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Chapter 1

Introduction

The representation theory of the Symmetric Group plays a large role in many areas of
combinatorics, for example in the study of symmetric functions. The Full Transforma-
tion Semigroup is perhaps the most natural generalization of the Symmetric Group, and
yet its representation theory is not well understood.

The objective of this work is to improve the understanding of the algebraic and
combinatorial structure of the Full Transformation Semigroup. That this structure is
particularly complicated is reflected in the fact that the associated Full Transformation
Semigroup algebra is not semisimple. The main results follow from several attempts to
introduce parameters in such a way that the algebra becomes generically semisimple.
One such deformation leads to an eigenvalue result involving Schur functions (Chapter
3), while another makes the algebra “as semisimple as possible” (Chapter 4). In the
final chapter we present several results pertaining to the radical of the non-deformed
algebra.

1.1 The Full Transformation Semigroup Tn

The Full Transformation Semigroup on n letters, denoted Tn, is the semigroup of all
set maps w : [n] → [n], where [n] = {1, 2, . . . , n} and the multiplication is the usual
composition. Such maps can be depicted in several ways; we will most often use one-
line notation, for example w = 214442 denotes the map sending 1 to 2, 2 to 1, 3 to 4,
etc.

Maps in Tn are indexed by triples (π, P, φ), where P is the image of the map, π is
the set partition of [n] whose blocks are the inverse images of the elements of P , and
φ is the permutation describing which block is mapped to which element of the image.
In what follows, π = {π1, π2, . . .} will always denote a set partition of [n] with blocks
ordered by increasing smallest element. Similarly in writing P = {p1, p2, . . .} a subset of
[n] we shall always intend p1 < p2 < . . .. Permutations will be written in cycle notation.

With these conventions, we shall let wπ,P,φ ∈ Tn denote the map taking x ∈ πi to
pφ(i).

Example 1.1.1. For w = 214442 ∈ T6 we have π(w) = 16|2|345, P (w) = {1, 2, 4}, and
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φ(w) = (12)(3), the transposition exchanging 1 and 2 and fixing 3. The permutation φ
is most easily visualized in the following diagram of w.

π:

P : 1 2 4

16 2 345

�
�@
@

The invertible elements of Tn, i.e., the bijective maps, form a subsemigroup iso-
morphic to the Symmetric Group Sn. Thus the elements of Tn can be thought of as
generalized permutations, and we can ask which of the many combinatorial aspects of
the Symmetric Group can be extended in a meaningful way to the Full Transformation
Semigroup.

Let CTn denote the Full Transformation Semigroup algebra, consisting of complex
linear combinations of elements of Tn. CTn has a chain of two-sided ideals

CTn = In ⊇ In−1 ⊇ . . . ⊇ I1 ⊇ I0 = 0,

where for 1 ≤ k ≤ n, Ik as a vector space is the complex span of the maps of rank less
than or equal to k (the rank of a map is the cardinality of its image). For 1 ≤ k ≤ n
define the algebras An,k = Ik/Ik−1. We can think of An,k as being the algebra spanned
by the maps of rank k, where two maps multiply to zero if their composition has rank less
than k. The top quotient An,n is isomorphic to CSn, the group algebra of the Symmetric
Group, and is therefore semisimple. However An,k is not semisimple for k < n, meaning
that the radical

√
An,k is non-trivial.

It is known that the irreducible modules for An,k are indexed by partitions λ ` k. In
fact Hewitt and Zuckerman give a calculation in [7] that generates all irreducible matrix
representations for An,k. However, their methods are difficult to apply in practice and do
not even determine the dimensions of the representations. These dimensions are known,
thanks to a more recent character result of Putcha [12]. Regardless of the approach,
it is clear that the non-semisimplicity of An,k causes great difficulties. This has led us
to define several deformations of An,k, with the aim of making the algebra generically
semisimple.

1.2 Summary of Chapter 3

The Symmetric Group Sk acts on the maps of rank k by

σwπ,P,φ := wπ,P,σφ.

We define

w1 ◦ w2 :=
∑
σ∈Sk

pρ(σ)σw1w2,

where ρ(σ) ` k is the cycle type of σ, and pρ(σ) is the corresponding power-sum sym-
metric function in the variables x1, . . . , xk. Let An,k(x) denote the algebra with the
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multiplication ◦. Explicit calculations for small values of n and k suggest that An,k(x)
is no more semisimple than An,k, i.e., that even for generic values of the xi we have
dim

√
An,k(x) = dim

√
An,k. However something interesting does come out of this mul-

tiplication.
For every finite-dimensional algebra there is an associated Gram matrix whose

nullspace is the radical of the algebra. Let Mn,k(x) be the (normalized) Gram ma-
trix for An,k(x). We use Frobenius’ factorization of the group determinant (see [2]) to
derive the following result about Mn,n(x).

Theorem 1.2.1. The eigenvalues of Mn,n(x) are ±
(
n!
fλ sλ

)2, λ ` n, where the positive

values appear with multiplicity
(
fλ+1

2

)
and the negative values appear with multiplicity(

fλ

2

)
. As a consequence, the algebra An,n(x) is semisimple if and only if the values of

the parameters xi avoid the zeros of the Schur functions sλ.

An analogous result for k < n is so far only conjectural.

Conjecture 1.2.2. The non-zero eigenvalues of Mn,k(x), k < n, are constant multiples
of the squares of the Schur functions sλ for λ ` k. The multiplicity of s2λ is (

(
n
k

)
fλ)2 for

λ ` k, λ 6= 1k, and
(
n−1
k−1

)2
for λ = 1k.

1.3 Summary of Chapter 4

There is another associative multiplication we can define on An,k. Let w1 = wπ,P,φ and
w2 = wρ,R,ψ be two maps of rank k. Notice that in order for the product w1w2 to be
nonzero in An,k each element of R = P (w2) must lie in a different block of π = π(w1). In
this situation we can associate to the maps w1 and w2 the permutation τ ∈ Sk defined
by the condition ri ∈ πτ(i).

For example, if w1 = 214442 and w2 = 262225 then τ = (123), as can be seen in the
following diagram.

π:

P : 1 2 4

16 2 345

�
�@
@

w1 = 214442

ρ:

R: 2 5 6

1345 2 6

��
��@

@
@

@

@
@�
� w2 = 262225

τ = (123)

We now define a new associative multiplication in An,k by

w1 ∗ w2 := xinv(τ)w1w2,

where inv(τ) is the number of inversions of τ . Let An,k(x) denote the algebra with the
multiplication ∗. An,k(x) is not semisimple in general, however our work shows that in
some sense An,k(x) is “as semisimple as possible” for generic x.
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The results in this Chapter are obtained by recasting An,k, and more generally
An,k(x), as Munn matrix algebras. These are algebras of rectangular matrices of a fixed
size, with entries in a base algebra, in which multiplication is defined by inserting a fixed
“sandwich matrix” Π between elements of the algebra: X · Y := XΠY .

The deformed algebra An,k(x) turns out to be isomorphic to the Munn matrix algebra
of
(
n
k

)
×S(n, k) matrices over CSk, with S(n, k)×

(
n
k

)
sandwich matrix Π(x) defined by

(Π(x))π,P =
{
xinv (τ)τ if pi ∈ πτ(i), 1 ≤ i ≤ k, and

0 otherwise.

It is natural to ask in what way the semisimplicity of a Munn matrix algebra depends
on properties of the sandwich matrix Π. Clifford and Preston [3] have shown that a Munn
matrix algebra is semisimple if and only if Π is “invertible”, in a sense that will be made
precise later. In particular semisimplicity requires that Π be a square matrix.

Clifford and Preston’s result implies that An,k(x) cannot be semisimple for any value
of x, since the sandwich matrix Π(x) is not square. However we can say a good deal
about the “semisimple part” of An,k(x), i.e., the quotient An,k(x)/

√
An,k(x).

The rank of a matrix is the size of its largest non-singular minor. A result of
McAlister [10] states that if A is a Munn matrix algebra, and the sandwich matrix Π
is suitable of rank r, then A/

√
A ∼=

(
A/
√
A
)
r
, the algebra of all r × r matrices with

entries in A/
√
A. (Suitability is a technical condition that we discuss later.)

It turns out that Π(x) has full rank
(
n
k

)
for generic x. To show that the rank of

Π(x) is indeed
(
n
k

)
we define a special set of partitions of [n],

(
n
k

)
in number, which we

call cyclically contiguous partitions. We let Πc(x) be the
(
n
k

)
×
(
n
k

)
submatrix of Π(x)

consisting of the rows corresponding to the cyclically contiguous partitions. We show
that Πc(x) is non-singular for generic x. We also verify that Π(x) satisfies the suitability
condition, and so applying McAlister’s result we obtain the following theorem.

Theorem 1.3.1. For generic x, An,k(x)/
√
An,k(x) ∼= (CSk)(n

k)
.

Note that the rank of Π cannot be any larger than its width
(
n
k

)
. So no deformation

of An,k that preserves the Munn matrix algebra structure can be any more semisimple
than An,k(x).

In the remainder of Chapter 4 we describe a connection between our deformed algebra
An,k(x) and the Rook Monoid algebra. Let Acn,k(x) be the subalgebra of An,k(x) spanned
by the maps whose partitions are cyclically contiguous. Acn,k(x) is also a Munn matrix
algebra, with sandwich matrix Πc(x). We have found a further deformation of Acn,k(x)
that allows us to interpolate between Acn,k(x) and a quotient of the Rook Monoid algebra.
This is important, as the representation theory of the latter is is well understood (see
[6]).

1.4 Summary of Chapter 5

In the final chapter we collect together several results concerning the radical of the
undeformed algebra An,k. For example, while the associated Gram matrix Mn,k has a
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complicated structure, it can be interpreted as something like the adjacency matrix of
a certain graph. Using properties of this graph we are able to determine the unique
maximum eigenvalue of Mn,k.

Theorem 1.4.1. For a partition π of [n] let [[π]] denote the product of the block sizes
of π. Let λ =

∑
π[[π]], where the sum is over all partitions π of [n] into k blocks

such that the elements 1, 2, . . . , k lie in different blocks. Then λ is the unique maximum
eigenvalue for the normalized Gram matrix Mn,k. The corresponding eigenvector is
v =

∑
w∈Tn,k

[[π(w)]]w.

In another result we verify that two characterizations of the radical of An,k, one as
the nullspace of the associated Gram matrix, the other in terms of the sandwich matrix,
do indeed give the same equations on the matrix entries.

One of our original questions about the non-deformed algebras An,k was whether
we could provide some sort of combinatorial description for the radical

√
An,k. A basis

might be too much to hope for, but even a spanning set would be very useful. We have
found several classes of elements in

√
An,k, for example the class defined in the following

result.

Proposition 1.4.2. Fix a subset P = {p1, . . . , pk} ⊆ [n] and an integer partition λ =
(λ1, . . . , λk) of n into distinct parts, k > 1. Given a set partition π = {π1, . . . , πk} of
type λ we associate a permutation νπ by |πi| = λνπ(i). Then

xλ,P :=
∑
π

sgn(νπ)
∑
σ∈Sk

sgn(σ)wπ,P,σ ∈
√
An,k,

where the outer sum is over all set partitions π of type λ.

These elements and the others we describe do not in general span
√
An,1, nor are

they independent.
Finally, we describe two interesting actions of Sn on

√
An,k, one by conjugation and

the other by left multiplication. We give a character result for the case k = 1.
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Chapter 2

Preliminaries

2.1 The Full Transformation Semigroup Tn

In this chapter we introduce structures and techniques that will play a central role in our
main results. We begin with our “main character”, the Full Transformation Semigroup.

Definition 2.1.1. A semigroup S is a set together with a multiplication µ : S×S −→ S.
The Full Transformation Semigroup is the semigroup Tn of all set maps w : [n] → [n],
where maps multiply by composition. We shall denote such a map w by w = wπ,P,φ,
where P is the image, π is the set partition whose blocks are the inverse images of the
elements of P , and φ is determined by the rule wπ,P,φ(πi) = pφ(i).

We repeat here the example from the introduction.

Example 2.1.2. For w = 214442 we have π(w) = 16|2|345, P (w) = {1, 2, 4}, and
φ(w) = (12)(3), as in the diagram below.

π:

P : 1 2 4

16 2 345

�
�@
@

Note that for φ(w) to be well defined we need to canonically order the elements
of the image and the blocks of the partition. As mentioned in the introduction the
elements of P = {p1, p2, . . .} will always be labeled in increasing order, and the blocks
of π = {π1, π2, . . .} will always be labeled in increasing order of smallest element. We
shall let

([n]
k

)
denote the set of k-subsets of [n]. and S([n], k) denote the set of partitions

of [n] into k blocks.
The composition of two maps is best understood with a diagram, as in the following

example.

Example 2.1.3. Let w1 = 214442 and w2 = 262225. Then w1w2 = 121114.
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1 2 4

16 2 345

�
�@
@

w1

2 5 6

1345 2 6

����@
@

@
@

@
@�
�w2

=
1 2 4

1345 2 6
w1w2

One reason for the importance of the Full Transformation Semigroup can be seen in
the following result [3], which is an analogue of Cayley’s Theorem for groups.

Proposition 2.1.4. Every finite (associative) semigroup is a subsemigroup of Tn, for
some n.

Proof. Suppose S is a finite associative semigroup with |S| = n. Label the elements of
S as s1, s2, . . . , sn. Then identify s ∈ S with the map in Tn taking si to sj = ssi.

Remark 2.1.5. Elements of Tn can be thought of as n× n (0,1)-matrices with exactly
one 1 in each column, for example

214442 =



0 1 0 0 0 0
1 0 0 0 0 1
0 0 0 0 0 0
0 0 1 1 1 0
0 0 0 0 0 0
0 0 0 0 0 0

 .

In this context, composition of maps is realized by multiplication of the corresponding
matrices.

The rank of a map is the cardinality of its image, In the sequel it will often be useful
to restrict ourselves to maps of a fixed rank.

Definition 2.1.6.

Tn,k := {w ∈ Tn|rank(w) = k}

= {wπ,P,φ|π ∈ S([n], k), P ∈
(

[n]
k

)
, φ ∈ Sk}

As special cases, we have

Tn,n ∼= Sn, the Symmetric Group, and
Tn,1 ∼= Cn,

where Cn denotes the n-element semigroup satisfying xy = x for all x, y ∈ Cn. In
general, we have

|Tn,k| = S(n, k)
(
n

k

)
k!, and

|Tn| =
n∑
k=1

|Tn,k| =
n∑
k=1

S(n, k)
(
n

k

)
k! = nn.
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Remark 2.1.7. As defined, Tn,k is not a semigroup for 1 < k < n as it is not closed
under multiplication. However, we can make it into a semigroup T 0

n,k by adjoining a
zero element, and specifying that w1w2 = 0 if rank(w1w2) < k in Tn. At times we will
abuse notation and use Tn,k when we really mean T 0

n,k. It will be clear from the context
which meaning is intended.

Recall that a (two-sided) ideal I in a semigroup S is a subset I ⊂ S satisfying
si, is ∈ I for all i ∈ I, s ∈ S. The following proposition follows from elementary linear
algebra, using the interpretation of maps as (0,1)-matrices.

Proposition 2.1.8. Ik :=
⋃k
i=0 Tn,i = {w ∈ Tn|rank(w) ≤ k} is an ideal of Tn

A semigroup S is called “0-simple” if S2 6= 0 and (0) is the only proper ideal of S.

Fact 2.1.9. Tn has a composition series:

Tn = In ⊃ In−1 ⊃ . . . ⊃ I1 = {constant maps},

where Ik/Ik−1 is a 0-simple semigroup, for all k = 2, . . . , n.

Note that Ik/Ik−1
∼= T 0

n,k. In what follows we will focus mainly on these factor
semigroups, rather than the entire semigroup Tn.

2.2 The Rook Monoid Rn

Although the main focus of this is the Full Transformation Semigroup, at times it will
be instructive to consider another semigroup, known as the Rook Monoid, which also
generalizes the Symmetric Group.

Definition 2.2.1. The Rook Monoid (also know as the Symmetric Inverse Semigroup)
is the semigroup Rn of all partial bijections of [n], where a partial bijection consists of
a domain S and an image T , both subsets of [n], and a bijection between S and T . In
addition, the Rook Monoid contains the “empty map”, denoted 0, with S = T = ∅. The
rank of a partial bijection is the common size of its domain and image, and we shall
denote partial bijections by wS,T,σ, where S is the domain, T is the image, and σ is
determined by the rule wS,T,σ(si) = tσ(i).

Example 2.2.2. For w =
(

2 4 5
6 1 2

)
we have S(w) = {2, 4, 5}, T (w) = {1, 2, 6}, and

σ(w) = (132)

Partial bijections multiply by composition, as in the following two examples.

Example 2.2.3. (
1 4 5 6
4 3 1 6

)(
2 4 5
6 1 2

)
=

(
2 4
6 4

)
(

3 4 5
1 2 4

)(
2 4 5
6 1 2

)
= 0

(In general, w1w2 = 0 if T (w2) ∩ S(w1) = ∅.)
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Remark 2.2.4. Elements of Rn can be thought of as n×n (0,1)-matrices with at most
one 1 in each row and column, for example

(
2 4 5
6 1 2

)
=



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0

 .

As with Tn, composition of partial bijections is realized by multiplication of the corre-
sponding matrices.

In analogy with the Full Transformation Semigroup we shall often want to restrict
ourselves to partial bijections of a fixed rank.

Definition 2.2.5.

Rn,k := {w ∈ Rn|rank(w) = k}

= {wS,T,σ|S, T ∈
(

[n]
k

)
, σ ∈ Sk}

As special cases, we have

Rn,n = Sn, the Symmetric Group, and
Rn,0 = {0}, the empty map.

In general, we have

|Rn,k| =
(
n

k

)2

k!

|Rn| =
n∑
k=0

|Rn,k| =
n∑
k=0

(
n

k

)2

k!

The algebraic structure of the Rook Monoid is simpler than that of the Full Trans-
formation Semigroup, a circumstance deriving from the fact that each partial bijection
has a well-defined inverse.

Definition 2.2.6. For S a semigroup, a, b ∈ S are inverses if aba = a and bab = b. A
semigroup S is an inverse semigroup if every element of S has a unique inverse.

Proposition 2.2.7. Rn is an inverse semigroup.

Proof. We show that the unique inverse of a = wS,T,σ is b = wT,S,σ−1 . Certainly aba = a
and bab = b. On the other hand, if c = wP,Q,φ then aca = a and cac = c taken together
imply that rank(a) = rank(c). For the rank to be preserved in the composition aca we
need P = T and Q = S. Finally, aca = wS,T,σwT,S,φwS,T,σ = wS,T,σφσ = wS,T,σ, and so
φ = σ−1.

11



Note that if a = wS,T,σ and b = wT,S,σ−1 we have ab = wS,S,id = IS , the identity
map on S. Likewise, we have ba = IT .

Example 2.2.8. If w =
(

2 4 5
6 1 2

)
, then w−1 =

(
1 2 6
4 5 2

)
, and

ww−1 =
(

1 2 6
1 2 6

)
= I{1,2,6}, while w−1w =

(
2 4 5
2 4 5

)
= I{2,4,5}.

The following result of Vagner and Preston ([3], Section 1.9) is analogous to Propo-
sition 2.1.4.

Proposition 2.2.9. Every inverse semigroup can be embedded in RN for some N .

As with Tn the notion of rank allows us to define a composition series for Rn.

Fact 2.2.10. Rn has a composition series:

Rn = Jn ⊃ Jn−1 ⊃ . . . ⊃ J1 ⊃ J0 = 0

where Jk :=
⋃k
i=0Rn,i = {w ∈ Rn|rank(w) ≤ k} is an ideal of Rn, and Jk/Jk−1 is a

0-simple inverse semigroup for each k = 1, . . . , n.

2.3 Combinatorial Representation Theory

In what follows we will briefly describe several combinatorial questions that often arise
in the study of algebras, and give the answers in a few classical cases. Barcelo and Ram
give an excellent overview of the topic in [1]; we shall briefly summarize their approach.
As elsewhere in this work, all algebras are finite-dimensional, associative, and over C.

Recall that an A-module M over an algebra A is a vector space with an associated
linear A-action.

Definition 2.3.1. An A-module M is irreducible if it has no non-trivial proper sub-
modules. M is indecomposable if it cannot be written as the direct sum of two proper
submodules. Irreducible modules are by definition indecomposable, but in general the
converse is false.

Definition 2.3.2. An algebra A is semisimple if the only indecomposable modules are
the irreducible ones. Equivalently, an algebra is semisimple if and only if it has no
non-zero nilpotent ideals.

Definition 2.3.3. The radical
√
A of A is the maximal nilpotent ideal of A. Equiva-

lently,
√
A is the minimal ideal I such that A/I is semisimple.

Semisimple algebras are reasonably well understood. By Wedderburn’s Theorem
(see [4], Section 2.4) every semisimple algebra over C is isomorphic to a direct product
of matrix algebras over C. The irreducible modules of a semisimple algebra are in
one-to-one correspondence with these irreducible components of the algebra. On the
other hand, a non-semisimple algebra may have infinitely many isomorphism classes of
indecomposable modules!

Given a group or an algebra, we can ask the following questions.
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• Is there a nice indexing set for the irreducible modules?

• What are their dimensions?

• Is there a combinatorial formula for the irreducible characters?

• Is there a combinatorial construction of the irreducible modules?

The answers to these questions are “yes” in several classical cases, for example the
Symmetric Group and the General Linear Group. The answers are also “yes” for the
Rook Monoid, as we shall see shortly. For the Full Transformation Semigroup the first
three questions have been answered in the affirmative (see [11],[12]). It is one of our
goals to answer the fourth.

Example 2.3.4. The Symmetric Group Sn: The irreducible modules of Sn are in
bijection with partitions λ ` n. The dimension of the irreducible module Sλ is given by
the hook length formula fλ = n!Q

x∈λ hx
, which also counts the number of standard Young

tableaux of shape λ. The irreducible characters are given as a sum over standard Young
tableaux: χλ(µ) =

∑
T

wtµ(T ). The irreducible modules are realized combinatorially as

the Specht modules. James [8], Sagan [13], and many others, have given a detailed
treatment of the representation theory of the Symmetric Group.

Example 2.3.5. The Rook Monoid Rn: A theorem of Clifford and Preston [3] states
that if S is an inverse semigroup, then CS is semisimple. As a consequence, CRn
is semisimple. The irreducible modules for CRn are indexed by partitions λ ` k, for
k = 0, 1, . . . , n. For λ ` k, the corresponding irreducible module Mλ has dimension(
n
k

)
fλ. Munn [11] has given a formula for the irreducible characters that can be restated

so that it is analogous to that of the characters of the Symmetric Group. Grood [6] has
given a combinatorial construction of the irreducible characters which mirrors that of
the Specht modules for the Symmetric Group.

Non-semisimple algebras are in general much more difficult to understand. One
common source of non-semisimple algebras is modular representation theory, which is
representation theory over a field of positive characteristic. This area is beyond the scope
of our work; however before moving on we give a simple example of a non-semisimple
algebra.

Example 2.3.6. The algebra UTn of n×n upper triangular matrices: The algebra
UTn is not semisimple, and indeed the radical is easy to describe.

√
UTn is the ideal

consisting of the n× n strictly upper triangular matrices.

2.4 Gram matrices

As defined, the radical of an algebra A is the maximal nilpotent ideal of A. The radical
can also be characterized as the set of strongly nilpotent elements (see [4], Section 2.2),
elements whose appearance a prescribed number of times in any product makes that

13



product zero. Unfortunately, neither of these characterizations allows us (or a computer)
to easily test whether a particular element is in the radical. The following useful result
(see [5]) gives us a way to compute the radical of any finite-dimensional algebra.

Proposition 2.4.1. Let A be a finite-dimensional algebra over C, and B = {v1, . . . , vn}
a basis for A. Identify A with Cn via the basis B. Define the n× n Gram matrix M by
(M)i,j := tr(vivj). Then √

A = null(M).

To prove this proposition we first establish several lemmas.

Lemma 2.4.2. Let λ1, λ2, . . . , λn ∈ C. If
n∑
i=1

λki = 0 for all k = 1, 2, . . ., then λ1 = λ2 =

. . . = λn = 0.

Proof. First of all, we show that

log
n∏
i=1

1
1− xit

=
∑
k≥1

1
k
pk(x1, . . . , xn)tk.

This is a simple calculation:

log
n∏
i=1

1
1− xit

=
n∑
i=1

log
1

1− xit

=
n∑
i=1

∑
k≥1

1
k
xki t

k (power series expansion of log
1

1− u
)

=
∑
k≥1

1
k

(
n∑
i=1

xki

)
tk

=
∑
k≥1

1
k
pk(x1, . . . , xn)tk.

By assumption,
n∑
i=1

λki = pk(λ1, . . . , λn) = 0,∀k ≥ 1, so we have log
n∏
i=1

1
1−λit

= 0,

i.e.,
n∏
i=1

1
1−λit

= 1. Thus
∑
k≥0

ek(λ1, . . . , λn)tn =
n∏
i=1

(1 − λit) = 1, where ek is the kth

elementary symmetric function, and so ek(λ1, . . . , λn) = 0 for all k ≥ 1. In particular,
en(λ1, . . . , λn) = λ1 · · ·λn = 0, so there exists a j, 1 ≤ j ≤ n such that λj = 0. Without
loss of generality we can take j = n.

Now we have λ1 · · ·λn−1 ∈ C with
n−1∑
i=1

λki = 0 for all k = 1, 2, . . .. By induction, we

can conclude λ1 = ... = λn−1 = 0.

Lemma 2.4.3. √
A = {a ∈ A|tr(ax) = 0 ∀x ∈ A}

14



Proof. Let J = {a ∈ A|tr(ax) = 0 ∀x ∈ A}, and let I be a nilpotent ideal of A. To
show J =

√
A we need to show that I ⊆ J , and that J is a nilpotent ideal.

Proof that I ⊆ J :

a ∈ I =⇒ ax ∈ I ∀x ∈ A
=⇒ ax is nilpotent ∀x ∈ A
=⇒ tr(ax) = 0 ∀x ∈ A
=⇒ a ∈ J

Proof that J is a nilpotent ideal:

a ∈ J =⇒ tr(ak) = 0 ∀k = 1, 2, . . .

=⇒
∑

λ an e-value of a
λk = 0 ∀k = 1, 2, . . .

=⇒ all eigenvalues of a are 0 (by Lemma 2.4.2)
=⇒ a has Jordan form that is strictly upper-triangular
=⇒ am = 0 for some m, i.e., a is nilpotent

So J consists of nilpotent elements, but is J an ideal? Let a ∈ J, x ∈ A. We need
to show ax, xa ∈ J . Let y ∈ A. tr((ax)y) = tr(a(xy)) = 0 by definition of J . Similarly,
tr((xa)y) = tr(x(ay)) = tr((ay)x) = tr(a(yx)) = 0. So J is an ideal, which completes
the proof of the second lemma.

Proof. (of Proposition 2.4.1) Writing a ∈ A as a =
n∑
i=1

civi, and identifying a with the

column vector c = [c1, . . . , cn] ∈ Cn we have

a ∈
√
A ⇐⇒ tr(ax) = 0 ∀x ∈ A
⇐⇒ tr(avj) = 0, 1 ≤ j ≤ n

⇐⇒ tr

(
n∑
i=1

civivj

)
= 0, 1 ≤ j ≤ n

⇐⇒
n∑
i=1

tr(vivj)ci = 0, 1 ≤ j ≤ n

⇐⇒ (Ma)j = 0, 1 ≤ j ≤ n
⇐⇒ Ma = 0
⇐⇒ a ∈ Null(M)

Now we consider several examples.
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2.4.1 The full matrix algebra Mn

For a basis take {Ei,j |1 ≤ i, j ≤ n}, where Ei,j is the n×nmatrix with a 1 in the (i, j) po-
sition and zeros elsewhere. If we order the Ei,j by E1,1, E2,2, . . . , En,n, E1,2, E2,1, . . . , En−1,n, En,n−1,
i.e., first the Ei,i, then the pairs Ei,j , Ej,i, we have

M = n



1
1

. . .
1

1 0
0 1

1 0
0 1

. . .
1 0
0 1



.

For eigenvalues and eigenvectors we have

MEi,i = nEi,i, 1 ≤ i ≤ n
M(Ei,j + Ej,i) = n(Ei,j + Ej,i), 1 ≤ i < j ≤ n
M(Ei,j − Ej,i) = −n(Ei,j − Ej,i), 1 ≤ i < j ≤ n.

So the eigenvalue n has multiplicity n+
(
n
2

)
, while −n has multiplicity

(
n
2

)
.

2.4.2 The algebra UTn of upper triangular matrices

For a basis take {Ei,j |1 ≤ i ≤ j ≤ n}. Using the same ordering as above we have

M =



n
n− 1

. . .
1

0
. . .

0


.

For eigenvalues and eigenvectors we have

MEi,i = (n+ 1− i)Ei,i, 1 ≤ i ≤ n
MEi,j = 0, 1 ≤ i < j ≤ n.

Every nonzero eigenvalue has multiplicity 1, and the radical has dimension
(
n
2

)
, as

we saw in Section 2.3.2.
We also consider certain subalgebras of UTn.
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Definition 2.4.4. For λ a partition satisfying λi ≤ n+ 1− i for all i, i.e., for λ fitting
inside the staircase shape n, n− 1, . . . , 1, there is a subalgebra (actually an ideal) Aλ of
UTn consisting of those matrices whose support is contained in the shape λ.

For example, if n = 5 and λ = 5331, then

Aλ =




∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗
0 0 ∗ ∗ ∗
0 0 0 0 ∗
0 0 0 0 0


 .

In general, Aλ has basis {Ei,j |1 ≤ i ≤ n, n + 1 − λi ≤ j ≤ n}. As with UTn, the
only elements with non-zero trace are the Ei,i, as everything else pushes nonzero entries
up and to the right. Ei,i fixes precisely the Ei,j with j ≥ i, so tr(Ei,i) = n + 1 − i. In
the multiplication table of the basis elements Ei,i only appears once. This is because
Ei,jEk,l = δj,kEi,l and since we are working with upper-triangular matrices, i = l and
j = k taken together imply i = j = k = l.

So M has eigenvalues λi if λi = n+ 1− i, 1 ≤ i ≤ n, and the remaining eigenvalues
are 0. As with UTn, each nonzero eigenvalue has multiplicity one.

In the example above,

M =


5

3
0

. . .
0

 .

2.4.3 Group algebras

For G a finite group, g ∈ G has trace equal to the number of h ∈ G such that gh = h.

So tr(g) =
{

0 g 6= id
|G| g = id

, and thus tr(g1g2) =
{

0 g2 6= g−1
1

|G| g2 = g−1
1

If we order the group elements so that the involutions come first, followed by pairs
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(g, g−1), we have

M = |G|



1
1

. . .
1

1 0
0 1

1 0
0 1

. . .
1 0
0 1



.

For eigenvalues and eigenvectors we have

Mg = |G|g, g an involution
M(g + g−1) = |G|(g + g−1), g not an involution
M(g − g−1) = −|G|(g − g−1), g not an involution

So the eigenvalue |G| has multiplicity r + s, where r is the number of involutions of
G and r + 2s = |G|. The eigenvalue −|G| has multiplicity s.

2.4.4 The Full Transformation Semigroup Tn

Let Mn,k be the Gram matrix associated to the algebra An,k.

Proposition 2.4.5.

(Mn,k)i,j =


S(n, k)k! if wiwj has k

fixed points, and
0 otherwise.

For example, ordering the rows and columns lexicographically, we have
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M3,2 =



0 0 0 0 6 6 0 0 0 0 6 6 0 0 0 0 0 0
0 6 0 0 0 6 0 0 0 6 0 6 0 0 0 0 0 0
0 0 6 6 0 0 0 0 0 0 0 0 0 0 6 6 0 0
0 0 6 6 6 6 0 0 0 0 0 0 0 0 0 0 0 0
6 0 0 6 0 0 0 0 0 0 0 0 0 0 6 0 0 6
6 6 0 6 0 6 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 6 6 0 0 0 0 6 6 0 0 0 0
0 0 0 0 0 0 6 6 0 0 6 6 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 6 6 6 6 0 0
0 6 0 0 0 0 0 0 0 6 0 0 0 6 0 6 0 0
6 0 0 0 0 0 0 6 0 0 6 0 0 0 0 0 0 6
6 6 0 0 0 0 0 6 0 0 0 0 0 6 0 0 0 0
0 0 0 0 0 0 6 0 6 0 0 0 6 0 0 0 6 0
0 0 0 0 0 0 6 0 6 6 0 6 0 0 0 0 0 0
0 0 6 0 6 0 0 0 6 0 0 0 0 0 0 0 6 0
0 0 6 0 0 0 0 0 6 6 0 0 0 0 0 6 0 0
0 0 0 0 0 0 0 0 0 0 0 0 6 0 6 0 6 6
0 0 0 0 6 0 0 0 0 0 6 0 0 0 0 0 6 6


Proof.

(Mn,k)i,j 6= 0 iff tr(wiwj) 6= 0
iff ∃r s.t. (wiwj)r,r 6= 0 (since the entries of wiwj are nonnegative)

iff ∃r s.t.
|Tn,r|∑
s=1

(wi)r,s(wj)s,r 6= 0

iff ∃r, s s.t. (wi)r,s(wj)s,r 6= 0
iff ∃r, s s.t. (wi)r,s 6= 0 and (wj)s,r 6= 0

Now (wi)r,s =
{

1 wiws = wr
0 otherwise

and (wj)s,r =
{

1 wjwr = ws
0 otherwise

.

So (Mn,k)i,j 6= 0 if and only if there exists r and s such that

wiws = wr, and
wjwr = ws.

In this case

wiwjwr = wiws = wr, and
wjwiws = wjwr = ws.

So wiwj fixes wr and wjwi fixes ws. But an element w ∈ Tn,k fixes some other element
w′ ∈ Tn,k if and only if w fixes all k elements of the image of w′.

So (Mn,k)i,j 6= 0 if and only if wiwj and wjwi both have k fixed points. Note here that
one implies the other. Suppose Im(wi) = {s1, s2, . . . , sk} and Im(wj) = {t1, t2, . . . , tk}.
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If wiwj fixes s1, s2, . . . , sk, then wj must send sm into w−1
i (sm) for each m = 1, 2, . . . , k.

But then wjwi(tm) = wj(sm) = tm for all m = 1, 2, . . . , k.
Now, given such wi and wj ,

(Mn,k)i,j = #(wr, ws) s.t. wiwjwr = wr and wjwiws = ws

ws is determined by wr, since ws = wjwr, so

(Mn,k)i,j = #wr s.t. wiwjwr = wr

= #w ∈ Tn,k s.t. Im(w) = Im(wi)
= S(n, k)k!

From now on we will always rescale the Gram matrix for An,k by dividing by
S(n, k)k!. Data for the rescaled matrix is given in the following table.

n k eigenvalues

2 2 12

2 1 01, 21

3 3 −11, 15

3 2 −31,−22,−11, 05, 13, 22, 33, 41

3 1 02, 31

4 4 −17, 117

4 3 −51,−43,−
√

15
6
,−
√

12
3
,−31,−

√
5
9
,−23,

−13, 055, 16, 26,
√

5
9
, 33, 46,

√
12

3
,
√

15
6
, 56, 61

4 2 −83,−
√

28
5
,−210, 039, 215,

√
28

5
, 86, 141

4 1 03, 41

2.4.5 The Rook Monoid Rn

Let Bn,k be the semigroup algebra CRn,k. For a basis take {wS,T,σ|S, T ∈
([n]
k

)
, σ ∈ Sk},

where wS,T,σ(si) = tσ(i). Recall that

wS,T,σwA,B,φ =
{
wA,T,σφ if B = S

0 otherwise.
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wA,T,σφ has non-zero trace if and only if A = T and σφ = id, i.e., φ = σ−1, in which
case we have tr(wT,T,id) = tr(IT ) =

(
n
k

)
k!.

So

tr(wS,T,σwA,B,φ) =
{ (

n
k

)
k! if B = S,A = T, φ = σ−1, and

0 otherwise.

If we order the elements of Rn,k so that the involutions come first, then pair each
non-involution with its unique inverse we have

M =
(
n

k

)
k!



1
1

. . .
1

1 0
0 1

1 0
0 1

. . .
1 0
0 1



.

For eigenvalues and eigenvectors we have

MwS,S,σ =
(
n

k

)
k!wS,S,σ, σ an involution

M(wS,T,σ + wT,S,σ−1) =
(
n

k

)
k!(wS,T,σ + wT,S,σ−1)

M(wS,T,σ − wT,S,σ−1) = −
(
n

k

)
k!(wS,T,σ − wT,S,σ−1),

where in the last two cases we permit T = S so long as σ is not an involution.
So the eigenvalue

(
n
k

)
k! has multiplicity

(
n
k

)
r + 1

2(
(
n
k

)
2s + (

(
n
k

)2 − (nk))k!), where
r =

∑
λ`k

fλ is the number of involutions of Sk and r + 2s = k!, while −
(
n
k

)
k! has

multiplicity 1
2(
(
n
k

)
2s+ (

(
n
k

)2 − (nk))k!).
2.5 Rees matrix semigroups and Munn matrix algebras

Given a group G let G0 denote the semigroup formed by adjoining a zero element to G,
satisfying 0 · g = g · 0 = 0 for all g ∈ G. G0 is called a group with zero.

Definition 2.5.1. The Rees matrix semigroup S =M(G0;m,n; Π) consists of the set
of all m × n matrices over G0 having a single non-zero entry. Π is an n ×m matrix
over G0, called the sandwich matrix. Multiplication in S is defined by X · Y := XΠY .
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Fact 2.5.2. Tn,k is isomorphic to the Rees matrix semigroupM(S0
k ;
([n]
k

)
, S([n], k); Πn,k).

The elements of this semigroup are
(
n
k

)
× S(n, k) matrices over S0

k having a single
non-zero entry. Multiplication is defined by w1 · w2 := w1Πn,kw2, where Πn,k is the
S(n, k)×

(
n
k

)
sandwich matrix

(Πn,k)π,P =
{
τ if pi ∈ πτ(i), 1 ≤ i ≤ k, and
0 otherwise.

Example 2.5.3.

Π4,3 =



(id) (id) 0 0
0 (id) (id) 0
0 0 (id) (id)

(id) 0 0 (123)
(id) 0 (23) 0
0 (id) 0 (12)

 ,

where the ordering on the columns is 123, 124, 134, 234, and the ordering on the rows is
1|2|34, 1|23|4, 12|3|4, 14|2|3, 1|24|3, 13|2|4. Now let w1 = 2142 and w2 = 4223. Then

w1w2 =


0 0 0 0 0 0
0 0 0 (12) 0 0
0 0 0 0 0 0
0 0 0 0 0 0




(id) (id) 0 0
0 (id) (id) 0
0 0 (id) (id)

(id) 0 0 (123)
(id) 0 (23) 0
0 (id) 0 (12)




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 (132) 0 0 0 0



=


0 0 0 0 0 0
0 (12) 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 = 2114

Recall that a semigroup S with zero element 0 is called 0-simple if S2 6= 0 and 0 is
the only proper two-sided ideal of S. A Rees matrix semigroup is regular if its sandwich
matrix Π has no row or column of all zeros. The following result ([3], Theorem 3.5)
classifies all finite 0-simple semigroups.

Theorem 2.5.4. (Rees) A finite semigroup is 0-simple if and only if it is isomorphic
with a regular Rees matrix semigroup over a group with zero.

The analogous structure for algebras is called a Munn matrix algebra.

Definition 2.5.5. Let A be an associative algebra, and Π an n×m matrix over A. The
Munn matrix algebra A =M(A;m,n; Π) is the set of all m × n matrices with entries
in A, where multiplication is defined by X ·Y := XΠY . Π is called the sandwich matrix
for A.

Fact 2.5.6. An,k is isomorphic to the Munn matrix algebra M(CSk;
([n]
k

)
, S([n], k); Π).

The elements of this semigroup are
(
n
k

)
×S(n, k) matrices over CSk. As with the corre-

sponding Rees matrix semigroup, multiplication is defined by w1 · w2 := w1Πw2, where
Π is the S(n, k)×

(
n
k

)
sandwich matrix
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(Π)π,P =
{
τ if pi ∈ πτ(i), 1 ≤ i ≤ k, and
0 otherwise.

Theorem 2.5.7. (Clifford and Preston) ([3], Theorem 5.19) The Munn algebra A =
M(A;m,n; Π) over a finite dimensional associative algebra A is semisimple if and only
if

(i) A is semisimple, and

(ii) Π is non-singular, i.e., if and only if n = m and Π is a unit in the ring of m×m
matrices over A.

If this is a case, then A ∼= (A)m, the algebra of m×m matrices with entries in A.

Example 2.5.8. Take n = 3 and k = 2. Then

Π3,2 =

 id id 0
0 id id
id 0 (12)

 ,

where the columns are indexed by the subsets {1, 2}, {1, 3}, {2, 3} and the rows are indexed
by the partitions 1|23, 12|3, 13|2. All of the entries of Π3,2 commute, so the determinant
is well-defined. We have

det Π = id((12)− 0)− id(0− id) = id + (12) 6= 0.

Recall however that dim
√
A3,2 = 5, in particular A3,2 is not semisimple. Therefore it

must be that Π does not have an inverse in the algebra of 3 × 3 matrices over CS2.
Suppose that  id id 0

0 id id
id 0 (12)

 a b c
d e f
g h i

 =

 id 0 0
0 id 0
0 0 id

 .

Then, in particular,

a+ d = id
d+ g = 0

a+ (12)g = 0.

Solving this system of equations comes down to solving

(id + (12))g = −id,

where g ∈ CS3. But it is easy to verify that this equation has no solution, and therefore
Π3,2 is singular.
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Chapter 3

The x Deformation

Recall that the algebra An,k is not semisimple for k < n. In this chapter we define the
first of two deformations of An,k aimed at making the algebra generically semisimple.
We will require that the deformed algebra be associative, and have the same dimension
as the original.

3.1 Definition

The Symmetric Group Sk acts on the maps of rank k by

σwπ,P,φ := wπ,P,σφ.

This is indeed an action, since (ν1ν2)wπ,P,φ = wπ,P,(ν1ν2)φ = wπ,P,ν1(ν2φ) = ν1(ν2wπ,P,φ).
We use this action to define a new multiplication in An,k.

Definition 3.1.1. For λ ` k, let pλ be the corresponding power-sum symmetric function
in the variables x1, . . . , xk. For w1, w2 ∈ Tn,k define

w1 ◦ w2 :=
∑
σ∈Sk

pρ(σ)σw1w2,

where ρ(σ) is the cycle type of σ. Let An,k(x) be the complex algebra with basis Tn,k,
where two elements multiply via ◦.

Example 3.1.2. Let w1 = 1442 and w2 = 3134. Then w1w2 = 4142, and

w1 ◦ w2 = p134142 + p21(1412 + 2124 + 4241) + p3(1214 + 2421)
= (x1 + x2 + x3)34142 + (x2

1 + x2
2 + x2

3)(x1 + x2 + x3)(1412 + 2124 + 4241)
+(x3

1 + x3
2 + x3

3)(1214 + 2421)

Note that if we choose values for the xi so that p1 = 1 and pi = 0 for all i ≥ 2, we
recover the original multiplication in An,k. Such a specialization of the xi must exist
because the pi are algebraically independent.
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3.2 Associativity

Proposition 3.2.1. The multiplication ◦ is associative.

Proof. Let w1 = wπ,S,σ, w2 = wµ,T,τ , and w3 = wκ,U,ψ ∈ Tn,k, and suppose there exist
α, β ∈ Sk such that ti ∈ πα(i), ui ∈ µβ(i) for all i = 1, . . . , k, i.e., α interpolates between
w2 and w1 and β interpolates between w3 and w2. (If no such α and β exist then the
product will be zero.) Then we have

w1 ◦ (w2 ◦ w3) = wπ,S,σ ◦ (wµ,T,τ ◦ wκ,U,ψ)

= wπ,S,σ ◦
( ∑
γ∈Sk

pρ(γ)γwµ,T,τwκ,U,ψ
)

= wπ,S,σ ◦
( ∑
γ∈Sk

pρ(γ)wκ,T,γτβψ
)

=
∑
γ∈Sk

pρ(γ)wπ,S,σ ◦ wκ,T,γτβψ

=
∑
γ∈Sk

pρ(γ)
∑
δ∈Sk

pρ(δ)δwπ,S,σwκ,T,γτβψ

=
∑
γ,δ∈Sk

pρ(γ)pρ(δ)wκ,S,δσαγτβψ.

On the other hand,

(w1 ◦ w2) ◦ w3 = (wπ,S,σ ◦ wµ,T,τ ) ◦ wκ,U,ψ
=

( ∑
γ∈Sk

pρ(γ)wµ,S,γσατ
)
◦ wκ,U,ψ

=
∑
γ,δ∈Sk

pρ(γ)pρ(δ)wκ,S,δγσατβψ.

To see that these two expressions are indeed the same, replace γ by σαγα−1σ−1. As
γ ranges over all of Sk so does σαγα−1σ−1, and ρ(σαγα−1σ−1) = ρ(γ) since conjugate
permutations have the same cycle type. Thus we have∑

γ,δ∈Sk

pρ(γ)pρ(δ)wκ,S,δγσατβψ =
∑
γ,δ∈Sk

pρ(σαγα−1σ−1)pρ(δ)wκ,S,δ(σαγα−1σ−1)σατβψ

=
∑
γ,δ∈Sk

pρ(γ)pρ(δ)wκ,S,δσαγτβψ.

3.3 Gram matrix

Let Mn,k(x) be the Gram matrix for An,k(x), defined by (Mn,k(x))u,v = tr(u(x)v(x)),
where for w ∈ Tn,k we let w(x) denote the matrix representing left ◦-multiplication by
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w. Explicit calculations for small values of n and k suggest that Mn,k(x) is still singular
for k < n. Indeed it appears that An,k(x) is no more semisimple than An,k, i.e., that
even for generic values of the xi we have dim

√
An,k(x) = dim

√
An,k. However, as we

shall show in this section and the next, we find something interesting when we look at
the eigenvalues of Mn,k(x). We begin by computing the entries of the Gram matrix.

Proposition 3.3.1.

(Mn,k(x))u,v =


S(n, k)k!

∑
φ, ψ ∈ Sk
φψ = σ

pρ(φ)pρ(ψ) σ := ind(uv) ∈ Sk, and

0 otherwise,

where by ind(w) we mean the permutation of the k elements of Im(w) induced by w.

Note that the “otherwise” in this formula includes both the case that uv = 0 and
the case that uv 6= 0 but does not induce a permutation on Im(uv).

Proof. First of all

(Mn,k)uv = tr((u(x)v(x)))

= tr((
∑
σ∈Sk

pρ(σ)σu)(
∑
ν∈Sk

pρ(ν)νv))

=
∑

σ,ν∈Sk

pρ(σ)pρ(ν)tr(σuνv).

Now recall that

tr(σuνv) =


S(n, k)k! σuνv has k fixed points, and

0 otherwise.

As before, we shall normalize the Gram matrix by dividing by S(n, k)k!.
We claim that the entries of Mn,k(x) can be expressed in terms of Schur symmetric

functions in a particularly nice way. As evidence of this claim, consider the following
example.
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Example 3.3.2.

M3,2(x) =



0 0 0 0 A A 0 0 0 0 A A B B B B 0 0
0 A 0 0 0 A 0 0 0 A 0 A B 0 B 0 B B
0 0 A A 0 0 B B 0 0 B B 0 0 A A 0 0
0 0 A A A A B B 0 0 0 0 B B 0 0 0 0
A 0 0 A 0 0 B 0 B B 0 B 0 0 A 0 0 A
A A 0 A 0 A B 0 B 0 0 0 B 0 0 0 B 0
0 0 B B B B A A 0 0 0 0 A A 0 0 0 0
0 0 B B 0 0 A A 0 0 A A 0 0 B B 0 0
0 0 0 0 B B 0 0 0 0 B B A A A A 0 0
0 A 0 0 B 0 0 0 0 A B 0 0 A 0 A B B
A 0 B 0 0 0 0 A B B A 0 0 0 0 B 0 A
A A B 0 B 0 0 A B 0 0 0 0 A 0 0 B 0
B B 0 B 0 B A 0 A 0 0 0 A 0 0 0 A 0
B 0 0 B 0 0 A 0 A A 0 A 0 0 B 0 0 B
B B A 0 A 0 0 B A 0 0 0 0 B 0 0 A 0
B 0 A 0 0 0 0 B A A B 0 0 0 0 A 0 B
0 B 0 0 0 B 0 0 0 B 0 B A 0 A 0 A A
0 B 0 0 A 0 0 0 0 B A 0 0 B 0 B A A



,

where A = p4
1 + p2

2 = 2(s22 + s212) and B = 2p2
1p2 = 2(s22 − s212).

Proposition 3.3.3.

(Mn,k(x))i,j =



∑
λ`k

k!
fλχ

λ(µ)s2λ if wiwj induces a
permutation of
cycle type µ on
P (wi), and

0 otherwise.

The proof of this proposition requires that we first establish the following symmetric
function identity.

Lemma 3.3.4. Fix σ ∈ Sk, with ρ(σ) = µ ` k. Then∑
γ∈Sk

pρ(γ)(x)pρ(γ−1σ)(y) =
∑
λ`k

k!
fλ
χλ(µ)sλ(x)sλ(y). (3.1)

To prove this identity we begin by proving the following sublemma.

Sublemma 3.3.5. For ν, η ` k and σ ∈ Sk with ρ(σ) = µ the number of γ ∈ Sk such
that ρ(γ) = ν and ρ(γ−1σ) = η is

k!
zνzη

∑
λ`k

χλ(µ)χλ(ν)χλ(η)
fλ

,

where if λ ` n has mi parts of size i, zλ :=
∏
i≥1

imimi!.
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Proof of sublemma: For λ ` k, define

Cλ := {g ∈ Sk|ρ(g) = λ}
Kλ :=

∑
g∈Cλ

g ∈ CSk

Fλ :=
fλ

k!

∑
µ`k

χλ(µ)Kµ ∈ CSk.

Note that |Cλ| = k!
zλ

.
Now we make use of two facts, the proofs of which are classical and will not be

included here (see [13] or [8]).

Fact 3.3.6. The Fλ are orthogonal idempotents in (the center of) CSk.

Fact 3.3.7. We can invert the defining equation for the Fλ to get

Kλ =
k!
zλ

∑
µ`k

χµ(λ)
fµ

Fµ.

Now, for ν, η ` k we have

KνKη =

(
k!
zν

∑
λ`k

χλ(ν)
fλ

Fλ

)(
k!
zη

∑
w`k

χw(η)
fw

Fw

)
(by Fact 3.3.7)

=
(k!)2

zνzη

∑
λ,w`k

χλ(ν)χw(η)
fλfw

FλFw

=
(k!)2

zνzη

∑
λ`k

χλ(ν)χλ(η)
(fλ)2

Fλ (by Fact 3.3.6)

=
(k!)2

zνzη

∑
λ`k

χλ(ν)χλ(η)
(fλ)2

fλ

k!

∑
µ`k

χλ(µ)Kµ

=
k!
zνzη

∑
λ,µ`k

χλ(ν)χλ(η)χλ(µ)
fλ

Kµ

=
∑
µ`k

(
k!
zνzη

∑
λ`k

χλ(µ)χλ(ν)χλ(η)
fλ

)
Kµ.

But the coefficient of Kµ in KνKη is the number of γ ∈ Sk such that ρ(γ) = ν and
ρ(γ−1σ) = η, where σ is some fixed element of Cµ. This proves the sublemma.

Proof. (of Lemma 3.3.4) Observe that the left-hand side of (3.1) is

∑
γ∈Sk

pρ(γ)(x)pρ(γ−1σ)(y) =
∑
ν,η`k

 #γ ∈ Sk s.t.
ρ(γ) = ν and
ρ(γ−1σ) = η

 pν(x)pη(y), (3.2)
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while the right-hand side of (3.1) is

∑
λ`k

k!
fλ
χλ(µ)sλ(x)sλ(y) =

∑
λ`k

k!
fλ
χλ(µ)

(∑
ν`k

χλ(ν)
zν

pν(x)

)∑
η`k

χλ(η)
zη

pη(x)


=

∑
λ`k

k!
fλ
χλ(µ)

∑
ν,η`k

χλ(ν)χλ(η)
zνzη

pν(x)pη(y)

=
∑
ν,η`k

(
k!
zνzη

∑
λ`k

χλ(µ)χλ(ν)χλ(η)
fλ

)
pν(x)pη(y).

Propositions 3.3.1 and Lemma 3.3.4 together give Proposition 3.3.3.

3.4 Frobenius’ Group Determinant

Definition 3.4.1. Given a finite group G, let {xg|g ∈ G} be a set of commuting in-
determinants, and let A be the |G| × |G| matrix defined by (A)g,h = xgh−1. The group
determinant Θ(G) is defined by Θ(G) = det(A).

Remark 3.4.2. It was Dedekind who first defined the group determinant Θ(G). He
showed that for abelian groups it factors completely into linear factors. He computed
Θ(G) for a few small non-abelian groups, then passed the problem on to Frobenius. This
was a key step in the development of representation theory, as it prompted Frobenius to
invent a general character theory for arbitrary finite groups. Curtis [2] is an excellent
source for the historical background of this theory.

Proposition 3.4.3. (Dedekind) Let G be an abelian group, and let Ĝ denote the set of
irreducible characters of G. Then Θ(G) factors as

Θ(G) =
∏
χ∈Ĝ

∑
g∈G

χ(g)xg

 .

Proof. For a fixed χ ∈ Ĝ multiply the gth row of the matrix A by χ(g), then add up all
the rows. In the hth column we get

∑
g∈G

χ(g)xgh−1 =

∑
g′∈G

χ(g′)xg′

χ(h).

Thus Θ(G) is divisible by
∑
g∈G

χ(g)xg for each g ∈ G. Comparing powers of the xg shows

that this exhausts all the factors of Θ(G), and the constant term is clearly 1.
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Theorem 3.4.4. (Frobenius) Let G be an arbitrary finite group. Then Θ(G) is a poly-
nomial with integer coefficients in the indeterminants xa, and factors over C as the
product of irreducible polynomials Φ, each occurring with some multiplicity f :

Θ =
∏

(Φ)f .

The number of irreducible factors Φ is the number of conjugacy classes in G. The degree
of each factor Φ is equal to the multiplicity with which it occurs in the factorization of
Θ:

deg(Φ) = f.

If one sets xa = xb whenever a and b are conjugate in G, then each factor of the
specialized polynomial Θ can be expressed in the form

Φ = (ξ)f ,

where ξ = 1
f

∑
i hiχ(i)xi where hi = |Ci| and χ is the irreducible character corresponding

to ξ.

We apply Frobenius’ result to our Gram matrix to obtain the following factorization.

Proposition 3.4.5.

det
(

1
n!
Mn,n(x)

)
= ±

∏
λ`n

((
n!
fλ
sλ

)2
)(fλ)2

,

where the sign is given by (−1)
1
2(n!−

P
λ f

λ).

Proof. By Proposition 3.3.7 the (u, v)-entry of Mn,n(x) only depends on the conjugacy
class of uv. If µ is the partition indexing this conjugacy class, let xµ denote the corre-
sponding entry of the matrix. Our determinant is then a specialization of Θ, up to a
sign that comes from switching column w with column w−1 for each pair {w,w−1}. By
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Theorem 3.4.1 we have

det
(

1
n!
Mn,n(x)

)
= ±

∏
λ`n

(ξλ)(f
λ)2

= ±
∏
λ`n

 1
fλ

∑
µ`n

n!
zµ
χλ(µ)xµ

(fλ)2

= ±
∏
λ`n

 1
fλ

∑
µ`n

n!
zµ
χλ(µ)

∑
ν`n

n!
fν
χν(µ)s2ν

(fλ)2

= ±
∏
λ`n

 1
fλ

∑
ν`n

n!
fν

∑
µ`n

n!
fµ
χλ(µ)χν(µ)s2ν

(fλ)2

= ±
∏
λ`n

(
1
fλ

∑
ν`n

n!
fν
n!δλ,νs2ν

)(fλ)2

(by row orthogonality)

= ±
∏
λ`n

(
(
n!
fλ
sλ)2

)(fλ)2

.

The sign is given by

(−1)# pairs {w,w−1} = (−1)
1
2(# non-involutions in Sn) = (−1)

1
2(n!−

P
λ f

λ).

Corollary 3.4.6. The algebra An,k(x) is semisimple if and only if x is chosen so that
sλ =

∑
µ`n

1
zµ
χλ(µ)pµ 6= 0 for all λ ` n. Since this condition is polynomial in the

indeterminants xi, An,k(x) is semisimple for generic x.

3.5 Schur function eigenvalues

Proposition 3.4.2 suggests the following stronger result.

Theorem 3.5.1. Let Mn,k(x) be the normalized Gram matrix for An,k(x). Then for
k = n we have the following.

e-value of Mn,n(x) multiplicity(
n!
fλ sλ

)2
fλ +

(
fλ

2

)
−
(
n!
fλ sλ

)2 (
fλ

2

)
Since fλ + 2

(
fλ

2

)
= (fλ)2 and

∑
λ`n

(fλ)2 = n! this statement characterizes all the eigen-

values of Mn,n(x).
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Proof. Define Cn,n(x) by

(Cn,n(x))wi,wj :=
∑
λ`n

n!
fλ
χλ(µ)s2λ,

where µ = ρ(wiw−1
j ). Note that Cn,n(x) = Mn,n(x)E, where E is the involution flipping

columns w and w−1 for each w ∈ Sn.
Let aλi,j : Sn −→ C, λ ` n, 1 ≤ i, j ≤ fλ, be the matrix entry functions for the

irreducible unitary matrix representations of Sn. (It is a fact that Sn can be represented
by unitary matrices.)

For each λ ` n and 1 ≤ i, j ≤ fλ define the vector vλi,j by (vλi,j)g = aλi,j(g).
Now we need the following lemma, true for an arbitrary groupG, on the orthogonality

of the matrix entries of the irreducible representations of G.

Lemma 3.5.2. (See [13], Section 1.9.) Let λ, µ ` n, aλi,j , a
µ
i,j as above, and h ∈ Sn.

Then ∑
g∈Sn

aλi,k(hg)a
µ
l,j(g

−1) = δλ,µδk,l
n!
fλ
aλi,j(h).

To prove the theorem, let Cn,n and vµi,j be as above.

(Cn,nv
µ
i,j)u =

∑
w∈Sn

(Cn,n)u,w(vµi,j)w

=
∑
w∈Sn

(∑
λ`n

n!
fλ
χλ(ρ(uw−1))s2λ

)
aµi,j(w)

=
∑
w∈Sn

∑
λ`n

n!
fλ

∑
k

aλk,k(uw
−1)aµi,j(w)s2λ

=
∑
λ`n

n!
fλ

∑
k

(∑
w∈Sn

aλk,k(uw
−1)aµi,j(w)

)
s2λ

=
∑
λ`n

n!
fλ

∑
k

(
δλ,µδk,i

n!
fµ
aµi,j(u)

)
s2λ (by Lemma 3.5.2)

=
n!
fµ

n!
fµ
aµi,j(u)s

2
µ

=
(
n!
fµ
sµ

)2

aµi,j(u).

So vµi,j is an eigenvector for Cn,n with eigenvalue
(
n!
fµ sµ

)2
. Now recall that Cn,n(x) =

Mn,n(x)E, where E is the involution flipping columns w and w−1 for each w ∈ Sn.
Note that Mn,n(x) and Cn,n(x) are both symmetric since ρ(w2w1) = ρ(w−1

2 w2w1w2) =
ρ(w1w2) (conjugation preserves cycle structure) and ρ(w2w

−1
1 ) = ρ((w1w

−1
2 )−1) =

ρ(w1w
−1
2 ) (taking inverses preserves cycle structure), and E is obviously symmetric.
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So Cn,nE = Mn,n = (Mn,n)t = (Cn,nE)t = Et(Cn,n)t = ECn,n.
Since Cn,n and E commute they are simultaneously diagonalizable, so a vector that

is both an eigenvector for Cn,n and an eigenvector for E will be an eigenvector for
Cn,nE = Mn,n

Now define the following set of vectors.

uλi,i := vλi,i, 1 ≤ i ≤ fλ

uλi,j := vλi,j + vλj,i, 1 ≤ i < j ≤ fλ

wλ
i,j := vλi,j − vλj,i, 1 ≤ i < j ≤ fλ

Each vector is clearly an eigenvector for Cn,n (with eigenvalue
(
n!
fλ sλ

)2
). But what

about for E?
The key is that we are working with unitary representations. Moreover, the matrix

entries are real, so the representing matrices satisfy A−1 = At. Thus aλi,j(g
−1) = aλj,i(g).

So (Evλi,j)g = (vλi,j)g−1 = aλi,j(g
−1) = aλj,i(g) = (vλj,i)g, i.e., Evλi,j = vλj,i.

But then Euλi,i = uλi,i, Euλi,j = uλi,j , and Ewλ
i,j = −wλ

i,j .
So

Mn,nuλi,i = Cn,nEuλi,i = Cn,nuλi,i =
(
n!
fλ
sλ

)2

uλi,i

Mn,nuλi,j = Cn,nEuλi,j = Cn,nuλi,j =
(
n!
fλ
sλ

)2

uλi,j

Mn,nwλ
i,j = Cn,nEwλ

i,j = Cn,n(−wλ
i,j) = −

(
n!
fλ
sλ

)2

wλ
i,j .

There are fλ of the uλi,i, and
(
fλ

2

)
each of the uλi,j and wλ

i,j .
∑
λ`n

fλ + 2
(
fλ

2

)
= n!, and

the vectors are clearly linearly independent since the vλi,j are orthogonal. So we have
found a full set of eigenvectors for Mn,n and the proposition then follows.

Note that we have vλi,j · v
µ
k,l = 0 for λ 6= µ by taking h = g−1 in the lemma, but

within the particular eigenspaces the vectors are not orthogonal.

Conjecture 3.5.3. The non-zero eigenvalues of Mn,k(x), k < n, are constant multiples
of the squares of the Schur functions sλ for λ ` k. The multiplicity of s2λ is (

(
n
k

)
fλ)2 for

λ ` k, λ 6= 1k, and
(
n−1
k−1

)2
for λ = 1k.

(The conjectured multiplicities come from Putcha’s results; they are the dimensions
of the irreducible characters for An,k.)

This conjecture is difficult to check even by computer for n > 4. The following table
gives some sample data.
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n k eigenvalues (listed by multiplicity)

2 2 (2s212)1, (4s22)
1

2 1 01, (2s21)
1

3 3 (−9s221)
1, (36s213)1, (9s221)

3, (36s23)
1

3 2 (−12s212)1, (−8s22)
2, (−4s22)

1, 05, (4s22)
3, (8s22)

2, (12s212)3, (16s22)
1

3 1 02, (3s21)
1

4 4 (−64s231)
3, (−144s222)1, (−64s2212)3, (576s214)1, (64s2212)6,

(144s222)3, (64s231)
6, (576s24)

1

4 3 (computations too big)

4 2 (−32s212)3, (−
√

448s22)
5, (−8s22)

10, 039, (8s22)
15, (
√

448s22)
5, (32s212)6, (56s22)

1

4 1 03, (4s21)
1

One possible difficulty in approaching this conjecture is that we do not have inverses
in Tn,k for k < n, and thus cannot interpret the determinant of the Gram matrix as
some sort of “semigroup determinant” in order to use some (unknown) Frobenius-type
theorem for semigroups.

3.6 x deformation of the Rook Monoid algebra CRn,k

In this section we define an analogous x-multiplication on the elements of Rn,k.
The Symmetric Group Sk acts on Rn,k by

γwS,T,σ := wS,T,γσ.

Now, as we did with the Full Transformation Semigroup Algebra we define

w1 ◦ w2 :=
∑
γ∈Sk

pρ(γ)γw1w2.

Proposition 3.6.1. The multiplication ◦ is associative.

Proof. Clearly we need only check the case in which the domains and ranges of the
various maps line up so that the product is non-zero. Let w1 = wR,S,σ1 , w2 = wQ,R,σ2 ,
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and w3 = wP,Q,σ3 . Then we have

w1 ◦ (w2 ◦ w3) = wR,S,σ1 ◦ (wQ,R,σ2 ◦ wP,Q,σ3)

= wR,S,σ1 ◦

∑
γ∈Sk

pρ(γ)γwQ,R,σ2wP,Q,σ3


= wR,S,σ1 ◦

∑
γ∈Sk

pρ(γ)wP,R,γσ2σ3


=

∑
γ∈Sk

pρ(γ)
∑
ν∈Sk

pρ(ν)wP,S,νσ1γσ2σ3

=
∑

γ,ν∈Sk

pρ(γ)pρ(ν)wP,S,νσ1γσ2σ3

On the other hand,

(w1 ◦ w2) ◦ w3 = (wR,S,σ1 ◦ wQ,R,σ2) ◦ wP,Q,σ3

=

∑
γ∈Sk

pρ(γ)wQ,S,γσ1σ2

 ◦ wP.Q.σ3

=
∑
γ∈Sk

pρ(γ)
∑
ν∈Sk

pρ(ν)wP,S,νγσ1σ2σ3

=
∑

γ,ν∈Sk

pρ(γ)pρ(ν)wP,S,νγσ1σ2σ3

=
∑

γ,ν∈Sk

pρ(γ)pρ(ν)wP,S,νσ1γσ2σ3

= wR,S,σ1 ◦ (wQ,R,σ2 ◦ wP,Q,σ3) ,

where in the second to last step we replace γ by σ1γσ
−1
1 , which does not change the

cycle type.

Let CRn,k(x) be the associative algebra with this new ◦ multiplication, and consider
the Gram matrix Mn,k(x).

For w ∈ Rn,k, let w(x) be the matrix representing left x-multiplication by w.
Since w1 ◦ w2 =

∑
γ∈Sk

pρ(γ)γw1w2, we have

w(x) =
∑
γ∈Sk

pρ(γ)γw.
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So

tr (w1(x)w2(x)) = tr

∑
γ∈Sk

pρ(γ)γw1

∑
ν∈Sk

pρ(ν)νw2


= tr

 ∑
γ,ν∈Sk

pρ(γ)pρ(ν)γw1νw2


=

∑
γ,ν∈Sk

pρ(γ)pρ(ν)tr (γw1νw2) .

The only partial transformations of [n] with non-zero trace are the “partial identi-
ties”, i.e., maps of the form wS,S,id. Moreover

tr(wS,S,id) = #wA,B,φ such that wS,S,idwA,B,φ = wA,B,φ

=
(
n

k

)
k!,

since we must have B = S, while A and φ are arbitrary.
So tr (w1(x)w2(x)) = 0 unless Im(w2) = Dom(w1) and Im(w1) = Dom(w2).
In that special case we have

tr (wT,S,σ(x)wS,T,σ(x)) =
(
n

k

)
k!

∑
γ, ν ∈ Sk
γσνφ = id

pρ(γ)pρ(ν)

=
(
n

k

)
k!

∑
γ, ν ∈ Sk
γνσφ = id

pρ(γ)pρ(ν) (replace ν by σ−1νσ)

=
(
n

k

)
k!

∑
γ, ν ∈ Sk
γν = σφ

pρ(γ)pρ(ν) (replace γ by ν−1, ν by γ−1)

=
(
n

k

)
k!
∑
λ`k

k!
fλ
χλ (ρ(σφ)) s2λ,

by Proposition 3.3.3.
Thus we have

(Mn,k(x))wS,T,σ ,wA,B,φ
=

{ ∑
λ ` k k!

fλχ
λ(µ)s2λ if B = S,A = T, and µ := ρ(σφ)

0 otherwise.
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For example,

M3,2(x) = 6



A B 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
B A 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 A B 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 B A 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 A B 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 B A 0 0 0 0
0 0 A B 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 B A 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 A B 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 B A 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 A B 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 B A 0 0
0 0 0 0 A B 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 B A 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 A B 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 B A 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 A B
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 B A



,

where A = p4
1 + p2

2 = 2(s22 + s212) and B = 2p2
1p2 = 2(s22 − s212).

Notice that if we order the elements of Rn,k so that the maps with domain S and
range T are paired with the maps with domain T and range S we get a block matrix of
the form

(
n

k

)
k!



M
M

. . .
M

0 M
M 0

0 M
M 0

. . .
0 M
M 0



,

where M = Mk,k(x) is the scaled Gram matrix for the group algebra CSk(x).
Using Theorem 3.5.1 and the work above we get

Theorem 3.6.2. Let vλi,j be as above, where λ ` k, 1 ≤ i, j ≤ fλ. For S ∈
([n]
k

)
define

wλ,S
i,j by (

wλ,S
i,j

)
A,B,φ

:=
{

(vλi,j)φ := aλi,j(φ) if A = B = S, and
0 otherwise.
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For S, T ∈
([n]
k

)
, S 6= T , define wλ,S,T

i,j,+ by

(
wλ,S,T
i,j,+

)
A,B,φ

:=


(vλi,j)φ := aλi,j(φ) if A = S and B = T

or if A = T and B = S, and
0 otherwise,

and define wλ,S,T
i,j,− by

(
wλ,S,T
i,j,−

)
A,B,φ

:=


(vλi,j)φ := aλi,j(φ) if A = S and B = T,

−(vλi,j)φ := −aλi,j(φ) if A = T and B = S, and
0 otherwise.

Then wλ,S
i,j and wλ,S,T

i,j,+ are eigenvectors for the scaled Gram matrix Mn,k(x) with

eigenvalue
(
k!
fλ sλ

)2
, and wλ,S,T

i,j,− is an eigenvector for Mn,k(x) with eigenvalue −
(
k!
fλ sλ

)2
.

Together, they make up a complete set of eigenvectors for Mn,k(x).

Proof. First we need the following Lemma, which is simple to verify.

Lemma 3.6.3. Let A be a matrix with eigenvector v and corresponding eigenvalue λ.

Let B be the block matrix
(

0 A
A 0

)
. Define w+ and w− by concatenation as follows.

w+ :=
(

v
v

)
and w− :=

(
v
−v

)
.

Then w+ and w− are eigenvectors for B with eigenvectors λ and −λ, respectively.

In our case we have

Mn,k(x) =
(
n

k

)
k!



M
M

. . .
M

0 M
M 0

0 M
M 0

. . .
0 M
M 0



,

where M = Mk,k(x).
The blocks are indexed by ordered pairs of subsets (S, T ), and we have listed them

first where S = T , and then in pairs (S, T ), (T, S).
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So

Mn,k(x)wλ,S
i,j =



. . .
M

. . .
. . .

0 M
M 0

. . .





0
...

vλi,j
...
0
0
...
0



=



0
...

Mvλi,j
...
0
0
...
0


=

(
k!
fλ
sλ

)2

wλ,S
i,j ,
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while

Mn,k(x)wλ,S,T
i,j,+ =



. . .
M

. . .
. . .

0 M
M 0

. . .





0
...
0
0
...
0

vλi,j
vλi,j
0
...
0



=



0
...
0
0
...
0

Mvλi,j
Mvλi,j

0
...
0


=

(
k!
fλ
sλ

)2

wλ,S
i,j ,
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and

Mn,k(x)wλ,S,T
i,j,− =



. . .
M

. . .
. . .

0 M
M 0

. . .





0
...
0
0
...
0

vλi,j
−vλi,j

0
...
0



=



0
...
0
0
...
0

−Mvλi,j
Mvλi,j

0
...
0


= −

(
k!
fλ
sλ

)2

wλ,S
i,j .

So wλ,S
i,j ,w

λ,S,T
i,j,+ , and wλ,S,T

i,j,− are eigenvectors as claimed, and since

∑
λ`k

((
n

k

)
(fλ)2 + 2

1
2

((
n

k

)2

−
(
n

k

))
(fλ)2

)
=
∑
λ`k

(
n

k

)2

(fλ)2 =
(
n

k

)2

k! = |Rn,k|,

and they are obviously linearly independent, they form a complete set of eigenvectors
for Mn,k(x).

We can define a similar multiplication for any group algebra.

Definition 3.6.4. Let G be a finite group and f : G −→ Sn a (faithful) permutation
representation of G. (We may take n as small as possible by stipulating that no element
of [n] is fixed by all the f(g).) In the group algebra CG define

g1 ◦ g2 =
∑
h∈G

pρ(h)hg1g2,
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where ρ(h) = ρ(f(h)) is the cycle type of f(h) ∈ Sn.

This multiplication is associative; indeed the proof is identical to the proof for the
Rook Monoid algebra CRn,k. Defining the Gram matrix M(x) as usual by (M(x))g1,g2 =
tr(g1 ◦ g2) = tr(g1(x)g2(x)), we have

Proposition 3.6.5. (M(x))g1,g2 = |G|
∑
h∈G

pρ(h)pρ(h−1g1g2).

Computations for small examples appear to show that we do not have an analogue
of Theorem 3.5.1 for general groups, most likely because we do not have a nice analogue
of the symmetric function identity of Lemma 3.3.4. Schur functions are intimately
connected to the representation theory of the Symmetric Group and it may be too
much to expect that they appear in the Gram matrix for other groups.
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Chapter 4

The x Deformation

4.1 Definition

Let w1 = wπ,P,φ, w2 = wρ,R,ψ ∈ Tn,k. As mentioned several times, in order for the
product w1w2 to be nonzero in Tn,k each element of R must lie in a different block of π.
In this situation we associate to the maps w1 and w2 the permutation τ ∈ Sk defined
by the condition ri ∈ πτ(i). We say that τ interpolates between w2 and w1. (More
precisely, τ describes how the elements of the image of w2 are distributed in the blocks
of the partition of w1.)

We repeat here the example from the introduction, with w1 = 214442 and w2 =
262225.

π:

P : 1 2 4

16 2 345

�
�@
@

w1 = 214442

ρ:

R: 2 5 6

1345 2 6

�
���@
@

@
@

@
@�
� w2 = 262225

τ = (123)

Definition 4.1.1. Let w1, w2 ∈ Tn,k and suppose that τ interpolates between w2 and
w1. Define

w1 ∗ w2 := xinv(τ)w1w2,

where inv(τ) is the number of inversions of τ , i.e., the number of crossings in the
diagram of τ . Let An,k(x) denote the algebra with the multiplication ∗.

Example 4.1.2. Let w1 = 214442 and w2 = 262225 as above. Then τ = (123) and we
have

w1 ∗ w2 = x2w1w2 = x2121114.

Note that if we set x = 1 we recover the original multiplication in An,k.
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4.2 Associativity

Proposition 4.2.1. The ∗-multiplication is associative.

Proof. Let w1 = wπ,P,φ, w2 = wρ,R,ψ, and w3 = wσ,S,χ ∈ Tn,k. Let τ, ν ∈ Sk be such that
τ interpolates between w2 and w1, and ν interpolates between w3 and w2. (otherwise
w1w2w3 = 0).

Then

w1 ∗ (w2 ∗ w3) = w1 ∗
(
xinv(ν)wσ,R,ψνχ

)
= xinv(τ)+inv(ν)wσ,P,φτψνχ,

while

(w1 ∗ w2) ∗ w3 =
(
xinv(τ)wρ,P,φτψ

)
∗ w3

= xinv(τ)+inv(ν)wσ,P,φτψνχ.

The associativity of the ∗-multiplication is most obvious when we draw the maps in
diagram form, as in the example below.

π:

P : 1 2 4

16 2 345

�
�@
@

w1 = 214442

ρ:

R: 2 5 6

1345 2 6

��
��@

@
@

@

@
@�
� w2 = 262225

τ = (123)

σ:

S: 2 3 6

12 34 56

�
�@
@

�
�@
@

w3 = 332266

ν = (12)(3)

The power of x is inv(τ) + inv(ν) whether we first multiply w1 ∗ w2, or w2 ∗ w3.

Remark 4.2.2. We can replace inv by any statistic on Sk and the multiplication will
still be associative.

4.3 Gram matrix

For w ∈ Tn,k, let w(x) denote the matrix corresponding to left ∗-multiplication by w.
Note that w(x) has the same support as w; the only difference being that some of the
non-zero entries are positive powers of the parameter x. Let Mn,k(x) denote the Gram
matrix for An,k(x), in which the i, j entry is the trace of the product wi(x)wj(x). The
following result gives a formula for the entries of Mn,k(x).

44



Proposition 4.3.1.

(Mn,k(x))i,j =


S(n, k)k!xinv(τ)+inv(κ) if wiwj has k fixed points, τ interpolates

between wj and wi, and κ interpolates
between wi and wj , and

0 otherwise.

Proof. The proof is similar to that of the formula for the entries of Mn,k, the Gram
matrix of the non-deformed algebra An,k. As in that case, (Mn,k(x))i,j = 0 unless there
exist r and s such that

wiwjwr = wiws = wr, and
wjwiws = wjwr = ws.

So wiwj fixes wr and wjwi fixes ws. But an element w ∈ Tn,k fixes some other w′ ∈ Tn,k
if and only if w fixes all k elements of the image of w′. So (Mn,k(x))i,j = 0 unless wiwj
and wjwi both have k fixed points. (Recall that these two requirements imply each
other.)

Now, given such wi and wj , what is tr(wi(x)wj(x))? Since wiwj and wjwi both have
k fixed points, there must exist τ, κ ∈ Sk such that τ interpolates between wj and wi
and κ interpolates between wi and wj .

(Mn,k(x))i,j =
|Tn,k|∑
r=1

(wi(x)wj(x))r,r

=
|Tn,k|∑
r=1

|Tn,k|∑
s=1

(wi(x))r,s(wj(x))s,r

=
∑

(r, s) s.t.
wiws = wr
wjwr = ws

(wi(x))r,s(wj(x))s,r

=
∑

(r, s) s.t.
wiwjwr = wr
wjwiws = ws

xinv (τ)xinv (κ)

(
since Im(wr) = Im(wi)
and Im(ws) = Im(wj)

)

= xinv (τ)+inv (κ) (#(wr, ws) s.t. wiwjwr = wr and wjwiws = ws)

ws is determined by wr, since ws = wjwr, so

(Mn,k(x))i,j = xinv (τ)+inv (κ) (#wr s.t. wiwjwr = wr)

= xinv (τ)+inv (κ) (#w ∈ Tn,k s.t. Im(w) = Im(wi))

= S(n, k)k!xinv(τ)+inv(κ)
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As before we normalize Mn,k(x) by dividing by S(n, k)k!.
For example,

M3,2(x) =



0 0 0 0 1 1 0 0 0 0 1 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 0 0 0 0 x x 0 0
0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0 0 0 0 x 0 0 x
1 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0 x x 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0
0 1 0 0 0 0 0 0 0 1 0 0 0 x 0 x 0 0
1 0 0 0 0 0 0 x 0 0 x2 0 0 0 0 0 0 x
1 1 0 0 0 0 0 x 0 0 0 0 0 x 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 1 0 1 x 0 x 0 0 0 0 0 0
0 0 x 0 x 0 0 0 1 0 0 0 0 0 0 0 1 0
0 0 x 0 0 0 0 0 1 x 0 0 0 0 0 x2 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 1
0 0 0 0 x 0 0 0 0 0 x 0 0 0 0 0 1 1


Recall in Chapters 2 and 3 we were concerned with the eigenvalues of the Gram

matrix. Unfortunately, the eigenvalues of Mn,k(x) are in general not nice, and in fact
the characteristic polynomial has large irreducible factors, as can be seen in the following
table.
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n k det(Mn,k(x)) char(Mn,k(x))
2 2 1 (−1 + λ)2

2 1 0 (−2 + λ)λ
3 3 -1 (−1 + λ)5(1 + λ)

3 2 (−1 + x)6(1 + x)6

(
(1− x)2 + λ(1− x)2 − λ2(2 + x)− λ3

)
·
(
−(1 + x)2 + λ(1 + x)2 + λ2(2− x)− λ3

)
·
(
(1 + x)2 + λ(1 + x)2 − λ2(2− x)− λ3

)
·
(
−(1− x)2 + λ(1− x)2 + λ2(2 + x)− λ3

)
·
(
(1− x)2 − 3λ(2 + x2) + λ2(5 + x2)− λ3

)
·
(
(1 + x)2 − 3λ(2 + x2) + λ2(5 + x2)− λ3

)
3 1 0 (−3 + λ)λ2

4 4 -1 (−1 + λ)17(1 + λ)7

4 3 0
λ48 · (degree 4 in λ) · (degree 4 in λ) · (degree 8 in λ)
·(degree 12 in λ) · (degree 12 in λ) · (degree 56 in λ)

4 2 0

λ12(−1− x+ λ)(1− x+ λ)(−1 + x+ λ)(1 + x+ λ)
·
(
(1− x)2 − 2λ(2 + x+ x2) + λ2

)
·
(
(1 + x)2 − 2λ(2− x+ x2) + λ2

)
·(degree 4 in λ) · (degree 4 in λ)
·(degree 12 in λ) · (degree 12 in λ)
·(degree 16 in λ) · (degree 16 in λ)

4 1 0 (−4 + λ)λ3

Note: The paired irreducible polynomials appearing above are equal up to replacing
x by −x.

In the next table we compare dimensions of the corresponding nullspaces.

n k Mn,k Mn,k(x)

2 2 0 0

2 1 1 1

3 3 0 0

3 2 5 0

3 1 2 2

4 4 0 0

4 3 55 48

4 2 15 12

4 1 3 3
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In the case of Mn,k(x) the listed dimensions are for generic x.
Note that nullspace of Mn,k(x) appears to be smaller in general than that of Mn,k.

This means that our deformation is having the desired effect: it is reducing the size of
the radical. To make this more precise, we employ the Munn algebra structure of An,k.

4.4 An,k(x) is a Munn algebra

Recall the following fact from Chapter 2.

Fact 4.4.1. An,k is isomorphic to the Munn matrix algebra M(CSk;
([n]
k

)
, S([n], k); Π).

The elements of this semigroup are
(
n
k

)
× S(n, k) matrices over CSk. Multiplication is

defined by w1 · w2 := w1Πw2, where Π is the S(n, k)×
(
n
k

)
sandwich matrix

(Π)π,P =
{
τ if pi ∈ πτ(i), 1 ≤ i ≤ k, and
0 otherwise.

Note that the non-zero entries of Πn,k are precisely the permutations τ that arise in
the ∗ multiplication. Hence our second deformation preserves the Munn matrix algebra
structure.

Proposition 4.4.2. An,k(x) is isomorphic to the Munn matrix algebraM(CSk;
([n]
k

)
, S([n], k); Π(x)),

where Π(x) is the S(n, k)×
(
n
k

)
sandwich matrix defined by

(Π(x))π,P =
{
xinv(τ)τ if pi ∈ πτ(i), 1 ≤ i ≤ k

0 otherwise.

Example 4.4.3. For n = 4, k = 3 we have

Π(x) =



(id) (id) 0 0
0 (id) (id) 0
0 0 (id) (id)

(id) 0 0 x2(123)
(id) 0 x(23) 0
0 (id) 0 x(12)

 ,

where as before the ordering on the columns is 123, 124, 134, 234, and the ordering on the
rows is 1|2|34, 1|23|4, 12|3|4, 14|2|3, 1|24|3, 13|2|4. Now let w1 = 2142 and w2 = 4223.
Then

w1∗w2 =


0 0 0 0 0 0
0 0 0 (12) 0 0
0 0 0 0 0 0
0 0 0 0 0 0




(id) (id) 0 0
0 (id) (id) 0
0 0 (id) (id)

(id) 0 0 x2(123)
(id) 0 x(23) 0
0 (id) 0 x(12)




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 (132) 0 0 0 0



= x2


0 0 0 0 0 0
0 (12) 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 = x22114
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Note that showing that An,k(x) is a Munn matrix algebra provides another proof
that the ∗-multiplication is associative.

When k = 1 the parameter x does not appear at all, and the semisimple part of An,1
is only one-dimensional. For the remainder of this chapter we shall assume k > 1.

4.5 The Structure of An,k(x)/
√

An,k(x)

Since we want our Munn matrix algebra to be semisimple, it is natural to ask in what
way the semisimplicity of An,k(x) depends on the sandwich matrix Πn,k(x). Recall that
the following result of Clifford and Preston ([3], Theorem 5.19) provides an answer to
this question.

Theorem 4.5.1. (Clifford and Preston) A Munn matrix algebra of the form A =
M(CG;m,n; Π) is semisimple if and only if Π is non-singular, i.e., if and only if m = n
and Π is a unit in the ring of m×m matrices over CG.

Note in particular that for semisimplicity we need the matrices to be square. But
our sandwich matrix is S(n, k)×

(
n
k

)
. What can we do?

Define the rank of Π to be the largest non-singular minor of Π. (So, in particu-
lar, rank(Π) ≤ min(m,n).) We also need the following technical condition, known as
suitability.

Definition 4.5.2. Let P be an n × m matrix over A with rank r. Let R and S be
permutation matrices over A such that

RPS =
(

M P12

P21 P22

)
,

where M is an invertible r × r submatrix of P , and let

Q = S

(
M−1 0

0 0

)
R.

Then we say that P is suitable if PQP − P ∈ (
√
A)n×m.

Rank and suitability are intimately related to the size of
√
A, as the following result

of McAlister [10] shows.

Theorem 4.5.3. (McAlister) Let A = M(A;m,n; Π) be a Munn matrix algebra, and
let Π be suitable of rank r. Then A/

√
A ∼=

(
A/
√
A
)
r
, the algebra of all r × r matrices

with entries in A/
√
A.

The suitability condition does not hold for the undeformed algebra An,k. But what
about for An,k(x), is x is generic? Our first step is to determine the rank of Mn,k(x),
by finding a maximal non-singular submatrix.
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Definition 4.5.4. A set partition π of [n] is cyclically contiguous if the blocks of π
are intervals, with the possible exception of the first block, which may be of the form
{1, 2, . . . , i} ∪ {j, j + 1, . . . , n}, i.e., the union of an initial segment and a terminal
segment. If the first block is also an interval, we say that π is contiguous. (Note that
contiguous implies cyclically contiguous, not the other way around.)

We use the term “cyclically contiguous” for such a partition π because if we think of
the elements of [n] as being arranged in (clockwise) order around a circle, then in a sense
all of the blocks of π are intervals. For example, π = 1256|3|4 is cyclically contiguous,
as shown in the following diagram.

&%
'$1

2

3

4

5

6

J
J






π = 1256|3|4

Proposition 4.5.5. For n ≥ k > 1 the number of cyclically contiguous partitions of [n]
into k blocks is

(
n
k

)
.

Proof. We exhibit a bijection between cyclically contiguous partitions of [n] into k blocks
and k-subsets of [n]. Given a cyclically contiguous partition π = {π1, π2, . . . , πk} define
the set P (π) = {p1, p2, . . . , pk} where pi is the “clockwise minima” of πi. Call P (π) the
“set of dividers” of π. P (π) is a k-subset of [n], and this process is clearly reversible:
given a subset P ⊆ [n], |P | = k, write elements of [n] in clockwise order around a circle
and put a divider before each element of P .

The bijection described above is easily visualized if we again think of partitioning
the elements of [n] arranged around a circle.
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-� P (π) = {3, 4, 5}

π = 1256|3|4

Note that in the case π is actually contiguous, rather than merely cyclically con-
tiguous, then pi = min(πi). On the other hand, if π1 = 1, 2, . . . , i, j, j + 1, . . . , n, then
pi = min(πi+1), 1 ≤ i ≤ k − 1, and pk = j. There are

(
n−1
k−1

)
contiguous partitions,

corresponding to the k-subsets of [n] containing the element 1.
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Let Πc
n,k(x) be the

(
n
k

)
×
(
n
k

)
submatrix of Πn,k(x) consisting of the rows corresponding

to cyclically contiguous partitions. For example,

Πc
5,3(x) =



I I I 0 0 0 0 0 0 0
0 I I I I 0 0 0 0 0
0 0 I 0 I I 0 0 0 0
0 0 0 I I 0 I I 0 0
0 0 0 0 I I 0 I I 0
0 0 0 0 0 I 0 0 I I
I 0 0 0 0 0 x2α x2α 0 0
I I 0 0 0 0 0 x2α x2α 0
0 I 0 I 0 0 0 0 x2α x2α
0 0 0 I 0 0 I 0 0 x2α


,

where I = I3 and α =

 0 0 1
1 0 0
0 1 0

 = (123) ∈ S3. As we shall do for the remainder of

this chapter, we are ordering the rows and columns lexicographically (the rows by the
divider sets P (π)).

Note that the only non-zero, non-identity element that can appear in Πc
n,k(x) is

the k-cycle α. Since α commutes with I and with itself, the determinant of Πc
n,k(x) is

well-defined.

Proposition 4.5.6. Let Πc
n,k(x) be as above. Then

det(Πc
n,k(x)) =

(
(−1)k(1− xk(k−1))

)(n−1
k )

.

Proof. We shall show that Πc
n,k(x) is equivalent via elementary row operations to an

upper-triangular block matrix Π̄c
n,k(x) of the form

Π̄c
n,k(x) =



I ∗
. . . ∗

0 I

xk−1α+ (−1)kI ∗

0
. . .

0 xk−1α+ (−1)kI


.

More precisely,

(
Π̄c
n,k(x)

)
π,S

=


Ik if si ∈ πi, 1 ≤ i ≤ k, and P (π) ≤ S
xk−1α+ (−1)kI if si ∈ πi+1, 1 ≤ i ≤ k − 1, sk ∈ π1, and P (π) ≤ S
0 otherwise.

As in the example we are using the lexicographic order on the k-subsets of [n]. The
added condition P (π) ≤ S forces Π̄c

n,k(x) to be upper triangular.
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It is a fact that if the blocks of a block matrix commute with each other, the deter-
minant of the matrix can be computed by taking the determinant of the matrix whose
entries are the determinants of the corresponding blocks. Thus we have

detΠc
n,k(x) = detΠ̄c

n,k(x)

= (detI)(
n−1
k−1)

(
det(xk−1α+ (−1)kI)

)(n−1
k )

=
(
xk(k−1)(−1)k−1 + (−1)k

2
)(n−1

k )

=
(
(−1)k(1− xk(k−1))

)(n−1
k )

. (k and k2 have the same parity.)

To complete the proof we need to show how to convert Πc
n,k(x) into Π̄c

n,k(x).
Claim 1: The first

(
n−1
k−1

)
rows of Πc

n,k(x) and Π̄c
n,k(x) are identical.

Proof of Claim 1: The first
(
n−1
k−1

)
rows correspond to the contiguous partitions.

Let π be a contiguous partition, and let S be a subset with P (π) > S. Then there
exists l such that pj = sj , 1 ≤ j ≤ l, while pl+1 > sl+1. But then {s1, s2, . . . , sl+1} ⊆
l⋃

j=1
πj = {1, 2, . . . , pl+1 − 1}. (Recall that in the contiguous case pi = min(πi).) So by

the Pigeonhole Principle at least two of the si are in the same block of π and hence(
Πc
n,k(x)

)
π,S

= 0. Thus the extra condition P (π) ≤ S is vacuous in the case π is

contiguous.
Note also that π contiguous precludes the possibility that si ∈ πi+1, 1 ≤ i ≤ k −

1, sk ∈ π1, since in that case sk > s1, while every element of π1 is less than every element
of π2.

So
(
Πc
n,k(x)

)
π,S

=
(
Π̄c
n,k(x)

)
π,S

for π a contiguous partition, thus proving Claim 1.

What about the last
(
n−1
k

)
rows?

For π not contiguous (but still cyclically contiguous), denote by π(j) the contiguous
partition with divider set (P (π)\pj) ∪ {1}. In the example below, π = 1256|3|4 and
P (π) = {3, 4, 5}. To obtain π(2) we remove the second divider p2 = 4 and add the
divider 1, thus giving P (π(2)) = {1, 3, 5} and so π(2) = 12|34|56.
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π = 1256|3|4
P (π) = {3, 4, 5}
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π(2) = 12|34|56

P (π(2)) = {1, 3, 5}

For π not contiguous (but still cyclically contiguous) we define the following row
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operation.

Rπ −→ Rπ − (−1)k
k∑
j=1

(−1)jRπ(j) ,

where Rπ is the row of Πc
n,k(x) indexed by π, and

Claim 2: These row operations convert Πc
n,k(x) into Π̄c

n,k(x).
Proof of Claim 2: Suppose that π is not contiguous, and let S be a k-subset of

[n]. We have three cases:

Case 1. si ∈ πi, 1 ≤ i ≤ k. Note that this implies s1 ∈ {1, 2, . . . , p1 − 1}, the “front half”
of π1. We have

(
Πc
n,k(x)

)
π,S

= I. After the row operations, the (π, S) entry is

I − (−1)k
k∑
j=1

(−1)j (Rπ(j))S = I − (−1)k(−1)k (Rπ(k))S

= I − I
= 0,

since the only way S can be distributed in the blocks of π(j) is to remove the
last divider pk of π, thus merging πk and the “back half” of π1 (which contained
no element of S). Removing any other divider merges two blocks both of which
contain an element of S.

Case 2. si ∈ πi+1, 1 ≤ i ≤ k − 1, sk ∈ π1. Note that this implies sk ∈ {pk, pk + 1, . . . , n},
the “back half” of π1. We have

(
Πc
n,k(x)

)
π,S

= xk−1α. After the row operations,

the (π, S) entry is

xk−1α− (−1)k
k∑
j=1

(−1)j (Rπ(j))S = xk−1α− (−1)k(−1)1 (Rπ(1))S

= xk−1 + (−1)kI,

since the only way S can be distributed in the blocks of π(j) is to remove the
first divider p1 of π, thus merging π2 (which contains s1) and the front half
{1, 2, . . . , p1 − 1} of π1 (which contains no element of S). Removing any other
divider merges two blocks both of which contain an element of S.

Case 3. S is not distributed in the blocks of π, so that
(
Πc
n,k(x)

)
π,S

= 0. This can

happen in several ways.

Case 3.1. π1 contains two elements of S, one in the front half, one in the back
half, and πi contains exactly one element of S for all 2 ≤ i ≤ k except
πl contains no element of S, for precisely one l, 2 ≤ l ≤ k. Note that
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since π is not contiguous, πl = {pl−1, pl−1 + 1, . . . , pl − 1}. After the row
operations, the (π, S) entry is

0− (−1)k
k∑
j=1

(−1)j (Rπ(j))S = (−1)k+1
(
(−1)l−1(Rπ(l−1))S + (−1)l(Rπ(l))S

)
= (−1)k+1

(
(−1)l−1I + (−1)lI

)
= 0

since the only way S can be distributed in the blocks of π(j) is to either
remove the divider pl−1, thus merging πl and πl−1, or remove the divider pl,
thus merging πl and πl+1 (or in the case l = k, merging πk and the back half
of π1).
In the example below, π = 1256|3|4 and S = {2, 4, 5} (circled). The block π1

contains two elements of S, π2 contains none, and π2 contains 1. In order for
S to be distributed in the blocks, we must either remove the divider p1 = 3,
merging π1 and π2, or the divider p2 = 4, merging π2 and π3.
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π = 1256|3|4
P (π) = {3, 4, 5}
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π(1) = 123|4|56

P (π(1)) = {1, 4, 5}
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π(2) = 12|34|56

P (π(2)) = {1, 3, 5}

Case 3.2. All other possibilities. In this case there is no way for S to be distributed
in the blocks of π(j), no matter which divider we remove. Some πi, 2 ≤
i ≤ k, or the front or back half of π1, contains at least two elements of S.(
Πc
n,k(x)

)
π,S

= 0. and after the row operation, the (π, S) entry is

0− (−1)k
k∑
j=1

(−1)j (Rπ(j))S = 0.

Putting all of the cases together, we see that the row operations

Rπ −→ Rπ − (−1)k
k∑
j=1

(−1)jRπ(j) ,

• have no effect on the first
(
n−1
k−1

)
rows of Πc

n,k(x),

• convert each I in the bottom
(
n−1
k

)
rows to 0 (Case 1),
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• convert each xk−1α in the bottom
(
n−1
k

)
rows to xk−1α+ (−1)kI (Case 2),

• preserve all 0’s (Case 3).

Thus Πc
n,k(x) is row equivalent to Π̄c

n,k(x) and we are done.

So in particular, if x is not a k(k − 1)st root of unity, Πc
n,k(x) is non-singular as a

matrix over C. But is it non-singular in the sense defined above? In other words, does
it have an inverse as a matrix with entries in CSk?

Recall that for a matrix A over a field we can compute the inverse matrix A−1 using
cofactors: (

A−1
)
i,j

=
(−1)i+j detMj,i

detA
,

where Mi,j is the submatrix of A obtained by deleting row j and column i. If detA is
a unit this procedure works over a commutative ring, since the rest is all multiplication
and addition.

In our case we have

det Πc
n,k(x) =

(
xk−1α+ (−1)kI

)(n−1
k )

,

so we need xk−1α + (−1)kI to be invertible in the (commutative) subalgebra of CSk
generated by α.

Claim:(
xk−1α+ (−1)kI

)−1
=

1
(−1)k(1− xk(k−1))

k−1∑
i=0

(−1)i(k−1)xi(k−1)αi.

Proof of Claim:(
xk−1α+ (−1)kI

) k−1∑
i=0

(−1)i(k−1)xi(k−1)αi =
k−1∑
i=0

(−1)i(k−1)x(i+1)(k−1)αi+1 + (−1)i(k−1)+kxi(k−1)αi

=
k∑
i=1

(−1)(i−1)(k−1)xi(k−1)αi +
k−1∑
i=0

(−1)i(k−1)+kxi(k−1)αi

= (−1)(k−1)2xk(k−1)I + (−1)kI

+
k−1∑
i=1

(
(−1)ik−i−k+1 + (−1)ik−i+k

)
xi(k−1)αi

= (−1)k(1− xk(k−1))I,

since (k − 1)2 and k have opposite parity. So we have proved the following proposition.

Proposition 4.5.7. For x not a k(k − 1)st root of unity, Πc
n,k(x) is non-singular and

hence Πn,k(x) has full rank
(
n
k

)
.

Recall now the definition of suitability.
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Definition 4.5.8. Let P be an n × m matrix over A with rank r. Let R and S be
permutation matrices over A such that

RPS =
(

M P12

P21 P22

)
,

where M is an invertible r × r submatrix of P , and let

Q = S

(
M−1 0

0 0

)
R,

Then P is suitable if PQP − P ∈ (
√
A)n×m.

Suppose that n×m sandwich matrix P (n > m) has full rank, i.e. that there exists
permutation matrices R and S such that

RPS =
(

M
P21

)
,

where M is an invertible m×m submatrix of P . Let Q = S
(
M−1 0

)
R. Then

PQP − P = R−1

(
M
P21

)
S−1S

(
M−1 0

)
RR−1

(
M
P21

)
S−1 −R−1

(
M
P21

)
S−1

= R−1

(
M
P21

)(
M−1 0

)( M
P21

)
S−1 −R−1

(
M
P21

)
S−1

= R−1

(
M
P21

)
S−1 −R−1

(
M
P21

)
S−1

= 0.

So in the case that P has full rank the suitability condition is automatically satisfied.
Thus by Proposition 4.5.7 and McAlister’s result we have

Theorem 4.5.9. For k > 1 and generic x, An,k(x)/
√
An,k(x) ∼= (CSk)(n

k)
.

Note that the rank of Π cannot be any larger than its width
(
n
k

)
. So no deformation

of An,k that preserves the Munn matrix algebra structure can be any more semisimple
than An,k(x).

Corollary 4.5.10. For k > 1,

dim
(√

An,k(x)
)

=
(
S(n, k)−

(
n

k

))(
n

k

)
k!.

Since this dimension formula is relatively simple one might hope to find a nice combi-
natorial basis for

√
An,k(x), as Garsia and Reutenauer did in [5] for Solomon’s Descent

Algebra.
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4.6 The y deformation

Let Acn,k(x) be the subalgebra of An,k(x) spanned by the maps T cn,k whose partitions
are cyclically contiguous. Acn,k(x) is also a Munn matrix algebra, with sandwich matrix
Πc
n,k(x). As mentioned in Chapter 2, Grood [6] has generalized the classical Specht-

module construction for the Symmetric Group to describe the irreducible modules of
the Rook Monoid Rn. Recall that, Rn has a composition series

Rn = Jn ⊇ Jn−1 ⊇ . . . ⊇ J1 ⊇ J0 = 0,

and that we have defined Rn,k := Jk/Jk−1. It is not difficult to see that Bn,k :=
CRn,k is isomorphic to the Munn matrix algebra M(CSk;

(
n
k

)
,
(
n
k

)
; I) = (CSk)(n

k)
, the

algebra of
(
n
k

)
×
(
n
k

)
matrices with entries in the group algebra CSk. In what follows we

derive a deformation of Acn,k, written Acn,k(y), so that there are canonical isomorphisms
Acn,k(1) ∼= Acn,k and Acn,k(0) ∼= Bn,k.

4.6.1 Definition

Let w1 = wπ,S,σ, w2 = wν,T,φ ∈ TCn,k. As we have seen before, for the product w1w2 to
be nonzero in Tn,k each element of T must lie in a different block of π. In other words,
each block πi of π contains exactly one element of T . For this deformation we shall pay
attention to how close that element is to the clockwise minimal element of πi.

Recall that to a cyclically contiguous partition π we associate a corresponding divider
set P (π) = {p1, . . . , pk}. (P consists of the clockwise minimal elements of the blocks of
π.) In what follows we will often identify a partition with its set of dividers.

For each i, 1 ≤ i ≤ k, let ρi(π, T ) be the difference (modulo n) between the element
of T lying in πi and the minimal element of πi. For example, if π = 156|2|34 and
T = {1, 2, 4}, then ρ2(π, T ) = 2− 2 = 0, ρ3(π, T ) = 4− 3 = 1, while ρ1(π, T ) = 1− 5 =
−4 = 2(mod 6). We are now ready to define the deformation.

Definition 4.6.1. Let w1 = wπ,S,σ, w2 = wν,T,φ ∈ TCn,k. Define

w1 • w2 =

{
0 if w1w2 = 0 in Tn,k, and

y
ρ1(π,T )
1 · · · yρk(π,T )

k w1w2 otherwise.

Let Acn,k(y) be the complex algebra with basis TCn,k, where two elements multiply via •.

Note that Acn,k(1) = An,k, where 1 = (1, . . . , 1).

Example 4.6.2. Let w1 = 265522 and w2 = 422122. Following the notation above we
have T = {1, 2, 4} and π = 156|2|34. So

w1 • w2 = y2
1y

0
2y

1
3w1w2 = y2

1y3(566266).
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Because we are sticking to our convention of always labeling the elements of a set in
increasing order, to give a more explicit definition of this deformation we must consider
three separate cases.

Case 1: 1 ∈ P (π)
In this case p1 = 1, and thus π1 is the initial segment {1, 2, . . . , p2 − 1}. Since the

elements of T are labeled in increasing order, we have ti ∈ πi, for i = 1, . . . , k. So

w1 • w2 := yt1−p11 · · · ytk−pk
k w1w2.

Case 2.1: 1 6∈ P (π), t1 ∈ π1

In this case π1 is the union of the terminal segment {pk, . . . , n} and the initial segment
{1, 2, . . . , p1 − 1}. As in Case 1 we have ti ∈ πi, for i = 1, . . . , k. So

w1 • w2 := yt1−pk+n
1 yt2−p12 · · · ytk−pk−1

k w1w2.

Case 2.2: 1 6∈ P (π), t1 6∈ π1

As in Case 2.1 π1 is the union of the terminal segment {pk, . . . , n} and the initial
segment {1, 2, . . . , p1 − 1}. But now we have ti ∈ πi+1, for i = 1, . . . , k − 1, and tk ∈ π1.
So

w1 • w2 := ytk−pk
1 yt1−p12 · · · ytk−1−pk−1

k w1w2.

Recall that for P, S ∈
([n]
k

)
and σ ∈ Sk, we denote by wP,S,σ the map in Rn,k sending

pi to sσ(i).

Proposition 4.6.3. The mapping wπ,S,σ 7→ wP,S,σ induces an algebra isomorphism
between Acn,k(0) and Rn,k.

Proof. Let wπ,S,σ, wν,T,φ ∈ TCn,k, and let wP,S,σ, wN,T,φ be the corresponding maps in
Rn,k.

wπ,S,σ • wν,T,φ =

{
y
ρ1(π,T )
1 · · · yρk(π,T )

k wπ,S,σwν,T,φ if ti ∈ πτ(i) for some τ ∈ Sk, and
0 otherwise.

If all the yi are zero however, to get a non-zero product we need ρi(π, T ) = 0 for all
i = 1, . . . , k. This only happens when T consists of precisely the minimal elements of
the blocks of π, i.e., when T = P . So we have

wπ,S,σ • wν,T,φ =
{
wπ,S,σwν,T,φ = wν,S,σφ if T = P , and

0 otherwise.

On the other hand,

wP,S,σwN,T,φ =
{
wN,S,σφ if T = P , and

0 otherwise.

Thus the mapping wπ,S,σ 7→ wP,S,σ between the basis elements of the two algebras
commutes with multiplication.
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4.6.2 Generic semisimplicity

Proposition 4.6.4. Acn,k(y) is a Munn algebra, with sandwich matrix Πc
n,k(y) defined

by

(Πn,k(y))π,T =

{
y
ρ1(π,T )
1 · · · yρk(π,T )

k τ if ti ∈ πτ(i), for some τ ∈ Sk, and
0 otherwise.

Proof. The y-deformation of the product w1 •w2 only depends on how the image of w2

is distributed in the partition of w1; the underlying composition of maps is the same
as in T cn,k. Hence Acn,k(y) is isomorphic to a Munn algebra of

(
n
k

)
-by-

(
n
k

)
matrices with

entries in CSk. The sandwich matrix is the sandwich matrix for Acn,k, with the (π, T )

entry scaled by yρ1(π,T )
1 · · · yρk(π,T )

k .

Corollary 4.6.5. The multiplication • is associative.

4.6.3 Main result

Theorem 4.6.6. Let Πc
n,k(y) be as above, and let α ∈ Sk be the k-cycle (12 . . . k). Then

det(Πc
n,k(y)) = (−1)k(

n−1
k ) ∏

P∈([n]\1
k )

((
yn+p1−pk
1 yp2−p12 · · · ypk−pk−1

k

)k
− 1
)
.

Proof. First of all, though the entries of Πc
n,k(y) are in the non-commutative ring CSk,

only (scalar multiples of) powers of α actually appear. Thus all matrix entries commute
and the determinant is well-defined.

To compute the determinant we shall use a series of row operations to transform
Πc
n,k(y) into an upper triangular matrix. These row operations will be similar to those

used to compute det(Πc
n,k(x)).

Recall that the rows of Πc
n,k(y) are indexed by the contiguous partitions of n into k

blocks. Let π be such a partition, and let P be the corresponding set of dividers.
Case 1: 1 ∈ P (in particular p1 = 1)
In this case, if T < P then by the Pigeonhole Principle there exists a j, 1 ≤ j ≤ k−1

such that two elements of T lie between pj (inclusive) and pj+1. These two elements
must therefore lie in the same block of π, and so (Πn,k(y))π,T = 0. If T = P then
ρi(π, T ) = 0, and ti ∈ π, for all i = 1, . . . , k. Hence (Πn,k(y))π,P = Ik. So the first

(
n−1
k−1

)
rows of Πn,k(y) are upper triangular with Ik’s down the diagonal. No row operations
are needed in this case.

Case 2: 1 6∈ P
Note first that the pigeonhole argument in Case 1 no longer holds. For example

T = {1, 3, 6} < P = {2, 3, 4} yet no two elements of T lie in the same block of π.
For 1 ≤ j ≤ k and P ∈

([n]\1
k

)
let P(j) denote the set obtained from P by removing

pj and adjoining 1. Let φi(j) denote the number of elements (including pj) in the ith
block of π that we pass as we move clockwise between pj and 1. For example, if n = 6
and P = {2, 3, 4}, then P(2) = {1, 2, 4}, and φ1(2) = 3 since we pass by 4, 5, 6 ∈ π1 as we
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move clockwise between 2 and 1. Similarly, φ2(2) = 0 (pass none) and φ3(2) = 1 (pass
three).

Let RP denote the P th row of Πn,k(y). We perform the following row operation.

RP −→ RP − (−1)k
k∑
j=1

(−1)j
( k∏
i=1

y
φi(j)
i

)
RP(j)

Let T ∈
([n]
k

)
and consider the (P, T ) entry of the new matrix. We have three cases.

Case 2.1: ti ∈ πi, 1 ≤ i ≤ k
In particular, t1 ∈ {1, . . . , p1 − 1}, the “front half” of π1. Then (Πn,k(y))P,T =

yn+t1−pk
1 yt2−p12 · · · ytk−pk−1

k Ik, and after the row operation the P, T -entry is

yn+t1−pk
1 yt2−p12 · · · ytk−pk−1

k Ik − (−1)k
k∑
j=1

(−1)j
( k∏
i=1

y
φi(j)
i

)
(RP(j)

)T .

There is only one non-zero term in this sum. The only way the elements of T , which
were already distributed in the blocks of π can still be distributed when we switch to
the new set of dividers P(j) is if we remove the last divider pk, thus merging πk and the
“back half” of π1.

So the P, T -entry is actually

yn+t1−pk
1 yt2−p12 · · · ytk−pk−1

k Ik − (−1)k(−1)k
( k∏
i=1

y
φi(k)
i

)
(RP(k)

)T

= yn+t1−pk
1 yt2−p12 · · · ytk−pk−1

k Ik − yn+1−pk
1 yt1−1

1 yt2−p12 · · · ytk−pk−1

k Ik

=
(
yn+t1−pk
1 yt2−p12 · · · ytk−pk−1

k − yn+t1−pk
1 yt2−p12 · · · ytk−pk−1

k

)
Ik

= 0.

Case 2.2: ti ∈ πi+1, 1 ≤ i ≤ k − 1, tk ∈ π1

In particular, tk ∈ {pk, . . . , n}, the back half of π1. Then

(Πn,k(y))P,T = ytk−pk
1 yt1−p12 · · · ytk−1−pk−1

k α,

and after the row operation the P, T -entry is

ytk−pk
1 yt1−p12 · · · ytk−1−pk−1

k α− (−1)k
k∑
j=1

(−1)j
( k∏
i=1

y
φi(j)
i

)
(RP(j)

)T .

As in Case 2.1, there is only one non-zero term in the sum. This time the only way
the elements of T can still be distributed when we switch to the new set of dividers P(j)

is if we remove the first divider p1, thus merging the ”front half” of π1 and π2.
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So the P, T -entry is actually

ytk−pk

1 yt1−p1
2 · · · ytk−1−pk−1

k α− (−1)k(−1)1
( k∏

i=1

y
φi(1)
i

)
(RP(1))T

= ytk−pk

1 yt1−p1
2 · · · ytk−1−pk−1

k α+ (−1)kyn+1−pk

1 yp2−p1
2 · · · ypk−pk−1

k yt1−1
1 yt2−p2

2 · · · ytk−pk

k Ik

= ytk−pk

1 yt1−p1
2 · · · ytk−1−pk−1

k α+ (−1)kyn+t1−pk

1 yt2−p1
2 · · · ytk−pk−1

k Ik

= ytk−pk

1 yt1−p1
2 · · · ytk−1−pk−1

k

(
α+ (−1)kyn+t1−tk

1 yt2−t1
2 · · · ytk−tk−1

k Ik
)
.

Note that in this case T ≥ P since t1 ∈ π2 implies t1 ≥ p1. If T = P we have

α+ (−1)kyn+t1−tk
1 yt2−t12 · · · ytk−tk−1

k Ik.

Case 2.3: T is not distributed in the blocks of π.
In this case, (Πn,k(y))P,T = 0, so after the row operation the P, T -entry is

0− (−1)k
k∑
j=1

(−1)j
( k∏
i=1

y
φi(j)−1
i

)
(RP(j)

)T .

The only way any of the terms in the sum can be non-zero is if

1. π1 contains two elements of T , one in the front half and the other in the back half,

2. there exists some m, 2 ≤ m ≤ k, such that πm contains no elements of T , and

3. πi contains exactly one element of T for all other i, 2 ≤ i ≤ k.

If 1, 2, and 3 all hold, then exactly two terms in the sum will be non-zero. Either we
remove the divider pm−1, merging blocks πm and πm−1, or we remove the divider pm,
merging blocks πm and πm+1.

So the (P, T )-entry becomes

0− (−1)k
(
(−1)m−1ypm−pm−1

m · · · ypk−pk−1

k yn+1−pk
1 (RP(m−1)

)T

+(−1)mypm+1−pm

m+1 · · · ypk−pk−1

k yn+1−pk
1 (RP(m)

)T
)

= (−1)k+1
(
(−1)m−1ypm−pm−1

m · · · ypk−pk−1

k yn+1−pk
1 yt1−1

1 yt2−p12 · · · ytm−1−pm−2

m−1 ytm−pm
m · · · ytk−pk

k Ik

+(−1)mypm+1−pm

m+1 · · · ypk−pk−1

k yn+1−pk
1 yt1−1

1 yt2−p12 · · · ytm−pm−1
m y

tm+1−pm+1

m+1 · · · ytk−pk
k Ik

)
= (−1)k+m

(
yn+t1−pk
1 yt2−p12 · · · ytk−pk−1

k − yn+t1−pk
1 yt2−p12 · · · ytk−pk−1

k

)
Ik

= 0.

So after the row operations the matrix is upper triangular, with Ik’s down the first(
n−1
k−1

)
diagonal entries, corresponding to the divider sets P = {p1, . . . , pk} which contain
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1. The remaining
(
n−1
k

)
diagonal entries are of the form α+(−1)kyn+p1−pk

1 yp2−p12 · · · ypk−pk−1

k Ik,
where P ∈

([n]\1
k

)
. Thus

det(Πc
n,k(y)) =

∏
P∈([n]\1

k )

det
(
α+ (−1)kyn+p1−pk

1 yp2−p12 · · · ypk−pk−1

k Ik

)

=
∏

P∈([n]\1
k )

(
(−1)k−1 + (−1)k

2
(
yn+p1−pk
1 yp2−p12 · · · ypk−pk−1

k

)k)

=
∏

P∈([n]\1
k )

(−1)k
((

yn+p1−pk
1 yp2−p12 · · · ypk−pk−1

k

)k
− 1
)

= (−1)k(
n−1

k ) ∏
P∈([n]\1

k )

((
yn+p1−pk
1 yp2−p12 · · · ypk−pk−1

k

)k
− 1
)
.

Corollary 4.6.7. Acn,k(y) is semisimple for generic y = (y1, . . . , yk), in particular for

all y ∈ Ck such that (yn+p1−pk
1 yp2−p12 · · · ypk−pk−1

k )k 6= 1 for any P = {p1, . . . , pk} ⊆ [n].

Proof. For any a ∈ C such that ak 6= 1, the element α−aIk is invertible in CSk. Indeed,

(α−aIk)
k−1∑
i=0

ak−1−iαi = (1−ak)Ik. So if y ∈ Ck satisfies (yn+p1−pk
1 yp2−p12 · · · ypk−pk−1

k )k 6=

1 for any P = {p1, . . . , pk} ⊆ [n], then the determinant of the sandwich matrix Πc
n,k(y)

is the product of invertible elements of CSk and hence is itself invertible. Thus we can
compute the inverse of Πc

n,k(y) via cofactors. Then, by McAlister’s result, Acn,k(y) is
semisimple.
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Chapter 5

The Radical

In this chapter we collect together several results concerning the radical
√
An,k of the

undeformed algebra An,k. We first characterize the radical in the special case k = 1,
then give a more general eigenvalue result for Mn,k, the Gram matrix whose nullspace
is the radical. We verify that the nullspace characterization of

√
An,k coincides with

another characterization in terms of the sandwich matrix, and exhibit several classes of
elements in the radical. Finally, we describe two interesting actions of Sn on

√
An,k,

one by conjugation and the other by left multiplication. We give a character result for
the case k = 1.

5.1 The radical in the case k = 1

There are two cases in which it is possible to easily describe the radical of An,k. First
of all, An,n is isomorphic to the group algebra of the Symmetric Group, and thus is
semisimple and has a trivial radical. At the other end of the spectrum is An,1, which is
almost nilpotent. As the following result shows, its semisimple part is one-dimensional.

Proposition 5.1.1.
√
An,1 is the ideal of An,1 consisting of all linear combinations of

maps whose coefficients sum to zero. The dimension of
√
An,1 is n−1, and An,1/

√
An,1 ∼=

C.

Proof. Let fi denote the constant map sending every element of [n] to i. First of all,
An,1 is not itself nilpotent, since fki = fi for all k = 1, 2, . . .. Thus dim

(√
An,1

)
≤ n−1.

On the other hand, if I is the subalgebra of An,1 consisting of all linear combinations
of maps whose coefficients sum to zero, then dim(I) = n− 1, since I is spanned by the
n − 1 linearly independent elements fi − fi+1, 1 ≤ i ≤ n − 1. Thus it remains to show
that I is a nilpotent ideal.
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Suppose x =
n∑
i=1

cifi, where
n∑
i=1

ci = 0. Then

xfj =

(
n∑
i=1

cifi

)
fj

=
n∑
i=1

cifi

and so the sum of the coefficients of xfj is
n∑
i=1

ci = 0, and xfj ∈ I. On the other hand,

fjx = fj

(
n∑
i=1

cifi

)

=
n∑
i=1

cifjfi

=
n∑
i=1

cifj

=

(
n∑
i=1

ci

)
fj

= 0.

So by linearity, if y =
n∑
i=1

difi is an arbitrary element of An,1, we have xy, yx ∈ I. Thus

I is an ideal of An,1. To show that I is a nilpotent ideal, let x =
n∑
i=1

cifi ∈ I and

y =
n∑
j=1

djfj ∈ I. Then

xy =

(
n∑
i=1

cifi

) n∑
j=1

djfj


=

 n∑
i=1

cifi

 n∑
j=1

djfj


= 0

by the calculation above. So I2 = 0, and hence I is nilpotent.

5.2 The Gram matrix, and a maximum eigenvalue

Recall the following fact from Chapter 2, which states that the radical of a matrix
algebra is the nullspace of its Gram matrix.
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Fact 5.2.1. Let A be a finite-dimensional associative algebra and {v1, . . . , vn} a basis of
A. Define the n× n Gram matrix M for A by (M)i,j = tr(vivj). Then A is semisimple
if and only if det(M) 6= 0, and in fact

√
A = null(A).

Let Mn,k be the Gram matrix associated to the algebra An,k. In Chapter 2 we gave
the following formula for Mn,k.

Proposition 5.2.2.

(Mn,k)i,j =


S(n, k)k! if wiwj has k

fixed points, and
0 otherwise.

As before we normalize Mn,k by dividing by S(n, k)k!, and we consider the eigenval-
ues of the normalized matrix.

n k eigenvalues

2 2 12

2 1 01, 21

3 3 −11, 15

3 2 −31,−22,−11, 05, 13, 22, 33, 41

3 1 02, 31

4 4 −17, 117

4 3 −51,−43,−
√

15
6
,−
√

12
3
,−31,−

√
5
9
,−23,

−13, 055, 16, 26,
√

5
9
, 33, 46,

√
12

3
,
√

15
6
, 56, 61

4 2 −83,−
√

28
5
,−210, 039, 215,

√
28

5
, 86, 141

4 1 03, 41

Notice that in the table the largest eigenvalue for k < n always appears with multiplicity
1. This is not a coincidence, as the result below shows.

For a set partition π of [n] let [[π]] denote the product of the block sizes of π. For
example, if π = 13|2|456, then [[π]] = 2 · 1 · 3 = 6.

Theorem 5.2.3. λ =
∑

π[[π]], where the sum is over all π ∈ S([n], k) such that the
elements 1, 2, . . . , k lie in different blocks, is the unique maximum eigenvalue for the
normalized Gram matrix Mn,k. The corresponding eigenvector is v =

∑
w∈Tn,k

[[π(w)]]w.

65



Proof. The proof of this result is rather technical, so we begin by sketching the main
ideas. It is not hard to verify that v is an eigenvector for Mn,k, with eigenvalue λ. To
show that λ is the unique maximum eigenvalue takes a bit more work. We show that
Mn,k is irreducible, by first relating it to the adjacency matrix of a graph Γn,k, and then
showing that Γn,k is connected. The proof of connectedness is by far the most technical
part of the argument. We use induction to pare the problem down to a single special
case, then display an algorithm that finishes the job. Once we have shown that Mn,k is
irreducible, we apply the Perron-Frobenius Theorem to conclude that Mn,k has a unique
maximum eigenvalue. Finally, it follows that λ is this same unique maximum eigenvalue
because the corresponding eigenvector has all positive entries.

Definition 5.2.4. An n× n matrix A is reducible if it is similar via a permutation of

rows and columns to a matrix of the form
(
X 0
Y Z

)
, where X and Z are non-trivial

square matrices. A is irreducible if it is not reducible.

Theorem 5.2.5. (Perron-Frobenius) Let A be a non-negative irreducible matrix. Then
A has a positive eigenvalue r that is a simple root of the characteristic polynomial. The
modulus of any other eigenvalue of A does not exceed r. To the “maximal” eigenvalue
r there corresponds an eigenvector with all positive entries.

There is a way of interpreting Mn,k as something like the adjacency matrix of a
certain graph Γn,k (with loops contributing 1 instead of 2). This graph turns out to be
connected, and so its adjacency matrix is irreducible. Mn,k must also be irreducible,
because the question of irreducibility depends only on the support of a matrix, i.e., on
the location of the non-zero entries.

In the following discussion we refer to maps w ∈ Tn,k as “words”.

Proposition 5.2.6. Let Γn,k be the graph whose vertices are the words w ∈ Tn,k with
edges wi − wj if wiwj has k fixed points. Then Γn,k is connected for 1 ≤ k ≤ n− 1.

Note that in Γn,k we have deg(wi) equal to the number of wj such that wiwj and

wjwi have k fixed points, which is
k∏

m=1

∣∣w−1
i (sm)

∣∣ = [[π(wi)]], since for each m, wj must

send sm into w−1
i (sm), for each m = 1, 2, . . . , k.

Proof. (Method 1: “Lifting paths”) We use induction on n. Given two words u and v
in Γn,k we first connect them respectively to words u′ and v′ of a special type. We then
drop down to words u′′ and v′′ in Γn−1,k, connect u′′ and v′′ by a path, and finally “lift”
the path back to Γn,k, thus connecting u and v.
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To begin we observe that

|V (Γn,k)| = |Tn,k|

=
(
n

k

)
S(n, k)k!

=
((

n− 1
k − 1

)
+
(
n− 1
k

))
(S(n− 1, k − 1) + kS(n− 1, k)) k!

= k

(
n− 1
k − 1

)
S(n− 1, k − 1)(k − 1)! + k

(
n− 1
k

)
S(n− 1, k)k!

+ k

(
n− 1
k − 1

)
S(n− 1, k)k! + k

(
n− 1
k

)
S(n− 1, k − 1)(k − 1)!

= k

(
n− 1
k − 1

)
S(n− 1, k − 1)(k − 1)! + k

(
n− 1
k

)
S(n− 1, k)k!

+
k2

n− k

(
n− 1
k

)
S(n− 1, k)k! + (n− k)

(
n− 1
k − 1

)
S(n− 1, k − 1)(k − 1)!.

This expression suggests that the words in Tn,k can be divided into four disjoint classes.

Type 1. n ∈ Im(w), n is in a block of size 1

Type 2. n 6∈ Im(w), n is in a block of size 2 or greater

Type 3. n ∈ Im(w), n is in a block of size 2 or greater

Type 4. n 6∈ Im(w), n is in a block of size 1

Claim: The number of words of each type is as follows.

Type 1. k
(
n−1
k−1

)
S(n− 1, k − 1)(k − 1)!

Type 2. k
(
n−1
k

)
S(n− 1, k)k!

Type 3. k2

n−k
(
n−1
k

)
S(n− 1, k)k!

Type 4. (n− k)
(
n−1
k−1

)
S(n− 1, k − 1)(k − 1)!

Proof of claim:

• To get a word w′ of Type 1, start with a word w ∈ Tn−1,k−1 (there are
(
n−1
k−1

)
S(n−

1, k−1)(k−1)! such words), and pick w(n) from Im(w)∪{n} (k choices for w(n)).
If w(n) 6= n, say w(n) = a, then send all elements of w−1(a) to n instead. For
example,

1441 −→ 14415 (w(5) = 5, so no is switch needed)
54451 (w(5) = 1, so we send {1, 4} to 5 instead of 1)
15514 (w(5) = 4, so we send {2, 3} to 5 instead of 4).

We can go backwards by finding the instances of n. If n appears at the end of the
word, just truncate. Otherwise, replace all occurrences of n by w(n).
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• To get a word w′ of Type 2, start with a word w ∈ Tn−1,k (there are
(
n−1
k

)
S(n−

1, k)k! such words), and pick w(n) from Im(w) (k choices). For example,

1442 −→ 14421
14422
14424.

We can go backwards by truncating.

• To get a word w′ of Type 3, start with a word w ∈ Tn−1,k (there are
(
n−1
k

)
S(n−

1, k)k! such words), pick an element a of Im(w) (k choices for a), replace all
instances of a by n, then pick w(n) from (Im(w)\a)∪{n} (k choices). This results
in an overcount by a factor of n − k, since in going backwards there are n − k
elements that might have been removed. For example,

1442 −→ 54422 54424 54425
15521 15522 15525
14451 14454 14455.

Going backwards we replace the instances of n by each of the n − k elements of
[n− 1]\Im(w). For example,

14451 −→ 1442
1443.

• To get a word w′ of Type 4, start with a word w ∈ Tn−1,k−1 (there are
(
n−1
k−1

)
S(n−

1, k − 1)(k − 1)! such words), and pick w(n) from [n − 1]\Im(w) (n − k choices).
For example,

1441 −→ 14412
14413.

As in Type 2 we can go backwards by truncating. This completes the proof of the
claim.

As mentioned above, given two words u, v ∈ Γn,k, we shall drop down to Γn−1,k,
connect the corresponding words there, then lift the path back.

Suppose x =
(
π1 π2 . . . πk
a1 a2 . . . ak

)
and y =

(
ν1 ν2 . . . νk
b1 b2 . . . bk

)
are connected

by an edge in Γn−1,k. (This means that bj ∈ πi if and only if ai ∈ νj .) We lift x

to x̄ =
(
π1 π2 . . . πk−1 π′k
a1 a2 . . . ak−1 ak

)
and y to ȳ =

(
ν1 ν2 . . . νk−1 ν ′k
b1 b2 . . . bk−1 bk

)
, where

π′k = πk ∪ {n} and ν ′k = νk ∪ {n}.
Notice that x̄ and ȳ are Type 2 words in Γn,k, and if x − y in Γn−1,k then x̄ − ȳ in

Γn,k. (n does not appear in the image of either x̄ or ȳ, so x̄ȳ has k fixed points if and
only if xy has k fixed points.)

For example, the edge 23113−41221 in Γ5,3 lifts to the edge 231133−412211 in Γ6,3.
As mentioned above, this lifting process always yields Type 2 words in Γn,k, i.e.,

words in which n is not in the image, and lies in a block of size at least 2. So the
question becomes, given an arbitrary word can we connect it to a Type 2 word?
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• Suppose w is Type 1, i.e., w =
(
π1 . . . πi . . . πk−1 {n}
a1 . . . n . . . ak−1 ak

)
. Then construct

u =
(
ν1 . . . νr . . . νs . . . νk
b1 . . . n . . . bs . . . bk

)
where n ∈ νs and |νs| ≥ 2 so that ak ∈

νr, bs ∈ πi, and in general bl ∈ πm if and only if am ∈ νl. Then u is Type 3 and
w − u in Γn,k.

For example,
w = 25223 − u = 21522

Type 1 Type 3
. Here we have complete freedom to

choose the second and fourth entries of u (from among {1, 2, 5}), so we can ensure
that 5 is in a block of size at least 2.

• Suppose w is Type 4, i.e., w =
(
π1 . . . πk−1 {n}
a1 . . . ak−1 ak

)
, n 6∈ Im(w). Then con-

struct u =
(
ν1 . . . νr . . . νs . . . νk
b1 . . . n . . . bs . . . bk

)
, where n ∈ νs, |νs| ≥ 2, ak ∈ νr, and

in general bl ∈ πm if and only if am ∈ νl. Then u is Type 3 and w − u in Γn,k.

For example,
w = 24143 − u = 31522

Type 4 Type 3
. Here we are free to choose the fifth

entry of u, so we can ensure that n is in a block of size at least 2.

• Suppose w is Type 3, i.e., w =
(
π1 . . . πi . . . πj . . . πk
a1 . . . n . . . aj . . . ak

)
, where n ∈ πj

and |πj | ≥ 2. Then construct u =
(
ν1 . . . νl . . . νk
b1 . . . bl . . . bk

)
, where n ∈ νl and

|νl| ≥ 2 so that bq ∈ πp if and only if ap ∈ tq, and n 6∈ Im(u). Then u is Type 2
and w − u in Γn,k.

For example,
w = 21522 − u = 24333

Type 3 Type 2
. Here we are free to choose the third

and fourth entries of u, so we can ensure that n is in a block of size at least 2.

So, given any u, v ∈ Γn,k, we can first find u′, v′ ∈ Γn,k, both of Type 2, such that
u − . . . − u′ and v − . . . − v′ in Γn,k. Then we can drop down to u′′, v′′ ∈ Γn−1,k by
simply removing n from its respective block in the two words. By induction, Γn−1,k is
connected, so we can find a path u′′ − . . . − v′′ in Γn−1,k, then lift the path to a path
u′− . . .−v′ of Type 2 words in Γn,k. This produces a path u− . . .−u′− . . .−v′− . . .−v
in Γn,k connecting u and v.

Example 5.2.7. Suppose u = 4141, v = 2223 ∈ T4,2. First we connect u to a Type 2
word u′:

u = 4141 − u′ = 2111,
Type 3 Type 2

and v to a Type 2 word v′:

v = 2223 − 2244 − v′ = 2233.
Type 4 Type 3 Type 2
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Then we drop down to u′′, v′′ ∈ Γ3,2:

u′ = 2111 −→ u′′ = 211,
v′ = 2233 −→ v′′ = 233.

In Γ3,2 we have the path u′′ = 211 − 313 − 223 = v′′. This path lifts to u′ = 2111 −
3133−2233 = v′′. So we have the path u = 4141−2111−3133−2233−2244−2223 = v
in Γ4,2.

At this point we encounter a serious problem, for the argument above only works if
k ≤ n − 2. If k = n − 1 we drop down to Γn−1,n−1 which is not connected. In general
Γm,m consists of isolated vertices (involutions) and dimers w−w−1. So we need to show
by some other means that Γn,n−1 is connected. This we shall do in the following lemma.

Lemma 5.2.8. Each word of Γn,n−1 is connected by a path to the “smallest” word

w0 =
(

1 2 3 . . . n− 2 {n, n− 1}
1 2 3 . . . n− 2 n− 1

)
.

Proof. We exhibit an algorithm to construct such a path. Say that a word is “Type i
in j” if it satisfies the definition of Type i given above, with j playing the roll of n. For
example, the word u = 125546 is Type 2 in 3, since 3 6∈ Im(u) and 3 is in a block of size
at least 2 in π(u). On the other hand, v = 123466 is Type 1 in 4, since 4 ∈ Im(v) and 4
is in a block of size 1 in π(v). In what follows we show how to connect an arbitrary word
with an initial string of m fixed points, 0 ≤ m ≤ n−2, to a word that is Type 1 in m+1
with an initial string of m+1 fixed points. By induction we can then connect any given
word u to a word that is Type 1 in n− 1 with an initial string of n− 1 fixed points, i.e.,

a word of the form w =
(

1 2 3 . . . n− 2 n− 1 n
1 2 3 . . . n− 2 n− 1 a

)
, where a ∈ [n − 2]. But

then we are done, for w is clearly adjacent to w0.
Since we are dealing with words in Γn,n−1, every word has partition consisting of a

single block of size 2, and n− 2 singleton blocks. Thus, given u ∈ Γn,n−1, if we want to
find a v such that u− v, i.e., such that uv has n− 1 fixed points, we have little choice.
Each element a ∈ Im(u) must be sent by v to u−1(a), which has size 1 in all but one
case. In that one case we have just two choices. We are also free to choose v(b), where
b is the one element of [n] not appearing in Im(u). For example, if u = 422516 then
v = 5xy146, where x must be either 2 or 3, and y is almost arbitrary, the one restriction
being that y ∈ {1, 4, 5, 6, x}.

We now describe how to connect a given word w with an initial string of m fixed
points to a word w′ that is in some way “closer” to having an initial string of m+1 fixed
points. The argument is rather technical, and it may pay to keep the following diagram
in mind.
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Type 1
in m+ 1,
1, . . . ,m
are fixed

-

Type 3
in m+ 1,
1, . . . ,m
are fixed

-

Type 2
in m+ 1,
1, . . . ,m
are fixed

-

Type 3
in m+ 1,
1, . . . ,m+ 1
are fixed

-

Type 1
in m+ 1,
1, . . . ,m+ 1
are fixed

?

Type 4
in m+ 1,
1, . . . ,m
are fixed

?

move on to m+ 2

We shall see that wherever we are in the diagram, we can follow the arrows to increase
the length of the initial string of fixed points.

• Suppose an arbitrary word w is Type 1 in m+1 and has an initial string of m fixed
points, where 0 ≤ m ≤ n− 2. This means m+ 1 ∈ Im(w), and m+ 1 is in a block
of size 1. In constructing w′ so that w−w′ we can force m+ 1 to be in a block of
size 2 by setting w′(b) = w′(m+ 1), where as above b is the one element of [n] not
appearing in Im(w). If a ∈ {1, . . . ,m} is in a block of size 2 in w, namely {a, a′},
where a′ > m, choose w′(a) = a, rather than a′. This ensures that w′ will also
have an initial string of m fixed points. Finally note we must have m+1 ∈ Im(w′)
since m+ 1 was in a block of size 1 in w. So w′ is Type 3 in m+ 1, with an initial
string of m fixed points.

• Suppose now that w is Type 3 in m+1 and has an initial string of m fixed points.
This means m+ 1 ∈ Im(w), and m+ 1 is in a block of size 2. So we can construct
w′ with w−w′ such that m+ 1 6∈ Im(w′). We can also make sure that m+ 1 is in
a block of size 2 in w′ by setting w′(b) = w′(m + 1), where b 6∈ Im(w). As above
the first m elements remain fixed, and so w′ is Type 2 in m + 1, with an initial
string of m fixed points.

• Suppose now that w is Type 2 in m+1 and has an initial string of m fixed points.
This means m+ 1 6∈ Im(w), and m+ 1 is in a block of size 2. Since m+ 1 is in a
block of size 2 of w we can choose m+ 1 to be in the image of w′. Thus when we
go to pick w′(m+ 1) “almost arbitrarily”, we can pick it to be m+ 1. The first m
elements are still fixed by w′, so now w′ has an initial string of m+ 1 fixed points.
m+ 1 ∈ Im(w′), and m+ 1 is in a block of size 2, so w′ is Type 3 in m+ 1, with
an initial string of m+ 1 fixed points.

• Suppose instead that w is Type 4 in m + 1 and has an initial string of m fixed
points. This means m+ 1 6∈ Im(w), and m+ 1 is in a block of size 1. Then we are
forced to have m + 1 ∈ Im(w′), and thus we can choose w′(m + 1) (the element
of w′ with the most freedom) to be m + 1 as well. The first m elements are still
fixed by w′, so now w′ has an initial string of m+ 1 fixed points. m+ 1 ∈ Im(w′),
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and m + 1 is in a block of size 2, so w′ is Type 3 in m + 1, with an initial string
of m+ 1 fixed points.

• Suppose finally that w is Type 3 in m+ 1 and has an initial string of m+ 1 fixed
points. This means m+1 ∈ Im(w), and m+1 is in a block of size 2. In constructing
w′ with an initial string of m+ 1 fixed points and w−w′ pick w′(m+ 1) = m+ 1.
No other element is forced to be sent to m+ 1, so we can ensure that m+ 1 is in
a block of size 1 in w′. m+ 1 ∈ Im(w′), and m+ 1 is in a block of size 1, so w′ is
Type 1 in m+ 1, with an initial string of m+ 1 fixed points.

So we have connected w to a new word w′ of Type 1 in m+ 1 with an initial string
of m+1 fixed points. Now we can continue the process, for w′ is of some type in m+2,
and we repeat the necessary steps above to connect w′ to a word w′′ with an initial
string of m+ 2 fixed points.

Eventually we arrive at a word w of Type 1 in n− 1, with an initial string of n− 1
fixed points. Being Type 1 in n − 1 means that n − 1 ∈ Im(w) and n − 1 is in a block

of size 1. So w =
(

1 2 3 . . . n− 2 n− 1 n
1 2 3 . . . n− 2 n− 1 a

)
, where a ∈ [n − 2]. But then

ww0 = w0 has n− 1 fixed points, and so w is adjacent to w0 and we are done.

Example 5.2.9. Let n = 6 and suppose w = 422516. Our goal is to connect w to
w0 = 123455. To start, notice that w is Type 1 in 1, with no initial string of fixed
points.

422516 − 525146 Type 3 in 1
− 424536 Type 2 in 1
− 125146 Type 3 in 1, 1 is fixed
− 122536 Type 1 in 1, 1 is fixed
= 122536 Type 3 in 2, 1, 2 are fixed
− 125546 Type 1 in 2, 1, 2 are fixed
= 125546 Type 2 in 3, 1, 2 are fixed
− 123536 Type 3 in 3, 1, 2, 3 are fixed
− 123446 Type 1 in 3, 1, 2, 3 are fixed
= 123446 Type 3 in 4, 1, 2, 3, 4 are fixed
− 123466 Type 1 in 4, 1, 2, 3, 4 are fixed
= 123466 Type 2 in 5, 1, 2, 3, 4 are fixed
− 123455

(Method 2: “Algorithmic”) The algorithm described above actually works for any n

and k, k < n. Let w0 =
(

1 2 3 . . . k − 1 {k, . . . , n}
1 2 3 . . . k − 1 k

)
. The algorithm allows us

to connect an arbitrary w ∈ Tn,k to w0, in fact the only difference is that we have more
choices in constructing the w′.
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Example 5.2.10. Let n = 8 and k = 5 and suppose w = 46221332. Our goal is to
connect w to w0 = 12345555. To start, notice that w is Type 1 in 1, with no initial
string of fixed points.

46221332 − 53615255 Type 3 in 1
− 46245366 Type 2 in 1
− 13615222 Type 3 in 1, 1 is fixed
− 16265366 Type 1 in 1, 1 is fixed
= 16265366 Type 3 in 2, 1 is fixed
− 13635444 Type 2 in 2, 1 is fixed
− 12265366 Type 3 in 2, 1, 2 are fixed
− 12665444 Type 1 in 2, 1, 2 are fixed
= 12665444 Type 2 in 3, 1, 2 are fixed
− 12365366 Type 3 in 3, 1, 2, 3 are fixed
− 12345444 Type 1 in 3, 1, 2, 3 are fixed
= 12345444 Type 3 in 4, 1, 2, 3, 4 are fixed
− 12345555

Now it is left to prove the theorem. Recall that v was defined by

v =
∑

w∈Tn,k

[[π(w)]]w.
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. So

(Mn,kv)i =
(n

k)S(n,k)k!∑
j=1

(Mn,k)i,jvj

=
∑

wj s.t. wiwj
has k fixed points

[[π(wj)]]

=
∑

partitions π of [n]
into k blocks s.t.

each element of Im(wi)
lies in a different block

[[π]] ·#
{
wj s.t. wiwj has k fixed points

and π(wj) = π

}

=
∑

partitions π of [n]
into k blocks s.t.

each element of Im(wi)
lies in a different block

[[π]][[π(wi)]]

=



∑
partitions π of [n]
into k blocks s.t.

1, 2, . . . , k
lie in a different blocks

[[π]]


[[π(wi)]]

= λvi

So v is an eigenvector of Mn,k, and since v has all positive entries, it must correspond
to the unique maximum eigenvalue.
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Note that we can write the expression for λ in several ways.

λ =
∑

partitions π of [n]
into k blocks s.t.

1, 2, . . . , k
lie in different blocks

[[π]]

=
∑

compositions
p � n with

k nonzero parts

(
n− k

p1 − 1, p2 − 1, . . . , pk − 1

)
p1p2 · · · pk

=
∑
λ ` n

λ has k parts

(
k

m1,m2, . . . ,mr

)(
n− k

λ1 − 1, λ2 − 1, . . . , λk − 1

)
λ1λ2 · · ·λk,

where λ = (λ1, λ2, . . . , λk) has multiplicities m1,m2, . . . ,mr.
Making use of the multinomial theorem allows us to rewrite λ in an even simpler

form, shown below.

Corollary 5.2.11. The unique maximum eigenvalue of the normalized Gram matrix
Mn,k is

λ =
k∑
j=0

(
n− k
j

)(
k

j

)
j!kn−k−j .

Proof. By the Multinomial Theorem we have

(x1x2 · · ·xk)(x1 + x2 + . . .+ xk)(n−k) = (x1x2 · · ·xk)
∑
p � n,
pi ≥ 0

(
n− k

p1, p2, . . . , pk

)
xp11 x

p2
2 · · ·x

pk
k

=
∑
p � n,
pi ≥ 0

(
n− k

p1, p2, . . . , pk

)
xp1+1

1 xp2+1
2 · · ·xpk+1

k

=
∑
p � n,
pi ≥ 1

(
n− k

p1 − 1, p2 − 1, . . . , pk − 1

)
xp11 x

p2
2 · · ·x

pk
k .

Differentiating both sides once with respect to each variable gives∑
S⊆[k]

(n− k)|S|(x1 + x2 + . . .+ xk)n−k−|S|
∏
i∈S

xi
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on the left-hand side, and∑
p � n,
pi ≥ 1

(
n− k

p1 − 1, p2 − 1, . . . , pk − 1

)
p1p2 · · · pkxp1−1

1 xp2−1
2 · · ·xpk−1

k (5.1)

on the right-hand side. Evaluating both sides at x1 = x2 = . . . = xk = 1 gives∑
p � n,
pi ≥ 1

(
n− k

p1 − 1, p2 − 1, . . . , pk − 1

)
p1p2 · · · pk =

∑
S⊆[k]

(n− k)|S|kn−k−|S|

=
k∑
j=0

(
n− k
j

)(
k

j

)
j!kn−k−j .

5.3 Equations for the radical

The following result of McAlister [9] gives a characterization of the radical of a Munn
matrix algebra.

Proposition 5.3.1. (McAlister) Let A = M(A;m,n; Π) be a Munn matrix algebra.
Then √

A = {x ∈ A|ΠxΠ ∈ (
√
A)m,n}.

So in particular, if A is semisimple, as in our case,
√
A = {x ∈ A|ΠxΠ = 0}.

Recall that we also have a characterization of
√
A as the nullspace of the correspond-

ing Gram matrix. A natural question to ask is whether these two characterizations are
related. The following result states that in the case of An,k they actually give the same
equations.

Proposition 5.3.2. In the case of An,k the condition ΠxΠ = 0 gives the same equations
on the entries of x as does x ∈ null(Mn,k), where Mn,k is the Gram matrix for An,k.

Proof. We have seen that

(Mn,k)u,v =


S(n, k)k! if uv has k fixed points, and

0 otherwise.

So given

x =
∑

v ∈ Tn,k
uv has k fixed points

cvv ∈ An,k,
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the conditionMn,kx = 0 gives the set of equations


∑

v ∈ Tn,k
uv has k fixed points

cv = 0


u∈Tn,k

.

Now let u = wπ,S,σ. What is the coefficient of σ in (ΠxΠ)π,S? First of all,

(ΠxΠ)π,S =
∑

ν ∈ S([n], k)
T ∈

([n]
k

)
(Π)π,T (x)T,ν(Π)ν,S .

Recall that

(Π)π,S =


τ if si ∈ πτ(i), 1 ≤ i ≤ k, and

0 otherwise.

In this situation, we say that S is distributed in π by τ . So

(ΠxΠ)π,S =
∑

α,β∈Sk

∑
ν ∈ S([n], k), S distributed in ν by α
T ∈

([n]
k

)
, T distributed in π by β

β(x)T,να

=
∑
γ∈Sk

∑
α,β∈Sk

∑
ν ∈ S([n], k), S distributed in ν by α
T ∈

([n]
k

)
, T distributed in π by β

cwν,T,γβγα.

Thus the coefficient of σ in (ΠxΠ)π,S is

∑
α, β, γ ∈ Sk
βγα = σ

∑
ν ∈ S([n], k), S distributed in ν by α
T ∈

([n]
k

)
, T distributed in π by β

cwν,T,γ

=
∑

v ∈ Tn,k
uv induces σ2 on S = Im(u)

cv,

since if S is distributed in ν by α and T in π by β we have

si −→ να(i) −→ Tγα(i) −→ πβγα(i) = πσ(i) −→ sσ2(i).

This argument works backwards, too. If uv induces σ2 on S = Im(u), and u =
wπ,S,σ, v = wν,T,γ there must exist α, β ∈ Sk such that S is distributed in ν by α
and T in π by β as otherwise uv could not permute the elements of S, and hence the
composition must satisfy σβγα = σ2, i.e., βγα = σ.
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So ΠxΠ = 0 gives the set of equations


∑

v ∈ Tn,k
uv induces σ2 on S = Im(u)

cv = 0


u∈Tn,k

.

Now we claim that the two sets of equations are the same. In particular, if we define

A(u) := {v ∈ Tn,k|uv induces σ2 on S = Im(u)}
B(u) := {v ∈ Tn,k|uv has k fixed points},

and for u = wπ,S,σ we define u∗ := wπ,S,σ−1 , then A(u) = B(u∗). Then since the
correspondence u −→ u∗ is an involution, the two sets of equations are the same.

To prove that A(u) = B(u∗), suppose that uv induces σ2 on S = Im(u). Write
u = wπ,S,σ and v = wν,T,γ . Since uv permutes the elements of S there must exists
α, β ∈ Sk such that si ∈ να(i), ti ∈ πβ(i), 1 ≤ i ≤ k, and so

si −→ να(i) −→ tγα(i) −→ πβγα(i) −→ sσβγα(i) = sσ2(i).

Thus σβγα = σ2, i.e., βγα = σ. But then u∗v has k fixed points, since

si −→ να(i) −→ tγα(i) −→ πβγα(i) = πσ(i) −→ sσ−1σ(i) = si.

Similarly, if u∗v has k fixed points, then (u∗)∗v = uv induces σ2 on S = Im(u). So
A(u) = B(u∗) and we are done.

Example 5.3.3. Let w = 3132, so that π(w) = 13|2|4, S(w) = {1, 2, 3}, and φ(w) =
(132). Then

A(w) = {w′ ∈ T4,3|ww′ induces σ2 = (123) on S = {1, 2, 3}}.

If (3132)wν,T,γ = wν,S,σ2, then T = Im(w′) must be {1, 2, 4} or {2, 3, 4}, and ν must be
1|2|34, 1|24|3, or 14|2|3. Here is a table.

ν T α β γ w′ = wν,T,γ
1|2|34 {1, 2, 4} id id (132) 4122

{2, 3, 4} id (12) (13) 4322
1|24|3 {1, 2, 4} id id (132) 4121

{2, 3, 4} id (12) (13) 4323
14|2|3 {1, 2, 4} id id (132) 4124

{2, 3, 4} id (12) (13) 4324

So
A(w) = {4122, 4322, 4121, 4323, 4124, 4324}.

Meanwhile, w∗ = wπ,S,σ−1 = 2321, so

B(w∗) = {w′ ∈ T4,3|w∗w′ has three fixed points}
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If (2321)w′ fixes 1, 2, and 3, the first entry of w′ must be 4, the second must be 1 or 3,
the third must be 2, and the fourth can be any of the first three. So

B(w∗) = {4121, 4122, 4124, 4322, 4323, 4324} = A(w).

5.4 Some elements of the radical

One of our original questions about the non-deformed algebras An,k was whether we
could provide some sort of combinatorial description for the radical

√
An,k, perhaps in

the form of a spanning set or even a basis. As described in the propositions below, we
have found several classes of elements in

√
An,k.

Proposition 5.4.1. Fix a subset P = {p1, . . . , pk} ⊆ [n] and an integer partition λ =
(λ1, . . . , λk) of n into distinct parts, k > 1. Given a set partition π = {π1, . . . , πk} of
type λ we associate a permutation νπ by |πi| = λνπ(i). Then

xλ,P :=
∑
π

sgn(νπ)
∑
σ∈Sk

sgn(σ)wπ,P,σ ∈
√
An,k,

where the outer sum is over all set partitions π of type λ.

Proof. For an ordered partition π = (π1, π2, . . . , πk) of [n] and a subset

P = {p1, p2, . . . , pk} ⊆ [n], let wπ,P =
(
π1 π2 · · · πk
p1 p2 · · · pk

)
, i.e., wπ,P sends the ele-

ments of the block πi to pi, 1 ≤ i ≤ k. Every word has a unique representation in this
form because the p1, p2, . . . , pk are still taken in increasing order.

For example, if π = ({1, 6}, {5}, {2, 3, 4}) and P = {2, 3, 4} then

wπ,P =
(
{1, 6} {5} {2, 3, 4}

2 4 5

)
= 255542.

Note that xλ,P can be written using this new notation as

xλ,P =
∑
ν∈Sk

sgn(ν)
∑

π an ordered partition
of [n] with |πi| = λν(i)

wπ,P

Now let wσ,S =
(
σ1 σ2 · · · σk
s1 s2 · · · sk

)
∈ Tn,k. We claim that xλ,Pwσ,S = 0. For a

fixed π,wπ,Pwσ,S = 0 unless the S is distributed in the blocks of π, say si ∈ πτ(i).
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Thus

xλ,Pwσ,S =
∑
ν∈Sk

sgn(ν)
∑

π an ordered partition
of [n] with |πi| = λν(i)

wπ,Pwσ,S

=
∑
ν∈Sk

sgn(ν)
∑
τ∈Sk

∑
π an ordered partition
of [n] with |πi| = λν(i)

and si ∈ πτ(i)

wπ,Pwσ,S

=
∑
ν∈Sk

sgn(ν)
∑
τ∈Sk

(
# ordered partitions π with
|πi| = λν(i) and si ∈ πν(i)

)
wτ−1(σ),P

=
∑
ν∈Sk

sgn(ν)
∑
τ∈Sk

(
n− k

λν(1) − 1, λν(2) − 1, . . . , λν(k) − 1

)
wτ−1(σ),P

=
∑
ν∈Sk

sgn(ν)
∑
τ∈Sk

(
n− k

λ1 − 1, λ2 − 1, . . . , λk − 1

)
wτ−1(σ),P

=

∑
ν∈Sk

sgn(ν)

∑
τ∈Sk

(
n− k

λ1 − 1, λ2 − 1, . . . , λk − 1

)
wτ−1(σ),P


= 0 ·

∑
τ∈Sk

(
n− k

λ1 − 1, λ2 − 1, . . . , λk − 1

)
wτ−1(σ),P


= 0

Example 5.4.2. For n = 3, k = 2 take λ = 21. Then

xλ,{1,2} = 112 + 121 + 211− 221− 212− 122,
xλ,{1,3} = 113 + 131 + 311− 331− 313− 133, and
xλ,{2,3} = 223 + 232 + 322− 332− 323− 233.

Proposition 5.4.3. Fix a subset P = {p1, . . . , pk+1} ⊆ [n] and a set partition π =
{π1, . . . , πk} of [n], k < n. Then

xπ,P :=
k+1∑
i=1

(−1)i
∑
σ∈Sk

sgn(σ)wπ,P\{pi},σ ∈
√
An,k.

Proof. Given w =
(
ν1 ν2 · · · νk
s1 s2 · · · sk

)
∈ Tn,k we need to show that tr(xπ,Pw) = 0.

First of all, if the elements s1, . . . , sk are not in different blocks of π, then wπ,P\pi,τw =
0 for all i and τ . Without loss of generality we can assume s1 ∈ π1, . . . , sk ∈ πk. If the
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k elements of P\pi are not in different blocks of ν, then tr(wπ,P−pi,τw) = 0. So

tr(xπ,Pw) = tr

∑
i

(−1)i
∑
τ∈Sk

sgn(τ)wπ,P\pi,τw

 ,

where the sum is over all i such that the elements of P\pi lie in different blocks of σ.
Now if the (k + 1)-subset P does not have at least one element in each of the k

blocks of ν, no such i exists and we are done. Otherwise we are in a situation where
two elements of P , say pi and pj , are together in one block of ν while the rest are each
in their own block. So

tr(xπ,Pw) = (−1)itr

∑
τ∈Sk

sgn(τ)wπ,P\pi,τw

+ (−1)jtr

∑
τ∈Sk

sgn(τ)wπ,P\pj ,τw

 .

Which terms in these two sums survive?

Label P\pi as {p′1, p′2, . . . , p′k} so that wπ,P\pj ,τ =
(

π1 π2 · · · πk
p′τ(1) p′τ(2) · · · p′τ(k)

)
. For

wπ,P\pi,τw to have k fixed points we need

p′l ←− πτ−1(l) ←− sτ−1(l) ←− ντ−1(l) ←− p′l, for all l = 1, 2, . . . , k,

i.e., p′l ∈ στ−1(l). This completely determines τ .
Let τi be the τ such that p′l ∈ ντ−1

i (l) for l = 1, . . . , k. Similarly, label the k elements
of P\pj as {p′′1, p′′2, . . . , p′′k} and let τj be the τ such that p′′l ∈ ντ−1

j (l) for l = 1, . . . , k.
So

tr(xπ,Pw) = (−1)isgn(τi)tr
(
wπ,P\pi,τiw

)
+ (−1)jsgn(τj)tr

(
wπ,P\pj ,τjw

)
= S(n, k)k!

(
(−1)isgn(τi) + (−1)jsgn(τj)

)
.

How are τi and τj related?

τ−1
i (l) = τ−1

j (l) for 1 ≤ l ≤ i− 1

τ−1
i (l) = τ−1

j (l + 1) for i ≤ l ≤ j − 2

τ−1
i (j − 1) = τ−1

j (i)

τ−1
i (l) = τ−1

j (l) for j ≤ l ≤ k

In other words, τi and τj differ by the (j − i)-cycle (i, i+ 1, . . . , j − 1). Thus we have

tr(xπ,Pw) = S(n, k)k!
(
(−1)isgn(τi) + (−1)jsgn(τj)

)
= S(n, k)k!

(
(−1)i(−1)j−i+1sgn(τj) + (−1)jsgn(τj)

)
= S(n, k)k! · sgn(τj)

(
(−1)j+1 + (−1)j

)
= 0. (5.2)
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Example 5.4.4. Let n = 3, k = 2 and take P = {1, 2, 3}. Then

x12|3,P = −112 + 221 + 113− 331− 223 + 332,
x1|23,P = −122 + 211 + 133− 311− 233 + 322, and
x13|2,P = −121 + 213 + 131− 313− 232 + 323.

The elements {xπ,P } span
√
An,1 for all n, and {xλ,P } and {xπ,P } together span√

A3,2, but in general their span is some (very) proper subideal of the radical.
The following result gives us a way to “lift” certain elements of the radical.

Proposition 5.4.5. Fix a subset P = {p1, p2, . . . , pk} ⊆ [n], k > 1, and a partition
λ = λ1, λ2, . . . , λk of n into distinct parts. Define

x̄λ,P =
∑
σ∈Sk

sgn(σ)
∑
π

w̄π,P ,

where w̄π,P (i) =
{
wπ,P (i) 1 ≤ i ≤ n
n+ 1 i = n+ 1

, and the inside sum is over all ordered partitions

π = (π1, π2, . . . , πk) with |πi| = λσ(i). Then x̄λ,P ∈
√
An+1,k+1.

Proof. Given an arbitrary w =
(
ν1 ν2 · · · νk+1

s1 s2 · · · sk+1

)
we need to show that tr(x̄λ,Pw) =

0. Suppose π = (π1, π2, . . . , πk) is an ordered partition of [n] with part sizes λ =
λ1, λ2, . . . , λk (not necessarily in that order) such that tr(w̄π,Pw) = 0. Then w̄π,Pw must
fix p1, p2, . . . , pk, pk+1, where pk+1 = n+1. How can this happen? First of all, the k+1
elements p1, p2, . . . , pk, pk+1 must be in different blocks of ν, say pi ∈ ντ(i), 1 ≤ i ≤ k+1.
To get

p1 −→ ντ(i) −→ sτ(i) −→ πi −→ pi,
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we need sτ(i) ∈ πi, 1 ≤ i ≤ k + 1 (here πk+1 = {n+ 1}). So

tr(x̄λ,Pw) = tr


∑
σ∈Sk

sgn(σ)
∑

π an ordered partition
of [n] with |πi| = λσ(i)

w̄π,Pw


=

∑
σ∈Sk

sgn(σ)
∑

π an ordered partition
of [n] with |πi| = λσ(i)

and sτ(i) ∈ πi

tr(w̄π,Pw)

=
∑
σ∈Sk

sgn(σ)S(n+ 1, k + 1)(k + 1)!

 # ordered partitions π of [n]
with |πi| = λσ(i)

and sτ(i) ∈ πi


= S(n+ 1, k + 1)(k + 1)!

 # ordered partitions π of [n]
with |πi| = λi
and sτ(i) ∈ πi

 ∑
σ∈Sk

sgn(σ)

= 0.

Example 5.4.6. Let λ = 21, P = {1, 3}. Then

xλ,P = 113 + 131 + 311− 331− 313− 133, and
x̄λ,P = 1134 + 1314 + 3114− 3314− 3134− 1334.

Using these this procedure we can construct 48 elements in
√
A4,3. The xπ,P give

us six more. However we know that dim
(√

A4,3

)
= 55, and in any case the elements

constructed here are not independent.

5.5 Sn actions

In this last section, we describe two actions of Sn on
√
An,k. The first is actually a more

general action of Sn on each eigenspace of the Gram matrix Mn,k (the 0-eigenspace of
which is the radical), while the second is specific to

√
An,k.

Proposition 5.5.1. Sn acts on each Mn,k eigenspace by conjugation.

Proof. Suppose Mn,kv = λv. Then (Mn,kv)w =
∑
w′−w

vw′ = λvw for all w, where the

sum is over all w′ such that w′w has k fixed points, i.e., such that w′ is connected by an
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edge to w in the graph Γn,k. Now suppose σ ∈ Sn. We have(
Mn,kσ

−1vσ
)
w

=
∑
w′−w

(
σ−1vσ

)
w′

=
∑
w′−w

vσ−1w′σ

=
∑

w′−σ−1wσ

vw′

= λvσ−1wσ.

(We use the fact that u−v in Γn,k if and only if σ−1uσ−σ−1vσ in Γn,k. This is because
uv fixes the k elements {s1, s2, . . . , sk} in Im(u) if and only if σ−1uσσ−1vσ = σ−1uvσ
fixes the k elements {σ−1(s1), σ−1(s2), . . . , σ−1(sk)} in Im(σ−1u).)

So Mn,kσ
−1vσ = λσ−1vσ.

Example 5.5.2. M3,2 has eigenspectrum {−3, (−2)2,−1, 05, 13, 22, 33, 4}. The corre-
sponding eigenspaces Vλ decompose under the conjugation action of S3 as follows.

λ dimVλ decomposition
−3 1 S13

−2 2 S21

−1 1 S13

0 5 2S21 ⊕ S13

1 3 S3 ⊕ S21

2 2 S21

3 3 S3 ⊕ S21

4 1 S3

Proposition 5.5.3. Let V0 be the nullspace (zero-eigenspace) of Mn,1. (So, in particu-
lar, V0 =

√
An,1.) Let χ be the character of the conjugation action of Sn on V0. Then,

for σ ∈ Sn we have
χ(σ) = (# fixed points of σ)− 1.

Proof. Let σ ∈ Sn, and suppose σ has j fixed points. Write σ in cycle notation

σ = (σ1 . . . σr1)(σr1+1 . . . σr2) · · · (σrs−1+1 . . . σrs).

(Note that rs = n.) Choose as a basis for V0 the vectors

{wi = fσi − fσi+1 |1 ≤ i ≤ n− 1},

where as before fi is the constant map taking every element of [n] to i. There are n− 1
vectors, and they are clearly linearly independent. (Recall Proposition 5.1.1, which
states that V0 =

√
An,1 is the ideal consisting of all linear combinations of constant
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maps in which the coefficients sum to zero.) With respect to this basis, and so with
respect to any basis, we have

χ(σ) =
n−1∑
i=1

[wi]σwiσ
−1 =

n−1∑
i=1

[wi]σwi,

where [wi] denotes “the coefficient of wi in”. What is [wi]σwi?
Writing σ = (σ1 . . . σr1)(σr1+1 . . . σr2) · · · (σrs−1+1 . . . σrs) we have

σw1 = w2, σw2 = w3, . . . , σwr1−2 = wr1−1

σwr1−1 = σ
(
fσr1−1 − fσr1

)
= fσr1

− fσ1 = − (w1 + w2 + . . .+ wr1−1)

σwr1 = σ
(
fσr1
− fσr1+1

)
= fσ1 − fσr1+2 = w1 + w2 + . . .+ wr1+2.

The σwr1−1 term contributes -1 to the sum, while the σwr1 term contributes +1 to the
sum.

This analysis works fine for cycles of length at least two, but what about for fixed
points? Suppose for instance that r1 = 1, i.e., that

σ = (σ1)(σ2 . . . σr2) · · · (σrs−1+1 . . . σrs).

Then
σw1 = σ (fσ1 − fσ2) = w1 + w2,

which contributes +1 to the sum.
In general, fixed points contribute +1, while cycles of length at least two contribute

0. The exception is the very last cycle. If it is a fixed point it contributes nothing, since
there is no wn. Otherwise it contributes -1. So

χ(σ) = (# fixed points of σ)− 1.

Example 5.5.4. Let σ = (1)(2)(3)(45)(678). Then σ acts on the basis {f1 − f2, f2 −
f3, . . . , f7 − f8} of V0 by the matrix

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 1 −1 1 0 0
0 0 0 0 1 0 0
0 0 0 0 1 0 −1
0 0 0 0 0 1 −1


,

and tr(σ) = 1 + 1 + 1− 1 + 1 + 0− 1 = 2 = (# fixed points of σ)− 1.
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Example 5.5.5. Let σ = (1254)(37)(6)(8). Then σ acts on the basis {f1 − f2, f2 −
f5, . . . , f6 − f8} of V0 by the matrix

0 0 −1 1 0 0 0
1 0 −1 1 0 0 0
0 1 −1 1 0 0 0
0 0 0 1 0 0 0
0 0 0 1 −1 1 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


,

and tr(σ) = 0 + 0− 1 + 1− 1 + 1 + 1 = 1 = (# fixed points of σ)− 1.

χ decomposes easily into irreducible Sn characters. Since χ(σ) = (# fixed points of σ)−
1, we have

χ = χdef − 1,

where χdef is the character of the defining representation of Sn. It is well known that
χdef = χn + χ(n−1)1 = 1 + χ(n−1)1, and so we have the following character formula for
the Sn conjugation action on

√
An,1.

Proposition 5.5.6. The character χ of the Sn conjugation action on
√
An,1 is given

by
χ = χ(n−1)1,

where χ(n−1)1 is the irreducible Sn-character corresponding to the partition consisting of
a part of size n− 1 and a part of size 1.

Finally, we have another action of Sk on the radical.

Proposition 5.5.7. Sn acts on
√
An,k by left multiplication.

Proof. Recall that
√
A = {x ∈ A|tr(xy) = 0 for all y ∈ A}. Now let x ∈

√
An,k, σ ∈

Sn, y ∈ An,k. We want to show that tr(σxy) = 0. We have already shown that Sn acts
on
√
An,k by conjugation, so σxσ−1 ∈

√
An,k. But then tr(σxy) = tr(σxσ−1σy) = 0,

since σy ∈ An,k.

Similarly, Sn acts on
√
An,k by right multiplication.

Remark 5.5.8. For σ ∈ Sn we can define operation L(σ) and R(σ) on An,k, where
L(σ)x = σx (left multiplication) and R(σ)x = xσ (right multiplication). Since the
algebra is associative, L and R commute. However, neither commutes with Mn,k. This
explains why Sn acting on the left or the right does not in general preserve the eigenspaces
of Mn,k, for example (Mn,kx)σ 6= Mn,k(xσ). On the other hand, the matrix L(σ)R(σ−1)
does commute with Mn,k. This was how we showed that Sn acts on the eigenspaces of
Mn,k by conjugation.
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