Math 10c - Practice Final Solutions

1) Using the u-substitution v = —0.4z,
[p(x)dz = [0.4e70%dy = — [e¥du= —e* +C = —e "4+ C
We can now use the evaluation theorem to compute the integrals.
(a) [; p(a)de = (—e 043) — (—e 042) ~ .15
(b) [i p(x)de = (e 042) — (—e~040) ~ 55
() P(t) = Jy pla)de = (—e~04) — (—e™040) =1 — =04
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2) (a) f1.5p(x)dx = ifl.S adde = i (QZ - %) ~ 0.68

(b) f02 x- %dm = 1.6 hours.
(c) We solve for T

L=l elde = L (T*—0%) = 8=T"

So T = v/8 ~ 1.68 hours.

3) The series is geometric with ¢ = 3 and r = (f%) Using the formula

Yoo gar™ = % for |r| < 1, we find that the sum of the series is 2.

4) First compute four derivatives:
fl(x) = —sinz, f'(x)=—cosz, fO(z)=sinz, fD(z)=cosx
Evaluating the function f at x = 0 and each of the derivatives as well we obtain

fO)=1, f0)=0, f7(0)=-1, f&0)=0, fH0)=1.

2 4

The corresponding approximation is Py(z) =1 — & + ;.

5) A cylinder of radius 3 that is centered about the z-axis.

6) (a) A plane parallel to the yz-plane that passes through the point (—2,0,0).
(b) A cylinder of radius 1 centered about the y-axis.

7) Let ¢ = 222 + y. Solving for y gives y = —222 + ¢. The level curves will be
parabolas. (Be sure to sketch them and label them with the corresponding ¢
value).



8) Substituting (0,0, 0) into the equation implies ¢ = 0. Substituting (0,1, 3)
and solving for n gives n = 3. Finally substituting (—1,—2,0) gives m = —6 so
that z = —6x + 3y.

9) |27 — 37 + k|| = V14. The vector
2 7 3 7 17
vt~ vl ok
is a unit vector. Multiplying this vector by 3 gives the needed vector:

6 = 9 = 3
vt~ vtk

10) Convert 200m/min to km/hr to obtain 200m/min = 12km/hr. Let ¥ =
xof—i— yof—i— Z()E be the velocity vector of the airplane. The plane is rising at a
rate of 12km/hr so that zp = 12. The airspeed of the plane is 200 km/hr so
||9]] = 200. Computing ||¥]|, we get the equation

Vad+yg + 122 =200

The z-axis points east, the y-axis points north, and the plane is heading north-
west so that —zg = yo (drawing a picture may help you see this). Substituting
in for x¢ and solving for yg we get yo ~ 141.167. Therefore the velocity vector
of the plane is & = —141.1674 + 141.167] + 12k.

11) 20 = 67 — 14}' is parallel to . If u = upi+ qu, then  is perpendicular to v
if - = 0. This gives 3u; — 7Tus = 0. So 7i+ 35 and —7¢ — 35 are perpendicular

o7.

-+

12) Find the displacement vectors from P to @ and from P to R:
—2i+j+k i+27 + 2k
Then compute the cross product of these two vectors to get the vector Of+5f—5l§ .

The equation of the plane is 0 = 0(z — 1) + 5(y — 0) — 5(z — 1) which simplifies
toz=y-+1.

13) G5 > 0: Our grade should improve if we increase the number of hours
studied. On the other hand, G; < 0: Our grade will go down if we watch more
television.

14) (a) fy =2coszcos3y +y, f,=—6sinxsin3y+x

(b) 2z, = l4zy + by



15) First compute some partial derivatives: f, = 2z and f, = 6y. Evaluating
at (2,1) gives f5(2,1) =4 and f,(2,1) = 6 so that the equation of the tangent
plane is z = 7+ 4(x — 2) + 6(y — 1).

16) Compute the first partial derivatives: f, = ——£—= and f, = —=Z Then

_ x 7 y 7
Vf= \/a52+y2Z + \/m2+y2‘7'

17) Vf = 2xi + j. Evaluating at (1,3) we get Vf(1,3) = 2i 4+ j. An easy
computation shows ||@|| = 1 so @ is a unit vector. The directional derivative is:

ViAL3)-d=2(2)+1(3) =2

18) g—z =< and % = (Inu)e? + e 4 ve".

19) fo = 1+22+4y,  fy =424+8y—1, for =2, fyy =8, foy=4=fp

20) We must compute all first partial derivatives and all second partial deriva-
tives and then evaluate at (0,0):

fo=¢€", fy:262ya foz = €%, f:ny:()v fyy:4€2y~
Now evaluate at (0,0):

f(0,0):Q, fm(0,0):l, fy(oao):27 fmx(o,o):]-a fxy(ovo):07
fyy(0,0) =4.

The corresponding polynomial is Py(x,y) =2+ z + 2y + ‘L; + 292

21) Compute the first and second partial derivatives:
fo=322—6x, f,=2y+10, for=62—6, f,;,=2, foy=0

Solving f, =0 and f, = 0 gives the critical points (0, —5) and (2, —5).

D = (6z —2)(2) — 0% = 12(x — 1). At (0,—5), D < 0 so there is a saddle
point at (0, —5).

At (2,-5), D > 0 and f,,; > 0 so there is a local minimum at (2, —5).

22) There is a global maximum at (£1,0). The maximum value is 1. There
is global minimum at (0,£1) and the minimum value is —1. Both the global
maximum and minimum occur on the boundary.



23) Let g(z,y) = 4¢ — 2y. Then Vf = 2xi + 2yj and Vg = 4i — 2j. Solving
Vf = AVg and using the constraint, we obtain the equations:

2z = 4\ 2y = =2 dr — 2y =15

Multiplying the second by -2 gives —4y = 4\ so combining this with the first
equation we obtain 2x = —4y which gives x = —2y. Substituting into the third
equation we find x = 3 and y = —%.

We compute f(3,—2) = 11.25 but we don’t know if this is a maximum or
a minimum so we compute f at another point that satisfies the constraint and
compare. The point (4, 1) satisfies 4z — 2y = 15 and f(4, 3) = 16.25 > 11.25.
So there is a minimum at (3, —3). There is no maximum.



