FACT SHEET FOR 20C FINAL EXAM

ABSTRACT. Here are some formulas that you should know for the second exam.
Please bring a copy of this sheet to the test. Copies will not be included with
the exams. Please do not write extra formulas on this sheet.

1. CHAIN RULES AND IMPLICIT DIFFERENTIATION

(Chain Rule I) Given f(x,y), x(t), and y(¢), we can form a function of ¢
alone by composing h(t) = f(z(t),y(t)). Then:
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(Chain Rule II) Given f(x,y), x(u,v), and y(u,v), we can form a new
function of (u,v) by composing h(u,v) = f( (u,v),y(u,v)). Then:
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(Implicit Differentiation) Given a relation F(x,y,z) = 0, this defines an
implicit function z = f(z,y). One can then compute the partial derivatives
of z = f without solving for z via the formulas:
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2. INTEGRALS OVER BOXES

(2D) In 2D we integrate a function f(z,y) over the box a < x < b, ¢ <y <

d:
_ /ab /Cdf(x,y)dydx :

The integral is computed via one dimensional integrals evaluated in either
order (z first or y first).

(3D) In 3D we integrate a function f(z,y,z) over the box a < x < b,
c<y<d m<z<n

_ /ab/cd/mn F,y, 2)d=dydz .

The integral is computed via one dimensional integrals evaluated in any
order



3. INTEGRALS OVER 2D SIMPLE DOMAINS

(Vertical Limits) We can integrate a function f(z,y) over two dimensional
domains D = {a < x < b, a(z) < y < B(x)} by evaluating:

/D f(z,y)dxdy = /: (/Oij) f(a:,y)dy)da: .

Here the order matters, and one must integrate y first.
(Horizontal Limits) We can integrate a function f(z,y) over two dimen-
sional domains D = {a(y) < z < B(y), a < y < b} by evaluating:
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Here the order matters, and one must integrate x first.

4. INTEGRALS OVER 3D CYLINDRICAL DOMAINS

We can integrate a function f(x,y, z) over three dimensional domains W =
{(z,y) € D,¢¥(z,y) < z < ¢(x,y)} by evaluating:

czﬁ(r,y)
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Here the order matters, and one must integrate z first.
When setting up integrals of this form, it is often to follow a three step
procedure:

(1) Find the range of the z variable. That is, first determine the bounds
U(x,y) < 2z < ¢(x,y). Sometimes this means computing one of ¥ (z, y)
or ¢(z,y) using geometry.

(2) Find the “projected” domain D C R2. This will take the form of a
simple domain like in 2D integral problems, and often this is found by
intersection of the z limits from above (i.e. the boundary of D is given
by the relation ¥(z,y) = ¢(z,y)).

(3) Plug all the information from 1) and 2) above to set up the triple
integral I (remember to put z integration on the inside).

5. INTEGRALS IN POLAR AND CYLINDRICAL COORDINATES

We may use polar coordinates:
x = rcos(f) , y = rsin(f) ,

to write:

/D flz,y)dzdy = //D/ f(r cos(@),rsin(@))rdrd@ ,

where D’ is the polar description of D.
By using polar coordinates in (z,y), we can also transform 3D integrals as
follows:

///W f(@,y, z)dedydz = / / /W, f(rcos(9),rsin(8), z)rdrdodz

where W' is the cylindrical description of W (i.e. just changing the (z,y)
variables over to polar, and leaving z fixed).



