
COUNTING DESCENT PAIRS WITH PRESCRIBED TOPS AND BOTTOMSJOHN T. HALL AND JEFFREY B. REMMELAbstra
t. Given sets X and Y of positive integers and a permutation � = �1�2 � � ��n 2 Sn, anX;Y -des
ent of � is a des
ent pair �i > �i+1 whose \top" �i is in X and whose \bottom" �i+1 isin Y . We give two formulas for the number PX;Yn;s of � 2 Sn with s X; Y -des
ents. PX;Yn;s is alsoshown to be a hit number of a 
ertain Ferrers board. This work generalizes results of Kitaev andRemmel [15℄ [16℄ on 
ounting des
ent pairs whose top (or bottom) is equal to 0 mod k.Contents1. Introdu
tion 12. Pres
ribed Tops and Bottoms 43. Appli
ations 104. Conne
tions with Rook Theory 135. Words 196. X;Y; Z-des
ents 227. Further Questions 25Referen
es 271. Introdu
tionLet Sn denote the set of permutations of the set [n℄ = f1; 2; : : : ; ng. A des
ent pair of a permutation� = �1�2 � � ��n 2 Sn is a pair (�i; �i+1) with �i > �i+1. The main fo
us of this paper is to studythe distribution of des
ent pairs whose top �i lies in some �xed set X and whose bottom �i+1 liesin some �xed set Y .De�nition 1.1. Given subsets X;Y � N and a permutation � 2 Sn, letDesX;Y (�) = fi : �i > �i+1 & �i 2 X & �i+1 2 Y g; anddesX;Y (�) = jDesX;Y (�)j:If i 2 DesX;Y (�), then we 
all the pair (�i; �i+1) an X;Y -des
ent.For example, if X = f2; 3; 5g; Y = f1; 3; 4g; and � = 54213, then DesX;Y (�) = f1; 3g anddesX;Y (�) = 2.For �xed n we de�ne the polynomialPX;Yn (x) =Xs�0 PX;Yn;s xs := X�2Sn xdesX;Y (�): (1.1)Thus the 
oeÆ
ient PX;Yn;s is the number of � 2 Sn with exa
tly s X; Y -des
ents.Our main result is to give dire
t 
ombinatorial proofs of a pair of formulas for PX;Yn;s . First of all,for any set S � N, let Sn = S \ [n℄; andS
n = (S
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2 JOHN T. HALL AND JEFFREY B. REMMELThen we haveTheorem 2.3PX;Yn;s = jX
nj! sXr=0(�1)s�r�jX
nj+ rr ��n+ 1s� r� Yx2Xn(1 + r + �X;n;x + �Y;n;x); (1.2)andTheorem 2.5PX;Yn;s = jX
nj! jXnj�sXr=0 (�1)jXnj�s�r�jX
nj+ rr �� n+ 1jXnj � s� r� Yx2Xn(r + �X;n;x � �Y;n;x); (1.3)where for any set S and any j; 1 � j � n, we de�ne�S;n;j = jS
 \ fj + 1; j + 2; : : : ; ngj = jfx : j < x � n & x =2 Sgj; and�S;n;j = jS
 \ f1; 2; : : : ; j � 1gj = jfx : 1 � x < j & x =2 Sgj:Example 1.2. Suppose X = f2; 3; 4; 6; 7; 9g; Y = f1; 4; 8g, and n = 6. Thus X6 = f2; 3; 4; 6g; X
6 =f1; 5g; Y6 = f1; 4g; Y 
6 = f2; 3; 5; 6g, and we have the following table of values of �X;6;x; �Y;6;x, and�X;6;x. x 2 3 4 6�X;6;x 1 1 1 0�Y;6;x 0 1 2 2�X;6;x 1 1 1 2(1.2) gives PX;Y6;2 = 2! 2Xr=0(�1)2�r�2 + rr �� 72� r�(2 + r)(3 + r)(4 + r)(3 + r)= 2 (1 � 21 � 2 � 3 � 4 � 3� 3 � 7 � 3 � 4 � 5 � 4 + 6 � 1 � 4 � 5 � 6 � 5)= 2(1512� 5040 + 3600)= 144:while (1.3) givesPX;Y6;2 = 2! 2Xr=0(�1)2�r�2 + rr �� 72� r�(1 + r)(0 + r)(�1 + r)(0 + r)= 2 (1 � 21 � 1 � 0 � (�1) � 0� 3 � 7 � 2 � 1 � 0 � 1 + 6 � 1 � 3 � 2 � 1 � 2)= 2(0� 0 + 72)= 144:Let PXn;s := PX;Nn;s . Sin
e �N;n;x = 0 for all x 2 Xn, we have as 
orollariesPXn;s = jX
nj! sXr=0(�1)s�r�jX
nj+ rr ��n+ 1s� r� Yx2Xn(1 + r + �X;n;x) (1.4)and PXn;s = jX
nj! jXnj�sXr=0 (�1)jXnj�s�r�jX
nj+ rr �� n+ 1jXnj � s� r� Yx2Xn(r + �X;n;x): (1.5)We will show that the equality of (1.4) and (1.5) is equivalent to a 
ertain spe
ial 
ase of a generaltransformation result due to Gasper [6℄ for hypergeometri
 series of Karlsson-Minton type. Sin
e(1.4) and (1.5) have 
ompletely 
ombinatorial proofs, it follows that we 
an give 
ombinatorial proofsof many spe
ial 
ases of Gasper's transformation theorem.We will use the fundamental transformation of Foata [4℄ to show that the polynomials PX;Yn (x)are spe
ial 
ases of hit polynomials for Ferrers boards B 
ontained in the n� n board. Sin
e thereare many formulas for hit polynomials of Ferrers boards (see, for example, the results of Haglund



COUNTING DESCENT PAIRS WITH PRESCRIBED TOPS AND BOTTOMS 3[9℄), we have an alternative way to prove formulas for the polynomials PX;Yn (x). Moreover, we willshow that we 
an use the same idea to redu
e the 
omputation of the 
oeÆ
ients of PX;Yn (x) to the
omputation of the 
oeÆ
ients of PX�;Nn (x), for some appropriate X� depending on X and Y . Thus(1.4) and (1.5) already 
ontain all of the information needed to 
ompute the seemingly more generalformulas (1.2) and (1.3).This type of study was initiated by Kitaev and Remmel [15, 16℄. In parti
ular, they studieddes
ents a

ording to the equivalen
e 
lass mod k of either the top or bottom of a des
ent pair. Forany set X � f1; 2; 3; : : :g, they de�ned�  ��DesX(�) = fi : �i > �i+1 & �i 2 Xg and  �desX(�) = j ��DesX(�)j, and� ��!DesX(�) = fi : �i > �i+1 & �i+1 2 Xg and �!desX(�) = j��!DesX(�)j.It is easy to see that ��DesX(�) = DesX;N(�) and ��!DesX(�) = DesN;X(�). In [15℄, Kitaev and Remmelstudied polynomials su
h asRn(x) = Xk�0Rk;nxk := X�2Sn x �desE(�); andQn(x) = Xk�0Qk;nxk := X�2Sn x�!desE(�);where E = f2; 4; 6; : : : ; g is the set of positive even integers. In these 
ases, they found surprisinglysimple formulas for the 
oeÆ
ients. For example, they showed thatR2n;k = �nk�2(n!)2: (1.6)In [16℄, Kitaev and Remmel studied polynomials su
h asA(k)n (x) = Xj�0A(k)n;jxj := X�2Sn x �deskN (�); andB(k)n (x) = Xj�0B(k)n;jxj := X�2Sn x�!deskN (�);where kN = fk; 2k; 3k; : : :g. Note that A(k)n (x) = PX;Nn (x) and B(k)n (x) = PN;Yn (x); where X and Yare kN for some k � 2. When k � 3, the formulas for the 
oeÆ
ients of these polynomials are not assimple as (1.6). For example, Kitaev and Remmel used a re
ursion to prove the following formulas,whi
h hold for all 0 � j � k � 1 and all n � 0.A(k)kn+j;s = ((k � 1)n+ j)!�sXr=0(�1)s�r�(k � 1)n+ j + rr ��kn+ j + 1s� r � n�1Yi=0 (r + 1 + j + (k � 1)i) (1.7)A(k)kn+j;s = ((k � 1)n+ j)!�n�sXr=0(�1)n�s�r�(k � 1)n+ j + rr ��kn+ j + 1n� s� r � nYi=1(r + (k � 1)i) (1.8)Our main results are generalizations of the two formulas (1.7) and (1.8).The outline of this paper is as follows. In Se
tion 2, we give several formulations of a re
ursionfor the number PX;Yn;s of � 2 Sn with s X; Y -des
ents. Then we present our main results, the
ombinatorial proofs of (1.2) and (1.3). In Se
tion 3, we give several appli
ations of our main results,in
luding new proofs of results of Kitaev and Remmel [15℄ [16℄ on 
ounting des
ent pairs whosetop (or bottom) is equivalent to 0 mod k, and a 
ombinatorial proof of various spe
ial 
ases of atransformation of Karlsson-Minton type hypergeometri
 series due to Gasper [6℄. In Se
tion 4, weuse Foata's First Transformation, whi
h is a bije
tion taking des
ents to ex
eden
es, to rephrasethe problem of 
omputing the polynomials PX;Yn (x) as one of 
omputing hit polynomials for 
ertain



4 JOHN T. HALL AND JEFFREY B. REMMELboards B 
ontained in the n�n board. In Se
tion 5, we show that our results 
an be extended frompermutations to words. In Se
tion 6, we shall 
onsider a more general problem. That is, for anyX;Y; Z � N, we 
an 
onsider the polynomialsPX;Y;Zn (x) =Xs�0 PX;Y;Zn;s xs := X�2Sn xdesX;Y;Z (�);where for any subsets X , Y , and Z of N, and permutation � = �1�2 � � ��n 2 Sn,DesX;Y;Z(�) = fi : �i > �i+1 & �i 2 X; �i+1 2 Y & �i � �i+1 2 Zg; anddesX;Y;Z(�) = jDesX;Y;Z(�)j:Clearly PX;Yn (x) = PX;Y;Nn (x). We do not have a formula for the 
oeÆ
ients PX;Y;Zn;s for arbitrary X ,Y , and Z. However, we will show that we 
an �nd formulas for PX;Y;Zn;s for 
ertain spe
ial 
ases ofX , Y , and Z. Finally, in Se
tion 7, we present some dire
tions for future resear
h.2. Pres
ribed Tops and BottomsIn this se
tion, we will give several ways to 
ompute the 
oeÆ
ients PX;Yn;s .Given X;Y � N, let PX;Y0 (x; y) = 1, and for n � 1, de�nePX;Yn (x; y) = Xs;t�0PX;Yn;s;txsyt := X�2Sn xdesX;Y (�)yjY 
n j:Let �n+1 and 	n+1 be the operators de�ned as�n+1 : xsyt �! sxs�1yt + (n+ 1� s)xsyt	n+1 : xsyt �! (s+ t+ 1)xsyt + (n� s� t)xs+1yt:Proposition 2.1. For any sets X;Y � N, the polynomials PX;Yn (x; y) satisfyPX;Yn+1 (x; y) = 8>><>>: y ��n+1(PX;Yn (x; y)) if n+ 1 62 X and n+ 1 62 Y;�n+1(PX;Yn (x; y)) if n+ 1 62 X and n+ 1 2 Y;y �	n+1(PX;Yn (x; y)) if n+ 1 2 X and n+ 1 62 Y; and	n+1(PX;Yn (x; y)) if n+ 1 2 X and n+ 1 2 Y:Proof. We think of a permutation as being built up by su

essively inserting the numbers 1; 2; 3, andso on. Given a permutation � 2 Sn with s X; Y -des
ents, if n + 1 62 X and we insert n + 1 in themiddle of one of the s X; Y -des
ent pairs, then we destroy that X;Y -des
ent and get a permutationwith s � 1 X;Y -des
ents. If, instead, we insert n + 1 in one of the other n + 1 � s possible spots(in
luding the spots at the beginning and end of the permutation), then we preserve the number ofX;Y -des
ents. Thus, if n+ 1 =2 X , we havePX;Yn+1 (x; y) = � y ��n+1(PX;Yn (x; y)) if n+ 1 62 Y; and�n+1(PX;Yn (x; y)) if n+ 1 2 Y:On the other hand, if n + 1 2 X , then we preserve the number of X;Y -des
ents by inserting n+ 1in the middle of one of the s X; Y -des
ent pairs, or before any of the t elements of Y 
n , or at the endof the permutation. If, instead, we insert n+1 in one of the other n� s� t possible spots we 
reatea new X;Y -des
ent. Thus, if n+ 1 2 X , we havePX;Yn+1 (x; y) = � y �	n+1(PX;Yn (x; y)) if n+ 1 62 Y; and	n+1(PX;Yn (x; y)) if n+ 1 2 Y: �It is easy to see that Proposition 2.1 implies the following result.



COUNTING DESCENT PAIRS WITH PRESCRIBED TOPS AND BOTTOMS 5Corollary 2.2. For all X;Y � N and n � 1, the following re
ursion holds for the 
oeÆ
ients PX;Yn;s;t.PX;Yn+1;s;t = 8>>><>>>: (s+ 1)PX;Yn;s+1;t�1 + (n+ 1� s)PX;Yn;s;t�1 if n+ 1 62 X and n+ 1 62 Y;(s+ 1)PX;Yn;s+1;t + (n+ 1� s)PX;Yn;s;t if n+ 1 62 X and n+ 1 2 Y;(s+ t)PX;Yn;s;t�1 + (n+ 2� s� t)PX;Yn;s�1;t�1 if n+ 1 2 X and n+ 1 62 Y; and(s+ t+ 1)PX;Yn;s;t + (n+ 1� s� t)PX;Yn;s�1;t if n+ 1 2 X and n+ 1 2 Y: (2.1)We 
an rephrase Proposition 2.1 in terms of partial di�erential equations as follows.PX;Yn+1 (x; y) = 8>>>><>>>>: y �(n+ 1)PX;Yn (x; y) + (1 � x) ��xPX;Yn (x; y)� if n+ 1 62 X and n + 1 62 Y;(n + 1)PX;Yn (x; y) + (1� x) ��xPX;Yn (x; y) if n+ 1 62 X and n + 1 2 Y;y �(xn+ 1)PX;Yn (x; y) + (x� x2) ��xPX;Yn (x; y) + y(1� x) ��yPX;Yn (x; y)� if n+ 1 2 X and n + 1 62 Y; and(xn + 1)PX;Yn (x; y) + (x� x2) ��xPX;Yn (x; y) + y(1� x) ��y PX;Yn (x; y) if n+ 1 2 X and n + 1 2 Y: (2.2)One 
an then use either of the re
ursions (2.1) and (2.2) to 
ompute PX;Yn (x; y) for any X and Y .For example, if X = f2; 3; 5g and Y = f1; 3; 4g we havePX;Y0 (x; y) = 1PX;Y1 (x; y) = 1PX;Y2 (x; y) = y(1 + x)PX;Y3 (x; y) = y(2 + 4x)PX;Y4 (x; y) = y(12 + 12x)PX;Y5 (x; y) = y2(24 + 72x+ 24x2):It is easy to see that PX;Yn;s;t = 0 unless t = jY 
n j, so we will drop the t and write PX;Yn;s for PX;Yn;s;jY 
n j.Thus PX;Yn (x; 1) is really just the polynomial PX;Yn (x) de�ned by (1.1).Re
all that for ea
h x 2 Xn, we de�ned�X;n;x = jfz : x < z � n & z =2 Xgj; and�Y;n;x = jfz : 1 � z < x & z =2 Y gj:Then we have following formula for PX;Yn;s .Theorem 2.3.PX;Yn;s = jX
nj! sXr=0(�1)s�r�jX
nj+ rr ��n+ 1s� r� Yx2Xn(1 + r + �X;n;x + �Y;n;x): (2.3)Remark 2.4. Theorem 2.3 
an be proved by showing that the formula satis�es the re
ursion (2.1)for PX;Yn;s . However, we will give a dire
t 
ombinatorial proof using a sign-reversing involution on aset of 
on�gurations, whi
h are arrays of numbers, +'s, and �'s. The basi
 idea is simple: applyingthe involution to ea
h 
on�guration results in either 
hanging a + to a �, or 
hanging a � to a +.The �xed points of the involution will be shown to 
orrespond naturally to permutations � 2 Sn su
hthat desX;Y (�) = s.Proof. Let X;Y; n, and s be given. For r satisfying 0 � r � s, we de�ne the set of what we
all (n; s; r)X;Y -
on�gurations. An (n; s; r)X;Y -
on�guration 
 
onsists of an array of the numbers1; 2; : : : ; n, r +'s, and (s� r) �'s, satisfying the following two 
onditions:(i) ea
h � is either at the very beginning of the array or immediately follows a number, and(ii) if x 2 X and y 2 Y are 
onse
utive numbers in the array, and x > y, i.e., if (x; y) forms anX;Y -des
ent pair in the underlying permutation, then there must be at least one + betweenx and y.Note that in an (n; s; r)X;Y -
on�guration, the number of +'s plus the number of �'s equals s. Forexample, if X = f2; 3; 5; 6g and Y = f1; 3g, the following is a (6; 5; 3)X;Y -
on�guration.
 = 5 + 2�+46 + 13�



6 JOHN T. HALL AND JEFFREY B. REMMELIn this example, the underlying permutation is 524613. In general, we will let 
1
2 � � � 
n denote theunderlying permutation of the (n; s; r)X;Y -
on�guration 
.Let CX;Yn;s;r be the set of all (n; s; r)X;Y -
on�gurations. We 
laim that��CX;Yn;s;r�� = jX
nj!�jX
nj+ rr ��n+ 1s� r� Yx2Xn(1 + r + �X;n;x + �Y;n;x):That is, we 
an 
onstru
t the (n; s; r)X;Y -
on�gurations as follows. First, we pi
k an order for theelements in X
n. This 
an be done in jX
nj! ways. Next, we insert the r +'s. This 
an be done in�jX
nj+rr � ways. Next, we insert the elements of Xn = fx1 < x2 < � � � < xjXnjg in in
reasing order.After pla
ing x1; x2; : : : ; xi�1, the next element xi 
an go� immediately before any of the �Y;n;xi elements of f1; 2; : : : ; xi�1g that is not in Y , or� immediately before any of the �X;n;xi elements of fxi +1; xi +2; : : : ; ng that is not in X , or� immediately before any of the r +'s, or� at the very end of the array.Thus we 
an pla
e the elements of Xn in QjXnji=1 (1 + r + �X;n;x + �Y;n;x) ways. Note that althoughxi might also be in Y , and might be pla
ed immediately after some other element of Xn, 
ondition(ii) is not violated be
ause the elements of Xn are pla
ed in in
reasing order. Finally, sin
e ea
h �must o

ur either at the very start of the 
on�guration or immediately following a number, we 
anpla
e the �'s in �n+1s�r� ways.We de�ne the weight w(
) of an (n; s; r)X;Y -
on�guration 
 to be (�1)s�r, i.e., �1 to the numberof �'s of 
. It then follows that the RHS of (2.3) equalssXr=0 X
2CX;Yn;s;r w(
):We now prove the theorem by exhibiting a sign-reversing involution I on the set CX;Yn;s = sFr=0CX;Yn;s;r,whose �xed points 
orrespond to permutations � 2 Sn su
h that desX;Y (�) = s. We say that a sign
an be \reversed" if it 
an be 
hanged from + to � or from � to + without violating 
onditions(i) and (ii). To apply I to a 
on�guration 
, we s
an from left to right until we �nd the �rst signthat 
an be reversed. We then reverse that sign, and we let I(
) be the resulting 
on�guration. Ifno signs 
an be reversed, we set I(
) = 
.In the example above, the �rst sign we en
ounter is the + following 5. This + 
an be reversed,sin
e 52 is not an X;Y -des
ent. Thus I(
) is the 
on�guration shown below.I(
) = 5� 2�+46 + 13�It is easy to see that I(I(
)) = 
 in this 
ase, sin
e applying I again we 
hange the � following 5ba
k to a +.As another example, suppose X = E; Y = O, and n = 9. Let 
 be the following (9; 4; 3)X;Y -
on�guration. 
 = 986 + 17�++ 4253In this example we 
annot reverse the + following 6, be
ause 61 is an X;Y -des
ent in the underlyingpermutation 986174253. Thus we move on to the � following 7. Changing this � to a + we getI(
) = 986 + 17 +++ 4253:It is easy to see that I(I(
)) = 
 in this 
ase, as well.Conditions (i) and (ii) are 
learly preserved by the very de�nition of I . It is also 
lear that I issign-reversing, sin
e if I(
) 6= 
, then I(
) either has one more � than 
, or one fewer � than 
. Tosee that I is in fa
t an involution, we note that the only signs that are not reversible are single +'so

urring in the middle of an X;Y -des
ent pair, and +'s that immediately follows another sign. Ineither 
ase, it is 
lear that a sign is reversible in a 
on�guration 
 if and only if the 
orrespondingsign is reversible in I(
). Thus, if a sign is the �rst reversible sign in 
, the 
orresponding sign in
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) must also be the �rst reversible sign in I(
). It follows that I(I(
)) = 
 for all 
 2 CX;Yn;s . Wetherefore have sXr=0 X
2CX;Yn;s;r w(
) = sXr=0 X
 2 CX;Yn;s;rI(
) = 
 w(
):Now, 
onsider the �xed points of I . Suppose that I(
) = 
. Then 
 
learly 
an have no �'s, andso r = s and w(
) = 1. It must also be the 
ase that no +'s 
an be reversed. Thus ea
h of the s +'smust o

ur singly in the middle of an X;Y -des
ent pair. It follows that the underlying permutationhas exa
tly s X; Y -des
ents.Finally, we should observe that if � = �1�2 � � ��n is a permutation with exa
tly s X; Y -des
ents,then we 
an 
reate a �xed point of I simply by pla
ing a + in the middle of ea
h X;Y -des
ent pair.For example, if X = f2; 4; 6; 9g, Y = f1; 4; 7g, n = 9, s = 2, and � = 528941637, then we have
 = 5289 + 4 + 1637: �Note that the right-hand side of (2.3) makes sense for s > jXnj, even though a permutation � 2 Sn
an have no more than jXnj X;Y -des
ents. This issue be
omes important if one attempts to prove(2.3) by indu
tion, using the re
ursion (2.1). Although it is straightforward to show that the right-hand side of (2.3) satis�es the re
ursion, to 
omplete the proof one needs to show independentlythat the sum is zero when s = jXnj + 1. Our involution makes it 
lear that the sum is zero for alls > jXnj, sin
e in su
h 
ases there will always be at least one � or at least (jXnj+ 1) +'s. If thereare at least (jXnj+ 1) +'s, then there must be either an X;Y -des
ent (
i; 
i+1) su
h that at least two+'s o

ur between 
i and 
i+1, or 
onse
utive numbers 
i and 
i+1 whi
h do not form X;Y -des
ent,su
h that at least one + appears between 
i and 
i+1. In ea
h of these 
ases we 
an 
hange a sign,and thus I(
) 6= 
 for all 
 2 CX;Yn;s .We 
an use the same involution on a related set of obje
ts to prove an alternative formula forPX;Yn;s .Theorem 2.5.PX;Yn;s = jX
nj! jXnj�sXr=0 (�1)jXnj�s�r�jX
nj+ rr �� n+ 1jXnj � s� r� Yx2Xn(r + �X;n;x � �Y;n;x): (2.4)Proof. Let X;Y; n, and s be given. For r satisfying 0 � r � jXnj � s, an (n; s; r)X;Y -
on�guration
onsists of an array of the numbers 1; 2; : : : ; n, r +'s, and (jXnj � s� r) �'s, satisfying the followingthree 
onditions.(i) ea
h � is either at the very beginning of the array or immediately follows a number,(ii) if 
i 2 X; 1 � i < n, and (
i; 
i+1) is not an X;Y -des
ent pair of the underlying permutation,then there must be at least one + between 
i and 
i+1, and(iii) if 
n 2 X , then at least one + must o

ur to the right of 
n.Note that in an (n; s; r)X;Y -
on�guration, the number of +'s plus the number of �'s equals jXnj� s.As an example, if X = f2; 3; 6g and Y = f1; 2; 5g, then the following is a (6; 1; 1)X;Y -
on�guration.
 = 213 + 6� 54Let CX;Yn;s;r be the set of all (n; s; r)X;Y -
on�gurations. Then we 
laim that���CX;Yn;s;r��� = jX
nj!�jX
nj+ rr �� n+ 1jXnj � s� r� Yx2Xn(r + �X;n;x � �Y;n;x):That is, we 
an 
onstru
t the (n; s; r)X;Y -
on�gurations as follows. First, we pi
k an order for theelements in X
n. This 
an be done in jX
nj! ways. Next, we insert the r +'s. This 
an be done in�jX
nj+rr � ways. Next, we insert the elements of Xn = fx1 < x2 < � � � < xjXnjg in in
reasing order.First, we 
an pla
e x1 in r+�X;n;x1 ��Y;n;x1 ways, sin
e x1 
an either go immediately before any of



8 JOHN T. HALL AND JEFFREY B. REMMELthe r +'s or immediately before any of the x1 � 1� �Y;n;x1 = �X;n;x1 � �Y;n;x1 elements of Y whi
hare less than x1. We note here that �X;n;xi = xi � i for all i; 1 � i � jXnj. There are now two 
asesfor pla
ing x2.Case 1. x1 was pla
ed immediately in front of some element of y 2 Y . In this 
ase, x2 
annotbe pla
ed immediately in front of y, sin
e otherwise we would violate 
ondition (ii). x2 
an be pla
edbefore any + or immediately in front of any element of Y whi
h is less than x2, ex
ept y. Hen
e, x2
an be pla
ed in r + x2 � 1� �Y;n;x2 � 1 = r + x2 � 2� �Y;n;x2= r + �X;n;x2 � �Y;n;x2ways.Case 2. x1 was pla
ed immediately before a +. In this 
ase, x2 
annot be pla
ed immediatelybefore the same +, sin
e again we would violate 
ondition (ii). x2 
an be pla
ed immediately beforeany of the other +'s or immediately before any element of Y whi
h is less than x2. Hen
e x2 
an bepla
ed in r � 1 + x2 � 1� �Y;n;x2 = r + x2 � 2� �Y;n;x2= r + �X;n;x2 � �Y;n;x2ways.In general, having pla
ed x1; x2; : : : ; xi�1, we 
annot pla
e xi immediately before some y 2 Y; y < xi,whi
h earlier had an element of fx1; x2; : : : ; xi�1g pla
ed before it. Similarly, we 
annot pla
e xiimmediately before any + whi
h earlier had an element of fx1; x2; : : : ; xi�1g pla
ed before it. It thenfollows that there are r + xi � 1� �Y;n;xi � (i� 1) = r + xi � i� �Y;n;xi= r + �X;n;xi � �Y;n;xiways to pla
e xi. Thus, there are total of QjXnji=1 (r+�X;n;xi��Y;n;xi) ways to pla
e x1; x2; : : : ; xjXnj,given our pla
ement of the elements of X
n. Finally, we 
an pla
e the �'s in � n+1jXnj�s�r� ways.We de�ne the weight w(
) of an (n; s; r)X;Y -
on�guration 
 to be (�1)jXnj�s�r, i.e., �1 to thenumber of �'s of 
. It then follows that the RHS of (2.4) equalsjXnj�sXr=0 X
2CX;Yn;s;r w(
);We now prove the theorem by exhibiting a sign-reversing involution I on the set CX;Yn;s = jXnj�sFr=0 CX;Yn;s;rwhose �xed points 
orrespond to permutations � 2 Sn su
h that desX;Y (�) = s. We de�ne I exa
tlyas in the proof of Theorem 2.3. That is, we s
an from left to right and reverse the �rst sign that we
an reverse without violating 
onditions (i)-(iii).In the example above, we 
annot reverse the + following 3 without violating 
ondition (ii), sin
e3 2 X and 36 is not an X;Y -des
ent. Thus, we reverse the � following 6 to getI(
) = 213 + 6 + 54:We argue as in Theorem 2.3 that I is a sign-reversing involution, so thatsXr=0 X
2CX;Yn;s;r w(
) = sXr=0 X
 2 CX;Yn;s;rI(
) = 
 w(
):



COUNTING DESCENT PAIRS WITH PRESCRIBED TOPS AND BOTTOMS 9Now, 
onsider a �xed point 
 of I . As in the proof of Theorem 2.3, 
 
an have no �'s, and thusr = jXnj � s and w(
) = 1. No string of multiple +'s 
an o

ur, sin
e the �rst + in su
h a string
ould be reversed. Thus, ea
h of the (jXnj � s) +'s appears singly, and must either� immediately follow some 
i 2 X; 1 � i < n, su
h that (
i; 
i+1) is not an X;Y -des
ent pairof the underlying permutation, or� immediately follow 
n 2 X .Thus jXnj � s elements of Xn immediately pre
ede a + that 
annot be reversed, and are thusnot the tops of X;Y -des
ent pairs. It follows that ea
h of the remaining s elements of Xn do notimmediately pre
ede a +, and as su
h ea
h must be the top of an X;Y -des
ent pair,. Thus theunderlying permutation 
1
2 � � � 
n has exa
tly s X; Y -des
ents.Again, we observe that if �1�2 � � ��n is a permutation with exa
tly s X; Y -des
ents, then we 
an
reate a �xed point of I by inserting a + after every element of Xn that is not the top of an X;Y -des
ent pair. For example, if X = f2; 3; 4; 6; 8; 9g, Y = f1; 2; 3; 5g, n = 9, s = 4, and � = 958621437,then the 
orresponding 
on�guration would be958 + 62143+ 7: �We note that the quantity r + �X;n;xi � �Y;n;xi may be zero, or even negative. For example, letX = f2; 3; 4g, Y = f1; 3; 5g, n = 6, and s = 3. In 
onstru
ting a (6; 3; 0)X;Y 
on�guration, we startwith an ordering of X
6 = f1; 5; 6g, su
h as 516:Sin
e jX6j � s = 3� 3 = 0, there are no +'s to pla
e, and the next step is to pla
e the elements ofX6 in in
reasing order. There is one pla
e to put x1 = 2, namely, immediately before the 1. This
orresponds to the fa
t that �X;6;2 � �Y;6;2 = (2� 1)� 0 = 1. We then have the array5216:Noti
e that now there is no pla
e to put x2 = 3. There are no +'s, and 3 
annot be pla
ed in frontof 1 (the only element of Y smaller than 3) without violating 
ondition (ii). This 
orresponds to thefa
t that �X;6;3 � �Y;6;3 = (3� 2)� 1 = 0. So PX;Y6;3 = 0, whi
h we 
an also see by inspe
tion: theonly potential X;Y -des
ents are 21; 31; 41, and 43, and no permutation 
an 
ontain more than oneof 21; 31, and 41. Note, �nally, that the quantity r+�X;n;xi ��Y;n;xi is non-negative for i = 1, sin
e�Y;n;x1 � �X;n;x1 = x1 � 1, and that the di�eren
e(r + �X;n;xi � �Y;n;xi)� (r + �X;n;xi+1 � �Y;n;xi+1)= (r + xi � i� �Y;n;xi)� (r + xi+1 � (i+ 1)� �Y;n;xi+1)= 1 + xi � �Y;n;xi � (xi+1 � �Y;n;xi+1)is at most 1, sin
e the sequen
e fxi � �Y;n;xigjXnji=1 is nonde
reasing. Thus in a situation in whi
hr + �X;n;xi � �Y;n;xi is negative, we must have r + �X;n;xj � �Y;n;xj = 0 for some j < i.Taking Y = N in (2.3) and (2.4) gives the following two 
orollaries.Corollary 2.6. PXn;s = jX
nj! sXr=0(�1)s�r�jX
nj+ rr ��n+ 1s� r� Yx2Xn(1 + r + �X;n;x) (2.5)Corollary 2.7.PXn;s = jX
nj! jXnj�sXr=0 (�1)jXnj�s�r�jX
nj+ rr �� n+ 1jXnj � s� r� Yx2X(r + �X;n;x) (2.6)Remark 2.8. Using a rook-pla
ement interpretation outlined in Se
tion 4 of this paper, (2.5) and(2.6) 
an also be obtained from formulas of Haglund [9℄ for hit numbers of Ferrers boards.



10 JOHN T. HALL AND JEFFREY B. REMMELOne 
an use (2.3) and (2.4) to obtain similar formulas for the 
oeÆ
ients of the polynomialsQXn (x) = PN;Xn (x). Formulas for the 
oeÆ
ients of QXn (x) 
an also be derived dire
tly from (2.5)and (2.6) by using the following result.Theorem 2.9. Given a subset X � N and a permutation � 2 Sn, let X� be the subset of [n℄satisfying i 2 X� () n+ 1� i 2 Xn. ThenQXn;s = PX�n;s :Proof. Given a permutation � = �1�2 : : : �n, the 
omplement of � is �
 = (n + 1 � �1)(n + 1 ��2) : : : (n + 1 � �n). The reverse of � is �r = �n : : : �2�1. The operations of \
omplement" and\reverse" are both 
learly invertible. Now suppose � has a des
ent pair (i; j). Then �
 has anas
ent pair (n + 1 � i; n + 1 � j), and so (�
)r has a des
ent pair (n + 1 � j; n + 1 � i). Thus�!desX (�) = �desX� ((�
)r), whi
h implies QXn;s = PX�n;s . �For example, if X = kN and n = km+ j for some j; 0 � j � k�1, then Xn = fk; 2k; : : : kmg � [n℄andX� = f1+j; 1+j+k; : : : ; 1+j+k(m�1)g. Thus j(X�)
nj = (k�1)m+j, and, for i = 0; : : : ;m�1,we have �X�;n;1+j+ik = km+ j � (1 + j + ik)� (m� 1� i) = (k � 1)(m� i); and�X�;n;1+j+ik = j + (k � 1)i:It follows from Corollaries 2.6 and 2.7 thatQkNkm+j;s = P f1+j;1+j+k;:::;1+j+k(m�1)gkm+j;s =((k � 1)m+ j)! sXr=0(�1)s�r�(k � 1)m+ j + rr ��km+ j + 1s� r � mYi=1(1 + r + (k � 1)i); andQkNkm+j;s =((k � 1)m+ j)!m�sXr=0 (�1)m�s�r�(k � 1)m+ j + rr ��km+ j + 1m� s� r �m�1Yi=0 (r + j + (k � 1)i):These two formulas for QkNkm+j;s were �rst proved by Kitaev and Remmel in [16℄ using the spe
ial
ase of the re
ursion (2.1) with X = N and Y = kN.3. Appli
ationsCorollary 3.1. Let X = N, so that  ��DesX(�) = Des(�). ThenPXn;s = sXr=0(�1)s�r�n+ 1s� r�(1 + r)n;whi
h is a well-known formula for the Eulerian numbers (see, e.g., [1℄, pp. 240{246).In the following results we employ the notation of hypergeometri
 series. For a 2 R and n 2 N,let (a)n = a(a+ 1)(a+ 2) � � � (a+ n� 1). Let (a)0 = 1. De�nem+1Fm � a0; a1; a2; : : : ; amb1; b2; : : : ; bm � := 1Xr=0 (a0)r(a1)r(a2)r � � � (am)rr!(b1)r(b2)r � � � (bm)r :Sin
e (�n)r = 0 for all r > n, a hypergeometri
 series may be unde�ned if a parameter in thedenominator is a negative integer. In our appli
ations, all of the parameters are negative integers.However, in ea
h 
ase the largest (least negative) parameter o

urs in the numerator, hen
e the seriesterminates in a well-de�ned, �nite sum.Corollary 3.2. Let X = 2N. Then PX2n;s = (n!)2�ns�2;whi
h was originally derived by Kitaev and Remmel [15℄ using the spe
ial 
ase of the re
ursion (2.1)with X = 2N and Y = N.



COUNTING DESCENT PAIRS WITH PRESCRIBED TOPS AND BOTTOMS 11Proof. By Corollary 2.6, we havePX2n;s = n! sXr=0(�1)s�r�n+ rr ��2n+ 1s� r � nYi=1(i+ r)= (s+ 1)2n 3F2 � �s; �s; �(2n+ 1)�(n+ s); �(n+ s) �= (s+ 1)2n (n+ 1� s)s(n+ 1� s)s(n+ 1)s(n+ 1)s= (n!)2�ns�2;where in the third step we use the Pfa�-Saals
h�utz 3F2 summation formula (see [7℄)3F2 � �n; a; b
; a+ b� 
� n+ 1 � = (
� a)n(
� b)n(
)n(
� a� b)n : �Remark 3.3. More generally, if X = fu+2; u+4; u+6; : : : ; u+2mg, a similar 
omputation givesPX2m+u+v;s = �ms��m+ u+ vv + s �(m+ u)!(m+ v)!: (3.1)Combining (2.5) and (2.6) for various sets X , we get interesting identities, su
h as the followingresult of Kitaev and Remmel (Theorem 2 of [16℄).Corollary 3.4. Let X = kN. Then for ea
h j; 0 � j � k � 1, we havePXkn+j;s =((k � 1)n+ j)! sXr=0(�1)s�r (k � 1)n+ j + rr ! kn+ j + 1s� r ! n�1Yi=0 (1 + r + j + (k � 1)i) ; andPXkn+j;s =((k � 1)n+ j)! n�sXr=0(�1)n�s�r (k � 1)n+ j + rr ! kn+ j + 1n� s� r ! nYi=1 (r + (k � 1)i) :For some sets X the right-hand sides of (2.5) and (2.6) 
an be rewritten in terms of hypergeometri
series; hen
e we obtain 
ombinatorial proofs of identities su
h as the following.Corollary 3.5. Let k and m be positive integers, and let s be a non-negative integer. Then(s+ 1)k+1m k+2Fk+1 � �((k + 1)m+ 1); �s; : : : ; �s�(m+ s); : : : ; �(m+ s) � =(km+ 1� s)k+1m k+2Fk+1 � �((k + 1)m+ 1); �(km� s); : : : ; �(km� s)�((k + 1)m� s); : : : ; �((k + 1)m� s) � :Proof. Let X = fi : i 6= 1 mod (k + 1)g, and use (2.5) and (2.6) to 
ompute PX(k+1)m;s: �This identity is a spe
ial 
ase of an integral form of a transformation of Karlsson-Minton typehypergeometri
 series due to Gasper [6℄:k+2Fk+1 � w; x; b1 + d1; : : : ; bk + dkx+ 
+ 1; b1; : : : ; bk � =�(1 + x+ 
)�(1� w)�(1 + x� w)�(
 + 1) kYi=1 (bi � x)di(bi)di� k+2Fk+1 � �
; x; 1 + x� b1; : : : ; 1 + x� bkx+ 1� w; 1 + x� b1 � d1; : : : ; 1 + x� bk � dk �The following identity, while still a spe
ial 
ase of Gasper's transformation, is more general.



12 JOHN T. HALL AND JEFFREY B. REMMELCorollary 3.6. Let u = (u1; : : : ; uk) be a weakly in
reasing array of non-negative integers, andv = (v1; : : : ; vk) an array of positive integers. Then for n � kPi=1 vi +maxfui + vi : 1 � i � kg � u1,we have (s+ 1)a(s+ u1 + 1)v1 � � � (s+ uk + 1)vk� k+2Fk+1 � �(n+ 1); �s; �(s+ u1) : : : ; �(s+ uk)�(s+ a) �(s+ u1 + v1) : : : ; �(s+ uk + vk) � =(�1)n(�n+ s)a(�n+ s+ u1)v1 � � � (�n+ s+ uk)vk� k+2Fk+1 � �(n+ 1); �n+ s+ a �n+ s+ u1 + v1 : : : ; �n+ s+ uk + vk�n+ s �n+ s+ u1 : : : ; �n+ s+ uk � ;(3.2)where a = n� kPi=1 vi.Remark 3.7. Note that both hypergeometri
 series in (3.2) are balan
ed, i.e., the sum of theparameters in the top row is one less than the sum of the parameters in the bottom row. Balan
edhypergeometri
 series are a parti
ularly well-behaved 
lass of hypergeometri
 series for whi
h severalsummation and transformation results exist.Proof. For ea
h i; 1 � i � k, let f(i) = jfj : uj � i � uj + vj � 1gj :De�ne M = maxfm : f(m) > 0g and set b = a+ 1�M � u1. Let X be the subset of N de�ned bythe binary sequen
e� = 0 : : : 0| {z }b 1 : : : 1| {z }f(M) 0 1 : : : 1| {z }f(M�1) 0 1 : : : 1| {z }f(M�2) 0 : : : 0 1 : : : 1| {z }f(u1+1) 0 1 : : :1| {z }f(u1) 0 : : : 0| {z }u1 :That is, let i 2 X if and only if �i = 1.We prove the identity by showing that both sides are equal to PXn;s. Applying (2.5) givesPXn;s = a! sXr=0(�1)s�r�a+ rr ��n+ 1s� r� MYi=u1(i+ 1 + r)f(i)= a! sXr=0(�1)s�r�a+ rr ��n+ 1s� r� kYi=1(ui + 1 + r)vi= (s+ 1)a(s+ u1 + 1)v1 � � � (s+ uk + 1)vk� k+2Fk+1 � �(n+ 1); �s; �(s+ u1) : : : ; �(s+ uk)�(s+ a) �(s+ u1 + v1) : : : ; �(s+ uk + vk) � :The key observation here is that MQi=u1(i + 1 + r)f(i) = kQi=1(ui + 1 + r)vi , sin
e i + 1 + r o

urs inkQj=1(uj + 1 + r)vj exa
tly f(i) = jfj : uj � i � uj + vj � 1gj times.



COUNTING DESCENT PAIRS WITH PRESCRIBED TOPS AND BOTTOMS 13On the other hand, applying (2.6) givesPXn;s = a! n�a�sXr=0 (�1)n�a�s�r�a+ rr �� n+ 1n� a� s� r� MYi=u1(a� i+ r)f(i)= a! n�a�sXr=0 (�1)n�a�s�r�a+ rr �� n+ 1n� a� s� r� kYi=1(a+ 1� ui � vi + r)vi= (�1)n(�n+ s)a(�n+ s+ u1)v1 � � � (�n+ s+ uk)vk� k+2Fk+1 � �(n+ 1); �n+ s+ a �n+ s+ u1 + v1 : : : ; �n+ s+ uk + vk�n+ s �n+ s+ u1 : : : ; �n+ s+ uk � :�Example 3.8. Let u = (0; 1; 1; 5); v = (2; 3; 1; 2), and n = 16. If we represent u and v with fourrows of �'s, the ith row starting at ui and having length vi, then f(i) = jfj : uj � i � uj + vj � 1gjis the number of �'s in the ith 
olumn. In this example we have f(0) = 1; f(1) = 3; f(2) = f(3) =1; f(4) = 0, and f(5) = f(6) = 1, as shown below. � ��� � �� �0 1 2 3 4 5 6The 
orresponding binary sequen
e is � = 0010100101011101;and the 
orresponding set is X = f3; 5; 8; 10; 12; 13; 14; 16g. Using (2.5) and (2.6) to 
ompute PXn;sgives (s+ 1)8(s+ 1)2(s+ 2)3(s+ 2)1(s+ 6)2� 6F5 � �17; �s; �s; �(s+ 1); �(s+ 1); �(s+ 5)�(s+ 8); �(s+ 2); �(s+ 4); �(s+ 2); �(s+ 7) �= (�1)16(�16 + s)8(�16 + s)2(�15 + s)3(�15 + s)1(�11 + s)2� 6F5 � �17; �8 + s; �14 + s; �12 + s; �14 + s; �9 + s�16 + s �16 + s; �15 + s; �15 + s; �11 + s � :4. Conne
tions with Rook TheoryA board is a �nite subset of an in�nite grid of unit squares. The \rook number" rk(B) of a boardB is de�ned to be the number of ways to pla
e k non-atta
king rooks on B. Two boards B and B0are rook-equivalent if rk(B) = rk(B0) for all k. For a board B 
ontained inside the n� n board, the\hit number" hk(B) is de�ned to be the number of ways to pla
e n non-atta
king rooks on the n�nboard so that exa
tly k rooks lie on B. In what follows we will fo
us on hit numbers rather thanrook numbers. Kaplansky and Riordan [11℄ showed that rook-equivalent boards have the same hitnumbers.The key to the 
onne
tion between rook pla
ements and des
ents of permutations is Foata's FirstTransformation [4℄, a bije
tion � : Sn �! Sn whi
h ex
hanges ex
eden
es and des
ents. An ex
eden
eof � = �1�2 : : : �n is an entry �i satisfying �i > i. Foata's transformation 
an most easily be explainedwith an example.Example 4.1. Let ! = 61437258 = � 1 2 3 4 5 6 7 86 1 4 3 7 2 5 8 �. This permutation has threeex
eden
es: 16 ; 34 , and 57 . The �rst step in Foata's transformation is to write ! in 
y
le form:(162)(34)(57)(8). Next, write ea
h 
y
le with largest element last, and order the 
y
les by in
reasing



14 JOHN T. HALL AND JEFFREY B. REMMELlargest element: (34)(216)(57)(8). Finally, to 
ompute �(!), reverse ea
h 
y
le and erase the paren-theses: �(!) = 43612758. In this example the des
ents of �(!) are 43; 61, and 75. In general, it isnot hard to see that (i; j) is a des
ent pair of �(!) if and only if ji is an ex
eden
e of !. To goba
kwards, given � = 43612758, 
ut before ea
h left-to-right maxima: 43j612j75j8, then reverse ea
hblo
k to get the 
y
les of ��1(�): (34)(216)(57)(8).Foata's transformation is key to this se
tion be
ause rook pla
ements provide a 
onvenient wayof tra
king the ex
eden
es of a permutation. As the following example illustrates, given any subsetU � f(i; j) : 1 � j < i � ng of potential ex
eden
es we 
an 
onstru
t a board BUn inside the n � nboard so that the number of � 2 Sn with exa
tly s U -ex
eden
es, and hen
e the number of � 2 Snwith exa
tly s U -des
ents, is hs(BUn ).Example 4.2. Suppose we wish to 
ount des
ents �i > �i+1 satisfying �i 2 E; �i+1 2 O, and�i � �i+1 2 f1; 3g (this is an instan
e of 
ounting what we have 
alled \X;Y; Z-des
ents"). Forn = 8, the board BU8 
onsists of the squares (i; j) 2 [8℄ � [8℄ su
h that i 2 E; j 2 O, and i � j = 1or 3. We have pi
tured this board as the shaded squares in Figure 1. Now 
onsider the pla
ement,
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Figure 1. The board BU8 .shown in Figure 2, of eight non-atta
king rooks (marked by X's) on the 8�8 board so that two rookslie on BU8 . This pla
ement 
orresponds to the permutation ! = � 1 2 3 4 5 6 7 84 1 5 7 6 2 3 8 �,
321

5

4
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1
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X
X

X
X

X

X

X

8

7

6

76 8

3
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Figure 2. A pla
ement of rooks on the 8� 8 board.with the rooks pla
ed on BU8 
orresponding to the ex
eden
es 14 and 56 . We now employ Foata'stransformation to get the permutation � = �(!) = 74126538 with exa
tly two U-des
ents: 41 and65.One important 
lass of boards is the 
lass of Ferrers boards, that is, boards of partition shape.Ferrers boards are usually drawn right justi�ed, as in Figure 3. For X;Y � [n℄, the board BX;Yn
orresponding to the potential X;Y -des
ents of permutations � 2 Sn is trivially rook-equivalent to
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Figure 3. A Ferrers board.a Ferrers board; we need only shift all the non-empty rows and 
olumns to the bottom-left of thesquare and take the mirror image. For example, if X = f2; 3; 5g; Y = f1; 2; 4g, and n = 5, the boardBX;Y5 is shown in Figure 4; this board is trivially rook-equivalent to the Ferrers board shown inFigure 3. Therefore, in 
ertain 
ases we 
an make use of results for Ferrers boards in 
omputing the

3

54321

5

4

2

1

Figure 4. The board BX;Y5 .numbers PX;Yn;s . As one example, in [9℄, Haglund gives several formulas involving the hit numbers ofFerrers boards, one of whi
h 
an be spe
ialized to obtain (2.5).As another example, we 
an use the rook interpretation of our problem to give a purely 
om-binatorial proof of Corollary 3.2. For instan
e, the board BE;N8 
orresponding to even des
ents ofpermutations � 2 S8 is shown in Figure 5. The 
orresponding Ferrers board is shown in Figure 6.
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54321
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Figure 5. The board BE;N8 .In what follows we use the notation of [5℄ and [8℄. Let the 
olumn heights of a Ferrers board Binside an n�n square be given by the \height ve
tor" h(B) = (h1; h2; : : : ; hn). De�ne the \stru
tureve
tor" s(B) = (s1; s2; : : : ; sn), where si = hi � (i � 1); 1 � i � n. Here it is standard pra
ti
e toinsist that n be large enough so that none of the entries of the stru
ture ve
tor is positive. This
an always be done, for example, by taking n greater than the number of squares of B. In ourappli
ations n is already �xed; however, the entries of the stru
ture ve
tor are still non-positivebe
ause boards 
orresponding to des
ents ne
essarily lie stri
tly below the main diagonal. In [5℄,Foata and S
h�utzengerger showed that two Ferrers boards B and B0 are rook-equivalent if and onlyif the entries of s(B) and s(B0) are equal as multisets.In our example, we �rst 
ompute s(B):
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Figure 6. The Ferrers board B 
orresponding to BE;N8 .0 1 1 2 2 3 3 4� 0 1 2 3 4 5 6 70 0 �1 �1 �2 �2 �3 �3ThusB is rook-equivalent to the boardB0 with stru
ture ve
tor s(B0) = (0;�1;�2;�3; 0;�1;�2;�3).To identify B0 we next 
ompute h(B0):0 �1 �2 �3 0 �1 �2 �3+ 0 1 2 3 4 5 6 70 0 0 0 4 4 4 4Thus B0 is the board shown in Figure 7.

Figure 7. The board B0, rook-equivalent to B.In general, the board for even des
ents of permutations � 2 S2n has stru
ture ve
tors(B) = (0; 0;�1;�1; : : : ;�(n� 1);�(n� 1)) ;and is thus rook-equivalent to the square n� n board B0, whi
h has stru
ture ve
tors(B0) = (0;�1; : : : ;�(n� 1); 0;�1; : : : ;�(n� 1)) :The hit number hs for this square board B0 inside the 2n� 2n board is given byhs = �ns�2s! � � nn� s�(n� s)! � n! = (n!)2�ns�2;sin
e we 
an �rst pla
e s rooks on the n� n board B0 in �ns�2s! ways, then pla
e n� s rooks aboveB0 in � nn�s�(n� s)! ways, and �nally pla
e n rooks in the left half of the 2n� 2n board in n! ways.An important 
lass of boards whose hit numbers have a simple produ
t formula is the 
lass ofre
tangular boards. One might ask whether there are other sets X su
h that the board 
orrespondingto X-des
ents is rook equivalent to a re
tangular board. In fa
t, Remark 3.3 (in whi
h X = fu +2; u+4; u+6; : : : ; u+2mg) 
overs all possibilities. For example, 
onsider the 2�3 re
tangular boardB shown in Figure 8. We pla
e this board in the lower right 
orner of an 8� 8 board, as shown inFigure 9.
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Figure 8. The 2� 3 board B.

Figure 9. The board B pla
ed in an 8� 8 board.Note that for any set X the board asso
iated to X-des
ents has distin
t rows, sin
e the row
orresponding to i 2 X has length i � 1. Rearranging the elements of s(B) in weakly de
reasingorder gives the unique (see [5℄) board B0 with distin
t rows that is rook-equivalent to B. In ourexample, we 
ompute s(B) = (0;�1;�2;�3;�4;�3;�4;�5). Thus B is rook-equivalent to theboard B0 with stru
ture ve
tor s(B0) = (0;�1;�2;�3;�3;�4;�4;�5) and height ve
tor h(B0) =(0; 0; 0; 0; 1; 1; 2; 2). B0 is the board shown in Figure 10. Finally, to get the board for X-des
ents,
Figure 10. The board B0, rook-equivalent to B.we take the mirror image, and shift the rows upwards so that a row of length i� 1 is in position i,as shown in Figure 11. Thus in our example, X = f3; 5g. In general, if we start with a re
tangular

1

2

4

5

1 2 3 4 5

3

86 7

6

7

8Figure 11. The board BX8 .a� b board (a � b), then the 
orresponding set is X = fu+2; u+4; u+6; : : : ; u+2mg, where m = a



18 JOHN T. HALL AND JEFFREY B. REMMELand u = b� a. For n = 2m+ u+ v, we getPXn;s = �as��bs�s! ��n� ab� s�(b� s)! � (n� b)!= �ms��m+ us �s! ��m+ u+ vm+ u� s�(m+ u� s)! � (m+ v)!= �ms��m+ u+ vv + s �(m+ u)!(m+ v)!;exa
tly as in (3.1).As noted in the introdu
tion, we 
an also use the rook interpretation to translate the more generalproblem of 
ounting X;Y -des
ents into one for whi
h Corollaries 2.6 and 2.7 apply dire
tly.Proposition 4.3. Given subsets X;Y � N and a permutation � 2 Sn, let B be the Ferrers board
orresponding to the potential des
ent pairs (i; j), where i 2 Xn and j 2 Yn. Let B0 be the uniqueFerrers board rook-equivalent to B that has distin
t rows. Let X 0 � [n℄ be the unique subset whose
orresponding board (on
e empty rows and 
olumns are deleted, and taking the mirror image) is B0.Then PX;Yn;s = PX0n;s:Proof. By the previous dis
ussion, we have PX;Yn;s = hs(B) and PX0n;s = hs(B0). But B and B0 arerook-equivalent, and thus hs(B) = hs(B0) for all s. �Example 4.4. Let X = f2; 3; 5; 7; 8g; Y = f1; 2; 4; 5; 6g, and n = 8, so that the potential des
entpairs are 21; 31; 32; 51; 52; 54; 71; 72; 74; 75; 76; 81; 82; 84; 85, and 86. Then PX;Y8;s = hs(BX;Y8 ), whereBX;Y8 is the board shown in Figure 12. The unique board B0 rook-equivalent to BX;Y8 that has distin
t
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Figure 12. The board BX;Y8 .rows is shown in Figure 13. B0 is the board for X 0 = f2; 3; 4; 5; 7g, and so PX;Y8;s = PX08;s for all s.
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Figure 13. The board B0, rook-equivalent to BX;Y8 .



COUNTING DESCENT PAIRS WITH PRESCRIBED TOPS AND BOTTOMS 195. WordsOur results (2.3) and (2.4) extend easily to words. Let � = (�1; �2; : : : ; �m) be a 
omposition of n,and let R(�) be the rearrangement 
lass of the word 1�12�2 � � �m�m (i.e., �1 
opies of 1, �2 
opies of2, et
.). Given X;Y � N, and a word w 2 R(�), de�neDesX;Y (w) = fi : wi > wi+1 & wi 2 X & wi+1 2 Y g;desX;Y (w) = jDesX;Y (w)j; andPX;Y�;s = jfw 2 R(�) : desX;Y (w) = sgj :ThenTheorem 5.1.PX;Y�;s = � a�v1 ; �v2 ; : : : ; �vb� sXr=0(�1)s�r�a+ rr ��n+ 1s� r� Yx2X��x + r + �X;�;x + �Y;�;x�x �; (5.1)where X
m = fv1; v2; : : : ; vbg; a = bPi=1 �vi , and for any x 2 Xm,�X;�;x = Xz =2 Xx < z � m �z; and�Y;�;x = Xz =2 Y1 � z < x �z:Proof. We pro
eed as in the proof of Theorem 2.3. Fix s and the 
omposition � = (�1; �2; : : : ; �m)of n. Given r su
h that 0 � r � s, a (�; s; r)X;Y -
on�guration 
 
onsists of an array of the elementsof the multiset f1�1 ; 2�2 ; : : : ;m�mg, r +'s, and (s� r) �'s, satisfying(i) ea
h � is either at the very beginning of the array or immediately follows a number, and(ii) if x and y are 
onse
utive numbers in the array, with x 2 X; y 2 Y , and x > y, i.e., if(x; y) forms an X;Y -des
ent pair in the underlying word, then there must be at least one +between x and y.As an example, if � = (2; 3; 1; 4; 2); X = f2; 3; 5g, and Y = f1; 3; 4g, the following is a (�; 5; 3)X;Y -
on�guration. 
 = 4124� 413�+25 + 42 + 5In this example, the underlying word is 412441325425. As before, we will let 
1
2 � � � 
n denote theunderlying word of the (�; s; r)X;Y -
on�guration 
.Let CX;Y�;s;r be the set of all (�; s; r)X;Y -
on�gurations. Then we 
laim that��CX;Y�;s;r�� = � a�v1 ; �v2 ; : : : ; �vb��a+ rr ��n+ 1s� r� Yx2X��x + r + �X;�;x + �Y;�;x�x �:That is, we 
an 
onstru
t the set of (�; s; r)X;Y -
on�gurations as follows. First, we order the elementsof the multiset fv�v11 ; : : : ; v�vbb g. This 
an be done in � a�v1 ;�v2 ;:::;�vb� ways. Next, we insert the r +'s.This 
an be done in �a+rr � ways. Writing Xm = fx1 < x2 < � � � < xjXmjg, we 
an next pla
e theelements of the multiset fx�x11 ; : : : ; x�xjXmjjXmj g in jXmjQi=1 ��xi+r+�X;�;xi+�Y;�;xi�xi � ways, sin
e after pla
ingall 
opies of x1; x2; : : : ; xi�1, the �xi 
opies of xi 
an either go� immediately before any of the �Y;�;xi elements of f1; 2; : : : ; xi�1g that is not in Y , or� immediately before any of the �X;�;xi elements of fxi+1; xi+2; : : : ;mg that is not in X , or� immediately before any of the r +'s, or� at the very end of the array.



20 JOHN T. HALL AND JEFFREY B. REMMELThus, we have 1+ r+�X;�;xi +�Y;�;xi pla
es in whi
h we 
an insert letters equal to xi. The numberof ways in whi
h we 
an pla
e the xi's is therefore equal to the number of positive integral solutionsof the equation z1 + � � �+ z1+r+�X;�;xi+�Y;�;xi = �xi ;whi
h is well know to be ��xi+r+�X;�;xi+�Y;�;xi�xi �. Finally, we 
an pla
e the �'s in �n+1s�r� ways.As before, we de�ne the weight w(
) of an (�; s; r)X;Y -
on�guration 
 to be �1 to the number of�'s of 
. It then follows that the RHS of (5.1) equalssXr=0 X
2CX;Y�;s;r w(
)We now employ the identi
al involution I as in the proof of Theorem 2.3, this time on the setCX;Y�;s = sFr=0CX;Y�;s;r . As before, we s
an from left to right, and reverse the �rst sign that we 
anreverse without violating 
onditions (i) and (ii). In our example above, the �rst pla
e where weeither en
ounter a sign that 
an be reversed is the � after the se
ond 4. ThusI(
) = 4124+ 413�+25 + 42 + 5:As was the 
ase with the proof of Theorem 2.3, it is simple to 
he
k that I is a sign-reversinginvolution.Now, suppose that I(
) = 
. Then 
 
learly 
an have no �'s, and so r = s and w(
) = 1. It mustalso be the 
ase that no +'s 
an be reversed. Thus ea
h of the s +'s must o

ur singly in the middleof an X;Y -des
ent pair. It follows that the underlying word has exa
tly s X; Y -des
ents. �Taking Y = N in (5.1) gives the word analogue of Corollary 2.6.Corollary 5.2.PX�;s = � a�v1 ; �v2 ; : : : ; �vb� sXr=0(�1)s�r�a+ rr ��n+ 1s� r� Yx2X��x + r + �X;�;x�x �; (5.2)where we write PX�;s for PX;N�;s .Corollary 5.3. Let X = f2g and � = (a; b). ThenPX�;s = �as��bs�:Proof. By (5.2) we havePX�;s = �aa� sXr=0(�1)s�r�a+ rr ��a+ b+ 1s� r ��b+ rb �= (s+ 1)aa! (s+ 1)bb! 3F2 � �s; �s; �(a+ b+ 1)�(a+ s); �(b+ s) �= (s+ 1)aa! (s+ 1)bb! (a� s+ 1)s(b� s+ 1)s(a+ 1)s(b+ 1)s= �as��bs�: �Remark 5.4. We 
an give a purely 
ombinatorial proof of Corollary 5.3 using Foata's transformationswit
hing des
ents and ex
eden
es. The number of rearrangements of a 1's and b 2's with exa
tly sex
eden
es is �as��bs�, sin
e we have to 
hoose whi
h s of the �rst a spots to be 2's (giving s ex
eden
es)and whi
h s of the last b spots to be 1's.



COUNTING DESCENT PAIRS WITH PRESCRIBED TOPS AND BOTTOMS 21Corollary 5.5. Let X = 2N and � = (k; k; : : : ; k| {z }2n ). ThenPX�;s = � knk; k; : : : ; k�2�kns �2:Proof. By (5.2) we havePX�;s = � knk; k; : : : ; k� sXr=0(�1)s�r�kn+ rr ��2kn+ 1s� r � nYi=1�ki+ rk �= 1(k!)2n sXr=0(�1)s�r(r + 1)2kn�2kn+ 1s� r �= (s+ 1)2kn(k!)2n 3F2 � �s; �s; �(2kn+ 1)�(kn+ s); �(kn+ s) �= � knk; k; : : : ; k�2�kns �2: �Finally, there is an alternative formula for PX;Y�;s . In addition to the notation of Theorem 5.1, let�X;�;x = Xz =2 X1 � z < x �z:We haveTheorem 5.6.PX;Y�;s = � a�v1 ; �v2 ; : : : ; �vb� n�a�sXr=0 (�1)n�a�s�r�a+ rr �� n+ 1n� a� s� r� Yx2X�r + �X;�;x � �Y;�;x�x �;(5.3)where we use the 
onvention that �pq� = 0 if p < 0.Proof. The proof is analogous to that of Theorem 2.5. Given a �xed 
omposition � = (�1; �2; : : : ; �m)of n, and s � r � 0, a (�; s; r)X;Y -
on�guration is an array of the elements of the multisetf1�1 ; 2�2 ; : : : ;m�mg, together with r +'s and (n� a� s� r) �'s, satisfying(i) ea
h � is either at the very beginning of the string or immediately follows a number,(ii) if 
i 2 X; 1 � i < n, and (
i; 
i+1) is not an X;Y -des
ent pair of the underlying word, thenthere must be at least one + between 
i and 
i+1, and(iii) if 
n 2 X , then 
n must be followed by at least one +.As an example, if X = f2; 3; 6g; Y = f1; 2; 5g, and � = (2; 1; 3; 2; 1; 1), then the following is a(�; 1; 2)X;Y -
on�guration. 213 + 43 + 3� 165� 4Let CX;Y�;s;r be the set of all (�; s; r)X;Y -
on�gurations. Then we 
laim that���CX;Y�;s;r��� = �a+ rr �� a�v1 ; �v2 ; : : : ; �vb�� n+ 1n� a� s� r� Yx2X�r + �X;�;x � �Y;�;x�x �:That is, we 
an 
onstru
t the set of (�; s; r)X;Y -
on�gurations as follows. First, we order the elementsof the multiset fv�v11 ; : : : ; v�vbb g. This 
an be done in � a�v1 ;�v2 ;:::;�vb� ways. Next, we insert the r +'s.This 
an be done in �a+rr � ways. Next, 
onsider the 
hoi
es for pla
ing the elements of the multisetfx�x11 ; x�x22 ; : : : ; x�xjX
mjjX
mj g in the order x1 < x2 < � � � < xjX
mj. First, there are r + �X;�;x1 � �Y;�;x1spa
es in whi
h to insert the x1's, sin
e x1 
an either go immediately before of any +, or immediatelybefore any element of Y whi
h is less than x1. Note that unlike the situation in Theorem 5.1, no
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opy of x1 
an go in any parti
ular available spa
e. Thus there are �r+�X;�;x1��Y;�;x1�x1 �ways to pla
e the x1's.In general, having pla
ed all 
opies of x1; x2; : : : ; xi�1, we 
annot pla
e xi immediately beforesome y 2 Y; y < xi, whi
h earlier had an element of the multiset fx�x11 ; x�x22 ; : : : ; x�xi�1i�1 g pla
edimmediately before it. Similarly, we 
annot pla
e xi immediately before any + whi
h earlier had anelement of the multiset fx�x11 ; x�x22 ; : : : ; x�xi�1i�1 g pla
ed immediately before it. It then follows thatthere are r + X1�z<xi �z � �Y;�;xi � i�1Xj=1 �xj = r + �X;�;xi � �Y;�;xispa
es in whi
h to insert the xi's. Thus, there are total of QjX
mji=1 �r+�X;�;xi��Y;�;xi�xi � ways to pla
e allof the 
opies of x1; x2; : : : ; xjX
mj, given our pla
ement of the 
opies of v1; v2; : : : ; vb. Finally, we 
anpla
e the �'s in � n+1n�a�s�r� ways.The remainder of the proof follows exa
tly as in Theorem 2.5. The weight of a 
on�guration is de-�ned in the same way, and applying the same sign-reversing involution I 
an
els out all 
on�gurationsex
ept those 
orresponding to words with exa
tly s X; Y -des
ent pairs. �In the spe
ial 
ase Y = N, Theorem 5.6 redu
es to the following.Corollary 5.7.PX�;s = � a�v1 ; �v2 ; : : : ; �vb� n�a�sXr=0 (�1)n�a�s�r�a+ rr ��n+ 1s� r� Yx2X �r + �X;�;x�x �:6. X;Y; Z-des
entsAs mentioned in the Introdu
tion, a more general problem is to study the 
lass of polynomialsPX;Y;Zn (x) =Xs�0 PX;Y;Zn;s xs := X�2Sn xdesX;Y;Z (�);where for any subsets X , Y , and Z of N, and permutation � = �1�2 � � ��n 2 Sn,DesX;Y;Z(�) = fi : �i > �i+1 & �i 2 X; �i+1 2 Y & �i � �i+1 2 Zg; anddesX;Y;Z(�) = jDesX;Y;Z(�)j:We say shall that (�i; �i+1) is an X;Y; Z-des
ent if i 2 DesX;Y;Z(�). The polynomials studied inthis paper are thus the spe
ial 
ase Z = N of the polynomials PX;Y;Zn (x).In many 
ases, we 
an obtain formulas for the 
oeÆ
ients PX;Y;Zn;s from our previous formulas. Thatis, in many 
ases, the possible X;Y; Z-des
ents under Foata's transformation 
orresponds to a boardwhi
h is rook equivalent to a Ferrers board. In su
h 
ases, we 
an use the formulas for hit polynomialsor our formulas for PX;Yn;s or PXn;s to obtain formulas for PX;Y;Zn;s . For example, let E = 2N and N�k =fk; k+1; k+2; : : :g. Under Foata's transformation, the E;E;N�2k -des
ents 
orrespond to ex
eden
esof the form 2s2t where 2t� 2s � 2k. For example, if k = 2 and n = 20, then we would 
onsider theboard BE;E;N�420 shown in Figure 14. It is then easy to see that BE;E;N�420 is rook equivalent to theboard Bf2;3;4;5;6;7;8;9g20 pi
tured in Figure 15, whi
h is the board we would 
onsider when 
omputingthe polynomial P f2;3;4;5;6;7;8;9g20 (x). It follows that PE;E;N�420 (x) = P f2;3;4;5;6;7;8;9g20 (x). Thus we 
anuse Corollary 2.6 or Corollary 2.7 to give expli
it formulas for PE;E;N�420;s = P f2;3;4;5;6;7;8;9g20;s .The problem of 
omputing PX;Y;Zn;s for arbitrary sets X;Y , and Z seems to be diÆ
ult in largepart be
ause the board 
orresponding to X;Y; Z-des
ents is not a Ferrers board in general. This 
anbe seen in Example 4.2, in whi
h X = E; Y = O, and Z = f1; 3g. In some spe
ial 
ases, however,the rook-pla
ement formulation will enable us to derive a formula for PX;Y;Zn;s involving a double ortriple sum. One su
h example is given below.
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Figure 14. The board BE;E;N�420 .
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Figure 15. The board Bf2;3;4;5;6;7;8;9g20 .Example 6.1. Let X = fz : z = 4; 5; or 6 mod 6g; Y = fz : z = 1; 2; or 3 mod 6g, and Z =f1; 2; 3; 4; 5; 6g. For n = 12, the board BX;Y;Z12 
orresponding to X;Y; Z-des
ents is shown in Figure16. By permuting rows and 
olumns we see that BX;Y;Z12 is rook equivalent to the board B0 shown inFigure 17. To 
ompute the hit number hs of B0, we think of pla
ing the rooks in several su

essivesteps, as indi
ated by the numbers on the diagram in Figure 18.Suppose we �rst pla
e p rooks on the lower-left 3 � 3 blo
k of B0 and q rooks on the upper-right3� 3 blo
k of B0, where p+ q = s. This �rst step 
an be done in �3p��3p�p! � �3q��3q�q! ways. Next, wepla
e a total of 3 � q rooks in the regions marked `2'; this 
an be done in �9�p3�q�(3 � q)! ways. Wethen pla
e a total of 3 � p rooks in the regions marked `3'; this 
an be done in �9�p3�p�(3 � p)! ways.At this point, there are six rooks left to pla
e, one in ea
h of the six 
olumns of the regions marked`4'. Sin
e six rooks have already been pla
ed, only six rows remain open. Hen
e there are 6! ways to
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Figure 16. The board BX;Y;Z12 .
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Figure 17. The board B0, rook-equivalent to BX;Y;Z12 .
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Figure 18. A diagram indi
ating the order of pla
ement of rooks on B0.do this last step. Thus we havePX;Y;Z12;s = Xp+ q = s0 � p � 30 � q � 3 �3p��3p�p! � �3q��3q�q! ��9� p3� q�(3� q)! � �9� p3� p�(3� p)! � 6!= Xp+ q = s0 � p � 30 � q � 3 (3!)4((3� p)!)2((3� q)!)2p!q! ((9� p)!)2(6� p+ q)! :
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tion, we dis
uss some open questions and dire
tions for further resear
h.Relations between PX�;s and PXn;s. It is easy to see that for any 
omposition � = (�1; �2; : : : ; �m)of n, we have �1!�2! � � � �m!jR(�)j = jSnj:In fa
t there is a natural bije
tion� : (S�1 � S�2 � � � � � S�m)�R(�) �! Sn;((�(1); �(2); : : : ; �(m)); w) 7�! �;where � is obtained from w by repla
ing the ith o

urren
e of 1 by �(1)i , the ith o

urren
e of 2 by�1 + �(2)i , and so on. For example, �((21; 312); 12212) = 25314. As another example, if �(j) is theidentity permutation for ea
h j, then �((�(1); �(2); : : : ; �(m)); w) is just the usual standardization ofw, written std(w), whi
h is obtained from w by repla
ing the ith o

urren
e of 1 with i, the itho

urren
e of 2 with �1 + i, and so on. However, in general it is not true that�1!�2! � � � �m!PX�;s = PXn;s; (7.1)for arbitrary � and X . For example, if X = N and we are 
ounting des
ents without restri
tion, thenPX�;s = 0 for s > Pm�1i=1 �i, sin
e the largest number m 
annot be the bottom of a des
ent. On theother hand, PXn;s is non-zero for all 0 � s � n� 1.In light of the above, the following 
onsequen
e of Corollaries 3.2 and 5.5 is quite surprising. ForX = 2N and � = (k; k; : : : ; k| {z }2n ), we have (k!)2nPX�;s = PX2kn;s:This identity does not follow by applying the bije
tion �. For example, w = 41421323 has two evendes
ents, while std(w) = 71832546 has one. We therefore ask for an expli
it bije
tion : (Sk � Sk � � � � � Sk| {z }2n )�R(k; k; : : : ; k| {z }2n ) �! S2kn;satisfying  �desE( (w)) = �desE(w)for all w 2 R(k; k; : : : ; k| {z }2n ). We also ask if there are other sets X and 
ompositions � for whi
h (7.1)holds.q-analogues. The following q-analogue of the numbers PXn;s = PX;Nn;s exists. Let[n℄q = 1 + q + q2 + : : :+ qn�1:Let �qn+1 and �qn+1 be the operators de�ned as�n+1 : xs �! [s℄qxs�1 + qs[n+ 1� s℄qxs�n+1 : xs �! [s+ 1℄qxs + qs+1[n� s℄qxs+1:Given a subset X � N, we de�ne the polynomials PXn (q; x) by PX0 (q; x) = 1, andPXn+1(q; x) = � �qn+1(PXn (q; x)); if n+ 1 62 X; and�qn+1(PXn (q; x)); if n+ 1 2 X:We de�ne the 
oeÆ
ient polynomials PXn;s(q) by setting PXn (q; x) = Ps�0PXn;s(q)xs. The polynomialsPXn;s(q) satisfy a re
ursion analogous to (2.1), and q-analogues of the formulas (2.5) and (2.6) have
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ombinatorial interpretation of a Mahonian statisti
 statsatisfying PXn;s(q) = X� 2 Sn;desX (�) = s qstat(�);will be presented in an up
oming paper by the authors and J. Liese.Pattern mat
hings. One 
an put our results in a more general 
ontext of pattern mat
hings inpermutations as follows. Given any sequen
e � = �1�2 � � ��n of distin
t integers, we let red(�) bethe permutation that results by repla
ing the i-th smallest integer that appears in the sequen
e �by i. For example, if � = 2 7 5 4, then red(�) = 1 4 3 2. Given a permutation � in the symmetri
group Sj , we de�ne a permutation � = �1�2 � � ��n 2 Sn to have a � -mat
h at pla
e i providedred(�i�i+1 � � ��i+j�1) = � . Let � -m
h(�) be the number of � -mat
hes in the permutation �. Toprevent 
onfusion, we note that a permutation not having a � -mat
h is di�erent than a permutationbeing � -avoiding. A permutation is 
alled � -avoiding if there are no indi
es i1 < i2 < � � � < ij su
hthat red(�i1�i2 � � ��ij ) = � . For example, if � = 2 1 4 3, then the permutation 3 2 1 4 6 5 does not havea � -mat
h but it does not avoid � sin
e red(2 1 6 5) = � . In the 
ase where j� j = 2, � -m
h(�) redu
esto familiar permutation statisti
s. That is, if � = �1�2 � � ��n 2 Sn, let Des(�) = fi : �i > �i+1gand Rise(�) = fi : �i < �i+1g. Then it is easy to see that (2 1)-m
h(�) = des(�) = jDes(�)j and(1 2)-m
h(�) = rise(�) = jRise(�)j. A number of re
ent publi
ations have analyzed the distributionof � -mat
hes in permutations. See, for example, [2, 13, 12℄.We 
an 
onsider a more re�ned pattern-mat
hing 
ondition where we take into a

ount 
onditionsinvolving equivalen
e mod k for some integer k � 2. That is, suppose we �x k � 2 and we are givensome sequen
e of distin
t integers � = �1�2 � � � �j . Then we say that a permutation � = �1�2 � � ��n 2Sn has a � -k-equivalen
e mat
h at pla
e i provided red(�i�i+1 � � ��i+j�1) = red(�) and for alls 2 f0; 1; : : : ; j � 1g, �i+s = �1+s mod k. For example, if � = 1 2 and � = 5 1 7 4 3 6 8 2, then �has � -mat
hes starting at positions 2, 5, and 6. However, if k = 2, then only the � -mat
h startingat position 5 is a � -2-equivalen
e mat
h. (Later, it will be explained that the � -mat
h starting atposition 2 is a (1 3)-2-equivalen
e mat
h and the � -mat
h starting a position 6 is a (2 4)-2-equivalen
emat
h.) Let � -k-em
h(�) be the number of � -k-equivalen
e mat
hes in the permutation �.More generally, if � is a set of sequen
es of distin
t integers of length j, then we say that apermutation � = �1�2 � � ��n 2 Sn has a �-k-equivalen
e mat
h at pla
e i provided that there is a� 2 � su
h that red(�i�i+1 � � ��i+j�1) = red(�) and for all s 2 f0; : : : ; j � 1g, �i+s = �1+s mod k.Let �-k-em
h(�) be the number of �-k-equivalen
e mat
hes in the permutation �.One 
an then study the polynomialsT�;k;n(x) = X�2Sn x�-k-em
h(�) = nXs=0 T s�;k;nxs andU�;k;n(x) = X�2Sn x�-k-em
h(�) = nXs=0Us�;k;nxs:In parti
ular, suppose that we fo
us on the spe
ial 
ases of these polynomials where we 
onsideronly patterns of length 2. That is, �x k � 2 and let Ak equal the set of all sequen
es (a b) su
hthat 1 � a < b � 2k and there is no lexi
ographi
ally smaller sequen
e x y having the property thatx � a mod k and y � b mod k. For example,A4 = f1 2; 1 3; 1 4; 1 5; 2 3; 2 4; 2 5; 2 6; 3 4; 3 5; 3 6; 3 7; 4 5; 4 6; 4 7; 4 8g:Let Dk = fb a : a b 2 Akg and Ek = Ak [ Dk. Thus Ek 
onsists of all k-equivalen
e patterns oflength 2 that we 
ould possibly 
onsider. Note that if � = Ak, then �-k-em
h(�) = rise(�) and if� = Dk, then �-k-em
h(�) = des(�).Liese [17℄ studied the polynomials Us�;k;n where � 
onsists of patterns of length 2. For example, heshowed that one 
an use in
lusion-ex
lusion to �nd a formula for Us�;k;n for any � � Ek in terms of
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ertain rook numbers of a sequen
es of boards asso
iated with �. The same is true for 
oeÆ
ients ofthe the polynomials PX;Y;Zn (x). This approa
h leads to 
ompletely di�erent formulas than the onesprodu
ed in this paper. While this approa
h is straightforward, it is unsatisfa
tory sin
e it redu
esthe 
omputation of Us�;k;n to another diÆ
ult problem, namely, 
omputing rook numbers for generalboards.Liese [17℄ was able to give dire
t formulas for the 
oeÆ
ients T s�;k;n where � 2 Ek. For example,in the 
ase where � = (1 k), his results imply that for all 0 � s � n and for all 0 � j � k � 1,T s(1 k);k;kn+j =((k � 1)n+ j)! sXr=0(�1)s�r((k � 1)n+ j + r)n�(k � 1)n+ j + rr ��kn+ j + 1s� r �; andT s(1 k);k;kn+j =((k � 1)n+ j)! n�sXr=0(�1)n�s�r(1 + r)n�(k � 1)n+ j + rr ��kn+ j + 1n� s� r �:These two formulas are easily seen to be equivalent to spe
ial 
ases of our formulas. However,Liese has produ
ed expli
it formulas for Us�;k;n in the spe
ial 
ase where � is a subset of the formf(x1; y1); (x2; y2); : : : ; (xn; yn)g, where for all i; j yi � yj mod k and either � � Ak or � � Dk.These formulas 
annot always be redu
ed to spe
ial 
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