V^′, K_V ′ ) ≥ vol(W, K_W ) = |G| vol(U, K_U + Θ)

≥ |G|ϵ^k.

Thus vol(V, (1 + λ)(K_X + Δ)|_V ) > ϵ^k, 33

and so vol(V, λ(K_X + Δ)|_V ) > ( ϵ 2 )_k . (2.3.6) implies that (m − 1)(K_X + Δ) is potentially birational. (1) of (2.3.4) implies that ϕ_{KX +⌈(m−1)(KX +Δ)⌉} is birational. □

7. Proof of (1.4) and (1.1)

Proof of (1.4). By induction on n. Assume (1.4)_{n−1}. By (6.1) there is a constant C = C(n) > 2 depending only on the dimension n such that if (X, Δ) is a global quotient, where X is projective of dimension n and K_X + Δ is big, then ϕ_{m(KX +Δ)} is birational, for any m ≥ C + 1 such that vol(X, (m − 1)(K_X + Δ)) > (Cn)^n.

Note that the right hand side does not depend on m.

Fix a constant V > n^n and let

D_V = { (X, Δ) ∈ D | 0 < vol(X, K_X + Δ) ≤ V }.

Note that if k is a positive integer such that vol(X, k(K_X +Δ)) ≤ C^nV , then vol(X, (k + 1)(K_X + Δ)) ≤ 2^nC^nV . It follows that there is a positive integer m ≥ C + 1 such that if (X, Δ) ∈ D_V , then (Cn)^n < vol(X, (m − 1)(K_X + Δ)) ≤ 2^nC^nV,

so that ϕ_{m(KX +Δ)} is birational. (2) of (2.3.4) implies that ϕ_{KX +(2n+1)m(KX +Δ)} is birational. But then (3.1) implies that D_V is log birationally bounded, and so (1.9) implies that the set { vol(X, K_X + Δ) | (X, Δ) ∈ D_V },

satisfies the DCC, which implies that (1) and (2) of (1.4) hold in dimension n.

In particular there is a constant δ > 0 such that if (X, Δ) ∈ D, and K_X + Δ is big, then vol(X, K_X + Δ) ≥ δ. It follows that ϕ_{M(KX +Δ)} is birational, for any M > Cn δ + 1,

and this completes the induction and the proof. □

Proof of (1.1). By (2) of (1.4) there is a constant δ > 0 such that if (X, Δ) is a global quotient, where X is projective of dimension n and K_X + Δ is big, then vol(X, K_X + Δ) ≥ δ. Let c =^1_δ .

Let Y be a projective variety of dimension n of general type. By [7], there is a log canonical model Y � Y^′. If G is the birational automorphism group of Y , then G is the automorphism group of Y^′. Replacing Y by a G-equivariant resolution of Y^′, we may assume that 34

G is the automorphism group of Y . Let π : Y −→ X = Y/G be the quotient of Y . Then there is a divisor Δ on X such that K_Y = π^∗(K_X + Δ). By definition, (X, Δ) is a global quotient, X is projective and K_X + Δ is big. It follows that vol(X, K_X + Δ) ≥ δ. As

vol(Y, K_Y ) = |G| vol(X, K_X + Δ),

it follows that |G| ≤ c · vol(Y, K_Y ). □

References

[1] V. Alexeev, Boundedness and K^2 for log surfaces, International J. Math. 5 (1994), 779–810.

[2] V. Alexeev and S. Mori, Bounding singular surfaces of general type, Algebra, arithmetic and geometry with applications (West Lafayette, IN, 2000), Springer, Berlin, 2004, pp. 143–174.

[3] A. Andreotti, Sopra le superficie algebriche che posseggono trasformazioni birazionali in sè, Univ. Roma Ist. Naz. Alta Mat. Rend. Mat. e Appl. (5) 9 (1950), 255–279.

[4] U. Angehrn and Y. Siu, Effective freeness and point separation for adjoint bundles, Invent. Math. 122 (1995), no. 2, 291–308.

[5] E. Ballico, On the automorphisms of surfaces of general type in positive characteristic, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 4 (1993), no. 2, 121–129.

[6] B. Berndtsson and M. Păun, Quantitative extensions of pluricanonical forms and closed positive currents, Nagoya Math. J. 205 (2012), 25–65.

[7] C. Birkar, P. Cascini, C. Hacon, and J. M^cKernan, Existence of minimal models for varieties of log general type, J. Amer. Math. Soc. 23 (2010), no. 2, 405–468, arXiv:math.AG/0610203.

[8] J. Cai, Bounds of automorphisms of surfaces of general type in positive characteristic, J. Pure Appl. Algebra 149 (2000), no. 3, 241–250, 10.1016/S0022- 4049(99)00064-X.

[9] F. Catanese and M. Schneider, Polynomial bounds for abelian groups of automorphisms, Compositio Math. 97 (1995), no. 1-2, 1–15, Special issue in honour of Frans Oort.

[10] A. Corti, Polynomial bounds for the number of automorphisms of a surface of general type, Ann. Sci. École Norm. Sup. (4) 24 (1991), no. 1, 113–137.

[11] T. de Fernex and C. Hacon, Deformations of canonical pairs and Fano varieties, J. Reine Angew. Math. 651 (2011), 97–126.

[12] W. Fulton, Introduction to toric varieties, Princeton University Press, 1993. [13] D. Gorenstein, R. Lyons, and R. Solomon, The classification of the finite simple groups, Mathematical Surveys and Monographs, vol. 40, American Mathematical Society, Providence, RI, 1994.

[14] A. Grothendieck, Eléménts de Géométrie Algébrique. IV., Publ. Math. IHES 28 (1966).

[15] C. Hacon and J. M^cKernan, Boundedness of pluricanonical maps of varieties of general type, Invent. Math. 166 (2006), no. 1, 1–25. 35

[16] A. T. Huckleberry and M. Sauer, On the order of the automorphism group of a surface of general type, Math. Z. 205 (1990), no. 2, 321–329, 10.1007/BF02571245.

[17] J. Kollár, Log surfaces of general type; some conjectures, Contemp. Math. 162 (1994), 261–275.

[18] , Singularities of pairs, Algebraic geometry—Santa Cruz 1995, Amer.

Math. Soc., Providence, RI, 1997, pp. 221–287.

[19] , Is there a topological Bogomolov-Miyaoka-Yau inequality?, Pure Appl.

Math. Q. 4 (2008), no. 2, part 1, 203–236.

[20] J. Kollár and S. Mori, Birational geometry of algebraic varieties, Cambridge tracts in mathematics, vol. 134, Cambridge University Press, 1998.

[21] R. Lazarsfeld, Positivity in algebraic geometry. II, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 49, Springer-Verlag, Berlin, 2004, Positivity for vector bundles, and multiplier ideals.

[22] H. Matsumura, On algebraic groups of birational transformations, Atti Accad.

Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 34 (1963), 151–155. [23] N. Nakayama, Zariski-decomposition and abundance, MSJ Memoirs, vol. 14, Mathematical Society of Japan, Tokyo, 2004.

[24] Y-T. Siu, Invariance of plurigenera, Invent. Math. 134 (1998), no. 3, 661–673. [25] H. Stichtenoth, Über die Automorphismengruppe eines algebraischen Funktionenkörpers von Primzahlcharakteristik. I. Eine Abschätzung der Ordnung der Automorphismengruppe, Arch. Math. (Basel) 24 (1973), 527–544.

[26] E. Szabó, Bounding automorphism groups, Math. Ann. 304 (1996), no. 4, 801– 811, 10.1007/BF01446320.

[27] S. Takayama, Pluricanonical systems on algebraic varieties of general type, Invent. Math. 165 (2006), no. 3, 551–587.

[28] H. Tsuji, Bound of automorphisms of projective varieties of general type, arXiv:math/0004138v1.

[29] , Pluricanonical systems of projective varieties of general type. II, Osaka J. Math. 44 (2007), no. 3, 723–764.

[30] G. Xiao, Bound of automorphisms of surfaces of general type. I, Ann. of Math.

(2) 139 (1994), no. 1, 51–77, 10.2307/2946627.

[31] , Bound of automorphisms of surfaces of general type. II, J. Algebraic Geom. 4 (1995), no. 4, 701–793.

[32] , Linear bound for abelian automorphisms of varieties of general type, J. Reine Angew. Math. 476 (1996), 201–207, 10.1515/crll.1996.476.201.

[33] De-Qi Zhang, Small bound for birational automorphism groups of algebraic varieties, Math. Ann. 339 (2007), no. 4, 957–975, 10.1007/s00208-007-0162-7, With an appendix by Yujiro Kawamata.

Department of Mathematics, University of Utah, 155 South 1400 East, JWB 233, Salt Lake City, UT 84112, USA E-mail address: hacon@math.utah.edu

Department of Mathematics, MIT, 77 Massachusetts Avenue, Cambridge, MA 02139, USA

E-mail address: mckernan@math.mit.edu

Beijing International Center of Mathematics Research, 5 Yiheyuan Road, Haidian District, Beijing 100871, China E-mail address: cyxu@math.pku.edu.cn