9. SIMPLE BUNDLES

Definition 9.1. A vector bundle is called simple if
(P, E*® E) = 1.
As
E*® E = Homy,, (E, E),

a bundle is simple if and only if its only endomorphisms are homoth-
eties.

Definition 9.2. A vector bundle E on P" is decomposable if it is
isomorphic to a direct sum F & G, where F and G have smaller rank
than E.

If F is decomposable then it has non-trivial endomorphisms, given by
different homotheties on both factors. Thus simple bundles are always
indecomposable.

Lemma 9.3. The tangent bundle on P" is simple.

Proof. We start with the Euler sequence,

0 — Opn(—1) — O — Tpa(—1) — 0.
If we tensor this with Q. (1) then we get the exact sequence

0 — Qpn — (1) — O, @ Tpn — 0.
Taking the long exact sequence of cohomology we get

HO(P", O, (1)) — HO(P™, Qpn @ Tppn) —> H (P, Q)
Now
RO(P™, Qp (1)®"y =0 and  AY(P™, Qp.) = 1.
But then
1 < RO(P", Qpn @ Tpn) < AH(P™, Qpn) = 1. O

It follows that the bundles Tpn (k) and Q5. (k) are all simple, for any
integer k.

Consider the rank two bundles we constructed on P?. We started
with points in pq, pa, ..., pr in P2, looked at the surface 7: X — P2
you get by blowing up these points, and modified the extension

0— Ox(C) — E'— Ox(-C) — 0,

where C' is the sum of the exceptionals, so that E’ is the pullback of a
bundle E on P?, B = 1*E.

Recall that if L is a line that contains a points then the splitting
type is (a, —a). In particular F is indecomposable. We want to show

that F is not simple. We will need:
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Lemma 9.4. If E is a vector bundle of rank r > 1 and both h°(P", E) >
0 and h°(P™, E*) > 0 then E is not simple.

Proof. Pick non-zero sections
cc H'(P",E) and 1€ H°(P", E*).

Then
oCRTE HO(]P’”,E* ® E)

is not a homothety, as it has rank one when restricted to any fibre. [J

Note that
E*~F®det E*
~ [
since ¢;(£) = 0. On the other hand,
h°(P?, E) > 0,

by construction, since £’ contains the sub line bundle Ox(C).

We want to construct a simple bundle N of rank n—1 on P”, for any
odd integer n, called the null correlation bundle. We will construct
N as the kernel of a surjective map

Tpn(—1) — Opn(1).
We get a short exact sequence
0 — N — Tpa(—1) — Opn(1) — 0.
We first check that N is simple. We tensor the above sequence by N*
to get
RO(P", N* ® N) < h°(P", N* @ Tpn(—1)).
Now tensor the dual of the short exact sequence above with Tpn(—1)
to get
0 — Tpn(—2) — Tpn @ Qp — N* @ Tpn(—1) — 0.
If we take the associated long exact sequence of cohomology we get
HO(P", Tpn @ Qpn) — HY(P", N* @ Tpn(—1)) — H(P", Tpn (—2)).
Now
HY(P", Tpn (—2)) = 0,
and so
RO(P", N* @ Tpn(—1)) < h°(P™, Tpn @ Q) = 1.
Thus

1<h(P",N*®@ N) < h2(P", N* @ Tpn(—1)) < 1.
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Now consider the goal of finding a surjective map
Tpn(—1) — Opn(1).

Dualising, it suffices to find a nowhwere zero section of Q. (2).
Consider the projective bundle

P(Qpn)

over P". Point in this bundle correspond to hyperplanes in the tangent
bundle, so that

P(Qp.) ~ { (v, H) |z € H} CP" x P".

Let
p: P(Qpn) — P"

be the natural projection. As n is odd, n + 1 = 2m for some integer
m. Let A be the block diagonal 2m x 2m matrix with the 2 x 2 matrix

0 -1
1 0 )°
Then A is invertible and for all z € C*! we have

(Az,x) =0,

(w,y) =z,

is the standard inner product. Pick homogeneous coordinates [zg :

where

X1 oyl on PP and [§ 2 & o-c 0 &,] on the dual P™. In these
coordinates, A defines an isomorphism
o P — P

such that z € H = ®(z). The graph of ® defines a section
g: P" — P(Qpn),

which sends x to (x, ®(z)). This gives a sub line bundle of Q5.,
Opn(a) — Qpn.

Lemma 9.5. a = —2.

Proof. Note that
Oz (—a)
has a non-vanishing section and so

en(Qpn(—a)) = 0.
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We compute
0 = ¢, (Qpn(—a))
= —cn(Tpn(a))

= — Z C; (Tpn)a”_i
=0
. 7’L—|— 1 n—u
51

If we multiply by a we get

0— i (” :_ 1) SR

=0
=(1+a)" —1.

It follows that 1 +a = £1. As ¢,(Tpn) = n+ 1 # 0, we cannot be in

the case a = 0. Thus a = —2. U

Putting all of this together, we can construct the null correlation

bundle N.
Note that

c(Tpn (=1))
1+h
B 1
(T +h)(1—=h)
=14+h+h" +h 4+ h"

c¢(N) =

Thus we have proved:

Theorem 9.6. For every odd integer n there is a simple bundle N on
P with total chern class:

c(N)=1+h*+h* +h0 +--. 4+ p" 1,
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