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Abstract. We prove a conjecture of V. V. Shokurov which in
particular implies that the fibers of a resolution of a variety with
divisorial log terminal singularities are rationally chain connected.

1. Introduction

In recent years it has become increasingly clear that the geometry
of higher dimensional varieties is closely related to the geometry of
rational curves on these varieties. From the point of view of the minimal
model program, one expects that rational curves on varieties with mild
singularities (e.g. log terminal singularities) share many of the basic
properties of rational curves on smooth varieties. Surprisingly, very
little seems to be known in this direction. The purpose of this paper is
to give an affirmative answer to several natural questions that arise in
this context. For example we show that:

If (X,∆) is a divisorially log terminal pair and f : Y −→ X is a
birational morphism, then for any x ∈ X, f−1(x) is rationally chain
connected and in particular covered by rational curves.

Two immediate consequences of this are:

(1) If (X,∆) is a divisorially log terminal pair, and g : X 99K Z
is a rational map to a proper variety which is not everywhere
defined, then Z contains a rational curve.

(2) If (X,∆) is a divisorially log terminal pair, then X is rationally
chain connected if and only if it is rationally connected.

We now turn to a more detailed discussion of the results of this
paper.
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Definition 1.1. Let X be a reduced, separated scheme of finite type
over an algebraically closed field (so that every irreducible component
of X is a variety) and let V be any subset. We will say that a curve C
is a chain modulo V if C union a subset of V is connected. We will
say that X is rationally chain connected modulo V , if any two
points x and y, which belong to the same connected component of X,
belong to a chain of rational curves modulo V .

Note that if V is empty and X is irreducible, then X is rationally
chain connected in the usual sense. Note also that the disjoint union
of two copies of P1 is rationally chain connected but not connected.
Recall that the locus where a pair (X,∆) is not kawamata log terminal
is called the locus of log canonical singularities. Here is the main result
of this paper:

Theorem 1.2. Let (X,∆) be a log pair and let f : X −→ S be a proper
morphism such that −KX is relatively big and OX(−m(KX + ∆)) is
relatively generated, for some m > 0. Let g : Y −→ X be any birational
morphism and let π : Y −→ S be the composite morphism.

Then every fibre of π is rationally chain connected modulo the inverse
image of the locus of log canonical singularities.

We note that we can weaken the hypothesis if we assume thatKX+∆
is kawamata log terminal, see (7.1). This result has some interesting
consequences. We start with a very general result about the funda-
mental group of a log pair:

Corollary 1.3. Let (X,∆) be a proper log pair such that −(KX + ∆)
is semiample and −(KX + ∆) is big.

Then the fundamental group of X is a quotient of the fundamental
group of the locus of log canonical singularities of the pair (X,∆).

Some other interesting consequences of (1.2) arise when we eliminate
the locus of log canonical singularities from the statement:

Corollary 1.4. Let (X,∆) be a kawamata log terminal pair. Let
f : X −→ S be a proper morphism such that −(KX + ∆) is relatively
nef and −KX is relatively big.

Then every fibre of f is rationally chain connected.

With a little more work, we can also prove:

Corollary 1.5. Let (X,∆) be a log canonical pair. Let f : X −→ S be
a projective morphism such that −(KX + ∆) is relatively ample.

Then every fibre of f is rationally chain connected.
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(1.5) was conjectured by Shokurov in [14], and was proved there, as-
suming the MMP. In the same paper, he also conjectured the following,
which he proved under the same assumptions:

Corollary 1.6. Let (X,∆) be a divisorially log terminal pair.
If g : Y −→ X is any birational morphism then the fibres of g are

rationally chain connected.

It was pointed out in [14] that one then gets the following:

Corollary 1.7. Let f : X 99K Y be a rational morphism of normal
proper varieties such that (X,∆) is a divisorially log terminal pair for
some effective divisor ∆. Then, for each closed point x ∈ X, the
indeterminacy locus of x is covered by rational curves.

Recall that if W ⊂ X × Y is the closure of the graph of f and p and
q are the projections from W to X, and Y , then the indeterminacy
locus of x is defined as q(p−1(x)).

Another very interesting consequence of (1.6) is:

Corollary 1.8. Let (X,∆) be a divisorially log terminal pair. Then X
is rationally chain connected iff it is rationally connected.

The same methods which are used to prove (1.2), in conjunction with
(1.8), yield the following:

Corollary 1.9. Let (X,∆) be a kawamata log terminal pair. Let
f : X −→ S be a proper morphism with connected fibres such that
−(KX +∆) is relatively nef and −KX is relatively big. Let g : Y −→ X
be any birational morphism, and let π : Y −→ S be the composition.
Let T be any irreducible subset of S and let W be the inverse image of
T inside Y .

Then there is an irreducible closed subset E of W , which dominates
T and which has connected and rationally connected fibres.

One interesting feature of rationally connected varieties is that a
family of rationally connected varieties over a curve always admits a
section. As a consequence of (1.9), we are able to show that a simi-
lar result holds for families of Fano varieties, a result which was also
conjectured by Shokurov:

Corollary 1.10. Let (X,∆) be a kawamata log terminal pair. Let
f : X −→ S be a proper morphism with connected fibres such that
−(KX +∆) is relatively nef and −KX is relatively big. Let g : Y −→ X
be any birational morphism, and let π : Y −→ S be the composition.

Then π has a section over any curve.
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Another reason why rationally connected and rationally chain con-
nected varieties are interesting, is because their intersection theory is
particularly simple. In particular this means that the intersection the-
ory of a divisorially log terminal pair and a resolution are closely re-
lated:

Corollary 1.11. Let (X,∆) be a kawamata log terminal pair, over an
algebraically closed field. Let f : X −→ S be a proper morphism with
connected fibres such that −(KX + ∆) is relatively nef and −KX is
relatively big. Let g : Y −→ X be any birational morphism, and let
π : Y −→ S be the composition.

Then the natural map

π∗ : CH0(Y ) −→ CH0(S),

is an isomorphism.

The following, although not a direct consequence of (1.2), is proved
using very similar methods:

Corollary 1.12. Let (X,∆) be a kawamata log terminal proper pair
and let X 99K Z be the Iitaka fibration associated to −(KX + ∆).

Then Z is rationally connected.

As a consequence we obtain:

Corollary 1.13. Let (X,∆) be a kawamata log terminal proper pair
and suppose that that −(KX + ∆) is big and nef.

Then X is rationally connected.

We remark that (1.13) has also been recently proved by Zhang, using
a similar argument, see [16]. We were working on this paper, when his
result appeared on the archive. Note that (1.10) follows from (1.13), in
the case when the morphism f is flat, using the fact that moduli space
of stable maps is proper over Z, see [15].

As Zhang points out in [16], (1.13) implies the following:

Corollary 1.14. Let (X,∆) be a kawamata log terminal proper pair
and suppose that that −(KX + ∆) is big and nef.

Then X is simply connected.

It should be pointed out though that it is more natural to prove
the stronger result that the smooth locus of X has finite fundamental
group. The only known case of this much stronger result, is for surfaces,
see [7]. It is proved in [11] that at least the algebraic fundamental group
of the smooth locus is finite.
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Remark 1.15. Note that (1.4) and (1.14), which are stated for kawa-
mata log terminal pairs extend to the case when the locus of log canoni-
cal singularities is a point (equivalently, by connectedness, when V has
dimension zero). These results generalise easily to the case when the
coefficients of ∆ are real, and we indicate how to do this at the end of
the paper.

As previously pointed out, Shokurov conjectured many of these re-
sults, and proved them assuming the MMP, [13] and [14], where the
boundary ∆ has real coefficients and the characteristic is arbitrary.
Of course the first important results in these directions was proved
by Kollár, Miyaoka and Mori [9], who proved that every smooth Fano
variety is rationally connected, and even bounded the degree of the
covering rational curves. In fact Shokurov conjectures, in (1.2), that
one can even bound the degree of each component of the connecting
chain, see [12] for a special case. Finally, as already pointed out, Zhang
proved the absolute case of (1.2), when S is a point and the locus of log
canonical singularities is empty. In fact we are informed by Shokurov
that Zhang [16] was very close to a proof of the absolute case, when S
is a point, but the singularities are arbitrary.

We now give a quick sketch of the proof of (1.2). Let us suppose that
we want to prove that F is rationally connected. By the main result
of [3], it suffices to prove that whenever we have a test rational map
t : F 99K Z, then either Z is uniruled or it is a point, see (4.2). Suppose
Z is not uniruled. By the main result of [1], KZ is pseudo-effective.

Suppose for a moment, that we can produce a divisor Θ with three
key properties:

(a) KF + Θ has Kodaira dimension zero,
(b) there is an ample Q-divisor H on Z such that t∗H ≤ Θ, and
(c) KF + Θ is log terminal on the general fibre.

By log additivity, it follows that the Kodaira dimension of KF + Θ
is at least the dimension of Z, so that Z is a point by (a), see (4.1). It
remains to indicate how to produce the divisor Θ. In our case, F is a
smooth divisor and a component of the fibre of a resolution of a Fano
fibration f : X −→ S. The existence of a divisor ∆ on the total space
of the Fano fibration satisfying (a), (b) and (c) is quite straightforward,
and it is equally straightforward to lift this to a resolution g : Y −→ X
of the total space. Conditions (b) and (c) then descend to F . The
tricky part is ensuring that condition (a) continues to hold.

The first step is to realise F as a component of the locus of log
canonical singularities, with respect to some divisor. At this point we
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apply the main technical result of [4], which says, roughly speaking,
that we can lift appropriate sections from F to Y .

2. Notation and conventions

We work over the field of complex numbers C. A Q-Cartier divisor
D on a normal variety X is nef if D ·C ≥ 0 for any curve C ⊂ X. We
say that two Q-divisors D1, D2 are Q-linearly equivalent (D1 ∼Q D2)
if there exists an integer m > 0 such that mDi are linearly equiva-
lent. Given a morphism of normal varieties g : Y −→ X, we say that
two Q-divisors D1 and D2 are Q-g-linearly equivalent (D1 ∼g,Q D2

if there is a positive integer m and a Cartier divisor B on X such
that mD1 ∼ mD2 + g∗B. We say that a Q-Weil divisor D is big if
we may find an ample divisor A and an effective divisor B, such that
D ∼Q A+B. A log pair (X,∆) is a normal variety X and an effective
Q-Weil divisor ∆ such that KX + ∆ is Q-Cartier. A projective mor-
phism g : Y −→ X is a log resolution of the pair (X,∆) if Y is smooth
and g−1(∆)∪{ exceptional set of g } is a divisor with normal crossings
support. We write g∗(KX + ∆) = KY + Γ and Γ =

∑
aiΓi where

Γi are distinct reduced irreducible divisors. The log discrepancy of Γi

is 1 − ai. The locus of log canonical singularities of the pair (X,∆),
denoted LCS(X,∆), is equal to the image of those components of Γ of
coefficient at least one (equivalently log discrepancy at most zero). The
pair (X,∆) is kawamata log terminal if for every (equivalently for one)
log resolution g : Y −→ X as above, the coefficients of Γ are strictly
less than one, that is ai < 1 for all i. Equivalently, the pair (X,∆)
is kawamata log terminal if the locus of log canonical singularities is
empty. We say that the pair (X,∆) is divisorially log terminal if the
coefficients ai of ∆ lie between zero and one, 0 ≤ ai ≤ 1, and there is
a log resolution such that the coefficients of the g-exceptional divisors
are all less than one.

Given a pair (X,∆) and a birational morphism g : Y −→ X, we may
write

KY + Γ = g∗(KX + ∆) + E,

where Γ and E are effective, with no common components, and E is
g-exceptional. Note that this decomposition is unique. Sometimes we
will replace equality of Q-divisors, by Q-linearly equivalence,

KY + Γ ∼Q g
∗(KX + ∆) + E,

where Γ and E have the same properties. In this case the decomposition
is far from unique.
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Let φ : X 99K Y be a rational map. We say that a subset V of X
dominates Y , if the inverse image of V , in the graph of φ, dominates
Y .

Let f : X −→ S be a morphism. We say that a divisor E is excep-
tional for f , if f(E) has codimension at least two in S.

3. Some Examples

In this section we collect together some examples, whose purpose is
to show that the results stated in §1 are in some sense best possible,
and to motivate their proofs.

We remark that in theorem (1.13), one can not remove the hypothesis
that−(KX+∆) is nef or that (X,∆) is kawamata log terminal as shown
by the following well known example. Let f : S −→ C be any P1-bundle
over an elliptic curve and let E be a section of minimal self-intersection.
Then f is the maximal rationally connected fibration of S. Suppose
first that E2 < 0. Then

−(KS + tE) is



big for any t < 2

ample for any 1 < t < 2

nef for any 1 ≤ t ≤ 2

lc for any t ≤ 1

klt for any t < 1

Clearly S is not rationally chain connected. If t = 1 then KS + E is
log canonical and −(KS + E) is nef and big. If t < 1 then KS + tE
is kawamata log terminal and −(KS + tE) is big but not nef. If 1 <
t < 2 then −(KS + tE) is ample but not log canonical. Notice that by
contracting the negative section E, we get a rationally chain connected
surface T . Therefore, rational chain connectedness is not a birational
property of S; of course if f : X ′ −→ X is a birational morphism of
varieties and X ′ is rationally chain connected, then X is also rationally
chain connected.

One might well ask the following:

Question 3.1. Let (X,∆) be a klt pair, ∆ effective and −(KX + ∆)
nef. If X 99K W is the MRCC fibration then does it follow that

dimX ≥ dimW + κ(−(KX + ∆)) ?

Now suppose that we let E2 be the unique non-split extension of OC

by OC and set S to be the projectivisation of E2. Then E has self-
intersection zero. −KS = 2E, so −KS is nef of numerical dimension
one. But in fact no multiple of E moves. Indeed if it did, then there
would be an étale cover π : C ′ −→ C such that π∗E2 splits. It is easy
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to see that in characteristic zero this never happens. Thus the Kodaira
dimension of −KS is zero and the sum of the Kodaira dimension plus
the dimension of C is less than the dimension of S so that the answer
to (3.1) is no, in general.

Finally, we give an easy example, to illustrate the fact that one
cannot expect every component of the exceptional locus of a resolution
of a divisorially log terminal singularity to be rationally connected. In
fact it is rarely the case that each individual component is rationally
chain connected.

Let X be a smooth threefold. Pick a point x ∈ X and let Y1 −→ X
blow up this point. Now let Y −→ Y1 blow up a cubic curve in the
exceptional divisor, which is a copy of P2. Consider the birational
morphism π : Y −→ X. Denote the first exceptional divisor, a copy
of P2, by E and the other by F . It is easy to check that −(KY +
4/5E + 1/5F ) is relatively ample. Note that E ∪ F is rationally chain
connected, but that F is not rationally chain connected. Indeed F is
once again a P1-bundle over an elliptic curve.

4. Uniruled, rationally connected and rationally chain
connected varieties

In this section we give sufficient conditions to ensure that a variety is
either uniruled, or rationally connected, or rationally chain connected.
First a criterion to ensure that a variety is uniruled:

Proposition 4.1. Let (X,∆) be a projective log pair and let h : X −→
F and t : F 99K Z be a morphism and a rational map, where F and Z
are projective, with the following properties:

(1) the locus of log canonical singularities of KX +∆ does not dom-
inate Z, where X 99K Z is the composition of t and h,

(2) KX +∆ has Kodaira dimension at least zero on the general fibre
of X 99K Z, (that is, if g : Y −→ X resolves the indeterminacy
of X 99K Z then g∗(KX + ∆) has Kodaira dimension at least
zero on the general fibre of the induced morphism Y −→ Z),

(3) KX + ∆ has Kodaira dimension at most zero, and
(4) there is an ample divisor A on F such that h∗A ≤ ∆.

Then either Z is a point or it is uniruled.

Proof. Suppose that Z is not uniruled. Blowing up Z, we may assume
that Z is smooth. Let g : Y −→ X be a log resolution of X, such that
the induced rational map Y 99K Z is in fact a morphism ψ : Y −→ Z .
We may write

KY + Θ = g∗(KX + ∆) + E,
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where Θ and E are effective, with no common components and E is
exceptional. Now set Γ = Θ + εE ′, where ε is a sufficiently small
rational number, and E ′ is the support of the exceptional locus. With
this choice of Γ, the Kodaira dimension of KY +Γ is at least zero on the
general fibre of ψ, and the support of Γ contains the full exceptional
locus.

As Z is not uniruled, it follows by the main result of [1] that KZ is
pseudo-effective. By (4), and our choice of Γ, Γ contains the pullback of
an ample divisor from F . Possibly replacing Γ by a linearly equivalent
divisor, we may find an ample divisor G on Z such that ψ∗G ≤ Γ.
Since KY + Γ is log terminal on the general fibre of ψ, it follows by
log additivity of the Kodaira dimension, see Corollary 2.11 of [4], that
the Kodaira dimension of KY + Γ is at least the dimension of Z. As
the Kodaira dimension of KY + Γ is at most the Kodaira dimension of
KX + ∆, it follows that Z is a point. �

It is easy to use (4.1) to prove that a variety is rationally chain
connected:

Lemma 4.2. Let F be a normal variety.

(1) F is rationally connected iff for every non-constant dominant
rational map t : F 99K Z, Z is uniruled.

(2) F is rationally chain connected modulo V iff for every non-
constant dominant rational map t : F 99K Z, either Z is unir-
uled or V dominates Z.

Proof. It is clear that the image of every rationally connected variety
is rationally connected. In particular the image of every rationally
connected variety is either uniruled or a point. If V does not dominate
Z, then pick two general points x and y of F . Then they are connected
by a chain of rational curves modulo V , and the image of one of these
curves must be a rational curve through the general point of Z.

To prove the reverse direction, first observe that F is uniruled, by
applying the basic criterion to the identity map F −→ F . Let F ′ be
a smooth model of F , and let F ′ 99K Z be the maximal rationally
connected fibration of F ′. Blowing up, we may assume that this map
is a morphism. Since F is birational to F ′, this induces a rational map
t : F 99K Z. By assumption either Z is a point, or Z is uniruled, or V
dominates Z.

As F is uniruled, F ′ −→ Z is a non-trivial fibration. This morphism
has the defining property that if a rational curve C meets a very general
fibre G, then C is contained in G. By the main result of [3], we can lift
any rational curve which passes through the general point of Z to F .
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Thus Z is not uniruled. If Z is a point, then F is rationally connected.
The only other possibility is that V dominates Z. In this case F is
certainly rationally chain connected modulo V . �

Corollary 4.3. Let (X,∆) be a log pair and let h : X −→ F be a
morphism. Suppose that for every rational map t : F 99K Z, either the
locus of log canonical singularities of KX + ∆ dominates Z, or (2-4)
of (4.1) hold.

Then F is rationally chain connected modulo the image R of the locus
where KX + ∆ is not kawamata log terminal.

Proof. We are going to apply the criterion of (4.2). Suppose we are
given a rational map t : F 99K Z. If R dominates Z there is nothing to
prove. Otherwise we just need to prove that Z is either uniruled or a
point and for this we just need to observe that conditions (1-4) of (4.1)
hold. �

5. A fine analysis of the fibres of a Fano fibration

In this section we state a detailed theorem about the fibres of a Fano
fibration, which despite being technical in nature, we expect will be of
independent interest. We fix some notation which will hold throughout
the section. Let (X,∆) be a log pair and let f : X −→ S be a morphism
such that KX + ∆ ∼Q,f 0 and ∆ is f -big.

Let s ∈ S be any closed point and let G be any effective Q-Cartier
divisor on S. Let g : Y −→ X be any birational morphism, such that
the fibre of the composite morphism π : Y −→ S over s union the
exceptional locus of g union the strict transform of f ∗G+∆ is a divisor
with normal crossings. Let F1, F2, . . . , Fk be the components of the fibre
π−1(s), which have log discrepancy greater than zero, with respect to
KX + ∆, and let F be their union.

Theorem 5.1. With the notation above, we may pick G and divisors
Γ and E on Y , with the following properties:

(1) The equation

KY + Γ ∼ g∗(KX + ∆) + E,

holds, where Γ and E are effective, with no common components
and E is g-exceptional. Moreover, we may write Γ = A + B,
where A is π-ample and B is effective.

(2) Given t ∈ [0, 1], set ∆t = ∆ + tf∗G, Γt = Γ + tπ∗G (where Γ is
defined below) and let Vt be the closure of

LCS(Y,Γt)− LCS(Y,Γ).

We let Γ′
t denote the fractional part of Γt. Then F = V1.
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(3) Possibly relabelling and rescaling, we may assume that there
are rational numbers, 0 = t0, t1, . . . , tk = 1, such that Vi = F1 ∪
F2∪· · ·∪Fi, where, here and elsewhere, we adopt the shorthand
subscript i in lieu of ti. For ε sufficiently small, Vti−ε = Vti−1

.
Denote by Θi the restriction of Γ′

i to Fi.
(4) Let H be any π-ample divisor. Then there is a constant M such

that
h0(Fi,OX(m(KFi

+ Θi) +H|Fi
)) ≤M

for all sufficiently divisible positive integers m, and any 1 ≤ i ≤
k.

(5) Fi is rationally chain connected modulo Wi = Fi∩LCS(Y,Γi−1).
(6) If KY + Γ is kawamata log terminal then F1 is rationally con-

nected.
(7) If KX +∆ is kawamata log terminal then we may pick Γ so that

KY + Γ is kawamata log terminal.

We prove each part of (5.1) in a series of lemmas:

Lemma 5.2. (1) of (5.1) holds.

Proof. We may write

KY + Γ1 = g∗(KX + ∆) + E1,

where Γ1 and E1 are effective, with no common components and E1 is
g-exceptional. Now let E ′ be the sum of all the exceptional divisors,
taken with coefficient one. Set Γ2 = Γ1 + δE ′, E2 = E1 + δE ′, for some
positive rational number δ. If we choose δ small enough, then we do
not change the locus of log canonical singularities. As Γ2 and the strict
transform of ∆ union the exceptional locus have the same support, it
follows that Γ2 is π-big. It follows that we may write Γ2 ∼Q,π A + B,
where A is π-ample and B is effective. Let

KY + Γ = g∗(KX + ∆) + E,

be the decomposition obtained by cancelling like terms on both sides
of

KY + ((1− ε)Γ2 + εB) + εA = g∗(KX + ∆) + E2.

Thus Γ and E are effective with no common components, E is excep-
tional and of course εA ≤ Γ is relatively ample. �

Lemma 5.3. (2) of (5.1) holds.

Proof. If we pick G sufficiently singular at s, then we may assume that
F ⊂ V1. Possibly replacing G by a linearly equivalent Q-divisor, we
may then assume that F = V1. �
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Lemma 5.4. (3) of (5.1) holds.

Proof. By (2), for every 0 ≤ t ≤ 1, Vt is a union of components of
F . Let ti be the smallest value of t, such that Fi is a component of
LCS(Y,Γt). Possibly perturbing G, we may assume that ti 6= tj, if
i 6= j and so possibly re-ordering and rescaling, we may assume that
0 < t1 < t2 < · · · < tk = 1. �

One of the key ideas is to use the main result of [4], which we recall:

Theorem 5.5. Let F ⊂ Y be a smooth divisor in a smooth variety,
and let π : Y −→ S be a projective morphism. Let H be a sufficiently
π-very ample divisor and set A = (dimF + 1)H. Assume that

(1) Γ is a Q-divisor with simple normal crossings support such that
Γ contains F with coefficient one and (Y,Γ) is log canonical;

(2) C ≥ 0 is a Q-divisor not containing F ;
(3) KF + ∆ is π-pseudo-effective, where ∆ = (Γ− F )|F and
(4) there is a positive integer m and a divisor G ∈ |m(KY +Γ+C)|,

which does not contain any log canonical centre of (Y, pΓq).

For any sufficiently divisible positive integer m, the image of the natural
homomorphism

π∗OY (m(KY + Γ +C) +H +A) −→ π∗OF (m(KF + ∆ +C) +H +A),

contains the image of the sheaf π∗OF (m(KF + ∆) +H) considered as
a subsheaf of π∗OF (m(KF + ∆ +C) +H +A) by the inclusion induced
by any divisor in mC + |A| not containing F .

Lemma 5.6. (4) of (5.1) holds.

Proof. This is the most technical part of (5.1).
We are certainly free to replace H by a multiple. Pick a divisor G

on X such that g∗G ≥ (dimX + 2)H. Then

g∗OY (m(KY + Γi) + (dimX + 2)H) ⊂ g∗OY (g∗G+mE)

= OX(G),

for m sufficiently divisible. Therefore π∗OY (m(KY + Γi) + (dimX +
2)H) ⊂ f∗OX(G). On the other hand, by (5.5), since Θi does not
contain Fi, we may lift any section of

π∗(OX(m(KFi
+ Θi) +H)) = H0(X,OX(m(KFi

+ Θi) +H)),

to π∗(OY (m(KY + Γi) + (dimX + 2)H)). �

Lemma 5.7. (5) of (5.1) holds.
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Proof. We are going to apply (4.3). Let ψ : Fi 99K Z be any rational
map, such that the locus where KFi

+ (Γi −Fi)|Fi
is not kawamata log

terminal does not dominate Z. We just need to check that conditions
(2-4) of (4.1) hold. Now

KY + Γi = Ei,

where Ei is effective and exceptional, and Fi is not contained in the
support of Ei. It follows that the Kodaira dimension of KY + Γi re-
stricted to the general fibre of ψ is at least zero. We may assume that
Wi does not dominate Z, so that Γi = Γ′

i, on the general fibre of ψ.
It follows that KFi

+ Θi has Kodaira dimension at least zero on the
general fibre of ψ. Thus (2) holds. (3) is an immediate consequence of
(4) of (5.1). (4) holds by (1) of (5.1). �

Lemma 5.8. (6) of (5.1) holds.

Proof. Since W0 = LCS(Y,Γ) is by assumption empty, it follows that
F1 is rationally chain connected. As F1 is smooth, it is in fact rationally
connected. �

Lemma 5.9. (7) of (5.1) holds.

Proof. Clear from the construction of Γ given in (5.2). �

6. Proof of (1.2)

Lemma 6.1. If −(KX + ∆) is semiample and −KX is big, then we
may find a divisor ∆′ ≥ ∆, such that some multiple of KX + ∆′ is
linearly equivalent to zero, where ∆′ contains an ample divisor, and
where the locus of log canonical singularities of KX + ∆′ is contained
in the locus of log canonical singularities of KX + ∆.

Proof. If we pick a general element D ∈ | −m(KX + ∆)|, where m is
sufficiently divisible, then KX + ∆ + D/m has the same locus of log
canonical singularities as KX + ∆. Replacing ∆ by ∆ +D/m, we may
assume therefore that ∆ is big and that some multiple of KX + ∆ is
linearly equivalent to zero. As ∆ is big, we may write ∆ ∼Q A + B,
where A is ample and B is effective. Let ∆′ = (1 − ε)∆ + εA + εB.
Then for ε sufficiently small, the locus of log canonical singularities
of KX + ∆′ is contained in the locus of log canonical singularities of
KX + ∆. �

Proof of (1.2). Let s ∈ S. This result is local over s ∈ S. Passing to an
open neighbourhood of s ∈ S, we may as well assume that −(KX +∆)
is semiample. By (6.1) we may assume therefore that ∆ = A + B,
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where A is ample and B is effective, and that some multiple of KX +∆
is linearly equivalent to zero.

Note that as g has connected fibres, it follows that if Y ′ −→ Y is
any birational map, then we are free to replace Y by Y ′. Thus we may
assume that the hypothesis and notation of §5 hold.

By induction on i, it suffices to prove that Fi is rationally chain
connected modulo Wi, which is (5) of (5.1). �

7. Proof of Corollaries

Proof of (1.3). Since X is covered by rational curves which intersect
an irreducible component of V , the main theorem of [2] implies that
the image of the fundamental group of V is of finite index in the fun-
damental group of X.

Let π : Y −→ X be any étale morphism of degree r, where Y is
connected, let W be the inverse image of V , and set Γ = π∗∆. Then
KY + Γ = π∗(KX + ∆), so that W is the locus of log canonical sin-
gularities of KY + Γ and −(KY + Γ) is big and nef. Note that W is
connected, by the connectedness theorem.

The proof now divides into two cases. If V is non-empty, then the
result follows immediately from the fact that π is arbitrary and W is
always connected.

Now suppose that V is empty. In this case, we adopt the convention
that the fundamental group of the empty set is the trivial group. By
what we have already proved the fundamental group is finite and so it
suffices to prove that the algebraic fundamental group is trivial. Now

χ(OY ) = rχ(OX).

On the other hand,

hi(Y,OY ) = hi(X,OX) = 0 for i > 0,

by Kawamata-Viehweg vanishing, so that

χ(OY ) = χ(OX) = 1,

whence r = 1. But then the fundamental group of X is trivial and the
fundamental group of V certainly surjects onto the fundamental group
of X. �

Lemma 7.1. Let (X,∆) be a kawamata log terminal pair and let
f : X −→ S be a projective morphism. Suppose that −(KX + ∆) is
relatively nef and −KX is relatively big.

Then −(KX + ∆) is relatively semiample.
14



Proof. It suffices to exhibit a divisor Θ, such that KX +Θ is kawamata
log terminal and −(KX + Θ) is ample, since then, by the base point
free theorem, every nef divisor is relatively semiample.

By assumption we may write

−KX ∼Q,f A+B,

where A is relatively ample and B is effective. Let

Θ = (1− ε)∆ + εB.

Then
−(KX + Θ) ∼Q,f −(1− ε)(KX + ∆) + εA

is relatively ample, as it is the sum of a relatively nef divisor and a
relatively ample divisor. In particular KX + Θ is Q-Cartier. But then

KX + Θ = KX + (1− ε)∆ + εB,

is certainly kawamata log terminal, for ε small enough. �

Proof of (1.4). By (7.1) OX(−m(KX + ∆)) is relatively generated, for
some m > 0, and so the result follows from (1.2), since the locus of log
canonical singularities is empty. �

Proof of (1.5). By (1.2), we already know that the fibres of f are ratio-
nally chain connected modulo the locus V of log canonical singularities.
It remains to prove that the fibres of V over S are rationally chain con-
nected. By induction on the dimension, it suffices to prove that if W
is a log canonical centre, then W is rationally chain connected modulo
the union R of the log canonical centres properly contained in W . As
in the proof of (1.2), by (6.1), we may assume that ∆ contains an am-
ple divisor and that some multiple of KX + ∆ is linearly equivalent to
zero. Let g : Y −→ X be a log resolution of the pair (X,∆). We may
write

KY + Γ = g∗(KX + ∆) + E,

where Γ and E are effective, with no common components and E is
g-exceptional. Let F a log canonical centre of KY +Γ which dominates
W , minimal with this property. Then F is the intersection of divisors
of log discrepancy zero, with centre W . In particular we may find a
divisor Θ such that

(KY + Γ)|F = KF + Θ.

We are going to apply (4.3) to h : F −→ W . Let t : W 99K Z be a
rational map. Blowing up further, we may assume that the induced
map ψ : F −→ Z is a morphism. Note that the image in W of the locus
of log canonical singularities of KF +Θ is equal to R, by minimality of
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F . So we may assume that that the locus of log canonical singularities
of KF + Θ does not dominate Z. We need to check that conditions
(2-4) hold. (2) holds, exactly as in the proof of (1.2). (3) holds by (4)
of (5.1) and (4) holds by assumption. �

Proof of (1.6). By (2.43) of [10], we may assume that the pair (X,∆)
is kawamata log terminal, and in this case we may apply (1.2) with f
the identity. �

Proof of (1.7). Immediate from (1.6). �

Proof of (1.8). If X is rationally connected then it is certainly ratio-
nally chain connected, so suppose that X is rationally chain connected.
Let g : Y −→ X be a resolution of singularities. By (1.6) g has ra-
tionally chain connected fibres. It follows that Y is rationally chain
connected. But then Y is rationally connected, as it is smooth, and so
X is rationally connected as well. �

Proof of (1.9). We work locally in a neighbourhood of the generic point
of T . (7.1) implies that −(KX + ∆) is relatively semiample. As in the
proof of (1.2) and (6.1), we may therefore assume −(KX +∆) is ample
and that ∆ contains an ample divisor A,

Suppose that T 6= S. Pick any ample divisor H in S which contains
T . Let t be the largest rational number such that KX +∆+ tf∗H is log
canonical. Possibly perturbing ∆ by an ample divisor in X, we may
assume that there is a unique log canonical centre V of KX +∆+tf∗H.
By connectedness V has connected fibres over T . Since V is the unique
log canonical centre, it is certainly a minimal log canonical centre. Thus
V is normal. It follows that V has irreducible fibres. By Kawamata’s
subadjunction formula, see Theorem 1 of [6], there is a boundary Θ on
V , such that

(KX + ∆)|V = KV + Θ,

where KV + Θ is kawamata log terminal. Possibly replacing A by a
linearly equivalent divisor, we may assume that Θ contains an ample
divisor. Thus we are free to restrict to V and replace X by V and S
by the image of V .

Thus by induction on the dimension, we may assume that T = S.
In this case the general fibre over T is kawamata log terminal and so
by (1.2) and (1.8) the general fibre is rationally connected. �

Proof of (1.10). Pick a resolution g : Y −→ X and let π : Y −→ S be
the composition. Pick a curve C ⊂ S, and let E be a subvariety of Y
with rationally connected fibres over C, whose existence is guaranteed
by (1.9). Now apply the main result of [3]. �
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Proof of (1.11). Even though this would seem to be a fairly standard
result, we could not find a reference, and so we include a proof for
completeness.

First note that if π is any surjective morphism, then π∗ is always
surjective, as CH0(S) is generated by the points of S. Now suppose
that α is a cycle in CH0(Y ), whose image β in CH0(S) is zero. It
remains to prove that α is equivalent to zero. First pick a curve Σ
in Y which is the intersection of general hyperplanes, containing the
support of α. Then we may replace α by an equivalent cycle in Σ, in
such a way that the support of α belongs to the general fibre.

As β is equivalent to zero, by definition of CH0(S), it follows that
there is a curve C in S such that the support of β belongs to C, and
such that β is linearly equivalent to zero in C. By (1.10) we may find
a curve D ⊂ Y which maps birationally down to C. Let α′ be the
pullback of β to D. As α is equivalent to zero in C, α′ is certainly
equivalent to zero in D.

On the the other hand, by our choice of α, the fibres of π over the
support of β are rationally connected. It follows that α and α′ are
equivalent, so that α is indeed zero in CH0(Y ). �

Proof of (1.12). If KX +∆ is kawamata log terminal, then the locus of
log canonical singularities is empty and the result is therefore immedi-
ate from (4.3). �

Proof of (1.13). By assumption the Iitaka fibration of −(KX + ∆) is
birational, and as rational connectedness is a birational invariant, the
result follows from (1.12). �

Proof of (1.14). The pair (X,∆) is kawamata log terminal iff the locus
of log canonical singularities is empty, and so this result is an immediate
consequence of (1.3). �

As noted in the introduction, these results extend readily to the case
of real coefficients (see [5] for the definitions involving real coefficients).
We briefly indicate how to do this. Since most results are direct conse-
quences of (1.2), the key point is to replace the condition that KX +∆
is Q-Cartier, by the condition that KX + ∆ is R-Cartier. In partic-
ular it no longer makes sense to assume that OX(−m(KX + ∆)) is
relatively generated, and we replace this by the weaker condition that
−(KX + ∆) is relatively R-semiample. As in the proof of (1.2), this
means that locally over S, we may assume that −(KX + ∆) is ample,
where we also use the fact that ∆ is big. But then by (2.11) of [8],
applied to D = KX + ∆, we may assume that KX + ∆ is Q-Cartier
(note that the proof of (2.11) of [8] implies that we may assume that
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the rational coefficients of D are equal to the corresponding coefficients
D′, in the notation of (2.11) of [8]) and we can apply (1.2) directly.

As (7.1) easily generalises to the case of real coefficients, using the
base point free theorem for real divisors, see for example (7.1) of [5], it
follows that (1.4)-(1.14) generalise to the case of real coefficients.
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