MODEL ANSWERS TO THE FIFTH HOMEWORK

1. As d divides a and b, by the universal property of d, d'|d. By
symmetry d divides d’. But then d and d’ are associates.
2. (a) As R is a UFD, we may factor a and b as

_ mi .. mo mp _ ni,n2 Tk
a=upy"py” - py and b =wp"ps* - pit,
where p1,po, ..., pg are primes, mq, ms,...,my and nq,ng,...,N; are

natural numbers, possibly zero, and v and v are units. Define

m = p(lnpgz . ,pzk
where o; is the maximum of m; and n;. It follows easily that a|m and
blm.

Now suppose that a|m’ and b|m’. Then, possibly enlarging our list of
primes, we may assume that

m' = wpi'py - P,

where w is a unit and 71,79, ..., 7y are positive integers. As a|m/, r; >
m;. Similarly as b|m/, r; > n;. It follows that r; > 0; = max(m;, n;).
Thus m is indeed an lecm of @ and b. Uniqueness of lems’ up to asso-
ciates, follows as in the proof of uniqueness of ged’s.

(b) It suffices to prove this result for one choice of ged d and one choice
of lem m. Pick d as in class (that is, take the minimum exponent) and
take m as above (that is, the maximum exponent). In this case I claim

that dm and ab are associates. It suffices to check this prime by prime,
in which case this becomes the simple rule,

m +n = max(m,n) + min(m,n)

where m and n are integers.
3. (a) As x+4 has degree one, either it divides x® — 6z 47 or these two
polynomials are coprime. But if 2 + 4 divides 2 — 62 4+ 7 then z = —4
is a root of 23 — 6z + 7, which it obviously is not. Thus the ged is 1.
(b) We have 2" — 2% = 2%(2® — 1). Hence
ot 1= - 1)+ 2% -1
= (* = 1)(z* +1).

Thus the ged is 23 — 1.



4. We apply Euclid’s algorithm. 135 — 147 has smaller absolute value
than 155 4 344. So we try to divide 155 + 34¢ by 135 — 14s.

155 +34i (155 + 344)(135 + 144)
135 — 14i 1352 4 142
(135155 — 34 - 14) + (155 - 14 + 135 - 34)i
1352 + 142 '
The closest Gaussian integer is 1. The remainder is then
155 4 347 — (135 — 144)1 = 20 + 48i.
So now we want to find the greatest common divisor of 135 — 147 and
20 4 48:. We try to divide 20 + 487 into 135 — 14s.
135 —14i (135 — 14i)(20 — 48q)
20 +48i 202 + 48
(135-20 — 48 - 14) — (135 - 48 + 14 - 20):
20% + 482 '
The closest Gaussian integer is 1 — 2¢. The remainder is then
135—14i—(20+48i)(1—2i) = (135—20—96)+(—14—48+440)i = 19—22i.
So now we want to find the greatest common divisor of 19 — 22¢ and
20 4 48i. So we try to divide 20 + 48i by 19 — 221.
20 +48i (20 + 48i)(19 + 221)
19 — 22 192 + 222
(2019 — 48 -22) 4 (20 - 22 4 48 - 19)i
192 + 222 '
The closest Gaussian integer is —1 + 2¢. The remainder is then
204-48i—(19—22i)(—1+21) = (20+19—44)+(48—22—38)i = —5—12i.
So now we want to find the greatest common divisor of 19 — 22¢ and
—5 —12:¢. So we try to divide —5 — 12¢ into 19 — 22i.
20 +48 (19 —226)(5 — 124)

—5—12i 52 4 122
C(22-12-19-5) 4 (19-12+ 5 22)i
N 52 + 122
=1+ 2i.

As there is no remainder, the greatest common divisor of 135 — 147 and
155 + 347 is 5 + 12.



