Problem Set #7
(due Wednesday, November 17, in class)

1. Suppose M is a continuous local martingale. Suppose there is a predictable process (H)t>0
such that for all ¢ > 0, we have P(H; > 0) = 1 and (M); = fg Hg ds a.s. Show that there is a
Brownian motion B such that
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2. (similar to Chung-Williams, Exercise 6.2a, p. 137) Let M = (M*',..., M?) be a vector of d
continuous local martingales. Assume that for all t > 0, we have (M*%); =t for i = 1,...,d and
(M?, M7); =0 for i # j. Show that M is a d-dimensional Brownian motion.

Hint: it suffices to show that if 0 < s <t and aq,...,aq € R, then
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3. Suppose M is a continuous local martingale such that My = 0. Suppose there is a deterministic
function f : [0,00) — [0,00) such that lim;_,o f(t) = oo and (M), = f(t) a.s. for all t > 0.

a) Show that M is a Gaussian process, meaning that if 0 < ¢ty < t; < --- < g, then the
distribution of (My,, My, , ..., My, ) is multivariate normal.

b) Show that M has independent increments, meaning that if 0 <ty < t; < --+ < tg, then the
random variables (My, — My, My, — My, ..., My, — M;, ) are independent.



