2 Generating Functions

In this part of the course, we're going to introduce algebraic methods for counting and
proving combinatorial identities. This is often greatly advantageous over the method of
finding bijections, where it may not even be clear what each side of the identity represents.
To discuss this properly, we introduce the notion of formal power series. A general idea is
that if we perform algebraic or differential operations on an identity involving formal power
series, then we get new and interesting identities from these operations.

2.1 Formal Power Series

We recall from analysis the notion of a power series. Whereas in analysis we are interested
in convergence of power series, here we are only interested in the pattern of coefficients they
represent and have little interest in convergence or not. In practical terms, this means that
for us (ag,a1,...) and ag + a;x + asx? + ... are really the same object where a,, € Q for all
n, where Q is the field of rational numbers. For this reason, we define formal power series
as follows:

Definition. A formal power series is a series A(x) = ag + a1z + asx? + ...+ apzh + ...
where (ag, a1, ...) is a finite or infinite sequence of rational numbers.

In our work we will make no distinction between the sequence (aj,as,...) and the formal
power series A(z) = ) ;5 apr®. A polynomial is a formal power series whose coefficients
are eventually zero — i.e. a finite formal power series. Two formal power series are equal
if and only if they have the same sequence of coefficients. We write Q[[z]] for the set of
formal power series. First we need some basic rules for adding and multiplying formal
power series — in fact, formal power series behave like polynomials with respect to finite
sums and products. Let’s start with multiplication. If you multiply, say, the polynomials
ao + a1z + asx? and by + bz + bex?, you should get

aobo + (a1by + agby )z + (agby + a1by + aghe)z?® + (agby + arbe)x® + agbya.

Notice that in front of 2 we see those a;b; such that i + j = 1, and in front of z? we see
those a;b; such that ¢ + j = 2. This generalizes: in front of z* we expect to see a sum of
a;b; with ¢ + 7 = k. This gives us the rule for multiplying formal power series:

Definition. (Product rule) Let A(z) = Y a;z’, B =Y bja’ € Q[[z]]. Then

A(z)- B Z (Zag by Z)

k=0

It is natural to define sums of formal power series as follows.

Definition. (Sum rule) Let A(z) =Y a;a", B(z) = Y. b;a? € Q[[z]]. Then

A(x) Z ax + bg)x
k=0



Together with these two operations, formal power series form a set of objects on which we
can do some abstract algebra, and this set of objects is called the ring of formal power series,
which we also denote by Q[[z]]. The Q here just means that the coefficients are rational
numbers — Q is standard notation for the set of rational numbers.

2.1.1 The inverse

A very important notion concerning formal power series is the notion of the inverse. In the
rational numbers, which we denote by Q, the inverse of a non-zero number « is a number b
such that ab = 1. The same definition is made for formal power series:

Definition. (Inverse) The inverse of a formal power series A is a formal power series B
such that A- B =1= B - A, in which case we write B := % or B:= AL

This definition is unambiguous, since if B and By are inverses of A, then By = B1ABy = B,
so the inverse of A is unique. It is not hard to see which formal power series have inverses
and which do not. If a formal power series ZZO:O apz® has ap = 0, then it can’t have an
inverse. In fact, the following theorem is true:

Theorem 1 A formal power series A = ;2 apx® has an inverse if and only if ag # 0.

Since z has no inverse, this means that % is meaningless in this setting. However 1 — x has

an inverse, so ;- is meaningful and is a formal power series in Q[[z]]. It is natural to ask

what the coefficients are, and how in general to find the inverse of a formal power series. In
this section, we will not answer this question, except in two important special cases. The
first is the inverse of 1 — z: observe that by the product rule,

A-2)l4+z+224+..)=1+0-1-1-Dz4+Q-1-1-Da?+...=1

so by definition the inverse of 1 — z is the geometric formal power series:
(0.9}
>at=
1—2
k=0

Similarly, as one can check by multiplying things out,

1— SUn'H

n

k

r = —".
D et =
k=0

These two formulas will be used repeatedly in later work.

2.1.2 Derivative and integral

Two very important functions on Q[[z]], which we denote by L and [ are called formal
differentiation and integration, respectively:

Definition. (Formal Derivative and Integral) Let A = ag+a1x +asx?® + ... € Q[[z]]. Then
the formal derivative of A is

d 2 - k—1
%A:a1+2a2x+3a3x +...= ;kakx .



The formal integral of A(x) is

1 1 1
/A:a0x+2a1x2+3a2x3+...: Z apzF Tt

To summarize, we integrate and differentiate formal power series term by term.

2.2 The Binomial Theorem

By Theorem 1, we know exactly which formal power series have inverses. But one would
like to find the inverse of a given formal power series — in other words, to know what the
sequence of coefficients is. We already saw the answer for 1 — z: the sequence of coefficients
in the inverse is (1,1,1,...) since the inverse is 1 +x + 22 + 2% + .. .. In this section we
answer the question for powers of (1 + x) via the Binomial Theorem:

Theorem 2 (General Binomial Theorem) Let a be a rational number. Then

(14 2)" = i <Z>xk

k=0

(Z) _ a(a—1)(a—2]z!...(a—k+1) - <g> .

The binomial theorem agrees with the geometric power series. Since

SN (D) (=) (k)
()

where

k k! =0

we obtain
1-2)1=3" (‘I:> (—ao)f =3 ot
k=0 k=0

A key point in the binomial theorem is the definition of (Z) We will consider a few special
cases. When a is a positive integer n, we get

(1+z)" = i <Z>azk

k=0

which agrees with the basic combinatorial version of the binomial theorem. Note that
(Z) = 0 if kK > n, which is why the sum stops at n. In general, (Z) is non-zero for all k, so
the binomial theorem is actually an infinite sum. Some further special cases of the binomial
theorem which we encounter somewhat frequently are given in the next two theorems.

Theorem 3 Let n be a positive integer. Then

(1) = = (n—l—k—l)wk.

n—1



Proof > First we deal with the binomial coefficient (_k”) For k =0, (_k”) = 1. By definition,
for k > 1,

(—n) —n(—n—1)(-n—2)...(~n—k+1)

k k!
(- Dfa(n+1)(n+2)...(n+k—1)
N k!
n+k—-1)n+k—-2)...n

- (_1)k<n+2_1>.

Therefore by the binomial theorem
oo o0
—n _ -n k_ n+k—1\ 4
(1—z)™= (k>(—x)—z< . T
This completes the proof. |
We could have also written (":f_l) instead of ("+llj_1), since these quantities are equal.

1

Theorem 4

1 ()R 2k -2\
(1+x)2:1+z g1 \ 1)

k=1
Proof > First we consider (%) By definition, (%) =1. For k>1,
i _ E-DG-2)...3-k+1)
k k!
1 (=1) - (=3) - (=5) - (—2k +3)
B 2k k!
B (~1)F11.3.5---(2k — 3)
- 2k k!

(-1)*11.2.3-4...(2k - 2)
2k k!-2.4-6-(2k —2)
(—1)k-1 (2k —2)!
2k ! 2k=1. (k—1)!
(=D (2k —2)!
k2251 (K — 1)I(k — 1)!

(=)L 12k —2
k22k=1 \ k-1
Therefore by the binomial theorem

1= (A 2 (—1)F 2k -2\,
(1+$)2:Z<2>$ :1+Zk22kl<k1>x-
k=1

k=0

Note that we separate the case k = 0 from k£ > 1 in the proof. |



2.3 Combinatorial Identities Revisited

The following identities hold for positive integers n:
n n - n
_ _ —1
M-z 2@
k odd k even k=1

The Binomial Theorem gives an algebraic way to prove these identities, using formal powers
series in Q[[z]]. Consider, for example, the first identity. We proved it by finding a bijection
from the set of subsets of [n] of odd size to the set of subsets of [n] of even size. But using
the binomial theorem, we can write

n . n
0=(1-1)"=>" <k>(—1)’“.
k=0
This immediately gives the identity, since the sum is exactly
> ()- > (3)
k odd <k k even k

Consider the second identity. If we can prove

Z k(:) 2" = (1 4 2)" !
k=1

then we are done, since we can substitute = 1 (these are finite sums, so that is permitted).
Well the binomial theorem says

(1+2)" = kzijo <Z>xk

Taking the formal derivative we get
- n
n(l+z)" 1 = k:(k)a:kl
k=1

as required. So proving combinatorial identities often becomes a mechanical task when
one appeals to formal power series. We now present a few more examples of proving
combinatorial identities using the binomial theorem.

Examples. The following identity follows immediately by formally integrating the formula
in the binomial theorem, and then substituting =z = 1:

i 1 <n> Coontl g
— k+1\k n+1
The right hand side is actually

1 1 2n+1_1
1 "dy = ——.
/0( + z) x |



When we integrate a formal power series, it corresponds to the term-by-term integral of the
corresponding power series when that integral exists: we define

00 00 T
[ e =Y [ aat
n=0 n=0"0

Here is another example: we proved earlier that
- n
ok = 3"
> (;)
k=0

using bijections. But it follows immediately upon setting a = n and x = 2 in the binomial
theorem.

2.4 Identities from coefficients

Let [z¥]A(z) denote the coefficient of z¥ in the formal power series A(x). If A(x) =
Y oreo apx®, then this is precisely az. Many combinatorial identities are obtained by ex-
panding (1 + z)* in two different ways, and then comparing coefficients of the resulting
formal power series. This will be the general idea in the next section, on generating func-
tions, but we start with an example.

Suppose we want to prove the identity

2 ()6)-(57)

where k < n and m are positive integers. If we multiply the right hand side by 2* and then
sum up to n + m, we get

Alz) = i (nzm> o = (1 +a)™tm

k=0

where we used the Binomial Theorem (actually the sum on the left is finite since all terms
are zero when k > n +m). However A(x) = B(z) where

B(z) = (1+2)*(1+2)" = (zn; <’Z> a:> : (2; (T) m) = Zn(;é (7;‘) (T) sy

Therefore

This proves the identity.

One of the most famous identities involving binomial coefficients is the Pascal Triangle

Identity
n n—1 n—1
) =)= G



It is possible to prove this using bijections: for a set A C [n] of size k, define

- {41 s

Then f maps A to either a set of size [k] in [n — 1] — namely A — or f maps A to a set of
size [k — 1] in [n — 1] — namely A\[n]. Also, as can be checked, f is a bijection since the
inverse of f is

BU[n] if|Bl=k-1

f(B):{B if |B| = k

However, the identity can also be proved using the binomial theorem:
n—1 n—1 n—1 n—1 n—1 n—1

ey =@ = (") =3 (1 ) (1)
. J J - J
§=0 k=0

The last sum is

<Z> (14 )" = [xk]::) <nj1>xj [ "_: <nj1>xj+1 _ <nk1> ) <Z— i)

This proves the identity.

2.5 Generating Functions

Let S be a set. A weight function on S is a function w : S — Z>, where Z>o denotes the
set of non-negative integers. In other words, each element of the set S has a non-negative
weight attached to it. Sometimes we will refer to the elements of S as configurations, and
a generic configuration will be denoted by o, and w(o) is the weight of o. Most problems
in combinatorics can be formulated in the following way:

Determine the number of elements of S of weight k.

For example, if S is the set of all subsets of [n], and the weight of a set in S is its size, then
the above problem is to determine the number of subsets of [n] of size k. Here the weight
function is w(o) = |o| for 0 € S. As another example, if S is the set of sequences of positive
integers, and the weight of a sequence is the sum of the entries of the sequence, then the
above problem is to determine the number of sequences (configurations) of integers which
add up to k. We will approach these problems using the notion of generating functions.

Definition. Let S be a set of configurations with weight function w. Then the generating
function (or generating series) for S with respect to w is

Dg(z) = Z 2909

c€eS

7



This is not the most useful form of the generating function: it is more useful to write

o oo
bg(z) = Z 29(0) = Zakxk
k=0 ?E)ik k=0

where aj, is the number of configurations of weight k£ in S. Thus a; is the solution to the
general problem we gave above, and we can find a;, by looking at the coefficient of z* in the
generating function. Equivalently, we can find the generating function if we know every ag.
Let’s consider some examples:

Example. Let S = Z>( and define w(o) = o for o € S. Then a; = 1 for every k (there is
only one configuration of weight k, namely the number k), so

bg(x) = Z z*.
k=0

We can write this more compactly using the formula for geometric series. Recall that
o0
1
D> b=
11—z
k=0

where, if x is a number, then |z| < 1. So the generating function is

Example. Let S = Z>¢ and define w(c) = o if ¢ is odd, and w(o) = 0/2 if o is even. We
have to work out ai. Well how many configurations have weight k7 If k£ is even, then only
2k has weight k. If k is odd, then both 2k and k have weight k. So

bg(x) = Z 2zF + Z .

k odd k even

We can write this more succinctly using the geometric series

oo oo
‘1)5(.%‘) _ Z 2m2m+1 + Z x2m.
m=0 m=0

Using geometric series

> 1
Zme: 1_$2

m=0
so the generating function is

2z 1 2 +1

) = = .
s(@) 1—m2+1—:1;2 1— 22

Example. Let S be the set of subsets of [n], where w(o) = |o|. Then ay, is the number of

configurations (sets) of weight (size) k, so ar = (}) by our theorem on sets from Chapter
1. So



Note that we stopped the sum at k& = n simply because for k > n, (Z) = 0. Now the
binomial theorem applies:
Ps(z) = (1+ )"

and what could be simpler? The generating function for subsets of [n] is just (1 + z)™!

Example. Let S be the set of non-empty subsets of [n] where w(o) = max o, the maximum
element of o. Then a is the number of sets whose maximum element is o. Clearly ap = 0,
a1 =1, as = 2, but how do we find a;? Well first we have to put k in the set. Then we can
choose any subset of [k — 1] together with k to make the set, and there are 2F~!
that for k£ > 1. So a; = 25! for £ > 1 and a¢ = 0 and

ways to do

bg(z) = Z ok—1k

Here we used the finite geometric series formula (see last section on formal power series)

1 — gntl

n
k
=
D
k=0

Example. Consider the last example with S the same, but w defined by w(o) = mino,
observe that ag = 0, and a; = 2" %, since each set whose minimum element is k is of the
form {k} U A where A C {k+1,k+2,...,n}, and there are 2" choices for A. Therefore

n
dg(x) = Zakxk
k=1
n
— 22117](?:1:]’»‘
k=1

= 2" (z/2)F

k=1
n—1
= 22" (z/2)F
k=0

2211 — (2/2)")
1—x/2
(2" — z™)
2—x

Again we used the finite geometric series formula.



2.6 Average Weight

Generating functions are just instances of formal power series. All the manipulations we
have done with generating functions are valid, by the definitions in the last section on formal
power series, for example, writing 1/(1 — x) is meaningful. Our first theorem on generating
functions allows us to work out average weight of elements of S using the derivative of the
generating function. The average weight is defined by

Spes o) _ T, ka
5] >y o

Theorem 5 Let S be a finite set of configurations with weight function w. Then the average
weight of an element in S is P'4(1)/Pg(1), where P4 (1) means %‘I)S(.ﬁ) evaluated at x = 1.

Proof > Clearly ®5(1) = > ar = |S|. Now

d = k—1
@QD(m) = ; kagx

so when x = 1 we get
oo
S ko= Yl
k=1 c€eS

which is the sum of the weights of configurations. So the average weight is as stated. i

Example. It is intuitively clear that the average size of a subset of [n] is §. This can
be proved without generating functions, using the fact that (}) = (,,",). The generating
function for the set S of subsets of [n] with w(o) = |o| for 0 € S is

n
S (3) =y
k

k=0
by the binomial theorem, since ay = (Z) for 0 < k < n and a; = 0 otherwise. Therefore
Pg(z) = (1 +2)". Now P(1) = n2"~! and ®g(1) = 27, so the average size of a set is
Py (1)/Ps(1) = n/2, as required.
Example. Let’s work out the average minimum element of a set in [n] (excluding the
empty set). The generating function is (see a preceding example)

x(2" —2™)
) =—=
s(z) 5 o
So ®g(1) = 2™ — 1. The derivative of ® is

2" — " —nz"™  x(2" —2")

2—x + (2 —x)?

When z = 1, this is 2" — 2 — n. So by the theorem, the average minimum element of a
set in [n] is
ntl 92 _ n
om—1 T 1
So the average minimum element is less than two. It is left as an exercise to work out the
average maximum element.

10



2.7 Sum and Product Lemma

Two of the most useful facts concerning generating functions are the analogues of the
multiplication and summation principle, and use the sum and product rules of formal power
series. The sum lemma is as follows:

Lemma 6 (Sum lemma) Let S be a set of configurations, and let (A, B) be a partition of
S. Then
Og(x) = Pa(z) + Pp(x).

Proof > Using the definition of generating functions:

Bs(@) = Y av

c€eS
_ Z xw(a) + Z ZCW(U)
ocA c€eB

= Py(x)+ Pp(x).

In the last two lines we used the sum rule for formal power series. |

More generally, to find the generating function of S knowing the generating functions for the
parts Ay, Ao, ..., A, in a partition of S, we just add together the generating functions for
all A;s. The product lemma is only a bit more complicated. Recall the Cartesian product of
sets A and B is the set Ax B = {(a,b) : a € A,b € B}. If A and B are sets of configurations
with weight functions w4 and wp, then A x B is also a set of configurations, but we have
to define a weight function. In many cases, the natural weight function is w4 + wp, and it
is to this situation that the product lemma applies:

Lemma 7 (Product lemma) Let A, B be sets of configurations with weight functions wa
and wp, and let S = A x B with weight function w(a,b) = wa(a)+ wp(b). Then

bg(x) = Pa(z) - Pp(x).

Proof > Using the definition of generating functions:

bg(x) = Zx“’(”)

o€eS

_ Z pwA(@)+wp ()
(a,b)eAXB

— Z Z zwala) pwp(0)

acAbeB
= Dy(x)  Pp(x).

In the last line we used the product rule of formal power series. i

We will spend most of the rest of our time with generating functions on applications of the
product and sum lemmas to generating functions arising from important counting problems,
especially to counting compositions and binary strings.

11



2.8 Compositions

A composition of a positive integer n is a sequence (z1, 2, ..., T)) of positive integers such
that n = 1 + 9 + ... + z. The numbers z; are called the parts of the composition.
The central question of this section is to determine the number of compositions of n under
various restrictions on z;. We first consider the problem of counting compositions of n into
k parts, using generating functions. Let S denote the set of all sequences (z1, za,...,xy) of
positive integers, with weight function w(z1,z2,...,2%) = 21 + w2 + ... + xp. If S; = ZT
with weight function w;(x) = z, then

x
g (2)=ax+2? +a234... =

1—=x

by definition of the generating function and the infinite geometric series formula. However
S = 51 X852 x...x Sk and the definition of the weight function w ensures that the conditions
of the product lemma are met. We conclude by the product lemma that

Dg(z) :f[lqnsi(x) _ (1;)’@

By definition of ®g(x), the coefficient of 2™ in the generating function is exactly the number
of compositions of n: it is the number of configurations (i.e. sequences (z1,x2,...,xx)) of
weight n (i.e. with 1 +x2+ ...+ x = n, by definition of the weight function w). So all we
have to do is locate z" in ®g(x). However, the formula for ®g(x) given above is not written
as a sum of powers of z, so we have to expand it as a sum to see x". At this point, we
recall the notation [z"]®g(z) as shorthand for “the coefficient of 2™ in ®g(z)”. To expand
the generating function, we use the binomial theorem:

dg(x) =aF(1—z)™F =2F Z <_jk> (—=1)727.

Jj=0

To get [2"]|Pg(x), we put j = n — k in the sum. Then

_ —k
s = (074 (7).
Let’s recall a useful fact about binomial coefficients from the proof of Theorem 3:

Lemma 8 Let k,j be positive integers. Then

()= ()

(o) = (1)

and this, finally, is the number of compositions of n into k parts. The above proof generalizes
to counting other types of compositions (z1, 2, ..., z)) of n, so we list general steps to take
when approaching such problems:

Therefore

12



Procedure for counting compositions

Write the set S of sequences to be counted.
Write S;, the set of possible values of x;, and observe S7 X So X ... X Sg.
Write ®g, () in closed form.

w N

Write ®g(z) = Hle g, () using the product lemma.

Using the binomial theorem, expand ®g(x) as a sum.

Determine [z"]|®g(z) by carefully choosing the summation variable in (5).
Use Lemma 8 to write [z"]|®g(z) in terms of “positive” binomial coefficients.

at

AN N AN N S S
=2 >
— N

J

2.8.1 Restrictions on compositions

First Variation. We determine the number of sequences (z1, z9, ..., x) which add up to
n, such that x; > 0 for ¢ € [k]. Step (1) gives

S = {(xl,xg,...,xk):xi >0,2 € [k]}

Step (2) is to write S; = Z* U {0}, the set of non-negative integers, for i € [k]. Then
S =51 xSy x...x Sg. Step (3) : the generating function for S; is

1
1—a

Pg,(v) =14z +a’+...=

Therefore in Step (4), by the product lemma, we get

k
ds(z) = [] @s,(a) = (1 — )",
=1

By the binomial theorem, Step (5),
dg(z) = i <_k> (—=1)727.
=0 N7

In Step (6), the coefficient of 2™ (which is the answer to the problem) is found by setting

7 =n, in which case we get
—k
" = —-1)™.
st = ()0

By Lemma 8, in Step (7) we obtain

—k n+k—1
—1)" —
()= ()
In conclusion, there are ("Zle) sequences of k non-negative integers adding up to n. We
can check this for a small value of n, say n = 3 and k = 3: the sequences are

0,0,3) (3,0,0) (0,3,0) (1,1,1) (2,1,0)
1,2,0) (1,0,2) (2,0,1) (0,1,2) (0,2,1)

o~ o~

There are ten sequences, which agrees with (3;:311) = (g) = 10.
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Second Variation. Suppose we want to count compositions where x; > 1 is odd. Defining
in Step (1) S = {(z1,x2,...,2k) : ; is odd}, and in Step (2), S; = {1,3,5,7,...,}, we get
in Step (3)

x
dg. = 3 Sp =
si()=x+2° +2° + 2

using the geometric series formula. In Step (4), By the product lemma

Dg(z) = (1_95562)'6.

Appealing to the binomial theorem in Step (5),

Dg(x) = 2F(1 — 2?)7F = 2F 3 _‘k (—1)7z?,
s %)

To obtain the coefficient of 2™ in Step (6), put j = (n — k)/2 if n — k is even. It is very
important to note that if n — k is odd, then the answer to the problem is zero, since j only
takes on integer values. So for n — k even, the answer is

(<n - :>/2> B (m ﬂfl/f ! 1)

where we applied Lemma 8 in Step (7). Again it is a good idea to check that this is the
answer: suppose n =7 and k = 3, then the sequences are

(1,3,3) (3,3,1) (3,1,3)
(1,1,5) (1,5,1) (5,1,1)
and so there are six sequences. This agrees with ((7+33)_/12_1) = (;J‘) = 6. The cautionary

note from this example is that in Step (6), the answer may differ for different values of n,
so one must take care when finding the coefficient of z.

Third Variation. Suppose we insist x; > i for all i € [k]. Defining in Step (2) S; =
{i,i+1,i+2,...}, we see that in Step (3)

using the formula for finite geometric series. As in the last example, with § = 57 x Sy x
... x Sk in Step (1), Step (4) and the product lemma give

k i
Pg(r) = H B, (z) = H - i -= (1 — ) Fglt2eth

i=1 =1

It is well known that

k+1
1+2—|—...+k:< ; >

SO
k+1

bg(z) = 22 )(1 —xz)7k

14



The binomial theorem in Step (5) and Step (7) give
1y o= (k47— 1Y
®g(z) = 2(3) i,
sla) =at ;( k-1 )x

Therefore Step (6) gives

[x“]és(g;):<k+” (%) ) <n—k(’;)1_1>

which is valid for n > (];) This answers the problem, and can be checked against some
small values of n and k. Note that in the last line we used

k+1 k
—k= .

(274 )
Fourth Variation. Determine the number of sequences (x1,x2,...,x) such that x; €
{1,2,3} and 1 + 22 + ... + 2 = n, where k and n are positive integers. In Step (2) and
(3), we write S; = {1,2,3} and

ds,(z) =z + 2° + 23
Together with Steps (1) and (4), the product lemma, we get

Dg(x) = (x4 22 + z3)F.

By the Binomial Theorem in Step (5),

:xki< > :E+a:

J=

We still can’t read off [2"]|®g(x), so we use the binomial theorem again inside the sum (i.e.
apply Step (5) again):

To get the coefficient of 2™, let ¢ + j = n — k. This is the same as putting i =n — k — j, so

in Step (6) we get k |
1050 =3 () (o k- 5)

We don’t need Step (7), so this is the answer.
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2.8.2 Unrestricted number of parts

A natural question is the number of compositions of n into any number of parts. In other
words, we want to count how many sequences of positive integers add up to n, regardless
of the length of the sequence. We already see that this is just

" /n—1 one1
;<k—1>_2

when n > 1. But we give an approach which generalizes using generating functions. Step
(1) is to write

S = U{(wl,xg,...,xk):xi >1,7€ [k]}

Notice the difference here, we have a union over k£, which denotes the possible number of
parts in the composition. Step (2) is to write S; = Z™, the set of positive integers, and Step
(3) is

Pg, (7)) =z +2° +2° +. &

T 1-a
Now in Step (4) we have to find ®g(x). Since S is defined by a union, we cannot just apply
the product lemma; we have to apply the sum rule. So we get

:iﬁ‘b&(ﬂ :i <1fx>k: 1—1L B 11—_29;'

k=01i=1 k=0 1-z

Here we used the geometric series formula. So the key point is that Step (4) changes slightly:
(4)  Use the sum lemma and product lemma to write ®g(x) =Y 72 Hle Og. ().

The rest of the procedure is the same: in Step (5) we obtain
[e.e] o ] )
Pg(z)=(1-2)1—-22)" =1 —-2) Z (2z) _ZQJSCJ ZQJ$J+1.
7=0 7=0 7=0

In Step (6), we want [2"|®g(z). Well 2™ appears when j = n in the first sum and when
7 =n — 1 in the second, in which case we get

[z ®g(z) = 2" — 2"t =2nL,
Step (7) does not apply, and we are done.

Variation. We determine the number of ways an integer n can be written as a sum of 1s
and 2s. In Step (1), we write

S = U{(xl,xg,...,xk) cxy € {1,2},i € [k]}.
k=0

Then S; = {1, 2} in Step (2) and in Step (3)

dg,(z) = + 2°.
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In Step (4), using the sum and product lemmas, we get

[e.9]

Pg(z) = Z(Jf +a?)t = 1

k=0

1

o — 2

via geometric series. By the binomial theorem applied inside the sum below, Step (5) gives

00 k
Dg(z) =) a1+l =) (]“) Itk
k=0

=0

Letting j = n — k in Step (6) for £ < n, we get [2"]®g(x) = > 1, (nfk)

2.8.3 Restricted subsets*

In the last few sections we counted sequences which add up to n. We will show how this
allows us to count subsets of n with restrictions on the difference between consecutive
elements of the subset when the elements are arranged in increasing order. For example,
suppose we want to count sets of size k in [n] such that no two elements are consecutive
integers. For kK = 3 and n = 6, the sets are

{1,3,5} {1,3,6} {1,4,6} {2,4,6}.

There are four such sets. Now here is the idea: if we arrange the elements in increasing
order (we did this already in the listing above), say z1 < z2 < x3, then we can form a
sequence (Y1, Y2, Y3, y4) With y1 = 1, y2 = 22 — 1, y3 = x3 — T2, and ys = 6 — x3. Observe
that y1 > 1, yo > 2, y3 > 2 and y4 > 0, and most importantly

Y1 +y2+ys+ys =x1 + (22 — 1) + (23 — 22) + (6 — 23) = 6.

So (y1, Y2, Y3, ya) is exactly a composition of 6 into four parts. This idea generalizes: if we
want to count sets {1, xo, ..., 2z} C [n] such that z;11 —z; € Siy1 and 1 € Sy, then this is
the same as counting compositions of n into k + 1 parts such that the first part is a positive
integer, the ith part is in S; for ¢ € [k], and the (k + 1)th part is a non-negative integer.
For example, if we apply our procedure to the problem above, we have S; = {1,2,3,...},
Si ={2,3,4,...,} for 2 <i <k, and therefore if

S=A{(y1,y2,¥3.-- - Uk+1) 1 ¥i € i1 € [k], ypp1 = 0}
then the procedure for compositions gives
2 k—1
T T 1
P _ ) ) — p2k=1(] _ k-1
s() 1—xz (1—33) 1-z (1-=)

At Step (5) and (7) we see

Dg(z) = 221 Z ( Z‘])xj.
7=0
Finally in Step (6), with j =n — 2k + 1,

lese) = ("7,

A quick check for n = 6 and k = 3 shows that this agrees with the listing above.
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2.9 Binary strings

The number of binary strings of length n is 2", for each positive integer n. In this section,
we count the number of binary strings with restrictions on the contiguous substrings which
are allowed to occur. The main idea is to use the canonical block decomposition of a binary
string. A block in binary string is a maximal nonempty substring of consecutive zeroes, or
a maximal nonempty substring of consecutive ones. For example, the string below has six
blocks, and they are each boxed.

[1111]o]11]o0000]1]0]

Every string can be partitioned into its blocks in a unique way, and we refer to this as the
block decomposition of a string. To represent this concept mathematically, we introduce
some new notation. The concatenation of binary strings a and b is the binary string ab
consisting of a followed by b. We denote by ¢ the empty string, so that ae = a for any
binary string a. If A and B are sets of binary strings, then

AB:={ab:a € A,b € B}
is the concatenation of A and B. Define
A" ={cJUAUAAU...

which is the set of all concatenations of strings in A together with the empty string. We
may call this the s-operation on a set. For example, {1}* consists of the empty string
and blocks of ones of all possible lengths. It should be clear now that {0,1}* is the set
of all binary strings. Notice also that ({0}*{1}*)* is also the set of all binary strings. As
another example: {0}*{1}* creates all strings which comprise a (possibly empty) block
of zeroes follows by a (possibly empty) block of ones. So the strings in this set are
€,0,1,00,11,01,000,001,011,111, and so on.

Given an expression involving concatenations and *-operations on sets of binary strings, we
can ask whether a string in the resulting set of binary strings can be created in only one
way. For example, the string 101 can be created in two ways from AB when A = {10,1}
and B = {1,01} — we can concatenate 10 € A with 1 € B or 1 € A with 01 € B. On the
other hand, 101 is created in only one way from AB when A = {10,1} and B = {0,01}. In
the example ({0}*{1}*)*, there are many ways to create a given string. For example, the
string 011 can be created as the concatenation of 01 and 1 or the concatenation of 0 and
11. We say that the strings in a set involving concatenations and *-operations are uniquely
created if the strings can be created in only one way. Clearly {0,1}* uniquely creates all
binary strings, but ({0}*{1}*)* does not, as we observed above. The following theorem is
essentially the fact that the block decomposition of a string is unique.

Theorem 9 The strings in the identity below

{0,137 = {137 ({03{1}7)" = {0} "({1}{0}")"

are uniquely created.
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Proof > We just consider {1}*({0}{1}*)*, the rest is similar. Now every string a € {0,1}*
can be represented uniquely as a10as0as . ..0a; where a; is a block of ones, or a; = ¢, for
i € [k]. Since a; € {1}*, we see that O0a; € {0}{1}* and so a € {1}*({0}{1}*)* is uniquely
created. i

It is very important to see when sets of strings are uniquely created, for then we can count
the number of strings in the set. For example, if the strings in AB are uniquely created, then
|AB| = |A||B|. Using this concept, we are able to use the product and sum lemmas together
with generating functions to count binary strings with restrictions on their substrings.

If S is a set of binary strings, and we defined w(o) = ¢(o), the length of ¢ for ¢ € S, then
we denote as usual ®g(x) the generating function for this set of strings. Let’s get a feeling
for ®g(x) for various sets of strings. If S = {11}, then there are zero strings of length
0,1,3,4,..., so the coefficient of " in the generating function is zero if n = 0,1,3,4,....
The set has exactly one string of length two, so the coefficient of 2 is one, and ®g(z) = 2.
Note that this is the same as the generating function for the sets {01}, {10} and {00}, since
all we care about is the number of strings of each length. Here is another example: suppose
S ={e,0,1,10,100, 1000, 10000, ...}. In this case, there is exactly one string of length n for
n=20,2,3,... and two strings of length n = 1. So
2 3 4 1
Sg(x)=1+2x+z"+2° 4=z +...:m+$

where we used the familiar formula for geometric series. In general, we might be given a
very complicated set of strings and then finding the generating function is tricky. But if the
set S can be written in terms of concatenations and x-operations on smaller sets, and the
strings are uniquely created, then it turns out we can determine the generating function
for S in terms of the smaller sets. That will be our approach for the rest of this section:
break down a complicated set of strings using concatenations and #-operations, and then
find their generating functions to get the generating function for S. The precise details are
given by the next theorem:

Theorem 10 Let A and B be sets of binary strings. If the elements of AB are uniquely
created, then

Dap(z) = Pa(x) - Pp(x).
If the elements of A* are uniquely created, then

1

Proof > Let A¥ = AAA--- A (k times), where A? = {e}. Since A* = {¢}UAUAAU...
we have from the first part

(I)A*(J}) == Z@Ak(x) = Z(I)A(J})k.
k=0 k=0

This is a geometric series, which gives the second identity. For the first identity,

D up(z) = Z 2(ab) = Z wa(“)x“(b) = Py(x)Pp(z)

abcAB acAbeB
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since w(ab) = w(a) + w(b). |

Let’s work out the generating function for some sets of strings using the theorem. We know
that the strings in S = {00}*{11}* are uniquely created. Therefore Theorem 10 applies to

show
1 1

T 10y (@) 1o (2)

Since ®¢q1y(7) = 2% = D10} (), the generating function is

ds(z)

1

Og(x) = (Er=E

Here we caution that the generating function for {0, 1} and the generating function for {01}
are 2z and z” respectively: remember always that the coefficient of z™ is the number of
strings of length n in the given set.

We use Theorem 10 with Theorem 9 to count binary strings with restrictions on the sub-
strings. The simplest case is to count the strings of length n in {0, 1}*. Since the strings in
S = {0,1}* are uniquely created, we have

B 1 1
C1-Ogp(r) 122

dg(x)

by the second identity in Theorem 10. Since this gives
e . .
Dg(z) = 2al

§=0

the number of strings of length n in S is 2", as expected. Throughout the next section,
we will be content in finding the generating function for sets of strings, without actually
determining the coefficients in the generating function.

2.9.1 Restrictions on substrings

Consider counting binary strings of length n with no two consecutive ones. By Theorem
9, all strings are uniquely created in the set {1}*({0}{1}*)*. We can extract from this an
expression for the strings we want: since the {1}* terms represent the blocks of ones, we
can replace the occurrences of {1}* by {e,1} to express that every block of ones has length
at most one. So if S is the set of such strings, then

S ={e, 1}({0He, 1})"

and the strings in S are uniquely created. Therefore by Theorem 9

1+

We could try to determine [z"|®g(x), but we will develop methods in the next section to
do this more easily than applying the binomial theorem.
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Variation 1. Here is another example: suppose we only allow blocks of ones of even length.
Then in Theorem 9 we can write

S = {e,11,1111,.. }({0}e, 11,1111, .. }*)*

for the set of such strings. By Theorem 10,

1+22+2+... - 1

q) = = — .
s() l—z(l422424+...) 1-= 1—2—a?

This is the generating function, from which we can compute [z"|®Pg(x), the number of
strings of length n where every block of ones has even length.

Theorem 9 is somewhat restrictive, since it only allows placing a restriction on blocks of ones
or restriction on blocks of zeroes, but not both. For example, we might disallow two zeroes
followed by two ones. The answer is to come up with a finer representation of {0,1}* in
terms of double block decompositions. Observe that every binary string can be decomposed
into double blocks, where a double block consists of a block of zeroes followed by a block
of ones. Such a decomposition is shown below:

a 000001 [001]01]01]01]00001]01]001111111]0001111] b

where a and b are (possibly empty) sequences of ones and zeroes respectively. This obser-
vation is the proof of the following theorem:

Theorem 11 The strings in the identities below are uniquely created
{0,137 = {0} ({1H{1}{0H{0}")*{1}" = {1} ({00} {1 }{1}*)"{0}".

The middle brackets in the expressions in the theorem represents the generation of the dou-
ble blocks in a binary string: a double block by definition is an element of {0}{0}*{1}{1}".
We now apply this result to the set S of binary strings with no two zeroes followed by two
ones. In other words, 0011 is not allowed as a substring. In the brackets in Theorem 11,
the double blocks of S are the strings in the set

{0H{e}H{1}{1}* U {0}{0,00,000,...}{1}{e}.
In words, a double block either has the form 01111 ... or has the form 00000 . ..01. Therefore
S ={1}"({0He H{1}{1}" U {0}{0,00,000,...}{1}{e})"{0}".

The generating function for S is, by Theorem 10

1 2 1
o :( ) : —
W) e

While we could in theory find [z"]®g(z), we will not do it here.

Variation 2. We consider a second example: suppose S is the set of binary strings where
every block has even length. Since {00}* denotes a block of zeroes of even length, and
similarly for {11}*, we obtain in the manner of Theorem 11

S = {1137 ({00} {00} " {11 }{11}%)"{00}".
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Note that all the double blocks have at least two zeroes and two ones, except perhaps for
the first and last which are allowed to be empty. Now by Theorem 10

1 \? 1 1 1
@ — . = = .
S(x) (1_x2> 1_( 22 )2 (1—932)2—374 1 — 212

1—22

This time let’s find the answer. Clearly
bg(x) = Z 29 4%
j=0

and setting j = n/2 if n is even, we get [z"]®g(x) = 2"/2. So our answer is that 2"/2 is
the number of strings of length n where every block has even length, provided n is even,
otherwise the answer is zero. This is to be expected: if we delete every second entry of such
a string, we get a binary string of length n/2, and this defines a bijection from the strings
of length n where every block has even length to the binary strings of length n/2, of which
there are 27/2.

Variation 3. Here is a final and slightly more tricky example. We will determine the
generating function for the set S of strings which do not contain 101. Consider first the set
T of strings in S which have no double block (recall a double block is a non-empty string of
zeroes followed by a non-empty string of ones). These strings are represented in Theorem
11 by {1}*{e}{0}*, since none of them could ever contain 101. Now consider those strings
in S which have at least one double block. By Theorem 11, the set of all strings which have
at least one double block is created uniquely by

{1 (OO {13{1}") ({030} {1 H{1}7)"{0}".

We have to extract from this the strings that are in S. The strings in S starting with a one
are given by

S1to= {L 11,11, F({00HO0F {1H{1}7) ({003 {0} {1}{1}")"{0}".

This is because every double block in 57 begins with at least two zeroes. Next let Sy be the
strings in S starting with zero. Then

So = {e({0H{0F {1H{1})({00{0}"{1}{1}")*{0}"
since the first two blocks are arbitrary, but the ones after that have exactly one 0. Finally
S=TUSyUS;

and the strings on the right are uniquely created. From this and Theorem 10, we can find
the generating function. It is convenient to put y = (%-)2. By the sum lemma,

1-x
Ds(x) = Pr(z)+ Psy (2) + sy (2)
B LR z? 1 . z? 1
- )2 PRV 3 — )3 a3
1—-2)? (1-2)* 1- T (1—2x)3 1- T
1 22(z2 +1)

1—2)22 (1-—x)3—2a2
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2.10 Binary Trees*

A rooted binary tree is a tree with no nodes or a tree in which there is a fixed root node
of degree two, and all other nodes have degree one or degree three. At every node, there
is a left and a right branch. We wish to count the number of rooted binary trees with n
vertices; we will prove the following theorem:

Theorem 12 The number of rooted binary trees on n vertices s %_H(Qg) forn > 0.

For example, all the rooted binary trees with three vertices are shown below:

v LN D

Let £ denote the empty tree (the tree with no vertices). If S is the set of all rooted binary
trees, then any non-empty tree in S can be split into two rooted trees by removing the
original root of the tree. From all pairs of rooted binary trees, we can recreate all non-
empty binary trees by adding a new root and joining it to the roots of each binary tree in
the pair. Let’s call this the join operation; if s1,s9 € S are two rooted trees, let s1 V so
be their join. Let S; V S5 denote the set of trees formed by joining each tree in S7 with
each tree in So. Note that by definition, € V € is a single vertex. We have argued that
SV S = S\{e}. Define the weight of a tree s € S to be w(s) = |s|, the number of vertices in
s, and let ®g(x) denote the generating function for S with respect to this weight function.
The following lemma is very similar to the product lemma for cartesian products of sets,
but the key difference between the cartesian product and the join is that the join of two
trees is a tree with one more vertex (the new root). This adds an extra z in the formula
for the generating function for the join of two trees:

Lemma 13 Let 51,52 be two sets of binary trees. Then
Dg,vs, () = 2P, (2) s, (7).

Proof > By definition of generating functions,

Psvs,(2) = Y, a0

SES1VS2

_ Z Z ww(s1V52)

51€851 52€852

— Z Z ww(sl)+w(52)+l

51€51 52€852
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The key point here is that w(s; V s2) = w(s1) +w(s2) + 1, since we added a vertex when we
join trees s; and so. Continuing with the calculation,

Psusp(e) = @ Y at) y o)
51€51 52€852

= xPg, (2)Pg,(x).

This completes the proof. |

By the discussion above, S = SV S U {e} so by the lemma above, and the sum lemma,
Ps(z) = Py (z) + t®g(x)? =1+ 2Pg(z)>
This can be rearranged to give
20Pg(z) — 1 = £(1 — 42)2.

We are after the coefficient of 2" in ®g(z). To find this, expand the right hand side as a

sum: recall that
1 2k =2\ 4
1+z)2=1 +E 52k~ 1k< )ac

which means that after a calculation (check this as an exercise),

! =1 (2
1—4z)2 =1-2 — k
(1= d)? xkzlkH(k)x

Choosing the minus sign in the equation for 2x®g(x) — 1, we get

= L2k,
233(I>S(x)1—2x;k+1<k>x -1

_i 1 <2k>$k
k+1\k
1

The coefficient of z” is n—ﬂ(%), and is the answer for the number of binary trees with n

vertices. These numbers are called the Catalan numbers, and will come up in many more
combinatorial problems. This proves Theorem 12.

and therefore

2.11 Catalan Numbers*

The Catalan numbers, as we mentioned appear in many combinatorial problems. These
include the ballot problem and the number of bracketings of n letters, as well as the number
of paths of length 2n in the plane which stay above the x-axis and the circular non-crossing
handshake problem. A proper description of these problems will be given at the end of this
section. First we discuss Euler’s Polygon Division problem, which asks for the number of
ways to divide a convex n-gon into triangles with diagonals i.e. the number of triangulations
of a convex polygon with n sides. This is done for n = 4,5,6 in the figure below:
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VAV CNA A,

Figure : Triangulations of a polygon

We will show that the solution to Euler’s problem is the Catalan number ﬁ(%:f;) for
n > 3 by reducing the problem to counting rooted binary trees. Draw the polygon as a
regular polygon, P,, with the lowest side parallel to the z-axis. Now create a rooted binary
tree as follows: inside each triangle of the triangulation, draw a vertex, and join two vertices
with an edge if their corresponding triangles share a side. Let’s prove that these vertices
and edges form a tree. We prove this by strong induction on n > 3. For n = 3, P3 is a
triangle and only one vertex is drawn, so we obtain a tree. Suppose n > 3. Then at least
one diagonal is drawn in P,. Partition P, into two triangulated polygons P,, and F,, by
cutting the original polygon along a diagonal. By induction, the vertices and edges drawn
inside P,, and inside P, form trees, 71 and 7%, respectively. Now only one more edge is
drawn inside P, joining T7 and 75. It is clear that joining two trees with an edge gives a
new tree, so this completes the proof. So inside P,, we have drawn a tree, T', and the tree
has n — 2 vertices. Furthermore, every vertex drawn in P, has degree at most three, since it
is only joined to vertices in triangles which share a side with its own triangle. We conclude
that T is a binary tree with n — 2 vertices, and we can root the tree at the vertex inside the

triangle one of whose sides is the lowest side of P,, — see the illustration.

Figure : Trees from triangulations

The number of rooted binary trees on n — 2 vertices is L(27“4) by Theorem 12, so this

n—1\n—2
solves Euler’s Division Problem.
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2.12 Related Combinatorial Problems*
The other problems we have mentioned can be reduced in similar ways to counting binary
trees. There are many other problems involving Catalan Numbers which we do not mention

here.

Ballot Problem. The ballot problem is the number of possible processes of 2n votes for
candidates A and B such that at any stage in the voting process, candidate A has at least

as many votes as candidate B.

Path Problem. This problems consists in determine the number of paths (z1,x2, ..., Z2y)
in the plane such that 1 = (0,0), and for any i < 2n, x;+1 = x;+(1, —1) or ;41 = z;+(1, 1),
and the path never dips below the z-axis. In other words, at any step, we move one step
up and one step right, or one step down and one step right, and we never go below y = 0.

Binary Bracketing Problem. Suppose we are given a list z1x2x3 . .. x2, of letters. In how
many ways can be place 2n brackets ( or ) between these letters in a sensible mathematical
way? In particular, the number of right brackets (reading from left to right) should never
exceed the number of left brackets, and the total number of left and right brackets is equal.

For example,

(z1(v2w3))ra  x1(22(73))74  T1(22(3)) 24
r1(z2(7r374))  T1(T2(73)T4)

are the five valid bracketings when n = 2.

Handshake Problem. If 2n people are sitting around a table, and each person shakes
hands with exactly one other person, how many ways can people shake hands if no people
have to cross arms to shake hands? A possible configuration of the handshakes is shown

below:
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Figure : Non-crossing handshakes

26



2.13 Exercises

Question 1. Determine the exact numerical values of the following binomial coefficients:

(
(
(
(
(
(
(

a
b
c

d

f
g

~—

¢}
N— ~—

~— —

~—

~

Question 2. Find the inverses of the following formal power series as a sum of powers of
x, or state that the power series has no inverse. Justify your answers.
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(
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a
b
c
d

(§]

f

~— ~— T ~—

~— —

~—

1—2z+ a2
z(1— )
Y —

l—z+a? -3+t =5+ ...
1422+ 3a2 + 423 + 524 + ...
lto+ o 42 pony

or T T ar T

Question 3. Determine the generating function in closed form for the given set S of
configurations with weight function w.

(
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(
(
(
(
(

a
b
c
d
e
f

g

~— ~—r T —

~—

S is the set of subsets of [n], w(o) = |o|

S =7Z" and w(o) = 20.

S =7Z" and w(o) = 0 if ¢ is odd and w(o) = 0 otherwise.

S =[n] and w(o) =1 if 0 is odd and w(o) = 0 if o is even.

S is the set of permutations of [4], w(o) is the number of fixed points of o.
S is the set of pairs (a,b) of positive integers, and w(a,b) = a + b.

S is the set of pairs (a,b) of positive integers, and w(a,b) = 2a + b.

Question 4. Compute the average maximum element of non-empty subsets of [n].

Question 5. What is the average difference between the largest and smallest elements of
a non-empty subset of [n]|?

Question 6. Determine the number of compositions of n into k parts with the given
restrictions.

(
(
(
(

a
b
c
d
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~— —

~—

Each part is a positive even integer.

Each part is an element of {2, 3}

The ith part is at most ¢

Exactly one part is odd, the rest are positive and even.
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Question 7. Determine the number of compositions of n into any number of parts, where
each part is odd.

Question 8. How many sets {x1,x2,...,2x} C [n] have ;1 + i < x; for 2 < i < k?

Question 9* Let S denote the set of subsets of positive integers of size k, with weight

function w({x1,xa,...,2x}) = 1 + 22 + ... + ). Prove that
1
Dg(x) :TH1 —

Question 10. Determine the number of binary strings of length n with the given restric-
tions.

The strings have only blocks of odd length.
The strings do not contain 011.

The strings do not contain 101 or 010.

The strings do not contain 101.

a
b
c

d
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Question 11. Determine the generating function for the set of binary strings of all lengths
not containing 011.

Question 12. Determine a formula for the generating function of the set of k-ary trees:
these are trees with a root vertex and in which every vertex has at most k& children.

28



