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Chapter 1

Introduction

The representation theory of the Symmetric Group plays a large role in many areas of
combinatorics, for example in the study of symmetric functions. The Full Transforma-
tion Semigroup is perhaps the most natural generalization of the Symmetric Group, and
yet its representation theory is not well understood.

The objective of this work is to improve the understanding of the algebraic and
combinatorial structure of the Full Transformation Semigroup. That this structure is
particularly complicated is reflected in the fact that the associated Full Transformation
Semigroup algebra is not semisimple. The main results follow from several attempts to
introduce parameters in such a way that the algebra becomes generically semisimple.
One such deformation leads to an eigenvalue result involving Schur functions (Chapter
3), while another makes the algebra “as semisimple as possible” (Chapter 4). In the
final chapter we present several results pertaining to the radical of the non-deformed
algebra.

1.1 The Full Transformation Semigroup 7,

The Full Transformation Semigroup on n letters, denoted T, is the semigroup of all
set maps w : [n] — [n], where [n] = {1,2,...,n} and the multiplication is the usual
composition. Such maps can be depicted in several ways; we will most often use one-
line notation, for example w = 214442 denotes the map sending 1 to 2, 2 to 1, 3 to 4,
etc.

Maps in T,, are indexed by triples (m, P, ¢), where P is the image of the map, 7 is
the set partition of [n] whose blocks are the inverse images of the elements of P, and
¢ is the permutation describing which block is mapped to which element of the image.
In what follows, 7 = {my,mo,...} will always denote a set partition of [n] with blocks
ordered by increasing smallest element. Similarly in writing P = {p1,p2, ...} a subset of
[n] we shall always intend p; < py < .... Permutations will be written in cycle notation.

With these conventions, we shall let w; py € T, denote the map taking x € m; to

P(i)-
Example 1.1.1. For w = 214442 € Ts we have w(w) = 162|345, P(w) = {1, 2,4}, and



o(w) = (12)(3), the transposition exchanging 1 and 2 and fixing 3. The permutation ¢
1s most easily visualized in the following diagram of w.

w16 2 345
X
P:1 2 4

The invertible elements of T),, i.e., the bijective maps, form a subsemigroup iso-
morphic to the Symmetric Group S,. Thus the elements of T}, can be thought of as
generalized permutations, and we can ask which of the many combinatorial aspects of
the Symmetric Group can be extended in a meaningful way to the Full Transformation
Semigroup.

Let CT,, denote the Full Transformation Semigroup algebra, consisting of complex
linear combinations of elements of T;,. CT,, has a chain of two-sided ideals

CTn:InQIn—l;)QIl;)IO:O,

where for 1 < k < n, I} as a vector space is the complex span of the maps of rank less
than or equal to k (the rank of a map is the cardinality of its image). For 1 < k < n
define the algebras A,, = Ij,/I;—1. We can think of A, as being the algebra spanned
by the maps of rank k, where two maps multiply to zero if their composition has rank less
than k. The top quotient A, ,, is isomorphic to CS,,, the group algebra of the Symmetric
Group, and is therefore semisimple. However A,, . is not semisimple for k& < n, meaning
that the radical /A, ;, is non-trivial.

It is known that the irreducible modules for A,, ;, are indexed by partitions A - k. In
fact Hewitt and Zuckerman give a calculation in [7] that generates all irreducible matrix
representations for A,, . However, their methods are difficult to apply in practice and do
not even determine the dimensions of the representations. These dimensions are known,
thanks to a more recent character result of Putcha [12]. Regardless of the approach,
it is clear that the non-semisimplicity of A, ; causes great difficulties. This has led us
to define several deformations of A, j, with the aim of making the algebra generically
semisimple.

1.2 Summary of Chapter 3
The Symmetric Group Sj acts on the maps of rank k by

O—wﬂ7P7¢ :: wTr7P7o.¢.

We define

w1 0wy = E Pp(o)0W1W?2,
oESk

where p(o) I k is the cycle type of o, and p,,) is the corresponding power-sum sym-
metric function in the variables x1,..., 2. Let A, i(x) denote the algebra with the



multiplication o. Explicit calculations for small values of n and k suggest that A, ;(x)
is no more semisimple than A, j, i.e., that even for generic values of the z; we have
dimy/A,, 1 (x) = dim/A,, ;. However something interesting does come out of this mul-
tiplication.

For every finite-dimensional algebra there is an associated Gram matrix whose
nullspace is the radical of the algebra. Let M, ;(x) be the (normalized) Gram ma-
trix for A, (x). We use Frobenius’ factorization of the group determinant (see [2]) to
derive the following result about M, ,(x).

Theorem 1.2.1. The eigenvalues of M, ,(x) are :t(%sA)Q, A F n, where the positive

values appear with multiplicity (f A; 1) and the negative values appear with multiplicity

(f;). As a consequence, the algebra A, ,(x) is semisimple if and only if the values of
the parameters x; avoid the zeros of the Schur functions sy .

An analogous result for k£ < n is so far only conjectural.

Conjecture 1.2.2. The non-zero eigenvalues of M, ;(x), k < n, are constant multiples
of the squares of the Schur functions sy for At k. The multiplicity of si 18 ((Z) M2 for

Ak, A#£ 15 and (0707 for A = 1*.

1.3 Summary of Chapter 4

There is another associative multiplication we can define on A,, ;. Let wy = wy pg and
wy = Wy Ry be two maps of rank k. Notice that in order for the product wiws to be
nonzero in A, i each element of R = P(wy) must lie in a different block of 7 = m(wy). In
this situation we can associate to the maps wy and ws the permutation 7 € S; defined
by the condition 7; € 7).

For example, if w; = 214442 and we = 262225 then 7 = (123), as can be seen in the
following diagram.

pP13452 6
‘ we = 262225

R:2 5 6
ol e

T 16 2 345
w1 = 214442

P.1 2 4

We now define a new associative multiplication in A, ; by

inv(r)

w1 *W (=2 wiwa,

where inv(7) is the number of inversions of 7. Let A, ;(z) denote the algebra with the
multiplication *. A, () is not semisimple in general, however our work shows that in
some sense A, () is “as semisimple as possible” for generic .



The results in this Chapter are obtained by recasting A, ;, and more generally
Ay (), as Munn matric algebras. These are algebras of rectangular matrices of a fixed
size, with entries in a base algebra, in which multiplication is defined by inserting a fixed
“sandwich matrix” II between elements of the algebra: X - Y := XIIY.

The deformed algebra A,, ;(x) turns out to be isomorphic to the Munn matrix algebra

of (}) x S(n, k) matrices over CSy, with S(n, k) x (}}) sandwich matrix II(z) defined by

MY ifp o€ mon.1<i<k and
N = x Di T+ =t =Ry
(@), P { 0 otherwise.

It is natural to ask in what way the semisimplicity of a Munn matrix algebra depends
on properties of the sandwich matrix II. Clifford and Preston [3] have shown that a Munn
matrix algebra is semisimple if and only if IT is “invertible”, in a sense that will be made
precise later. In particular semisimplicity requires that II be a square matrix.

Clifford and Preston’s result implies that A,, ;(x) cannot be semisimple for any value
of z, since the sandwich matrix II(z) is not square. However we can say a good deal
about the “semisimple part” of A, y(x), i.e., the quotient A, (x)/\/Ank(z

The rank of a matrix is the size of 1ts largest non-singular minor. A result of
McAlister [10] states that if A is a Munn matrix algebra, and the sandwich matrix II

is suitable of rank r, then A/\/X & (A/\/Z) , the algebra of all » x r matrices with

entries in A/v/A. (Suitability is a technical condition that we discuss later.)

It turns out that II(z) has full rank (}) for generic . To show that the rank of
II(z) is indeed (Z) we define a special set of partitions of [n], (2) in number, which we
call cyclically contiguous partitions. We let I1°(z) be the (}) x (}) submatrix of II(z)
consisting of the rows corresponding to the cyclically contiguous partitions. We show
that I1¢(z) is non-singular for generic z. We also verify that II(x) satisfies the suitability

condition, and so applying McAlister’s result we obtain the following theorem.
Theorem 1.3.1. For generic x, Ay i(x)/\/Ani(z (CSk

Note that the rank of IT cannot be any larger than its width ( k) So no deformation
of A, that preserves the Munn matrix algebra structure can be any more semisimple
than A, ().

In the remainder of Chapter 4 we describe a connection between our deformed algebra
A, k(x) and the Rook Monoid algebra. Let A? , (x) be the subalgebra of A,, j(x) spanned
by the maps whose partitions are cyclically contlguous AfL () is also a Munn matrix
algebra, with sandwich matrix I1¢(z). We have found a further deformation of AC L (x)
that allows us to interpolate between A¢ , (x) and a quotient of the Rook Monoid algébra.
This is important, as the representatio;ﬁ theory of the latter is is well understood (see

[6])-
1.4 Summary of Chapter 5

In the final chapter we collect together several results concerning the radical of the
undeformed algebra A, ;. For example, while the associated Gram matrix M, has a



complicated structure, it can be interpreted as something like the adjacency matrix of
a certain graph. Using properties of this graph we are able to determine the unique
maximum eigenvalue of M, ;.

Theorem 1.4.1. For a partition w of [n] let [[r]] denote the product of the block sizes
of m. Let A\ = ) _[[r]], where the sum is over all partitions m of [n] into k blocks
such that the elements 1,2, ...,k lie in different blocks. Then X is the unique mazximum
eigenvalue for the normalized Gram matriz My, . The corresponding eigenvector is

v= > [r(w)]w.

wGTn,k

In another result we verify that two characterizations of the radical of A,, 5, one as
the nullspace of the associated Gram matrix, the other in terms of the sandwich matrix,
do indeed give the same equations on the matrix entries.

One of our original questions about the non-deformed algebras A, was whether
we could provide some sort of combinatorial description for the radical /A, ;. A basis
might be too much to hope for, but even a spanning set would be very useful. We have
found several classes of elements in /A, 1, for example the class defined in the following
result.

Proposition 1.4.2. Fiz a subset P = {p1,...,pr} C [n] and an integer partition \ =
(A1y...,Ak) of minto distinct parts, k > 1. Given a set partition 7 = {my,..., 7} of
type A we associate a permutation vy by |m;| = A, ). Then

Ty p = Z sgn(vr) Z sgn(o)wWr po € \/ An s

™ ogeSy,
where the outer sum is over all set partitions m of type \.

These elements and the others we describe do not in general span /A, 1, nor are
they independent.

Finally, we describe two interesting actions of S,, on /A, , one by conjugation and
the other by left multiplication. We give a character result for the case k = 1.



Chapter 2

Preliminaries

2.1 The Full Transformation Semigroup 7,

In this chapter we introduce structures and techniques that will play a central role in our
main results. We begin with our “main character”, the Full Transformation Semigroup.

Definition 2.1.1. A semigroup S is a set together with a multiplication p: SxS — S.
The Full Transformation Semigroup is the semigroup T, of all set maps w : [n] — [n],
where maps multiply by composition. We shall denote such a map w by w = wx py,
where P is the image, 7 is the set partition whose blocks are the inverse images of the
elements of P, and ¢ is determined by the rule wr pg(mi) = Py (i)-

We repeat here the example from the introduction.

Example 2.1.2. For w = 214442 we have w(w) = 16|2|345, P(w) = {1,2,4}, and
o(w) = (12)(3), as in the diagram below.

w16 2 345

P:1 2 4

Note that for ¢(w) to be well defined we need to canonically order the elements
of the image and the blocks of the partition. As mentioned in the introduction the
elements of P = {p1,pa,...} will always be labeled in increasing order, and the blocks
of m = {my,m2,...} will always be labeled in increasing order of smallest element. We
shall let ([Z]) denote the set of k-subsets of [n]. and S([n], k) denote the set of partitions
of [n] into k blocks.

The composition of two maps is best understood with a diagram, as in the following
example.

Example 2.1.3. Let wy = 214442 and wy = 262225. Then wiwe = 121114.



o X
256 13452 6
o = ]
16 2 345 L2 4

w1 ‘
i35 4

One reason for the importance of the Full Transformation Semigroup can be seen in
the following result [3], which is an analogue of Cayley’s Theorem for groups.

Proposition 2.1.4. Every finite (associative) semigroup is a subsemigroup of T,,, for
some n.

Proof. Suppose S is a finite associative semigroup with |S| = n. Label the elements of

S as s1,52,...,5,. Then identify s € S with the map in 7T, taking s; to s; = ss;. O

Remark 2.1.5. Elements of T,, can be thought of as n x n (0,1)-matrices with exactly
one 1 in each column, for example

010000
10 00 01
000O0O00O0
214442 = 001 110
000O0O00O0
000O0O0OO 0
In this context, composition of maps is realized by multiplication of the corresponding

matrices.

The rank of a map is the cardinality of its image, In the sequel it will often be useful
to restrict ourselves to maps of a fixed rank.

Definition 2.1.6.
Thr = {w e Tylrank(w) =k}

= {unndn e s@lp.Pe ())oe s

As special cases, we have

Thn = Sy, the Symmetric Group, and
Tn,l = Cna

where C,, denotes the n-element semigroup satisfying xy = x for all x,y € C,. In
general, we have

k

T, = ; |Tn,k| = ;S(n,k‘) <Z> kl =n".

T = S(n,k:)(n>k:!, and



Remark 2.1.7. As defined, T, } is not a semigroup for 1 < k < n as it is not closed
under multiplication. However, we can make it into a semigroup Tr?k: by adjoining a
zero element, and specifying that wiwy = 0 if rank(wiws) < k in Tn.7At times we will
abuse notation and use T), j, when we really mean Tgk' It will be clear from the context
which meaning is intended. 7

Recall that a (two-sided) ideal I in a semigroup S is a subset I C S satisfying
st,is € I for all ¢ € I,s € S. The following proposition follows from elementary linear
algebra, using the interpretation of maps as (0,1)-matrices.

Proposition 2.1.8. [}, := Uf:o Ty, = {w € T,,|rank(w) < k} is an ideal of T,
A semigroup S is called “O-simple” if S? # 0 and (0) is the only proper ideal of S.
Fact 2.1.9. T}, has a composition series:
T,=1,D 11 D...D> I = {constant maps},
where Iy /Iy is a 0-simple semigroup, for allk =2,... n.

Note that Iy/Ip_q = TT? - In what follows we will focus mainly on these factor
semigroups, rather than the entire semigroup 7,.

2.2 The Rook Monoid R,

Although the main focus of this is the Full Transformation Semigroup, at times it will
be instructive to consider another semigroup, known as the Rook Monoid, which also
generalizes the Symmetric Group.

Definition 2.2.1. The Rook Monoid (also know as the Symmetric Inverse Semigroup )
is the semigroup R, of all partial bijections of [n], where a partial bijection consists of
a domain S and an image T, both subsets of [n|, and a bijection between S and T. In
addition, the Rook Monoid contains the “empty map”, denoted 0, with S =T = (). The
rank of a partial bijection is the common size of its domain and image, and we shall
denote partial bijections by wsr,, where S is the domain, T is the image, and o is
determined by the rule wg T s (si) = to(s)-

2 4 5

Example 2.2.2. Forw = < 6 1 2

o(w) = (132)

) we have S(w) = {2,4,5},T(w) = {1,2,6}, and

Partial bijections multiply by composition, as in the following two examples.

Example 2.2.3.
1 4 6 2 2 4
4 3 6 6 6 4

5

1

34 5\(245) _
124)\ 61 2) ~

(In general, wiwy = 0 if T(wz) N S(wy) =0.)

[E NS
N O
N———
|

10



Remark 2.2.4. Elements of R,, can be thought of as n x n (0,1)-matrices with at most
one 1 in each row and column, for example

000100
000010
245\ [oo0oo0000
<612>_000000
000000
010000

As with Ty, composition of partial bijections is realized by multiplication of the corre-
sponding matrices.

In analogy with the Full Transformation Semigroup we shall often want to restrict
ourselves to partial bijections of a fixed rank.

Definition 2.2.5.

R,k = {w € Ry|rank(w) =k}

)

[]

= {UGJHJS7TWG <k1>7UEESk}
As special cases, we have

Rpn = Sn, the Symmetric Group, and

)

R,o = {0}, the empty map.

In general, we have

n 2
= k!
muil = (})
n n n 2
= = |
[Ral = ) |Rusl Z<k> k!
k=0 k=0

The algebraic structure of the Rook Monoid is simpler than that of the Full Trans-
formation Semigroup, a circumstance deriving from the fact that each partial bijection
has a well-defined inverse.

Definition 2.2.6. For S a semigroup, a,b € S are inverses if aba = a and bab =b. A
semigroup S is an inverse semigroup if every element of S has a unique inverse.

Proposition 2.2.7. R, is an inverse semigroup.

Proof. We show that the unique inverse of @ = wg 1,5 is b = wp g ,-1. Certainly aba = a
and bab = b. On the other hand, if ¢ = wpg 4 then aca = a and cac = c taken together
imply that rank(a) = rank(c). For the rank to be preserved in the composition aca we
need P =T and Q = S. Finally, aca = ws 1,Wr 56WsT0c = WS T,040 = WS T,0, and S0
=01 O

11



Note that if @ = wgr, and b = wr g, we have ab = wg ¢;q = Is, the identity
map on S. Likewise, we have ba = Ip.

(2 45 (1 26
Example 2.2.8. Ifw—(6 1 2>,thenw —<4 5 2>,and

B 1 2 6 L 2 45
ww 1:(1 5 6>:I{1’2’6}’ while w 1w:<2 4 5>:I{2,4,5}'

The following result of Vagner and Preston ([3], Section 1.9) is analogous to Propo-
sition 2.1.4.

Proposition 2.2.9. Every inverse semigroup can be embedded in Ry for some N.
As with T}, the notion of rank allows us to define a composition series for R,,.

Fact 2.2.10. R, has a composition series:
R,=J,D0Jp1D...20J1D2Jyp=0
where Jy, = Uf:o R, = {w € Ry|rank(w) < k} is an ideal of Ry, and J/Ji—1 is a

0-simple inverse semigroup for each k =1,...,n.

2.3 Combinatorial Representation Theory

In what follows we will briefly describe several combinatorial questions that often arise
in the study of algebras, and give the answers in a few classical cases. Barcelo and Ram
give an excellent overview of the topic in [1]; we shall briefly summarize their approach.
As elsewhere in this work, all algebras are finite-dimensional, associative, and over C.

Recall that an A-module M over an algebra A is a vector space with an associated
linear A-action.

Definition 2.3.1. An A-module M is irreducible if it has no non-trivial proper sub-
modules. M is indecomposable if it cannot be written as the direct sum of two proper
submodules. Irreducible modules are by definition indecomposable, but in general the
converse is false.

Definition 2.3.2. An algebra A is semisimple if the only indecomposable modules are
the irreducible ones. Equivalently, an algebra is semisimple if and only if it has no
non-zero nilpotent ideals.

Definition 2.3.3. The radical VA of A is the mazimal nilpotent ideal of A. Equiva-
lently, VA is the minimal ideal I such that A/I is semisimple.

Semisimple algebras are reasonably well understood. By Wedderburn’s Theorem
(see [4], Section 2.4) every semisimple algebra over C is isomorphic to a direct product
of matrix algebras over C. The irreducible modules of a semisimple algebra are in
one-to-one correspondence with these irreducible components of the algebra. On the
other hand, a non-semisimple algebra may have infinitely many isomorphism classes of
indecomposable modules!

Given a group or an algebra, we can ask the following questions.

12



e Is there a nice indexing set for the irreducible modules?

e What are their dimensions?

e Is there a combinatorial formula for the irreducible characters?

e Is there a combinatorial construction of the irreducible modules?

The answers to these questions are “yes” in several classical cases, for example the
Symmetric Group and the General Linear Group. The answers are also “yes” for the
Rook Monoid, as we shall see shortly. For the Full Transformation Semigroup the first
three questions have been answered in the affirmative (see [11],[12]). It is one of our
goals to answer the fourth.

Example 2.3.4. The Symmetric Group S,: The irreducible modules of S, are in

bijection with partitions X - n. The dimension of the irreducible module S* is given by

the hook length formula f* = I "!Ah , which also counts the number of standard Young
TEX T

tableauz of shape \. The irreducible characters are given as a sum over standard Young
tableauz: M) = S wt*(T). The irreducible modules are realized combinatorially as
T

the Specht modules. James [8], Sagan [13], and many others, have given a detailed
treatment of the representation theory of the Symmetric Group.

Example 2.3.5. The Rook Monoid R,,: A theorem of Clifford and Preston [3] states
that if S is an inverse semigroup, then CS is semisimple. As a consequence, CR,
is semisimple. The irreducible modules for CR, are indexed by partitions X\ + k, for
k=0,1,...,n. For A\ F k, the corresponding irreducible module M* has dimension
(Z) fr. Munn [11] has given a formula for the irreducible characters that can be restated
so that it is analogous to that of the characters of the Symmetric Group. Grood [6] has
given a combinatorial construction of the irreducible characters which mirrors that of
the Specht modules for the Symmetric Group.

Non-semisimple algebras are in general much more difficult to understand. One
common source of non-semisimple algebras is modular representation theory, which is
representation theory over a field of positive characteristic. This area is beyond the scope
of our work; however before moving on we give a simple example of a non-semisimple
algebra.

Example 2.3.6. The algebra UT,, of nxn upper triangular matrices: The algebra
UT, is not semisimple, and indeed the radical is easy to describe. /UT, is the ideal
consisting of the n x n strictly upper triangular matrices.

2.4 Gram matrices

As defined, the radical of an algebra A is the maximal nilpotent ideal of A. The radical
can also be characterized as the set of strongly nilpotent elements (see [4], Section 2.2),
elements whose appearance a prescribed number of times in any product makes that

13



product zero. Unfortunately, neither of these characterizations allows us (or a computer)
to easily test whether a particular element is in the radical. The following useful result
(see [5]) gives us a way to compute the radical of any finite-dimensional algebra.

Proposition 2.4.1. Let A be a finite-dimensional algebra over C, and B = {v1,...,v,}
a basis for A. Identify A with C" via the basis B. Define the n x n Gram matrix M by
(M), ; := tr(vjv;). Then

VA = null(M).

To prove this proposition we first establish several lemmas.
n
Lemma 2.4.2. Let A\j,\g,..., A\, € C. If > )\f =0 forallk=1,2,..., then \{ = Ay =
i=1
o=, =0.

Proof. First of all, we show that

This is a simple calculation:

n
1 1
log}:[l 1-— xit B Zlog 1-— a:it

n n
By assumption, Z)\f = p(A,...,A\n) = 0,Vk > 1, so we have log [] 1%“ =0,
i=1 i=1 ‘
n n
ie, [ =53 = 1. Thus Y ex(Ar,..., An)t" = [[(1 — Ait) = 1, where ey is the kth
i=1 ! k>0 i=1
elementary symmetric function, and so ex(A1,...,A,) = 0 for all £ > 1. In particular,
en(Ai, .., An) = A1+ Ay =0, so there exists a j,1 < j < n such that A; = 0. Without
loss of generality we can take j = n.

n—1

Now we have Aj -+ A1 € C with ) )\f =0 for all kK =1,2,.... By induction, we
i=1

can conclude A\ = ... = \,_1 = 0. O]

Lemma 2.4.3.
VA = {a € Altr(az) =0 Vz € A}

14



Proof. Let J = {a € Altr(az) = 0 Yo € A}, and let I be a nilpotent ideal of A. To
show J = v/A we need to show that I C J, and that J is a nilpotent ideal.
Proof that I C J:

a€l = arel VxeA
—> ax is nilpotent Vx € A
= tr(ax) =0 Vx e A
= a€clJ

Proof that J is a nilpotent ideal:

acJ = tr(d)=0Vvk=12,...

= > MN=0Vk=1,2,...
A an e-value of a
= all eigenvalues of a are 0 (by Lemma 2.4.2)

= a has Jordan form that is strictly upper-triangular

= a™ = 0 for some m, i.e., a is nilpotent

So J consists of nilpotent elements, but is J an ideal? Let a € J,z € A. We need
to show ax,za € J. Let y € A. tr((az)y) = tr(a(xy)) = 0 by definition of J. Similarly,
tr((za)y) = tr(z(ay)) = tr((ay)z) = tr(a(yz)) = 0. So J is an ideal, which completes
the proof of the second lemma. O

n

Proof. (of Proposition 2.4.1) Writing a € A as a = Y ¢;v;, and identifying a with the
i=1

column vector ¢ = [c1, ..., ¢,] € C" we have

aeVA — tr(ax)=0VreA
> tr(av;) =0,1<j<n

n
tr <Zcivivj> =0,1<57<n

<~
i=1
n
= Ztr(vivj)ci:0,1§j§n
i=1
= (Ma);=0,1<j<n
<<~ Ma=0
< a € Null(M)

Now we consider several examples.
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2.4.1 The full matrix algebra M,

For a basis take { F; j|1 < 7,7 < n}, where E; j is the nxn matrix with a 1 in the (4, j) po-
sition and zeros elsewhere. If we order the F; ; by F1 1, FE29,..., Enpn, E12,E21, ..., Ey_10, Eppn_1,
i.e., first the E;;, then the pairs E; ;, E;;, we have

1

)
O =
)

S =
= O

For eigenvalues and eigenvectors we have

ME;; = nE;;1<i<n
M(E;;+ Eji) = n(Eij+Ej;),1<i<j<n
M(E;; — Eji) = —n(Eij—Ej;),1<i<j<n.

So the eigenvalue n has multiplicity n + (g), while —n has multiplicity (g)

2.4.2 The algebra UT,, of upper triangular matrices

For a basis take {E; j|1 <1i < j <n}. Using the same ordering as above we have

n
n—1
M = 1
0
0
For eigenvalues and eigenvectors we have

MEZ‘J‘ = (n+ 1-— Z')Em‘,l <i:<n
MEZ"J‘ = 0,1<i<ji<n.

Every nonzero eigenvalue has multiplicity 1, and the radical has dimension (;), as

we saw in Section 2.3.2.
We also consider certain subalgebras of UT,.

16



Definition 2.4.4. For A a partition satisfying \; < n+1—1 for all i, i.e., for \ fitting
inside the staircase shape n,n —1,...,1, there is a subalgebra (actually an ideal) Ay of
UT, consisting of those matrices whose support is contained in the shape \.

For example, if n =5 and A = 5331, then

Ay =

O O O O ¥
OO OO ¥
O O % * ¥
S O ¥ X% %
O ¥ X X K

In general, Ay has basis {E; ;|1 <i <n,n+1—-X\ <j < n}. As with UT,, the
only elements with non-zero trace are the £ ;, as everything else pushes nonzero entries
up and to the right. F;; fixes precisely the E;; with j > i, so tr(E;;) =n+1—1i. In
the multiplication table of the basis elements E;; only appears once. This is because
E; jEy; = 0, F;; and since we are working with upper-triangular matrices, i = [ and
7 = k taken together imply ¢ = j =k = 1.

So M has eigenvalues \; if \; =n +1—14,1 < i < n, and the remaining eigenvalues
are 0. As with UT,, each nonzero eigenvalue has multiplicity one.

In the example above,

2.4.3 Group algebras

For G a finite group, g € G has trace equal to the number of A € G such that gh = h.

0 id 0 -1
So tr(g):{ G ziid , and thus tr(gng):{ | iziii—l

If we order the group elements so that the involutions come first, followed by pairs

17



(g,971), we have

1
1
1
10
M = |G| 0 1
10
0 1
10
0 1
For eigenvalues and eigenvectors we have
Mg = |G|g,g an involution
M(g+gh = |Gl(g+g 1Y), g not an involution
M(g—g ') = —|G|(g—g "), g not an involution

So the eigenvalue |G| has multiplicity r + s, where r is the number of involutions of
G and 7 + 2s = |G|. The eigenvalue —|G| has multiplicity s.

2.4.4 The Full Transformation Semigroup 7,

Let M, ;, be the Gram matrix associated to the algebra A, .
Proposition 2.4.5.

S(n,k)k! if wyw; has k
(M k)i = fixed points, and
0 otherwise.

For example, ordering the rows and columns lexicographically, we have

18



=
[N
|
O O DD DO DDODDODOOHNOO OO O
DO DD D DODHN DN DO OO,HNO OO oo
OO HIHN DD DO DD DD DODO OOy O O
O OO OO DODDODDODDODDODDODOOHNOOoOo O O
DO OO DD DD DO D DODDODDODDOD OO OO
D O DO DD DD DD DD DODDODOHNOOoNO OO
DO DO N DO DODDODODHNOHN OO oo oo
O OO DD DO OO DO OO oo O
O OO D OO DO OO OO oo oo
DO IHN DO DD O DDODODOO OO oo
DD DD DD DO HN DO DODODOoOOoOO0 O
O OO OO O DODDODOODHNOD OO OO
OO DO OO ODDODDODOH OO OO o oo
O O DD DO HN DO OO OO o oo
O N DD DD DD DODODDHNDDODODOOHMO oy O O
O OO O OO OO OO OO oo O
DD OO OO OO DOOOOOoOoOo o oo
DO DO D DO DD DODODOOHO O oo

Proof.

(Mpi)ij; #0 iff tr(wyw;) #0
it Jr st (wiw;)r, #0 (since the entries of w;w; are nonnegative)

iff 3r s.t. Z (wi)r,s(wj)w 75 0

s=1
iff 3Ir, s st (wi)ps(wj)s,y #0
iff I, s st (wi)rs #0 and (wj)s, #0
1 wiws = wy 1 WjWr = Ws

0 otherwise and (w;)sr = { 0 otherwise
So (M 1)i; # 0 if and only if there exists r and s such that

Now (w;)ys =

w;ws = wp, and
WjW, = Ws.
In this case
WW;w, = W;Wws = Wy, and
W;w;ws = WjWr = Ws.

So w;w; fixes w, and wjw; fixes w,. But an element w € T}, j, fixes some other element
w' € T, 1, if and only if w fixes all k elements of the image of w'.

So (M 1)i,; # 0 if and only if w;w; and w;w; both have k fixed points. Note here that
one implies the other. Suppose Im(w;) = {s1,s2,...,s;} and Im(w;) = {t1,t2,..., 15}
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If w;w; fixes s1, s2, ..., 8§, then w; must send s, into w;l(sm) foreach m =1,2,... k.
But then wjw;(ty,) = w;(sm) =ty for allm=1,2,... k.
Now, given such w; and wyj,

(M k)i = #(wp, ws) s.t. wywjw, = w, and wjw;ws = ws

w, is determined by w,., since wy = w;w,, so

(Myk)iy = #Fwy st wwjw, = w,
= #we Ty st Im(w) = Im(w;)
= S(n,k)k!

O]

From now on we will always rescale the Gram matrix for A, by dividing by
S(n, k)k!. Data for the rescaled matrix is given in the following table.

n | k | eigenvalues

212112
21|02t
313 —-14,1°

32| -3, -22 -1 0% 13,22 33 4!

3111023t

414 —-17117
413 ] =5\, 43, /150, —/12°, —31, /5", —23,
—13,055,16,26 /533,46 \/12°, V15", 55, 61

4] 2| —83 —/28° —210 (39 915 /8% g6 141

4 111]034!

2.4.5 The Rook Monoid R,

Let B,, ; be the semigroup algebra CR,, . For a basis take {wg7+|S,T € ([Z]),U € Sk},
where ws 1,5(8i) = t(;)- Recall that

WS, T, oW _J warey ifB=S5
ST,0WA,B,p = 0 otherwise.
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WA T,s¢ has non-zero trace if and only if A = T and 0¢ = id, i.e., ¢ = o~ !, in which
case we have tr(wy. :q) = tr(Ir) = (7)k!.
SO b bl

(k! it B=S,A=T,¢=0"", and

tr(ws,7.0WAB.6) = { 0  otherwise.

If we order the elements of R, so that the involutions come first, then pair each
non-involution with its unique inverse we have

1
1
1
n 10
M = <k:> k! 0 1
10
0 1
1 0
01
For eigenvalues and eigenvectors we have
n . :
Muwss, = (kz) klws g+, 0 an involution
n
M(w&T’U + wT,S7071) = <k> k‘!(wS’T’U + ’IUT7S7071)
n
]\4(11)5"’1“’(7 — wT,S,O'_l) = — L k!(wS’T,U — wT,S,a'_l)7

where in the last two cases we permit T = S so long as ¢ is not an involution.
So the eigenvalue (})k! has multiplicity (})r + 5((7)2s + ((2)2 — (R))k!), where

r = Y f* is the number of involutions of Sy and r + 2s = k!, while —(})k! has
AFE

multiplicity 2((})2s + ((2)2 — (D)K.

2.5 Rees matrix semigroups and Munn matrix algebras

Given a group G let G° denote the semigroup formed by adjoining a zero element to G,
satisfying 0- g = ¢-0 =0 for all g € G. GV is called a group with zero.

Definition 2.5.1. The Rees matrix semigroup S = M(GY;m,n;II) consists of the set
of all m x n matrices over G° having a single non-zero entry. Il is an n x m matric
over GO, called the sandwich matrix. Multiplication in S is defined by X - Y := XIIY .
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Fact 2.5.2. T, is isomorphic to the Rees matriz semigroup M(SY; ([Z]) ,S([n], k) I, ).
The elements of this semigroup are (Z) x S(n,k) matrices over S,g having a single
non-zero entry. Multiplication is defined by wi - wo := will, gwa, where 1L, is the
S(n,k) x (}) sandwich matriz

_J 7 dpi€mg,lsi<k and
(I k) m,p _{ 0 otherwise.

Example 2.5.3.
(id) (id) O 0
0 (id) (id) 0
Iy« — 0 0 (id) (id)
B G o 0 (123) |7
(id) 0 (23) 0
0 (id) O (12)
where the ordering on the columns is 123,124,134,234, and the ordering on the rows is
112|134, 1]23]4, 12|34, 14|23, 1|24|3,13|2|4. Now let wy = 2142 and wy = 4223. Then
(id) (id) O 0

000 0 00 0 (id) (id) 0 0 0 000
e — | 000 (12) 0 0 0 0 (id) (id) 0 0 000
12 000 0 00 (id) 0 0 (123) 0 0 000

000 0 00 (id) 0 (23) 0 0 (132) 0 0 0

0 (id 0 (12)
0 0 0000
0 (12) 0 0 0 0
=lo o 0000 |72
0 0 0000

Recall that a semigroup S with zero element 0 is called 0-simple if S% # 0 and 0 is
the only proper two-sided ideal of S. A Rees matrix semigroup is regular if its sandwich
matrix IT has no row or column of all zeros. The following result ([3], Theorem 3.5)
classifies all finite 0-simple semigroups.

Theorem 2.5.4. (Rees) A finite semigroup is 0-simple if and only if it is isomorphic
with a regular Rees matriz semigroup over a group with zero.

The analogous structure for algebras is called a Munn matriz algebra.

Definition 2.5.5. Let A be an associative algebra, and 11 an n x m matriz over A. The
Munn matrix algebra A = M(A;m,n;1I) is the set of all m X n matrices with entries
in A, where multiplication is defined by X -Y := XIIY . II is called the sandwich matrix
for A.

Fact 2.5.6. A, is isomorphic to the Munn matriz algebra M(CSy; ([z]), S([n], k); II).
The elements of this semigroup are (Z) x S(n, k) matrices over CSy. As with the corre-
sponding Rees matrixz semigroup, multiplication is defined by wy - wo = willws, where
IT is the S(n, k) x (}) sandwich matriz

22
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. T Z'fpl'Eﬂ'T(i),lg’L'Sk’, and
(IDx.p = { 0 otherwise.

Theorem 2.5.7. (Clifford and Preston) ([3], Theorem 5.19) The Munn algebra A =
M(A;m,n;II) over a finite dimensional associative algebra A is semisimple if and only

if
(i) A is semisimple, and

(ii) 11 is non-singular, i.e., if and only if n = m and I is a unit in the ring of m X m
matrices over A.

If this is a case, then A= (A)p, the algebra of m X m matrices with entries in A.

Example 2.5.8. Taken =3 and k = 2. Then

id id 0
Moo= | 0 id id |,
id 0 (12)

where the columns are indezed by the subsets {1,2},{1,3},{2,3} and the rows are indexed
by the partitions 1|23,12(3,13|2. All of the entries of Il3 o commute, so the determinant
1s well-defined. We have

det IT = id((12) — 0) — id(0 — id) = id + (12) # 0.

Recall however that dim /A2 = 5, in particular As o is not semisimple. Therefore it
must be that 11 does not have an inverse in the algebra of 3 X 3 matrices over CSs.
Suppose that

id id 0 a b c id 0 0
0 id id de fl=o0 i o
id 0 (12) g h i 0 0 id

Then, in particular,

a+d = 1id
d+g
a+(12)g =

Solving this system of equations comes down to solving
(id+ (12))g = —id,

where g € CSs. But it is easy to verify that this equation has no solution, and therefore
I35 is singular.
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Chapter 3

The x Deformation

Recall that the algebra A, ;, is not semisimple for & < n. In this chapter we define the
first of two deformations of A, ; aimed at making the algebra generically semisimple.
We will require that the deformed algebra be associative, and have the same dimension
as the original.

3.1 Definition

The Symmetric Group Si acts on the maps of rank k£ by
OWr p¢ = Wr Pog-

This is indeed an action, since (V112)Wr,P¢ = Wr P (11v9)p = Wi Pur(vap) = V1 (V2Wnr,Pg)-
We use this action to define a new multiplication in A, j.

Definition 3.1.1. For A\ k, let py be the corresponding power-sum symmetric function
in the variables x1,...,xy. For wi,ws € T, ) define
w1 oWy = Z pp(o)awlwg,

c€Sk

where p(o) is the cycle type of o. Let Ay k(x) be the complex algebra with basis T,
where two elements multiply via o.

Example 3.1.2. Let w; = 1442 and wo = 3134. Then wiws = 4142, and
wiowy = pysdl42 + poy (1412 4+ 2124 + 4241) + p3(1214 + 2421)

= (@1 + 22 + 23)34142 + (23 + 22 + 22) (21 + 29 + 23) (1412 + 2124 + 4241)
(23 + 23 + 23) (1214 4 2421)

Note that if we choose values for the z; so that py = 1 and p; = 0 for all i > 2, we
recover the original multiplication in A, ;. Such a specialization of the z; must exist
because the p; are algebraically independent.
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3.2 Associativity

Proposition 3.2.1. The multiplication o is associative.

Proof. Let w1 = wr 55, w2 = Wy 1,r, and w3 = wy .y € Tk, and suppose there exist
a, B € Sk such that ¢; € my(;),ui € pgg) for all i =1,...,k, i.e., a interpolates between
wg and wy and [ interpolates between w3 and wsy. (If no such o and 3 exist then the
product will be zero.) Then we have

wio(wrows) = Wrso o (Wurr 0 Weuy)

= Wgr,S800° ( Z pp('y)’waTﬂ'wMUW)
YESk

= Wr500 (Y Po(y)WnTrrse)
yESK

- Z Dp(y)Wr,S,0 © Wk, TyrBy
YESk

= ) Do) D Po(6)0Wn, 5,0 Wn Ty
YESk 0ES

= Z Po(v)Pp(8) Wk, S,600yTB4 -
7,5€Sk

On the other hand,
(wl o w2) © w3 = (wﬂ',S,O' ° w,u‘:T7T) ° wR7U"¢)

= ( Z pp(v)wu»SﬁoaT) © Wk, U
YESk

= Z Po()Pp(6)Wk,S,6voarByp-
7766516

To see that these two expressions are indeed the same, replace v by caya™!

-1
o7, As
7 ranges over all of Si so does caya~to™!, and p(caya=to™1) = p(vy) since conjugate

permutations have the same cycle type. Thus we have

Z Po(y)Pp(6)Wk,S,6voarBy = Z Po(ocaya=1o=1)Pp(8)Wk,S,6(carya—to—1)oar By
= Z pp('y)pp(é)wn,s,éaa'yfﬁzp-
’Y’§€Sk

3.3 Gram matrix

Let M, j(x) be the Gram matrix for A,, ;(x), defined by (M, 1(X))u,, = tr(u(x)v(x)),
where for w € T,, ;, we let w(x) denote the matrix representing left o-multiplication by
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w. Explicit calculations for small values of n and k suggest that M, j(x) is still singular
for £ < n. Indeed it appears that A, ;(x) is no more semisimple than A, , i.e., that
even for generic values of the z; we have dimy/A,, ;(x) = dim,/A,, ;. However, as we
shall show in this section and the next, we find something interesting when we look at
the eigenvalues of M, (x). We begin by computing the entries of the Gram matrix.

Proposition 3.3.1.

S(n, k)k! > Pp(6)Pp() o = ind(uv) € Sk, and
¢7 w € Sk
(Mn,k(x))u,v = le) =0
0 otherwise,

where by ind(w) we mean the permutation of the k elements of Im(w) induced by w.

Note that the “otherwise” in this formula includes both the case that uv = 0 and
the case that uv # 0 but does not induce a permutation on Im(uwv).

Proof. First of all

(Mn,k:)uv = tT’((U(X)’U(X)))
= tr(( Z pp(g)au)(z Pp(r)VV))

gESy, veSk
= Z Pp(o)Pp()tr(ouvv).
o,vES)
Now recall that
S(n, k)k! ouvv has k fixed points, and
tr(ouvv) =
0 otherwise.

O]

As before, we shall normalize the Gram matrix by dividing by S(n, k)k!.

We claim that the entries of M,, ;(x) can be expressed in terms of Schur symmetric
functions in a particularly nice way. As evidence of this claim, consider the following
example.
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Example 3.3.2.

0 0o 0o 0o A AO0OOOOAABDBBDBUOO
0o A0 OO A0 O0OO0OAO0OABUOBOBB
0O 0 AAO O BB OOBDBUO0OO0AAO O
0 0 AAAABBOO0OO0OO0OBB OO0 0O
A0 0 A0 0 B OB B OBOO0OAO 0 A
A A 0 A 0 A B OB OO OB 0 0 0 B O
0O 0O B BBBAAOUOU OTUOWAAOO OO
0O 0 BB OO AAO0OUOAAOOBBDOO
My o(x) = 0O 0 0o 0O BB O OO OBBAAAADODO
’ 0o A 0O OB OOOOABUOOAOAB B’
A 0O B 0O 0O 0O 0O AB B A0 O0O0OO0OB 0 A
A A B 0O B OOABOOOO0OAO0OO0 B O
B B 0B 0B A0 AO0O0O0OAOOO0OADO
B 0 0 B OO AO0OAAOAOO0OB 0 0 B
B B A0 AO0OBAOOOOB OO0 AO
B 0 A0 O0OOBAABOOOO0OAO0O B
0O B O OOBUOOO0OBOBAOAO A A
O B 0O 0O AO0OO0OO0OOBAO0O0OBUOBAA
where A = pf + p3 = 2(s3 + s%) and B = 2pip; = 2(s5 — s3,)
Proposition 3.3.3.
D oAk %XA(,M)S?\ if wiw; induces a
permutation of
o cycle type p on
(Mn,k?(x)) J P(wl), and
0 otherwise.

The proof of this proposition requires that we first establish the following symmetric
function identity.

Lemma 3.3.4. Fiz o € Sk, with p(0) = pt k. Then
Z Po(y) (X)P (-1 Z f,\X x)sx(y)- (3.1)
vyESK -k
To prove this identity we begin by proving the following sublemma.

Sublemma 3.3.5. For v,nt k and o € Sy with p(c) = u the number of v € Sy such

that p(y) = v and p(y o) =n is
k! 3 X)X )X ()
>\ Y
0 Nk f
where if A\t n has m; parts of size i, zy := [ i"™my!.

i>1
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Proof of sublemma: For A F k, define

Cy = {g€ Sklp(g) =}
Ky = Y geCS,
QGCA
T ok

Note that |C)| = &=
Now we make use of two facts, the proofs of which are classical and will not be
included here (see [13] or [8]).

Fact 3.3.6. The F)\ are orthogonal idempotents in (the center of ) CSk.
Fact 3.3.7. We can invert the defining equation for the Fy to get

Xﬂ
Z I :

,ul—k

Now, for v,n F k we have

KK, = (ZZ XfA ) (k' Z X w) (by Fact 3.3.7)

N bk

_ (B2 3 XWXM)

= > 13\ (by Fact 3.3.6)

_ Z( K wa)x;(;)x*(n))m

sk \ A,

But the coefficient of K, in K, K, is the number of v € Sj, such that p(v) = v and
p(y~to) =n, where o is some fixed element of C,,. This proves the sublemma.

Proof. (of Lemma 3.3.4) Observe that the left-hand side of (3.1) is

#v € Sk s.t.
> Do) X)Ppr-10y(y) = D | p(y) =vand | pu(x)py(y), (3.2)
~ES) virk \ p(y" o) =1
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while the right-hand side of (3.1) is

A
ZfAX X)sa(y) = Z Y ( X ) sz(n)pn(x)
vk n

Ak )\)—k nhk
- E m ) L P(x)py(y)
,\Hc vk ven
_ ( B g X (”)>py<x>pn<y>.
vk v Nk

Propositions 3.3.1 and Lemma 3.3.4 together give Proposition 3.3.3.

3.4 Frobenius’ Group Determinant

Definition 3.4.1. Given a finite group G, let {z4lg € G} be a set of commuting in-
determinants, and let A be the |G| x |G| matriz defined by (A)gn = zg,-1. The group
determinant O(G) is defined by ©(G) = det(A).

Remark 3.4.2. It was Dedekind who first defined the group determinant ©(G). He
showed that for abelian groups it factors completely into linear factors. He computed
O(G) for a few small non-abelian groups, then passed the problem on to Frobenius. This
was a key step in the development of representation theory, as it prompted Frobenius to
invent a general character theory for arbitrary finite groups. Curtis [2] is an excellent
source for the historical background of this theory.

Proposition 3.4.3. (Dedekind) Let G be an abelian group, and let G denote the set of
irreducible characters of G. Then ©(G) factors as

= H Z x(9)zg

xeG \9€G

Proof. For a fixed y € G multiply the gth

the rows. In the AP column we get

> x(@agn-1 = | D x(g)zg | x(h).

geG g'eG

row of the matrix A by x(g), then add up all

Thus ©(G) is divisible by > x(g)z4 for each g € G. Comparing powers of the =, shows
geG
that this exhausts all the factors of ©(G), and the constant term is clearly 1. O
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Theorem 3.4.4. (Frobenius) Let G be an arbitrary finite group. Then ©(G) is a poly-
nomaial with integer coefficients in the indeterminants x,, and factors over C as the
product of irreducible polynomials ®, each occurring with some multiplicity f:

o =]]@)/ .

The number of irreducible factors ® is the number of conjugacy classes in G. The degree
of each factor ® is equal to the multiplicity with which it occurs in the factorization of

O:

deg(®) = f.
If one sets x4, = xp whenever a and b are conjugate in G, then each factor of the
specialized polynomial © can be expressed in the form

¢ = (&),

where £ = % > hix(i)x; where hy = |Cs| and x is the irreducible character corresponding

to &.

We apply Frobenius’ result to our Gram matrix to obtain the following factorization.

1 ol o\ (f1)?
det (n'Mnn(x)> =4 H <<f)‘8)\> ) )
AFn

where the sign is given by (—1)%(”!*ZA ).

Proposition 3.4.5.

Proof. By Proposition 3.3.7 the (u,v)-entry of M, ,,(x) only depends on the conjugacy
class of uv. If p is the partition indexing this conjugacy class, let z, denote the corre-
sponding entry of the matrix. Our determinant is then a specialization of ©, up to a
sign that comes from switching column w with column w=! for each pair {w,w™'}. By
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Theorem 3.4.1 we have

det (;Mn’n(x)> = iH(&)(p)Q

AFn
(F1)?
- iH f/\z
AFn pukn “p
' (f1)?
n:
S 11 ) o) 3
AFn ,an an
. ' (f)?
n:
= =l F Z Y(w)s,
AFn vkn ,an
(f)?
= =+ H (f)‘ Z n 10,8 ) (by row orthogonality)
AFn V)—n
nl (f*)2
- = (Ger)
AFn

The sign is given by

(_1)# pairs {w,w'} _ (—1 )%(# non-involutions in S,) _ (- 1)%(71' A

O

Corollary 3.4.6. The algebra A, (x) is semisimple if and only if x is chosen so that
s\ = Zw_n iX)‘(M)pu #% 0 for all A = n. Since this condition is polynomial in the
indeterminants x;, A, (x) is semisimple for generic x.

3.5 Schur function eigenvalues

Proposition 3.4.2 suggests the following stronger result.

Theorem 3.5.1. Let M, ;(x) be the normalized Gram matriz for Ay (x). Then for
k = n we have the following.

e-value of My, ,,(x) ‘ multiplicity
2 A
() | P )
n! 2 A
~ (#s)) %)
Since f* +2( ;) = (f"? and 3 (f*)? = n! this statement characterizes all the eigen-

AFn
values of My, (x).
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Proof. Define C), ,(x) by

(Cnn wl,w] . Z f)\X 3)\7

A-n

where p = p(w;w; 1), Note that C,, ,(x) = M, ,(x)E, where E is the involution flipping
columns w and w~! for each w € S,.

Let az g : S, — C,AF n,1 <i,j < f* be the matrix entry functions for the
irreducible unitary matrix representations of S,,. (It is a fact that S,, can be represented
by unitary matrices.)

For each A n and 1 <4,5 < f* define the vector v by (v i)g = af:j(g).

Now we need the following lemma, true for an arbltrary group G on the orthogonality

of the matrix entries of the irreducible representations of G.

Lemma 3.5.2. (See [13], Section 1.9.) Let A\, u n,a”, aj; as above, and h € S.
Then

_ n!
Z af:k(hg)affj(g 1) = (5A,u5k,lﬁaz{\,j(h)'

geSH

To prove the theorem, let C), ,, and v“ be as above.
(Cn,nvﬁj)u = Z (Cn,n)u,w(VZj)w

wESy,
- Z (Z f/\X 1))5§\> aﬁj(w)
AFn

weSh

= Z Z Zakk uw 1) a‘fj(w)si

wWESy )\I—n

- TAY (z st

)d—n wESy

- Z 2 Z < ’”&“fu ay ;(u )> 3 (by Lemma 3.5.2)

AFn
| n!
= Eﬁa‘f (u)si

JuFu ™
n! 2
= <f/¢5“> aéfj(u).

So Véf ; is an eigenvector for C,,, with eigenvalue (fl}i 3#) 2' Now recall that C, ,,(x) =
My, n(x)E, where E is the involution flipping columns w and w™! for each w € S,.
Note that M, ,(x) and Cy, ,(x) are both symmetric since p(waw;) = p(wy ‘wowiws) =
p(wiwy) (conjugation preserves cycle structure) and p(wow;') = p((wiwy')™) =
p(wiwy ') (taking inverses preserves cycle structure), and E is obviously symmetric.
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So CpnE = My = (Mp,) = (CpnE)t = EY(Ch )t = ECpp.

Since (), ,, and E commute they are simultaneously diagonalizable, so a vector that
is both an eigenvector for C),, and an eigenvector for F will be an eigenvector for
Cn,nE = Mn,n

Now define the following set of vectors.

A A
uy; = ”,1<z<f

A= V +v 1<i<j<f

ij T Jii2 J

P >\ A
Wi = Vi —Vipl<i<j<f

Each vector is clearly an eigenvector for C,, ,, (with eigenvalue (;}—;S A)2). But what
about for E7

The key is that we are working with unitary representations. Moreover, the matrix
entries are real, so the representing matrices satisfy A=! = A?. Thus af: j (g4 = aj‘l(g)
So (Evf:j)g = (vi)‘])g 1= af‘j(g_l) aj‘z(g) = (v J)\z)gv ie., Ev;\J = vj)‘ﬂ

But then Eui = ug\z, Eu = 11”» and EW W{\,j'
So

2
A A

Mn,nuiyi:Cn,nEui,i = Cnnuzz_< ) 11
2

M, nu}, =CpEu};, = C
nnl; 5 = bpnanlW; ; = n,nU; SA u
n
Mnnw —CnnEW = Cn,n 7/\

There are f* of the u?, and (fA) each of the u ; and W Z R +2( ) =nl, and

K3 Z’
the vectors are clearly linearly independent since the v? ;j are orthogonal So we have
found a full set of eigenvectors for M, ,, and the proposition then follows. O

Note that we have VZ)‘] vﬁl = 0 for A # p by taking h = g~! in the lemma, but

within the particular eigenspaces the vectors are not orthogonal.

Conjecture 3.5.3. The non-zero eigenvalues of M, ;(x), k < n, are constant multiples
of the squares of the Schur functions sy for At k. The multiplicity of s%\ 18 ((Z) M2 for

_1\2
Ak, A #£ 1% and (7)) for A= 1F.
(The conjectured multiplicities come from Putcha’s results; they are the dimensions
of the irreducible characters for A, x.)

This conjecture is difficult to check even by computer for n > 4. The following table
gives some sample data.
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n | k | eigenvalues (listed by multiplicity)

2| 2| (257.)", (4s3)!

2 | 10 (2s3)!

313 (—95%1)1, (365%3)1a (93%1)3v (365:2’,)1

31 2| (—12s%,)!, (—8s3)2, (—4s3)', 0, (4s3)3, (8s3)?, (12s%,)?, (16s3)"

311102 (3s)!

4| 4| (—64s3))°, (—144s2,)", (—64535)3, (57652,)1, (64525)°,
(1445s3,)?, (64s3,)%, (576s7)*

413 (computations too big)

4| 2 | (=323, (—VA4853)°, (—853)10,0%, (853)1°, (V44853)°, (325%)°, (5653)"

411703 (4s3)!

One possible difficulty in approaching this conjecture is that we do not have inverses
in T, for k¥ < n, and thus cannot interpret the determinant of the Gram matrix as
some sort of “semigroup determinant” in order to use some (unknown) Frobenius-type
theorem for semigroups.

3.6 x deformation of the Rook Monoid algebra CR,, ;

In this section we define an analogous x-multiplication on the elements of R, ;.
The Symmetric Group S} acts on R, ;, by

YWS T, = WS, Tyo-

Now, as we did with the Full Transformation Semigroup Algebra we define

w1 0wy = Z pp(,y)'ywﬂug.
YESk

Proposition 3.6.1. The multiplication o is associative.

Proof. Clearly we need only check the case in which the domains and ranges of the
various maps line up so that the product is non-zero. Let w1 = wg s,4,, W2 = WQ,R 00,
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and w3 = wpQ ;. Then we have

wy o (wgows) =

On the other hand,

(w1 (e} ’wg) o ws

where in the second to last step
cycle type.

wR7S70-1 o (vaR702 o wP7Q703)

WRSo © | D Poy) TWQR02WP.Quors
YESk

WR,S,01 © § : Po(y)WP,Ryo203
YESk

Z Pp(v) Z Pp(v)WP,S,vo1yo203

YESk VES)

Z Pp(y)Pp(v)WP,S,vo1v0203
'Y,VES]@

= (WRS0 ©WQ,R0s) © WPQ,04

- Z pp(’Y)wQ7577010'2 © wP.Q.O’3

YESk
- Z pp(’y) Z pp(y)wP,S,y'yglo-Qg?’
YESK VESK
- Z Po(v)Pp(v)WP,S,vyo10203
FY?VeSk
= Z Po(v)Pp(v)WP,S,vo1v0203
’Y,VGS].C

= WRS0 ©(WQ,R 0y ©WPQ.03) 5

we replace v by o1vo] ! which does not change the
O

Let CR,, 1;(x) be the associative algebra with this new o multiplication, and consider

the Gram matrix M, j(x).

For w € R, 1, let w(x) be the matrix representing left x-multiplication by w.

Since wy o wy = Zvesk Pp()

Ywiwse, we have

w(x) =Y Py

YESK
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So

tr (wi(x)wa(x)) = tr pr(,y)*ywl pr(,,)z/wg

YESK VESE
= tr| D PpPpw)ywivws
'Y,VGSk

- Z Pp(m)Pp(w)tr (Ywivws) .
v,VESK

The only partial transformations of [n] with non-zero trace are the “partial identi-
ties”, i.e., maps of the form wg ¢;q. Moreover

tr(wS,SJd) = #wy B,y such that Wg gidWA,B,¢ = WA,B,¢

- (e

since we must have B = S, while A and ¢ are arbitrary.
So tr (w1 (x)wz(x)) = 0 unless Im(wy) = Dom(w;) and Im(w;) = Dom(ws).
In that special case we have

n
trwrseusro) = (K X s

v,V E Sk
Yovg =
n —1
= | Pp(v)Pp(v) (replace v by o~ vo)
Y,V G Sk
wop =
n _ _
= <k) Pp(+)Pp(v) (replace v by v Lvbyy™h
v,V E Sk
Y =0¢
n
= ()HT o vens
A=k
by Proposition 3.3.3.
Thus we have
(M, () Z)\I—kka( w)si if B=S,A=T, and u:= p(c¢)
kR ws r g wape 0 otherwise.
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For example,

M3 Q(X) =6

)

eNoNoNoNeNoNeoNoNoNoNoNoRoNo = NoR o N
N oNoNoNoNoNoNoNoNoNoNoNoNoNoNolt v
o oo oo oo oo@M o000 oo
oo ococococoocoorfoocoocoo
N oNoeNolvihSellolol ool ool ool ool
cocoocooplloococoococoococoocococoo
o o000 o000 o0 oocoocoollr oo
eNoNeNoNeNoNeNoNeNoNeNoNoNoR NS R=No)
o oo oo oo P@rooocoococooc oo
coocoococoocooploococoocococoo
CO WL OODODODDDODDDODDODODODOODOO OO
copllioocoocococoococoococoococoocoo
o000 o000 oo oocool@r oo oo
OO0 oo oo o0oocoocoonrlooc oo
coocoococoofroococoocoococococ oo
coocoococoopllJoococoococoococoocoo
hooococoococococococococooo oo
Moo ococoococococococoo0oco0o oo

where A = pf + p} = 2(s3 + s%,) and B = 2pipy = 2(s3 — s%,).

Notice that if we order the elements of R, ; so that the maps with domain S and
range T are paired with the maps with domain 7" and range S we get a block matrix of
the form

M
M

0 M
M 0

where M = Mj, ;(x) is the scaled Gram matrix for the group algebra CSi(x).
Using Theorem 3.5.1 and the work above we get

Theorem 3.6.2. Let vf:j be as above, where A\ k,1 < 1i,j < f». For S € ([Z]) define
Wiy by
A A ; — —
(W/\,S) :_ { (vm-)d, = am-((ﬁ) if A=B =S, and
A7B7¢

nJ 0 otherwise.
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For $,T € (1), 8 # T, define w)*T by

(v} = af:j((;ﬁ) if A=S and B=T

i?j

(W;:ff)A e orif A=T and B= S, and
B 0 otherwise,
and define W?}S;T by
s (vf:j)(b a;\,j(¢) if A=S and B=T,
(Wiy’j”_ )A B = —(vf:j)(b = —al’-\J(qb) ifA=T and B= S, and
Y 0 otherwise.
Then W;\”js and W;\JSJFT are eigenvectors for the scaled Gram matriz M, j(x) with
2 2
etgenvalue (J]f—is)) , and wif;T is an eigenvector for My, j(x) with eigenvalue — (]’%\8)\) .

Together, they make up a complete set of eigenvectors for My, j,(x).

Proof. First we need the following Lemma, which is simple to verify.
Lemma 3.6.3. Let A be a matriz with eigenvector v and corresponding eigenvalue \.

) 0 A
Let B be the block matrix < A4 0

wom () e (),

Then wi and w_ are eigenvectors for B with eigenvectors \ and —\, respectively.

>. Define wy and w_ by concatenation as follows.

In our case we have

M
M

M
0

where M = Mj, 1 (x).
The blocks are indexed by ordered pairs of subsets (S5,7"), and we have listed them
first where S = T', and then in pairs (S,T), (T, S).
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So

AS
Mn,k (X)Wz’,}'

(RN s
- A\ Vi
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while

ST
M, (X)WiJ’Jr =

40

~

SlsL o e
(SRS




and

We can define a similar multiplication for any group algebra.

G092 =Y ppnyhg1g2,
heG

41

0
0
M 0
ST :
Mn’ (X)W’szvf 0
0 M iy
M 0 —Vij
0
0
0
0
0
= 0
—Mvy,
va:j
0
0
_ k! A8
f)‘ S\ w, j
So W;:’J-S, w?ff, and W;:’J-"SLT are eigenvectors as claimed, and since
n 1 n\ > n n\ > 2
2 A2 2
> ((k)u 2ol ((k) (k)) () ) S () 2= (1) w1l
AFk Ak
and they are obviously linearly independent, they form a complete set of eigenvectors
for M, 1(x).

Definition 3.6.4. Let G be a finite group and f : G — Sy, a (faithful) permutation
representation of G. (We may take n as small as possible by stipulating that no element
of [n] is fized by all the f(g).) In the group algebra CG define




where p(h) = p(f(h)) is the cycle type of f(h) € S,,.

This multiplication is associative; indeed the proof is identical to the proof for the
Rook Monoid algebra CR,, ;.. Defining the Gram matrix M (x) as usual by (M (x))g, go =

tr(gy o g2) = tr(g1(x)g2(x)), we have

Proposition 3.6.5. (M (x))g, .. = |G| hZGpp(h)pp(h_lgng).
€

Computations for small examples appear to show that we do not have an analogue
of Theorem 3.5.1 for general groups, most likely because we do not have a nice analogue
of the symmetric function identity of Lemma 3.3.4. Schur functions are intimately
connected to the representation theory of the Symmetric Group and it may be too
much to expect that they appear in the Gram matrix for other groups.
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Chapter 4

The z Deformation

4.1 Definition

Let w1 = wx pg, w2 = wyry € Thk. As mentioned several times, in order for the
product wjws to be nonzero in T, ;, each element of R must lie in a different block of 7.
In this situation we associate to the maps w; and ws the permutation 7 € S} defined
by the condition r; € m.(;. We say that 7 interpolates between wy and w;. (More
precisely, 7 describes how the elements of the image of wo are distributed in the blocks
of the partition of w;.)

We repeat here the example from the introduction, with wq = 214442 and we =
262225.

P13452 6

‘ we = 262225
R: 2 5 6

Do e
T 16 2 345

4
\ wy = 214442
p. 1 2 4

Definition 4.1.1. Let w1, w2 € T, and suppose that T interpolates between wo and
wy. Define

inv(r)

w1 kW (= wiwa,

where inv(T) is the number of inversions of T, i.e., the number of crossings in the
diagram of 7. Let A, i(x) denote the algebra with the multiplication *.

Example 4.1.2. Let wy = 214442 and we = 262225 as above. Then T = (123) and we
have
W * Wy = x2w1w2 = 2%121114.

Note that if we set £ = 1 we recover the original multiplication in A, .
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4.2 Associativity

Proposition 4.2.1. The x-multiplication is associative.

Proof. Let w1 = wy pg, w2 = w) gy, and w3z = we,5,y € Tp, k. Let 7, € Sy be such that
T interpolates between wy and wy, and v interpolates between ws and ws. (otherwise
wW1WowWs = 0)

Then
wy x (wy xwg) = wy * (Ccinv(y)wa,R,wvx)
_ xinv(r)+inv(u) W, P érwy
while
(w1 *we) w3 = (xinV(T)wp,P,ww) kw3
— L Anv(n)+inve) W, P érwy-

O]

The associativity of the *-multiplication is most obvious when we draw the maps in
diagram form, as in the example below.

o: 12 34 56
‘ wg = 332266

S: 2 3 6
X | v=0e)

P 13452 6
‘ wyg = 262225

R:2 5 6
T = (123)

5

T 1

(=)

2 345
\ wy = 214442
P12 4

The power of x is inv(7) 4 inv(r) whether we first multiply w; * wa, or wy * ws.

Remark 4.2.2. We can replace inv by any statistic on Sy and the multiplication will
still be associative.

4.3 Gram matrix

For w € T, , let w(z) denote the matrix corresponding to left *-multiplication by w.
Note that w(z) has the same support as w; the only difference being that some of the
non-zero entries are positive powers of the parameter z. Let M, 1 (z) denote the Gram
matrix for A, x(z), in which the 4, j entry is the trace of the product w;(z)w;(x). The
following result gives a formula for the entries of M, 1 (z).
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Proposition 4.3.1.

S(n, k‘)k!xinv(THinV(ﬁ) if wiw; has k fized points, T interpolates

between w; and w;, and k interpolates
M, (x));: = J i)
(Mo ()i between w; and wj, and
0 otherwise.

Proof. The proof is similar to that of the formula for the entries of M, ;, the Gram
matrix of the non-deformed algebra A, ;. As in that case, (M, ,(x));; = 0 unless there
exist r and s such that

WW;w, = W;ws = Wy, and

WjWiWs = WjWy = Ws.

So w;w; fixes w, and w;w; fixes ws. But an element w € T}, ;, fixes some other w’ € T;,
if and only if w fixes all k elements of the image of w’. So (M, x(z));; = 0 unless w;w;
and wjw; both have k fixed points. (Recall that these two requirements imply each
other.)

Now, given such w; and w;, what is tr(w;(z)w;(x))? Since w;w; and w;w; both have
k fixed points, there must exist 7,x € Sj such that 7 interpolates between w; and w;
and k interpolates between w; and w;.
|Tn,k|

(Myi(2))ig = > (wilx)w;(x)),
r=1
T, k| T, ]

= 3 (wila))nswy (@)

r=1 s=1

_ $ () NV (x) since Im(w;) = Im(w;)
(5 ot and Im(w,) = Im(w,)
T, s) s.t.

WiW; Wy = Wy
WjWWs = W
£V () +1N0 (k) (#(wp, ws) s.b. wjwjw, = w, and wjw;ws = W)
ws is determined by w,., since ws = w;w;, so
(M k(x))i; = o IV (1) +1N0 () (#w, s.t. wywjw, = w,)
= IMVMHINU() (#w € T,k s.t. Im(w) = Im(w;))

_ S(TL, k)k!xinv(r)ﬂnv(n)
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As before we normalize M, j(x) by dividing by S(n, k)k!.

For example,

100 0 0 0O

1

000O011O0O0O00O0

OO0 BOO0OO0OO0OO 0000 O —
OO0 —~O — O —
OCRO0COCcOoOO0HR8ROCOOCOOy oo
O RO RBROOO 0000000 HOD
OO0 HOH 8O 8OO OO OO
OO0 000101000 "0 0O0 - O
—H O OO O0OO RO0OOO0OOO 8OO OO
Ccoocoococo 800y o000 0 0 8
—HO0O O OO0 —~000 8O RO O
OO0 0000000 "AH——OO
OO0 1T00 8 BROOOO OO
o000 T000O0 " HO OO0
H O 1O 10000000000 OO
OO 00000000 OD 80O 8
O 10000000000 OO
O H OO0 OOD 8 8OO
—~— o000 A0 00 ~0 0000 0O
SO O A 1 OO0 OO A +HO O OO oo

Il

—

B

27

S

Recall in Chapters 2 and 3 we were concerned with the eigenvalues of the Gram

matrix. Unfortunately, the eigenvalues of M, () are in general not nice, and in fact

the characteristic polynomial has large irreducible factors, as can be seen in the following

table.
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char(Mp k()

)

(+)

Wi N3
Wl N

A
(=2 + A)A
(—1+2)°(1+N)
1—2)2+ A1 —2)? )\22—1—:6 A?)
(—1+2)* + A1 +2)? +)\2 — A3
(T4 2)? + A1+ 2)? = X2(2 A3)
(=1 —2)2+ 21— 2)? +)\22+x A3
E )

—
—~

(1— )% = 3X\(2 + 22 +)\25—|—x -3
(A4 2)? = 3A2+2%) + A2(5 + %) — A3
(=3 + A)A2

411

0

(=1+ 071+ N7

A8 . (degree 4 in \) - (degree 4 in \) - (degree 8 in \)
-(degree 12 in A) - (degree 12 in \) - (degree 56 in \)
AM2(—1 - a:+/\)(1—:c+>\)( I+z+ N1 +z+N)

(1 =2)? = 2X(2 + z + 22) + A?)

(T4 2)* =2X(2 — 2+ 22) + A?)

-(degree 4 in \) - (degree 4 in \)

-(degree 12 in \) - (degree 12 in \)

-(degree 16 in \) - (degree 16 in \)

(—4+ M)A

Note: The paired irreducible polynomials appearing above are equal up to replacing

x by —x.

In the next table we compare dimensions of the corresponding nullspaces.

212 0 0
211 1 1
313 0 0
3|2 ) 0
3|1 2 2
414 0 0
4 13| 55 48
412 15 12
411 3 3
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In the case of M,, ;(x) the listed dimensions are for generic x.

Note that nullspace of M,, (x) appears to be smaller in general than that of M,, j.
This means that our deformation is having the desired effect: it is reducing the size of
the radical. To make this more precise, we employ the Munn algebra structure of A, j.

4.4 A, i(z)is a Munn algebra

Recall the following fact from Chapter 2.

Fact 4.4.1. A, }, is isomorphic to the Munn matriz algebra M(CSy; ([Z]),S([n}, k);1I).
The elements of this semigroup are (Z) x S(n, k) matrices over CSy. Multiplication is
defined by wy - wy := willws, where 11 is the S(n, k) X (Z) sandwich matriz

B T ifpiEﬂ'T(i),ISiSk, and
(P = { 0 otherwise.

Note that the non-zero entries of II,, ;, are precisely the permutations 7 that arise in
the * multiplication. Hence our second deformation preserves the Munn matrix algebra
structure.

Proposition 4.4.2. A, ;(x) is isomorphic to the Munn matriz algebra M(CSy; ([Z]) ,S([n], k); II(x)),

where I1(z) is the S(n, k) x () sandwich matriz defined by

inu(r : :
maer = { 275 gt
Example 4.4.3. Forn =4,k = 3 we have
(id) (id) 0 0
0 (id) (ud) 0
M(z) = 0 0 (id) (id)

(id) 0 0 z%(123) |’
(id) 0 x(23) 0
0 (id) 0 z(12)
where as before the ordering on the columns is 123,124,134, 234, and the ordering on the

rows is 1|2|34,1|23|4, 12|3|4, 14|2|3, 1|24/3, 13|2|4. Now let w1 = 2142 and wg = 4223.
Then

(id) (id) O 0
000 0 00 0 (id) (id) 0 0 0 00
e — | 000 (12) 0 0 0 0 (i (i) 0 0 00
e 000 0 00 (id) 0 0  x2(123) 0 0 00
000 0 00 (id) 0 x(23) 0 0 (132) 0 0
0 (id 0  z(12)
0 0 0000
0 (120 0 0 0 0
=z 0 (0) 00 0 0 = 222114
0 0 0000

=
o

o O O O

o O O O



Note that showing that A, ;(x) is a Munn matrix algebra provides another proof
that the x-multiplication is associative.

When k = 1 the parameter = does not appear at all, and the semisimple part of A,
is only one-dimensional. For the remainder of this chapter we shall assume k£ > 1.

4.5 The Structure of A, ;(z)/\/Ani(x)

Since we want our Munn matrix algebra to be semisimple, it is natural to ask in what
way the semisimplicity of A, () depends on the sandwich matrix II,, (). Recall that
the following result of Clifford and Preston ([3], Theorem 5.19) provides an answer to
this question.

Theorem 4.5.1. (Clifford and Preston) A Munn matriz algebra of the form A =
M(CG;m,n; 1) is semisimple if and only if 11 is non-singular, i.e., if and only if m = n
and 11 is a unit in the ring of m x m matrices over CG.

Note in particular that for semisimplicity we need the matrices to be square. But
our sandwich matrix is S(n, k) x (}). What can we do?

Define the rank of II to be the largest non-singular minor of II. (So, in particu-
lar, rank(II) < min(m,n).) We also need the following technical condition, known as
sustability.

Definition 4.5.2. Let P be an n X m matriz over A with rank r. Let R and S be

permutation matrices over A such that

RPS:< M Pm),

Py1 Py

where M is an invertible r X r submatriz of P, and let

M=t 0
o-s (M 0 )n

Then we say that P is suitable if PQP — P € (VA)nxm.

Rank and suitability are intimately related to the size of VA, as the following result
of McAlister [10] shows.

Theorem 4.5.3. (McAlister) Let A = M(A;m,n;II) be a Munn matriz algebra, and
let I1 be suitable of rank r. Then A/ A = (A/\/Z) , the algebra of all r X r matrices

with entries in A/\/Z

The suitability condition does not hold for the undeformed algebra A, ;. But what
about for A, (), is x is generic? Our first step is to determine the rank of M, 1 (z),
by finding a maximal non-singular submatrix.
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Definition 4.5.4. A set partition 7 of [n] is cyclically contiguous if the blocks of =
are intervals, with the possible exception of the first block, which may be of the form
{1,2,...,i} U{j,7 + 1,...,n}, ie., the union of an initial segment and a terminal
segment. If the first block is also an interval, we say that m is contiguous. (Note that
contiguous implies cyclically contiguous, not the other way around.)

We use the term “cyclically contiguous” for such a partition m because if we think of
the elements of [n] as being arranged in (clockwise) order around a circle, then in a sense
all of the blocks of 7 are intervals. For example, m = 1256|3|4 is cyclically contiguous,
as shown in the following diagram.

1

6 2

5 3
4

™ = 1256(3/4

Proposition 4.5.5. Forn > k > 1 the number of cyclically contiguous partitions of [n]

into k blocks is (2)

Proof. We exhibit a bijection between cyclically contiguous partitions of [n] into k blocks
and k-subsets of [n]. Given a cyclically contiguous partition 7 = {7y, 7o, ..., 7} define
the set P(m) = {p1,p2,...,pr} where p; is the “clockwise minima” of ;. Call P(r) the
“set of dividers” of m. P(m) is a k-subset of [n], and this process is clearly reversible:
given a subset P C [n],|P| = k, write elements of [n] in clockwise order around a circle
and put a divider before each element of P. O

The bijection described above is easily visualized if we again think of partitioning
the elements of [n] arranged around a circle.

1
6 2
— «—— P(r)={3,4,5}
5 3
4
™ = 1256(3/4

Note that in the case 7 is actually contiguous, rather than merely cyclically con-
tiguous, then p; = min(m;). On the other hand, if m = 1,2,...,4,7,7+ 1,...,n, then
pi = min(mi+1),1 < i < k—1, and p = j. There are (Zj) contiguous partitions,
corresponding to the k-subsets of [n] containing the element 1.
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Let IT7 ;. (z) be the (%) x (7) submatrix of IL,, () consisting of the rows corresponding
to cyclically contiguous partitions. For example,

I I I 000 O 0 0 0
o I I I I 0 0 0 0 0
007 0111 0 0 0 0
00011 1T 0 I I 0 0
c 0 00O0TI T O I 1 0
w@=lo0000r 0 o 1 1 |
I 00000 2% 2% 0 0
I 70000 0 220 z%a¢ 0
0 I 0I 0O0 O 0 220 2%
000700 I 0 0 2%
0 01
where [ =Isanda=| 1 0 0 | =(123) € S3. As we shall do for the remainder of
010
this chapter, we are ordering the rows and columns lexicographically (the rows by the

divider sets P(m)).

Note that the only non-zero, non-identity element that can appear in IIf , (x) is
the k-cycle a. Since @ commutes with I and with itself, the determinant of Hf; p(x) is
well-defined. ’

Proposition 4.5.6. Let 11§ , (x) be as above. Then

n—1

det( %k(x)) = ((_1)k(1 _ xk(k‘l)))( & )

Proof. We shall show that H%k(w) is equivalent via elementary row operations to an
upper-triangular block matrix II¢ , (z) of the form

I *
%
_ 0 I
c —
n,k(m) - {Ekila i (_1)kI *
0 -
0 o la 4+ (—1)FT
More precisely,
B I, if s, em,1 <i<k, and P(m) < S
( f”k(av))7T g = oFla+ ()T ifs; € min1,1<i<k—1,8, €7, and P(1) < S
’ 0 otherwise.

As in the example we are using the lexicographic order on the k-subsets of [n]. The
added condition P(m) < S forces I ; (z) to be upper triangular.
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It is a fact that if the blocks of a block matrix commute with each other, the deter-
minant of the matrix can be computed by taking the determinant of the matrix whose
entries are the determinants of the corresponding blocks. Thus we have

detIl , (z) = detlly, ;. (x)

n;l)

— (det[)(Zj) (det(xk_la + (_1)1:1—))(
_ (:Ek(k—l)(il)k—l " (1)k2>(n,€1)
= ((—1)’“(1 — a:k(k_l))>(n;1) . (k and k* have the same parity.)

To complete the proof we need to show how to convert II7 ; () into I:If%k. (x).

Claim 1: The first (Zj) rows of IIf  (z) and l:Ika(:E) are identical.

Proof of Claim 1: The first (Zj) rows correspond to the contiguous partitions.
Let m be a contiguous partition, and let S be a subset with P(7) > S. Then there
exists | such that p; = s;,1 < j <[, while pjy1 > s;41. But then {s1,s9,...,541} C

!
U 7 ={1,2,...,p41 — 1}. (Recall that in the contiguous case p; = min(w;).) So by
j=1
the Pigeonhole Principle at least two of the s; are in the same block of © and hence

<H5Lk(aj)) § = 0. Thus the extra condition P(7m) < S is vacuous in the case 7 is
) ,

contiguous.

Note also that 7 contiguous precludes the possibility that s; € m41,1 <@ < k —
1, s € w1, since in that case s > s1, while every element of 77 is less than every element
of 2.

So <Hflk(x)> = (I:Iflk(:r)) 5 for m a contiguous partition, thus proving Claim 1.

What about the last (";1) rows?

For 7 not contiguous (but still cyclically contiguous), denote by 79 the contiguous
partition with divider set (P(7)\p;) U {1}. In the example below, 7 = 1256|3|4 and
P(m) = {3,4,5}. To obtain 7(® we remove the second divider py = 4 and add the
divider 1, thus giving P(7(?) = {1,3,5} and so 7(?) = 12|34/56.

1 1

6 2 6 2

5Q3 5 3
4 4

7 = 125634 (2 = 12(34/56
P(r) = {3,4,5} P(r®) ={1,3,5}

For m not contiguous (but still cyclically contiguous) we define the following row
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operation.

(_1)jR7r(j)7

k
=1

Ry — Ry — (—1)F
J
where Ry is the row of II} () indexed by 7, and
Claim 2: These row operations convert II7 () into f[flk(:r)
Proof of Claim 2: Suppose that m is not contiguous, and let S be a k-subset of
[n]. We have three cases:

Case 1. s; € m;,1 < i < k. Note that this implies s; € {1,2,...,p; — 1}, the “front half”
of m;. We have (Hfl k(m)) o= I. After the row operations, the (w, S) entry is

U

k
I—(-1)F> (=1 (Rpo)g = I—(=D=D"(Ruw)g
j=1
= I-1
= 0,

since the only way S can be distributed in the blocks of () is to remove the
last divider py of m, thus merging m; and the “back half” of m; (which contained
no element of S). Removing any other divider merges two blocks both of which
contain an element of S.

Case 2. s; € 41,1 <i <k —1,s; € m. Note that this implies s; € {pg,px + 1,...,n},
the “back half” of m1. We have (H%Am)) = zF~la. After the row operations,
the (7, S) entry is ,

xk—la _ (_1)k

J

k
(-1 (R,i))g = 2" ta—(=D)F-1)"(R,0)g
=1

= "4 (=DM

since the only way S can be distributed in the blocks of 7() is to remove the
first divider p; of m, thus merging mo (which contains s;) and the front half
{1,2,...,p1 — 1} of m; (which contains no element of S). Removing any other
divider merges two blocks both of which contain an element of S.

Case 3. S is not distributed in the blocks of 7, so that (H%,A:L’)) $ = 0. This can
k) 7.‘.7

happen in several ways.

Case 3.1. 7 contains two elements of S, one in the front half, one in the back
half, and 7; contains exactly one element of S for all 2 < i < k except
m; contains no element of S, for precisely one [,2 <[ < k. Note that
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since 7 is not contiguous, m = {p;—1,p—1 + 1,...,p — 1}. After the row
operations, the (m,S) entry is

0—(-1)*

J

k
(1 (Be)s = (D (1) (Rpan)s + (<) (Ry)s)

=1

= (DM () (1)

=0

since the only way S can be distributed in the blocks of () is to either
remove the divider p;_1, thus merging m; and m;_1, or remove the divider p;,
thus merging m; and 741 (or in the case | = k, merging 7 and the back half
of 7).

In the example below, 7 = 1256|3|4 and S = {2,4,5} (circled). The block m;
contains two elements of S, mo contains none, and 7y contains 1. In order for
S to be distributed in the blocks, we must either remove the divider p; = 3,
merging 7w, and gy, or the divider po = 4, merging m and 73.

1 1 1

6 2 6 @ 6 2
B3 B3 BHy—"3
7 = 1256|3|4 (1) = 123|4/56 () = 12(34/56
P(m) = {3,4,5} P(rWy = {1,4,5} P(r®) ={1,3,5}
Case 3.2. All other possibilities. In this case there is no way for S to be distributed

in the blocks of 7(9), no matter which divider we remove. Some m;,2 <
1 < k, or the front or back half of m;, contains at least two elements of S.

(Hflk(x)) = 0. and after the row operation, the (w,S) entry is

)

0—(-1)F

J

(=1 (Ry))g = 0.

k
=1

Putting all of the cases together, we see that the row operations

k
R, — R, — (fl)k Z(fl)jRﬂ,(J‘),
j=1

e have no effect on the first (Z:}) rows of II¢ , (),

e convert each I in the bottom (";1) rows to 0 (Case 1),
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e convert each 2¥~!a in the bottom (";1) rows to 2 la + (=1)FI (Case 2),
e preserve all 0’s (Case 3).

Thus IIf, , (x) is row equivalent to I:Ifl’ x(x) and we are done. O

So in particular, if z is not a k(k — 1)5t root of unity, I}, () is non-singular as a

matrix over C. But is it non-singular in the sense defined above? In other words, does
it have an inverse as a matrix with entries in CS}?
Recall that for a matrix A over a field we can compute the inverse matrix A~! using
cofactors: "
(a1, = (U denas
4 det A ’
where M; ; is the submatrix of A obtained by deleting row j and column ¢. If det A is
a unit this procedure works over a commutative ring, since the rest is all multiplication
and addition.
In our case we have

h

det TI}, 4 () = (xk_loe + (—1)k1)( )

so we need z¥"'a + (—1)*I to be invertible in the (commutative) subalgebra of CSj
generated by .
Claim:

S
—

1 1 , . .
k—1 _1\k _ _1yi(k—1),.i(k—1) i
(a: a+(—1) I) = DR = 2k0D) - (-1) x a'.

@
Il
o

Proof of Claim:

k—1 k—1
(xkfla n (_1>kI> (_l)i(kfl)xi(kfl)ai _ Z(_1)i(k71)m(i+1)(l€71)ai+l n (_l)i(kfl)Jrkxi(k:fl)ai
i=0 i=0
k k—1
_ Z(_l)(ifl)(kfl)xi(kfl)ai 4 Z(_l)i(kfl)Jrkxi(kfl)ai
i=1 1=0

= (=1)* DR 4 (_1)kT
k—1
+Z ((_1)ik—i—k+1 I (_1)ik—z‘+k) Lik=1) i
= ()P -1

since (k —1)? and k have opposite parity. So we have proved the following proposition.

Proposition 4.5.7. For z not a k(k — 1)t root of unity, II¢ . (x) is non-singular and
hence 11, (x) has full rank (}}).

Recall now the definition of suitability.
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Definition 4.5.8. Let P be an n X m matriz over A with rank r. Let R and S be
permutation matrices over A such that

M P
RPS = ,
< Py Py )

where M is an invertible r X r submatriz of P, and let

M~ 0
Then P is suitable if PQP — P € (VA)nxm.

Suppose that n x m sandwich matrix P (n > m) has full rank, i.e. that there exists
permutation matrices R and S such that

M
RPS = ,

where M is an invertible m x m submatrix of P. Let Q = S ( M~ 0 ) R. Then

M M M
PQP-P = R! SIS ( M=t 0 RR‘1< >S—P—R—1< )5—1
@ ( Py ) ( ) Py Py
M M M
= R! M=t 0 SP—Rl< )Sl
<P21>( )(Pm) Py

M M
= R! S—P—R—1< )5—1
( Py ) Py

= 0.

So in the case that P has full rank the suitability condition is automatically satisfied.
Thus by Proposition 4.5.7 and McAlister’s result we have

Theorem 4.5.9. For k > 1 and generic x, A, (x)/\/Ani(x (CSk

Note that the rank of II cannot be any larger than its width (Z) So no deformation
of A, 1 that preserves the Munn matrix algebra structure can be any more semisimple
than A, ().

Corollary 4.5.10. For k > 1,

am () - s0- () (3

Since this dimension formula is relatively simple one might hope to find a nice combi-
natorial basis for /A, i(z), as Garsia and Reutenauer did in [5] for Solomon’s Descent
Algebra.
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4.6 The y deformation

Let A¢ . (z) be the subalgebra of A, ;(x) spanned by the maps T.¢, whose partitions
are cyciically contiguous. A¢ , (z) is also a Munn matrix algebra, with sandwich matrix
II¢ (). As mentioned in Chapter 2, Grood [6] has generalized the classical Specht-
module construction for the Symmetric Group to describe the irreducible modules of
the Rook Monoid R,,. Recall that, R,, has a composition series

Rn:JnQJn—lggjlgj():O)

and that we have defined R, := Ji/Jx—1. It is not difficult to see that B, :=
CR,,  is isomorphic to the Munn matrix algebra M(CSy; (Z), (Z),I) = (CSk)(n), the
k
algebra of (}) x (}) matrices with entries in the group algebra CSj. In what follows we
derive a deformation of A;,k, written A%, (¥), so that there are canonical isomorphisms

AfL’k(l) = Afhk and Afhk(O) = By k.

4.6.1 Definition

Let w1 = wr 50, w2 = Wy 1,6 € quC:k- As we have seen before, for the product wyws to
be nonzero in 7}, each element of 7" must lie in a different block of 7. In other words,
each block m; of m contains exactly one element of T'. For this deformation we shall pay
attention to how close that element is to the clockwise minimal element of ;.

Recall that to a cyclically contiguous partition m we associate a corresponding divider
set P(m) ={p1,...,pr}. (P consists of the clockwise minimal elements of the blocks of
7.) In what follows we will often identify a partition with its set of dividers.

For each i,1 < i <k, let p;(m,T) be the difference (modulo n) between the element
of T lying in 7; and the minimal element of 7;. For example, if 7 = 156/2|34 and
T ={1,2,4}, then po(7,T) =2—-2=0, p3(m,T) =4 —3 =1, while py(7,T) =1-5 =
—4 = 2(mod 6). We are now ready to define the deformation.

Definition 4.6.1. Let w1 = wr 55, W2 = Wy T,¢ € Tfk. Define

0 if wiwa =0 in T), , and
wy e Wy =
L it ) .. yzk(ﬂ’T)w1w2 otherwise.

Let Afw(y) be the complex algebra with basis Trsz where two elements multiply via e.
Note that A%,k(l) = A, where 1 =(1,...,1).

Example 4.6.2. Let w; = 265522 and wy = 422122. Following the notation above we
have T'={1,2,4} and m = 156|2|34. So

wy @ wo = yFySyswiwy = y?ys3(566266).
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Because we are sticking to our convention of always labeling the elements of a set in
increasing order, to give a more explicit definition of this deformation we must consider
three separate cases.

Case 1: 1 € P(m)

In this case p; = 1, and thus 7 is the initial segment {1,2,...,ps — 1}. Since the

elements of T" are labeled in increasing order, we have t; € m;, fort =1,...,k. So
. ti—p Lk —Dk
wi ® W2 1= Yy Y wiwsg.

Case 2.1: 1 ¢ P(m),t; € m
In this case 7 is the union of the terminal segment {py, ..., n} and the initial segment
{1,2,...,p1 — 1}. Asin Case 1 we have t; € m;, fori =1,...,k. So

w1 e Wy 1= y?—Pk—&-ny?—m .. 'yzk_pk_lwle.
Case 2.2: 1 ¢ P(m),t1 ¢ m
As in Case 2.1 7; is the union of the terminal segment {py,...,n} and the initial

segment {1,2,...,p; — 1}. But now we have t; € m;y1, fori =1,...,k—1, and t; € 7.
So

Wy e Wy = yik_pkyél_pl . ka—1—pk—1w1w2‘
Recall that for P, S € ([Z]) and o € Si, we denote by wp s, the map in R, ; sending
Pi 10 55(;)-

Proposition 4.6.3. The mapping wr s, — wWps,e induces an algebra isomorphism
between AfL,k(O) and Ry, .

Proof. Let wr s5,w, 1,6 € Tfk, and let wpg s, wn 1,6 be the corresponding maps in
R, .

Wr,S,0c ® Wy, T, =

yfl(W’T) e yz’“(ﬂ’T)me’ame’(ﬁ if t; € m,(;) for some 7 € Si, and
0 otherwise.

If all the y; are zero however, to get a non-zero product we need p;(w,T) = 0 for all
i =1,...,k. This only happens when T consists of precisely the minimal elements of
the blocks of =, i.e., when T'= P. So we have

w. oW — wTF,S,O'wV7T,¢ = wV7370¢ lf T = P’ and
5,0 v, T,¢ 0 otherwise.

On the other hand,

w w _J wNsey UT =P, and
PS,cWNT,¢ = 0 otherwise.

Thus the mapping wr s, — wps, between the basis elements of the two algebras
commutes with multiplication.

O]
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4.6.2 Generic semisimplicity

Proposition 4.6.4. A%k(y) is a Munn algebra, with sandwich matriz H;k(y) defined
by
(T (7)) — yfl(”’T) e yz’“(ﬂ’T)T if ti € T3y, for some T € Sk, and

" i 0 otherwise.

Proof. The y-deformation of the product w; e wy only depends on how the image of wo
is distributed in the partition of wq; the underlying composition of maps is the same
as in Tﬁ,k. Hence A%,k (y) is isomorphic to a Munn algebra of (Z)—by— (Z) matrices with
entries in CSy. The sandwich matrix is the sandwich matrix for A¢ ,, with the (7,T)

entry scaled by y* (m,T) . ylljk(ﬂ,T)' .

Corollary 4.6.5. The multiplication e is associative.

4.6.3 Main result
Theorem 4.6.6. Let 117 ; (y) be as above, and let v € Sy, be the k-cycle (12...k). Then

det(TT54(v)) = (<D T <(y?+p1_p’“y§2‘p1...yzk—pkq)'ﬁ_l).

pe()

Proof. First of all, though the entries of II}, , (y) are in the non-commutative ring CSj,
only (scalar multiples of) powers of a actually appear. Thus all matrix entries commute
and the determinant is well-defined.

To compute the determinant we shall use a series of row operations to transform
II¢ . (y) into an upper triangular matrix. These row operations will be similar to those
used to compute det(II¢ , ().

Recall that the rows of II¢ ,.(y) are indexed by the contiguous partitions of n into k
blocks. Let 7 be such a partition, and let P be the corresponding set of dividers.

Case 1: 1 € P (in particular p; = 1)

In this case, if T' < P then by the Pigeonhole Principle there exists a j,1 < j < k—1
such that two elements of T lie between p; (inclusive) and pj;1. These two elements
must therefore lie in the same block of 7, and so (IL,, 4x(y))r7r = 0. If T = P then
pi(m,T)=0,and t; € m, forall i = 1,..., k. Hence (II,, x(y))r,p = Ix. So the first (Zj)
rows of II,, ;(y) are upper triangular with I’s down the diagonal. No row operations
are needed in this case.

Case 2: 1€ P

Note first that the pigeonhole argument in Case 1 no longer holds. For example
T =1{1,3,6} < P=1{2,3,4} yet no two elements of 7" lie in the same block of .

For1<j<kand P € ([n;g\l) let P(;) denote the set obtained from P by removing
p; and adjoining 1. Let ¢;(j) denote the number of elements (including p;) in the ith
block of m that we pass as we move clockwise between p; and 1. For example, if n = 6
and P = {2,3,4}, then Py = {1,2,4}, and ¢;1(2) = 3 since we pass by 4,5,6 € 71 as we
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move clockwise between 2 and 1. Similarly, ¢2(2) = 0 (pass none) and ¢3(2) = 1 (pass
three).

Let Rp denote the P! row of I1,, x(y). We perform the following row operation.
k k
Rp — Rp — (—1)k Zl(_ )7 ( H )Rp(])
J: :
Let T € (["]) and consider the (P,T') entry of the new matrix. We have three cases.

Case 2.1: t; e m, 1 <i<k
In particular, t; € {1,...,p1 — 1}, the “front half” of 7. Then (IL,x(y))pr =

PRyl .ka*Pkfl_]k, and after the row operation the P, T-entry is
k
n+t;—pg ta—p tk—DPr— k i
g T T = (1) ) (D) Hyz ) (R )r
=1 =

There is only one non-zero term in this sum. The only way the elements of T', which
were already distributed in the blocks of 7 can still be distributed when we switch to
the new set of dividers P;) is if we remove the last divider py, thus merging 7 and the
“back half” of .

So the P, T-entry is actually

k
— _ tr—pr_ ik’
y711+t1 pky? P1 ykk Pk lIk_(_l)k(_l)k(Hyi ())(RP(k))T
=1

_ ,ntti—pg, ta—p1 lk—Pk—1 n+l—pp t1—1 ta—p1 tk—Pk—1
= Y Yo Y I, - ACD) Y I,
_ n+t1—pg, t2—p1 lk—Pk—1 n+t1—pg, ta—p1 tk—Pk—1

= (4 Yo ey — ) Yy Tty ) I

= 0.

Case 2.2: t; € 7l'i+1,1 <i<k-— 1,tk € m
In particular, ¢ty € {pg,...,n}, the back half of 7;. Then

_ _ o
Mk (y))pr = y’i’“ pkyél PLo gy bt Prg

and after the row operation the P, T-entry is

k

lg—pK, t1—p1 lk—1—Pk— Lo 1)k i

by Y2 Yk DF> (-1 H?/z ) (Rey))r
J=1 =

As in Case 2.1, there is only one non-zero term in the sum. This time the only way
the elements of T' can still be distributed when we switch to the new set of dividers P
is if we remove the first divider p;, thus merging the ”front half” of 7w and ms.
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So the P, T-entry is actually

t t th—1—Dk— 1
yie Pky21 Plu.ykk 1TPE-1 Hy¢() RP(I)

_ tk—pr, t1—p1 tk—1—Pk—1 k n+1 —Pk, P2—D1 Pk —Pk—1, t1—1, ta—p2 t—pk
= U Ya g a+ (=1)%y Ya Yk Y Yo Yk Iy,

— yik_pkyél_pl . ka—l—PkAa + (_l)ky?+t1_pky;2_pl . ka—Pkfljk
— yik_pkyél_Pl kafl_pk—l (Oé + (_1)ky?+t17tky§2—t1 . ytk th— ' )
Note that in this case T > P since t1 € my implies t1 > p1. If T = P we have
_ _ te—tr—
o+ (_1>k‘y?+t1 tkyég t1 | ykk k 1Ik-

Case 2.3: T is not distributed in the blocks of 7.
In this case, (I, 1 (y))pr = 0, so after the row operation the P, T-entry is

k
kz Hyz i(J)—1)(RP<j))T_
J=1 =1

The only way any of the terms in the sum can be non-zero is if

1. m1 contains two elements of T', one in the front half and the other in the back half,
2. there exists some m,2 < m < k, such that m,, contains no elements of T', and

3. m; contains exactly one element of T for all other 7,2 <1 < k.

If 1, 2, and 3 all hold, then exactly two terms in the sum will be non-zero. Either we
remove the divider p,,_1, merging blocks m,, and my_1, or we remove the divider p,,,
merging blocks 7, and mp,41.

So the (P,T')-entry becomes

0— (_1)k ((_1)mflygbm*pm—1 .. yllzk Pk— 1y;z+1 pk(RP(m,l))T

m —FPm - — 1—
P T Ry )

_ k+1 m—1, Pm—DPm— Pk—Pk—1, n+l—pp t1—1_ to—p1 tm—1—Pm—2_ ti;n—Dm te—Dk
= (-1 ((—1) Yoy Yy vl Yy Ty Y Py TP D
m, Pm+1—Pm k—Pk—1, nt+l—pp_ t1—1_ to—p1 i —DPm—1, tm+1—Pm+1 lk—Pk
(=) "y Py Yy Yty ey Py, ey Ik)
_ k+m (, nt+ti—pr, to—p1 tk—Pk—1 n+t1—pg, to—p1 tk—Dk—1
= (-1 <y1 Yy Ty - Yy ey I
= 0.

So after the row operations the matrix is upper triangular, with I;’s down the first
(Zj) diagonal entries, corresponding to the divider sets P = {p1, ..., px} which contain
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1. The remaining ("gl) diagonal entries are of the form cy—i—(—l)ky?ﬂ?1 TPRyBRTPLL L yik_p’“—ljk,
where P € ([n;f\l). Thus
det( och,k(Y)) = H det (a + (_Dky?l@—&-m—pkygz—m L yik_pk—1[k>
Pe(])
_ 2 _ _ o\ F
= H (—l)k 1 + (_1)k <y?+p1 Pky§2 D1 yik Pk 1) )
pe()
= H (_1)k ((yiﬁplpkypzpl 'ypk_Pk71> 1)
Pe([n]\l)
= (_l)k("gl) H y?+p1*pkyp2*p1 ‘ypk_pk—l> 1)
e
OJ

Corollary 4.6.7. A¢ ,(y) is semisimple for genericy = (y1,...,yx), in particular for
all y € CF such that (y[ P Peyb2 Pl P PRk o4 for any P = {p1,...,px} C [n].

Proof. For any a € C such that a* # 1, the element o — al}, is invertible in CS},. Indeed,

k—1 . -
(a—aly) 2} aF 17l = (1—aP)I},. Soify € CF satisfies (y} ™ Py 7Pt ... T L
1=
1 for any P = {p1,...,pr} C [n], then the determinant of the sandwich matrix II¢ , (y)
is the product of invertible elements of CS}, and hence is itself invertible. Thus we can
compute the inverse of II¢ | (y) via cofactors. Then, by McAlister’s result, AS , (y) is

semisimple. O
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Chapter 5

The Radical

In this chapter we collect together several results concerning the radical /A, ; of the
undeformed algebra A,, . We first characterize the radical in the special case k = 1,
then give a more general eigenvalue result for M, j, the Gram matrix whose nullspace
is the radical. We verify that the nullspace characterization of /A, ; coincides with
another characterization in terms of the sandwich matrix, and exhibit several classes of
elements in the radical. Finally, we describe two interesting actions of S, on /A, i,
one by conjugation and the other by left multiplication. We give a character result for
the case k = 1.

5.1 The radical in the case £ =1

There are two cases in which it is possible to easily describe the radical of A, ;. First
of all, A, , is isomorphic to the group algebra of the Symmetric Group, and thus is
semisimple and has a trivial radical. At the other end of the spectrum is A, 1, which is
almost nilpotent. As the following result shows, its semisimple part is one-dimensional.

Proposition 5.1.1. /A, 1 is the ideal of A, 1 consisting of all linear combinations of
maps whose coefficients sum to zero. The dimension of \/Ap 1 isn—1, and Ap1/r/An1 =
C.

Proof. Let f; denote the constant map sending every element of [n] to i. First of all,
Ap 1 is not itself nilpotent, since fik = fiforall k =1,2,.... Thus dim (, /An,l) <n-—1.
On the other hand, if I is the subalgebra of A, ; consisting of all linear combinations
of maps whose coefficients sum to zero, then dim(/) = n — 1, since I is spanned by the
n — 1 linearly independent elements f; — fi+1,1 < ¢ < n — 1. Thus it remains to show
that I is a nilpotent ideal.
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n n
Suppose x = > ¢; f;, where ¢; = 0. Then
i=1 i=1

zfj = <ZC¢f¢) i

=1

n
= Zcifi
i—1

n
and so the sum of the coefficients of xf; is Y ¢; =0, and «f; € I. On the other hand,
i=1

fix = fj (ZCifi)

n
So by linearity, if y = " d;f; is an arbitrary element of A,, 1, we have zy,yx € I. Thus
i=1
n

I is an ideal of A, ;. To show that I is a nilpotent ideal, let + = ) ¢;f; € I and

i=1
Yy = Z djfj € I. Then
j=1
o = (Ser) (Lo
i=1 j=1
= (D afi | D _difs
i=1 j=1
=0
by the calculation above. So I? = 0, and hence I is nilpotent. O

5.2 The Gram matrix, and a maximum eigenvalue

Recall the following fact from Chapter 2, which states that the radical of a matrix
algebra is the nullspace of its Gram matrix.
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Fact 5.2.1. Let A be a finite-dimensional associative algebra and {vi,...,v,} a basis of
A. Define the n x n Gram matriz M for A by (M); ; = tr(vyvj). Then A is semisimple
if and only if det(M) # 0, and in fact /A = null(A).

Let M, ;. be the Gram matrix associated to the algebra A, . In Chapter 2 we gave
the following formula for M, j.

Proposition 5.2.2.

S(n,k)k! if wyw; has k
(M )ij = fized points, and
0 otherwise.

As before we normalize M, j, by dividing by S(n, k)k!, and we consider the eigenval-
ues of the normalized matrix.

n | k | eigenvalues

21212
21|02t
313 —-11,1°

32| =3t —22, 11,05, 13,22,33,4¢

3|1]0%3!

4 14| -171"7
43| 51, 43 V15, V12, 31, —/5, 23,
—13,055,16,26 /533,46, \/12°, /15", 55, 61

4] 2| —8% /28 210 (39 915 \/38° &6 141

4111034t

Notice that in the table the largest eigenvalue for k£ < n always appears with multiplicity
1. This is not a coincidence, as the result below shows.

For a set partition 7 of [n] let [[r]] denote the product of the block sizes of w. For
example, if 7 = 13|2|456, then [[7]] =2-1-3 = 6.

Theorem 5.2.3. A\ = ) _[[n]], where the sum is over all m € S([n|,k) such that the

elements 1,2,...,k lie in different blocks, is the unique maximum eigenvalue for the
normalized Gram matriz M, ;. The corresponding eigenvector is v =Y [[n(w)]]w.
wETn’k
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Proof. The proof of this result is rather technical, so we begin by sketching the main
ideas. It is not hard to verify that v is an eigenvector for M,, j,, with eigenvalue A. To
show that A is the unique mazrimum eigenvalue takes a bit more work. We show that
M, ), is irreducible, by first relating it to the adjacency matrix of a graph I', i, and then
showing that I'), ;, is connected. The proof of connectedness is by far the most technical
part of the argument. We use induction to pare the problem down to a single special
case, then display an algorithm that finishes the job. Once we have shown that M, ; is
irreducible, we apply the Perron-Frobenius Theorem to conclude that M,, j, has a unique
maximum eigenvalue. Finally, it follows that A is this same unique maximum eigenvalue
because the corresponding eigenvector has all positive entries. O

Definition 5.2.4. An n x n matriz A is reducible if it is similar via a permutation of
0

X
Y 7

square matrices. A is irreducible if it is not reducible.

rows and columns to a matrixz of the form ), where X and Z are non-trivial

Theorem 5.2.5. (Perron-Frobenius) Let A be a non-negative irreducible matriz. Then
A has a positive eigenvalue v that is a simple root of the characteristic polynomial. The
modulus of any other eigenvalue of A does not exceed r. To the “maximal” eigenvalue
r there corresponds an eigenvector with all positive entries.

There is a way of interpreting M,, ; as something like the adjacency matrix of a
certain graph I',, ; (with loops contributing 1 instead of 2). This graph turns out to be
connected, and so its adjacency matrix is irreducible. M, ; must also be irreducible,
because the question of irreducibility depends only on the support of a matrix, i.e., on
the location of the non-zero entries.

In the following discussion we refer to maps w € T}, ;, as “words”.

Proposition 5.2.6. Let '), j, be the graph whose vertices are the words w € 1), with
edges w; — wj if wyw; has k fized points. Then 'y, . is connected for 1 <k <mn —1.

Note that in Iy, ;, we have deg(w;) equal to the number of w; such that w;w; and

k
wjw; have k fixed points, which is [] ’w;l(sm)’ = [[m(w;)]], since for each m, w; must

m=1
send s, into w;l(sm), foreach m=1,2,... k.

Proof. (Method 1: “Lifting paths”) We use induction on n. Given two words u and v
in ', ;, we first connect them respectively to words v’ and v of a special type. We then
drop down to words v” and v” in I',_1 j, connect «” and v” by a path, and finally “lift”
the path back to Iy, 1, thus connecting v and v.
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To begin we observe that

Vi)l = |Tokl

- <Z>S(n,/~c)k!
_ <<Z:i>+<n;1>>(S(n—l,k—1)+kS(n—1,k))k!

_ k(Z:i)S(n—l,k—1)(k—1)!+k(n;1)5’(n—1,k)k!

< _1>S(n—1,k:)k!+k:<n;1>S(n—1,k—1)(k—1)!
- k(Z:DS(n—l,k:—1)(l<:—1)!+k<n;1>5(n—1,k)k!

k

njk<n;1>S(n—1,k)k!+(n—k)<z:i>8(n—1,k—1)(k—1)!.

This expression suggests that the words in 7T}, ;, can be divided into four disjoint classes.
Type 1. n € Im(w), n is in a block of size 1
Type 2. n & Im(w), n is in a block of size 2 or greater
Type 3. n € Im(w), n is in a block of size 2 or greater
Type 4. n ¢ Im(w), n is in a block of size 1

Claim: The number of words of each type is as follows.
Type 1. k(}71)S(n— 1,k —1)(k — 1)!
Type 2. k(" ") S(n — 1,k)k!
Type 3. nk—fk(”gl)S(n —1,k)k!
Type 4. (n — k)(g:})S(n —1L,k—=1)(k—-1)!

Proof of claim:

e To get a word w’ of Type 1, start with a word w € T;,_1 ;1 (there are (2:})5(71—
1,k—1)(k—1)! such words), and pick w(n) from Im(w)U{n} (k choices for w(n)).
If w(n) # n, say w(n) = a, then send all elements of w~!(a) to n instead. For

example,

1441 — 14415 (w(5) =5, so no is switch needed)
54451 (w(5) =1, so we send {1,4} to 5 instead of 1)
15514  (w(5) = 4, so we send {2, 3} to 5 instead of 4).

We can go backwards by finding the instances of n. If n appears at the end of the
word, just truncate. Otherwise, replace all occurrences of n by w(n).
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e To get a word w’ of Type 2, start with a word w € T, (there are (”EI)S(TL -
1, k)k! such words), and pick w(n) from Im(w) (k choices). For example,

1442 — 14421
14422
14424.

We can go backwards by truncating.

e To get a word w’ of Type 3, start with a word w € T, (there are (”gl) S(n —
1, k)k! such words), pick an element a of Im(w) (k choices for a), replace all
instances of a by n, then pick w(n) from (Im(w)\a)U{n} (k choices). This results
in an overcount by a factor of n — k, since in going backwards there are n — k
elements that might have been removed. For example,

1442 — 54422 54424 54425
15521 15522 15525
14451 14454 14455.

Going backwards we replace the instances of n by each of the n — k elements of
[n — 1]\Im(w). For example,

14451 — 1442
1443.

e To get a word w’ of Type 4, start with a word w € T;,_1 y—1 (there are (Zj)S(n—
1,k — 1)(k — 1)! such words), and pick w(n) from [n — 1]\Im(w) (n — k choices).
For example,

1441 — 14412

14413.

As in Type 2 we can go backwards by truncating. This completes the proof of the
claim.

As mentioned above, given two words w,v € I'y, 3, we shall drop down to I'y_q s,
connect the corresponding words there, then lift the path back.

Suppose = = < Zi Zz ZZ ) and y = ( Zi Zj Z: ) are connected
by an edge in I',_; 4. (This means that b; € 7; if and only if a; € v;.) We lift «
/ /
_ ™ T2 ... Tgp—1 Ty _ v v2o ... Vg1 Vg
to T = and y to § = , where
( ay a2 ... QAp—1 G ) y y < b1 bg bk—l bk >

. =7 U{n} and v, = v, U {n}.

Notice that  and 4 are Type 2 words in I', , and if x —y in I';,_1 ; then Z — ¢ in
Iy k. (n does not appear in the image of either Z or y, so Zy has k fixed points if and
only if xy has k fixed points.)

For example, the edge 23113 —41221 in I's 3 lifts to the edge 231133 —412211 in I'¢ 3.

As mentioned above, this lifting process always yields Type 2 words in I'y, , i.e.,
words in which n is not in the image, and lies in a block of size at least 2. So the
question becomes, given an arbitrary word can we connect it to a Type 2 word?
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e Suppose w is Type 1, i.e., w = m T mh-1 {n} > Then construct
ap ... M ... Gp_1 G
Vi eeo Up ... Vs ... U
u = ! " s ¥ ) where n € v, and |vs| > 2 so that aj, €
b1 ... n ... by ... bg

Vr,bs € m;, and in general b; € m,, if and only if a,, € v;. Then u is Type 3 and

w—w in I'y k.

w = 25223 — wu=21522
Type 1 Type 3

choose the second and fourth entries of u (from among {1,2,5}), so we can ensure
that 5 is in a block of size at least 2.

For example, Here we have complete freedom to

T ... Tg—1 {n}

,n & Im(w). Then con-
ay ... Qp—1 Q. ) ¢ ( )

e Suppose w is Type 4, i.e., w = <

v ... UVp ... Vg ... Vg

by ... n ... bs ... bg
in general b; € m,, if and only if a,, € ;. Then u is Type 3 and w — w in ', .
For example, w=24143 = u = 31522 . Here we are free to choose the fifth
Type 4 Type 3

entry of u, so we can ensure that n is in a block of size at least 2.

struct u = ), where n € v, [vg| > 2,ax € vy, and

™ ... TGoo... Ty Tk

e Suppose wis Type 3, i.e.,, w = ( >, where n € 7;

a ... n ... a; ...0

v ... vV ... Vg

by ... b ... by

|vi] > 2 so that b, € m, if and only if a, € t,, and n ¢ Im(u). Then u is Type 2

and w —w in Iy, .

For example, w = 21522 — u = 24333 . Here we are free to choose the third
Type 3 Type 2

and fourth entries of u, so we can ensure that n is in a block of size at least 2.

and |m;| > 2. Then construct u = ( >, where n € v and

So, given any u,v € I', i, we can first find «',v" € T',, i, both of Type 2, such that
u—...—u and v —... — v/ in T ;. Then we can drop down to u”,v” € T',_1 by
simply removing n from its respective block in the two words. By induction, I';,_1 j is
connected, so we can find a path v’ — ... — 0" in I';,_; j, then lift the path to a path
uw' —...—v" of Type 2 words in I';, . This produces a pathu—...—u' —...—v' —...—v

in I'y, , connecting v and v.

Example 5.2.7. Suppose u = 4141,v = 2223 € Ty 9. First we connect u to a Type 2

word u':
u=4141 — ' = 2111,
Type 3 Type 2

and v to a Type 2 word v':

v=2223 — 2244 — o' =2233.
Type 4 Type 3 Type 2
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Then we drop down to u”,v" € T'g 5:

' =2111 — o =211,
v =2233 — " =233.

In T'39 we have the path v’ = 211 — 313 — 223 = v". This path lifts to v = 2111 —
3133 — 2233 = v". So we have the path u = 4141 — 2111 — 3133 — 2233 — 2244 — 2223 = v
m F472.

At this point we encounter a serious problem, for the argument above only works if
E<n-2 If k=n—1 we drop down to I',_1 ,—1 which is not connected. In general
['yn.m consists of isolated vertices (involutions) and dimers w —w™!. So we need to show
by some other means that I', ,—1 is connected. This we shall do in the following lemma.

Lemma 5.2.8. Each word of I'y, ,—1 is connected by a path to the “smallest” word

wo = ( 123 ... n=2 {nn—-1} )
1 23 ... n—2 n—1 '
Proof. We exhibit an algorithm to construct such a path. Say that a word is “Type i
in 77 if it satisfies the definition of Type i given above, with j playing the roll of n. For
example, the word u = 125546 is Type 2 in 3, since 3 ¢ Im(u) and 3 is in a block of size
at least 2 in m(u). On the other hand, v = 123466 is Type 1 in 4, since 4 € Im(v) and 4
is in a block of size 1 in 7(v). In what follows we show how to connect an arbitrary word
with an initial string of m fixed points, 0 < m < n—2, to a word that is Type 1 in m+1
with an initial string of m + 1 fixed points. By induction we can then connect any given

word u to a word that is Type 1 in n — 1 with an initial string of n — 1 fixed points, i.e.,

a word of the form w = ( 23 ...on=2mn=-1m ) where a € [n — 2]. But
123 ... n—=2 n—-1 a )’

then we are done, for w is clearly adjacent to wy.

Since we are dealing with words in I';, ,—1, every word has partition consisting of a
single block of size 2, and n — 2 singleton blocks. Thus, given u € I'y, ,_1, if we want to
find a v such that u — v, i.e., such that uv has n — 1 fixed points, we have little choice.
Each element a € Im(u) must be sent by v to u~1(a), which has size 1 in all but one
case. In that one case we have just two choices. We are also free to choose v(b), where
b is the one element of [n] not appearing in Im(u). For example, if u = 422516 then
v = bxyl46, where x must be either 2 or 3, and y is almost arbitrary, the one restriction
being that y € {1,4,5,6,x}.

We now describe how to connect a given word w with an initial string of m fixed
points to a word w’ that is in some way “closer” to having an initial string of m + 1 fixed
points. The argument is rather technical, and it may pay to keep the following diagram
in mind.
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Type 4

inm+1,

1,....m

are fixed

!

Type 1 Type 3 Type 2 Type 3 Type 1
inm+1, inm+1, inm+1, inm+1, inm—+1,
1,...,m 1,....m 1,...,m L...om—+1] |1,....m+1
are fixed are fixed are fixed are fixed are fixed

move on to m + 2

We shall see that wherever we are in the diagram, we can follow the arrows to increase
the length of the initial string of fixed points.

e Suppose an arbitrary word w is Type 1 in m+1 and has an initial string of m fixed

points, where 0 < m < mn — 2. This means m+1 € Im(w), and m + 1 is in a block
of size 1. In constructing w’ so that w — w’ we can force m + 1 to be in a block of
size 2 by setting w’(b) = w’(m + 1), where as above b is the one element of [n] not
appearing in Im(w). If a € {1,...,m} is in a block of size 2 in w, namely {a,a’},
where a’ > m, choose w'(a) = a, rather than ’. This ensures that w’ will also
have an initial string of m fixed points. Finally note we must have m+1 € Im(w’)
since m + 1 was in a block of size 1 in w. So w’ is Type 3 in m + 1, with an initial
string of m fixed points.

Suppose now that w is Type 3 in m + 1 and has an initial string of m fixed points.
This means m+ 1 € Im(w), and m + 1 is in a block of size 2. So we can construct
w' with w — w" such that m + 1 ¢ Im(w’). We can also make sure that m + 1 is in
a block of size 2 in w’ by setting w’(b) = w'(m + 1), where b € Im(w). As above
the first m elements remain fixed, and so w’ is Type 2 in m + 1, with an initial
string of m fixed points.

Suppose now that w is Type 2 in m + 1 and has an initial string of m fixed points.
This means m + 1 ¢ Im(w), and m + 1 is in a block of size 2. Since m + 1 is in a
block of size 2 of w we can choose m + 1 to be in the image of w’. Thus when we
go to pick w’(m + 1) “almost arbitrarily”, we can pick it to be m + 1. The first m
elements are still fixed by w’, so now w’ has an initial string of m + 1 fixed points.
m+ 1 € Im(w'), and m + 1 is in a block of size 2, so w’ is Type 3 in m + 1, with
an initial string of m + 1 fixed points.

Suppose instead that w is Type 4 in m 4+ 1 and has an initial string of m fixed
points. This means m+1 ¢ Im(w), and m + 1 is in a block of size 1. Then we are
forced to have m + 1 € Im(w’), and thus we can choose w'(m + 1) (the element
of w’ with the most freedom) to be m + 1 as well. The first m elements are still
fixed by w’, so now w’ has an initial string of m + 1 fixed points. m + 1 € Im(w’),
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and m + 1 is in a block of size 2, so w’ is Type 3 in m + 1, with an initial string
of m + 1 fixed points.

e Suppose finally that w is Type 3 in m + 1 and has an initial string of m + 1 fixed
points. This means m+1 € Im(w), and m+1 is in a block of size 2. In constructing
w’ with an initial string of m 4 1 fixed points and w — w’ pick w'(m+1) =m+ 1.
No other element is forced to be sent to m + 1, so we can ensure that m + 1 is in
a block of size 1 in w'. m + 1 € Im(w’), and m + 1 is in a block of size 1, so w' is
Type 1 in m + 1, with an initial string of m + 1 fixed points.

So we have connected w to a new word w’ of Type 1 in m + 1 with an initial string
of m+1 fixed points. Now we can continue the process, for w’ is of some type in m + 2,
and we repeat the necessary steps above to connect w’ to a word w” with an initial
string of m + 2 fixed points.

Eventually we arrive at a word w of Type 1 in n — 1, with an initial string of n — 1
fixed points. Being Type 1 in n — 1 means that n — 1 € Im(w) and n — 1 is in a block

) 1 23 ... n—-2 n—-1 n
of size 1. Sow—<1 9 8  n—9 n_] a>,wherea€[n—2]. But then
wwy = wp has n — 1 fixed points, and so w is adjacent to wy and we are done. ]

Example 5.2.9. Let n = 6 and suppose w = 422516. Qur goal is to connect w to
wo = 123455. To start, notice that w is Type 1 in 1, with no initial string of fixed
points.

422516 — 525146 Type 3 in 1

— 424536 Type 2 in 1

— 125146 Type 3 in 1, 1 is fixed
122536 Type 1 in 1, 1 is fized

= 122536 Type 3 in 2, 1, 2 are fized

— 125546 Type 11n 2, 1, 2 are fized

= 125546 Type 2 in 3, 1, 2 are fized
123536 Type 3 in 3, 1, 2, 3 are fixed
123446 Type 1in 3, 1, 2, 3 are fized

= 123446 Type 3in 4, 1, 2, 3, 4 are fized

— 123466 Type 1in 4, 1, 2, 3, 4 are fized

= 123466 Type 2in 5, 1, 2, 3, 4 are fized
123455

(Method 2: “Algorithmic”) The algorithm described above actually works for any n
(1 2 3 ... k=1 {k,...,n}
andk:,k‘<n.Letwo—<1 9 3  k_1 1
to connect an arbitrary w € T}, ,, to wo, in fact the only difference is that we have more
choices in constructing the w'.

. The algorithm allows us
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Example 5.2.10. Let n = 8 and k = 5 and suppose w = 46221332. Our goal is to

connect w to wy = 12345555. To start, notice that w

string of fixed points.

46221332 —

53615255
46245366
13615222
16265366
16265366
13635444
12265366
12665444
12665444
12365366
12345444
12345444
12345555

Type 3 in 1
Type 2 in 1
Type 3 in 1,
Type 1 in 1,
Type 3 in 2,
Type 2 in 2,
Type 3 in 2,
Type 1 in 2,
Type 2 in 3,
Type 3 in 3,
Type 1 in 3,
Type 3 in 4,

1s Type 1 in 1, with no initial

1 is fized

1 is fized

1 is fized

1 is fized

1, 2 are fized
1, 2 are fized

1, 2 are fized

1, 2, 8 are fixed
1, 2, 8 are fixed

1, 2, 3, 4 are fixed

Now it is left to prove the theorem. Recall that v was defined by
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. So

(7)S(n,k)k!
(Mn,kv)i = Z (Mn,k)i,jvj
=1
= > ([ (w;)]]
w; s.t. W;Wj
has k fixed points

= Z i .#{ wj s.t. w;w; has k fixed points }

<

and 7(w;) =
partitions 7 of [n]
into k blocks s.t.
each element of Im(w;)
lies in a different block

= > ([ (wi)l]
partitions 7 of [n]
into k blocks s.t.
each element of Im(w;)
lies in a different block

= > (7] | [l (wi)]]
partitions 7 of [n]
into k£ blocks s.t.
1,2,...,k
lie in a different blocks

== )\Vz'

So v is an eigenvector of M, 1, and since v has all positive entries, it must correspond
to the unique maximum eigenvalue. O
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Note that we can write the expression for A in several ways.

A= > [[]]

partitions 7 of [n]
into k£ blocks s.t.
1,2,k
lie in different blocks

> < neh )p p2ep
= 102 Pk
L. pl_]-ap2_]-a"'apk_1
compositions
p En with
k nonzero parts

k n—=k
_ PV VD
Z (ml,mg,...,mr> <)\1—1,)\2—1,...,)\k—1> 172 ks

AbEn
A has k parts

where A = (A1, Ao, ..., \x) has multiplicities mq, ma, ..., m,.

Making use of the multinomial theorem allows us to rewrite A in an even simpler
form, shown below.

Corollary 5.2.11. The unique mazimum eigenvalue of the normalized Gram matriz

Mn,k 18
k
A=) <n - k) (lf)j!k”"f‘j-
=\ J J\J

Proof. By the Multinomial Theorem we have

n—k
(129 ap) (@1 + 2o+ ...+ 2p) "R = (2 xp) Z ( >x€1x§2~~xi’“
p1,P2,-..,Pk
pEn,
pi =0
n—=k
_ Z < >$1171+1x}272+1 . ka—H
P1,P2,---, Pk
pEn,
pi >0
= n—Fk 2P P2 e
p1_17p2_]-7 7pk5_1 12 k
pEn,
pi > 1

Differentiating both sides once with respect to each variable gives

Z (n — k)|5|($1 + x4+ ...+ xk)n—k—|5\ H.TZ

SCk] i€s
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on the left-hand side, and

n—=k
p1—1_pa—1 Pr—1
p1P2 - PET T R 9.1
Z (pl_]-aPZ_la"'apk_l) ! 2 F ( )
pEmn,
pi>1
on the right-hand side. Evaluating both sides at x1 = x2 = ... = 3 = 1 gives

> <p ok >P1p2 cepe =y (n—k)g kRIS

-1 —1,... -1
p':n7 1 y P2 ) » Pk SCI]

pi > 1
k
Rl
—~\ j J\J

J

5.3 Equations for the radical

The following result of McAlister [9] gives a characterization of the radical of a Munn
matrix algebra.

Proposition 5.3.1. (McAlister) Let A = M(A;m,n;II) be a Munn matriz algebra.
Then
VA= {ze ALzl € (VA)nn}.

So in particular, if A is semisimple, as in our case,
VA= {z e AllzIl = 0}.

Recall that we also have a characterization of VA as the nullspace of the correspond-
ing Gram matrix. A natural question to ask is whether these two characterizations are
related. The following result states that in the case of A, j they actually give the same
equations.

Proposition 5.3.2. In the case of A, i, the condition I1zIl = 0 gives the same equations
on the entries of x as does x € null(M,, 1), where M, j is the Gram matriz for A, j.

Proof. We have seen that

S(n,k)k! if uv has k fixed points, and
(Mn,k)u,v =
0 otherwise.

So given

T = Z cov € Ap i,

NS ka
uv has k fixed points
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the condition M, ;.= = 0 gives the set of equations > cy =0
v E Tn,k
uv has k fixed points

Now let u = wr g,. What is the coefficient of o in (IlzII), g7 First of all,

Iz 7,5 = Z (D7, (2) 7 ()5
v e S([n], k)
Te (%)

uETn,k

Recall that

T ifSiGWT(i),ISiSk, and
(H)W,S =
0 otherwise.

In this situation, we say that S is distributed in m by 7. So

(Mzl)r s = Z Z B(z)r o
@05k € S([n), k), S distributed in v by «
T e ([Z}),T distributed in 7 by 3

= 2 X 2 Cuir P70
VESk BESk € S([n], k), S distributed in v by a
T e ([z]),T distributed in 7 by

Thus the coefficient of o in (ITzII), g is

Z Z cwu,T,'y
a,B,7v€ Sy veS(n],k),S distributed in v by «
pra=o T e ([Z}),T distributed in 7 by 3

= g Cy,

RS Tnd
uv induces 02 on S = Im(u)

since if S is distributed in v by « and T in 7 by 3 we have

Si = Va(i) = Lya@@) = Tya) = Ta(i) = So2(i):

This argument works backwards, too. If uv induces o? on S = Im(u), and u =

Wr, S0,V = W, T~ there must exist o, 3 € Si such that § is distributed in v by «
and T in 7w by [ as otherwise uv could not permute the elements of S, and hence the
composition must satisfy ofya = o2, i.e., fya = o.
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So IIzIT = 0 gives the set of equations > cpy =0
v E Tn,k

uv induces 2 on S = Im(u)
uETnyk

Now we claim that the two sets of equations are the same. In particular, if we define

A(u) = {v € Tpxluv induces o on S = Im(u)}
B(u) = {v € T,luv has k fixed points},
and for v = wr s, we define u* := w, g,-1, then A(u) = B(u*). Then since the

correspondence © — u* is an involution, the two sets of equations are the same.

To prove that A(u) = B(u*), suppose that uv induces 02 on S = Im(u). Write
U = Wr s, and v = wy,7,. Since uv permutes the elements of S there must exists
a, B € Sk such that s; € vy, ti € Tg(;), 1 <@ <k, and so

Si = Va(i) = tya(i) = Tpya(i) — SoBya(i) = Sq2(i)-

2

Thus ofva = 07, i.e., fya = 0. But then v*v has k fixed points, since

$i T V(i) T bya(i) T Tya() = Toli) T So—lo(i) = Si-

Similarly, if u*v has k fixed points, then (u*)*v = uv induces % on S = Im(u). So
A(u) = B(u*) and we are done. O

Example 5.3.3. Let w = 3132, so that w(w) = 13|24, S(w) = {1,2,3}, and ¢(w) =
(132). Then

A(w) = {w' € Tyslww' induces o* = (123) on S = {1,2,3}}.

If (3132)wy, 1y = Wy, 542, then T = Im(w') must be {1,2,4} or {2,3,4}, and v must be
112|134, 1|24|3, or 14|2|3. Here is a table.

v T al| B8 v W =wy s
12[34 | {1,2,4) [id | id | (132)| 4122
(2,3,4} | id | (12) | (13) | 4322
124/3 | {1,2,4} | id| id | (132) | 4121
(2,3,4} | id | (12) | (13) | 4323
1423 | {1,2,4} | id | id | (132) | 4124
(2,3,4} | id| (12) | (13) | 4324

So
A(w) = {4122, 4322, 4121, 4323, 4124, 4324}

Meanwhile, w* = w, g ,-1 = 2321, so

B(w*) = {w'" € Tyslw*w' has three fized points}
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If (2321)w’ fizes 1, 2, and 3, the first entry of w' must be 4, the second must be 1 or 3,
the third must be 2, and the fourth can be any of the first three. So

B(w*) = {4121,4122, 4124, 4322, 4323,4324} = A(w).

5.4 Some elements of the radical

One of our original questions about the non-deformed algebras A, ; was whether we
could provide some sort of combinatorial description for the radical /A, ;, perhaps in
the form of a spanning set or even a basis. As described in the propositions below, we
have found several classes of elements in /A, ;.

Proposition 5.4.1. Fiz a subset P = {p1,...,pr} C [n] and an integer partition \ =
(A, .., Ax) of ninto distinct parts, k > 1. Given a set partition m = {my,..., 7} of
type A we associate a permutation vy by |m;| = A, ). Then

Ty p = Z sgn(vr) Z sgn(0)Wr o € \/ An ks
™ ogEeSy,
where the outer sum is over all set partitions ™ of type \.
Proof. For an ordered partition m = (w1, e, ..., mx) of [n] and a subset
7'['1 7'['2 e 7rk

P = Yo C [n], let w =
{p1,p2, .. &} € [n], P <p1 Dy o i

ments of the block m; to p;, 1 < i < k. Every word has a unique representation in this
form because the p1,pa,...,pr are still taken in increasing order.
For example, if 7 = ({1,6},{5},{2,3,4}) and P = {2,3,4} then

W p = ( {1’26} {i} {2’2’4} ) — 255542.

), i.e., wr p sends the ele-

Note that z) p can be written using this new notation as

TP = Z sgn(v) Z Wr, P

vESk 7 an ordered partition
of [n] with |m;| = A, ;)
Now let wq 5 = ( Zl Zg Zk € Ty . We claim that x) pwsg = 0. For a
1 S2 o Sk

fixed 7, wr pws,s = 0 unless the S is distributed in the blocks of 7, say s; € Tr(i)-
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Thus

T\, PWg, S = Z Sgn(”) Z Wr,PWeg,S

vESk 7 an ordered partition

of [n] with |m;| = A4

= Z sgn(v) Z Z Wr pWe, S

vESk T€Sk 1 an ordered partition
of [n] with |m;| = Ay
and s; € Tr(;)

_ Z sgn(v) # ordered partitions 7 with
B sy ’71'1‘ = Au(z) and S; € ﬂy(i) wT—l(U),P

VESK TESE
= Z sgn(v) < n—k >w7_1(0_)7p

vES TESK )\V(l) -1 )\V(Q) -1,... )‘u(k) -1

n—=k

= > sen(v) Y < )le(U)P

veSk TESE Al—LA =1, 0 —1

n—=k
= [ Yosen(w) | | D2 ( )le(ULP
veS), 7S, Al—1L A —1,..., 0 —1
n—=~k
- Z </\1 -1, A —1,..., s — 1>w7'_1(0)7P
TGSk

= 0

Example 5.4.2. Forn =3,k =2 take A =21. Then

T2y = 112+121+4 211 —221 — 212 — 122,
Tyq,3 = 1134131+ 311331 —313 — 133, and
Tya{23) = 223+ 232+ 322—332—323 —233.

Proposition 5.4.3. Fix a subset P = {p1,...,pk+1} C [n] and a set partition 7 =
{m1,...,m} of [n], K <n. Then

k+1
L p = Z(_l)l Z Sgn(o-)ww,P\{pi},a € An,k'
i=1 o€},
Proof. Given w = Zl ZQ Zk ) € T, we need to show that tr(z, pw) = 0.
L S92 oo Sk
First of all, if the elements sy, .. ., s; are not in different blocks of 7, then wy p\,, ;v =
0 for all 4 and 7. Without loss of generality we can assume s; € my,..., S, € 7. If the
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k elements of P\p; are not in different blocks of v, then tr(ws p_p, w) = 0. So

tr('rw,Pw) =tr Z(_l)z Z Sgn(T)wﬂ',P\pi,Tw ’

7 TESK

where the sum is over all i such that the elements of P\p; lie in different blocks of o.

Now if the (k + 1)-subset P does not have at least one element in each of the k
blocks of v, no such ¢ exists and we are done. Otherwise we are in a situation where
two elements of P, say p; and p;, are together in one block of v while the rest are each
in their own block. So

tr(z, pw) Z sgn(7)wy p\p, W | + ( 1)tr Z SgN(T) Wy p\p; 7 W
TESE TESE

Which terms in these two sums survive?

7'('1 7'('2 DY ’T"k
Label P\p; as {p},ph,...,p}} so that w, p\,. :< ).For
\ 1 { 1 2 k!} , \pjvT p;(l) p;(2) e p;(k)
W p\p;,~W t0 have k fixed points we need
P Tpm1() < S;-1() «— Vp—1qy <— p), forall [ =1,2,... K,

i.e., p; € 0,-1). This completely determines 7.
Let 7; be the 7 such that p| € V-1 for I =1,...,k. Similarly, label the k£ elements

of P\p; as {p{,p5,...,p}} and let 7; be the 7 such that p} € V=1 forl=1,...,k.
J
So

tr(z, pw) = (—1)'sgn(r;)tr (W, P\ps, W) + (—1)7sgn(7;)tr (w,,yp\pj,rjw>
= S(n,k)k! ((—l)isgn(n) + (—l)jsgn(Tj)) )

How are 7; and 7; related?

Ti_l(l) = Tj_l(l) for1<i<i—1

Ti_l(l) = T]-_l(l +1)fori<i<j—2
TG -1) = 77Y)

() = Tj_l(l) for j <1<k

In other words, 7; and 7; differ by the (j — i)-cycle (i,i+1,...,j —1). Thus we have

tr(zrpw) = S(n,k)k! ((—1)'sgn(r;) + (1) sgn(7;))
= S(n, k) ((=1)"(=1)""*sgn(r;) + (—1)’sgn(ry))
= S(n,k)k!-sgn(7y) ((—1)j'|r1 + (—1)j)

e

(5.2)
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Example 5.4.4. Let n =3,k =2 and take P = {1,2,3}. Then

Tiopp = —112+221+113 — 331 — 223 + 332,
Tigsp = —122+211+133 — 311 — 233 + 322, and

The elements {z, p} span /A, for all n, and {x) p} and {z, p} together span
\/As 2, but in general their span is some (very) proper subideal of the radical.
The following result gives us a way to “lift” certain elements of the radical.

Proposition 5.4.5. Fiz a subset P = {p1,p2,...,px} C [n],k > 1, and a partition
A=A, A9, ..., Ap of ninto distinct parts. Define

Typ = Z sgn(a)zwmp,
i

€Sk

5 ; w 1) 1<i<n
where W p (i) = { nipl( ) oo

™= (71'1,71'2,. . .,ﬂ'k) with ’71'1‘ = /\a(i)- Then Tap € \/An+1,k+1-

and the inside sum is over all ordered partitions

Proof. Given an arbitrary w = VL2t VL) e need to show that tr(Zy, pw) =
S1 82 Skl
0. Suppose m = (m1,m2,...,T) is an ordered partition of [n] with part sizes A =

A1, A2, ..., A\ (not necessarily in that order) such that tr(w, pw) = 0. Then w, pw must
fix p1,p2,. -, Pk, Pkr1, where pry1 = n+ 1. How can this happen? First of all, the £+ 1
elements p1,p2, . .., Pk, Pr+1 must be in different blocks of v, say p; € v;(;),1 <@ < k+1.
To get

P1r — V@) — Sr(i) — T — Dis
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we need s,y € m;, 1 <i < k+1 (here mp1 = {n+1}). So

tr(zy pw) = tr Z sgn(o) Z Wy pwW
o€k 7 an ordered partition

of [n] with |7Tz’ = )\J(i)

= Z sgn(g) Z tr(u_)mpw)

oESk 7 an ordered partition
of [n] with |m;| = Ay(;)
and s,(;) € m;
# ordered partitions 7 of [n]

= ) sen(0)S(n+ 1,k +1)(k+1)! with |75 = A

o€S), and s;;) € m;

# ordered partitions 7 of [n]
= Stn+1,k+1)(k+1) with |m;| = A > sen(o)
and S7(4) € oES

= 0.

Example 5.4.6. Let A =21, P = {1,3}. Then

zap = 1134131+ 311 — 331 — 313 — 133, and
Zap = 1134+ 1314+ 3114 — 3314 — 3134 — 1334.

Using these this procedure we can construct 48 elements in /A4 3. The z, p give
us six more. However we know that dim (\/A4,3) = 55, and in any case the elements
constructed here are not independent.

5.5 S, actions

In this last section, we describe two actions of S, on /A, ;. The first is actually a more
general action of S, on each eigenspace of the Gram matrix M, ; (the 0-eigenspace of
which is the radical), while the second is specific to /A, k.

Proposition 5.5.1. S, acts on each M, ;. eigenspace by conjugation.
Proof. Suppose M, v = Av. Then (M,xv), = > Vi = Avy for all w, where the

w! —w
sum is over all w’ such that w'w has k fixed points, i.e., such that w’ is connected by an
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edge to w in the graph I'y, ;.. Now suppose o € S,,. We have
(Mmkaflva)w = Z (Uﬁlva)w,
w!' —w
= Z Vo-lw'o
w! —w
- Y

w' —o~lwo

= AV

o~ lwo-

(We use the fact that w—v in I, ;, if and only if o luc—o~1

uv fixes the k elements {s1,s2,...,s;} in Im(u) if and only if o~ tuco™
fixes the k elements {07 1(s1),0 1 (s2),...,0  (sx)} in Im(c~1u).)
So Mmko'_lva = Ao lvo. O

vo in I'y, ;. This is because

Lye = 0_1uva

Example 5.5.2. Ms has eigenspectrum {—3,(—2)%, —1,05,13,22 33 4}. The corre-
sponding eigenspaces Vy decompose under the conjugation action of Ss as follows.

A | dim V), | decomposition
-3 1 513
-2 2 S21
1| 1 S

0| 5 2521 g §1°

1 3 S3 @ 521

2 2 21

3 3 S3 @ SH

4 1 S3

Proposition 5.5.3. Let Vj be the nullspace (zero-eigenspace) of My, 1. (So, in particu-
lar, Vo = \/An1.) Let x be the character of the conjugation action of Sy, on Vy. Then,
for o € S, we have

x(0) = (# fized points of o) — 1.
Proof. Let o0 € S,,, and suppose o has j fixed points. Write ¢ in cycle notation
c=(01...00 )(Op 41 Ory) - (Ory 141 ---0r,).
(Note that r; = n.) Choose as a basis for Vj the vectors
(Wi = fo — fra L <i < n—1},

where as before f; is the constant map taking every element of [n] to i. There are n — 1
vectors, and they are clearly linearly independent. (Recall Proposition 5.1.1, which
states that Vy = \/m is the ideal consisting of all linear combinations of constant
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maps in which the coefficients sum to zero.) With respect to this basis, and so with
respect to any basis, we have

n—1 n—1
x(o) = Z[wi]awm_l = Z[wi]awi,
i=1 i=1

where [w;] denotes “the coefficient of w; in”. What is [w;|Jow;?
Writing 0 = (01...00,)(0rj41---0py) -+ (Or,_,41...0p,) We have

OW] = W2,0W3=W3,...,0Wp _9=Wy_1
OWpr;—1 = O'(fa,«l_l _farl) :farl —for=—(Wi+wat...+wW 1)
OWr, = O'(farl _f0r1+1) :fal_farl+2 =W +Wa+...+ Wy 4o.

The ow,,_1 term contributes -1 to the sum, while the ow,, term contributes +1 to the
sum.

This analysis works fine for cycles of length at least two, but what about for fixed
points? Suppose for instance that r; = 1, i.e., that

o= (o1)(o2...00)  (Or,_y41---0r,)-
Then
oW1 = J(fm - faz) = Wi + Wa,

which contributes +1 to the sum.

In general, fixed points contribute +1, while cycles of length at least two contribute
0. The exception is the very last cycle. If it is a fixed point it contributes nothing, since
there is no w,,. Otherwise it contributes -1. So

x(0) = (# fixed points of o) — 1.
O

Example 5.5.4. Let 0 = (1)(2)(3)(45)(678). Then o acts on the basis {fi1 — fa2, fo —
fas.ooy fr— fs} of Vo by the matrix

100 0 0O O
010 0 0O0 O
001 0 0O0 O
001 -1 10 0 )
000 0 10 O
000 0 10 -1
000 0 01 -1

and tr(c) =14+14+1—-14+1+4+0—1=2= (# fized points of o) — 1.
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Example 5.5.5. Let 0 = (1254)(37)(6)(8). Then o acts on the basis {f1 — fa, fa —
f5y--oy f6 — fs} of Vo by the matrix

00 -11 0 0O
10 -1 1 0 00
01 -11 0 0O
00 0 1 0 OO0,
00 0 1 -1 10
00 0 0 0 10
00 0 0 0 01

and tr(c) =04+0—-1+1—-14+1+1=1= (# fized points of ) — 1.

x decomposes easily into irreducible S, characters. Since x (o) = (# fixed points of o)—
1, we have

x = x4 -1,
where Xdef is the character of the defining representation of S,. It is well known that
xdef =x"+ x D =1 4y D1 and so we have the following character formula for

the S, conjugation action on \/m .

Proposition 5.5.6. The character x of the S, conjugation action on /A, 1 is given
by
x = x" DL

where XYY is the irreducible Sy -character corresponding to the partition consisting of

a part of sizen — 1 and a part of size 1.
Finally, we have another action of Sy on the radical.

Proposition 5.5.7. S, acts on /Ay 1 by left multiplication.

Proof. Recall that VA = {z € Altr(zy) = 0 for all y € A}. Now let © € /A, 1,0 €
Sn,y € Ay . We want to show that tr(cay) = 0. We have already shown that S, acts
on /A, by conjugation, so cxo~! € /A, r. But then tr(cxy) = tr(czoloy) = 0,
since oy € Ay, . O

Similarly, \S,, acts on /A, ; by right multiplication.

Remark 5.5.8. For o € S, we can define operation L(oc) and R(c) on A, j, where
L(o)x = ox (left multiplication) and R(o)x = xo (right multiplication). Since the
algebra is associative, L and R commute. However, neither commutes with My, ;.. This
explains why Sy, acting on the left or the right does not in general preserve the eigenspaces
of My, for ezample (My, )0 # M, k(xc). On the other hand, the matriz L(c)R(c™1)
does commute with M, j,. This was how we showed that S, acts on the eigenspaces of
M, 1. by conjugation.
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