3 Recurrence Equations

The generating function for the set of binary strings with no block of ones of odd length

was shown to be 1
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in the last section. We could find the coefficient of 2™ in ®(x) using the binomial theorem,
and the answer would be .
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It would be nicer if the answer were written in closed form (i.e. without a sum). It turns out
that this is possible using recurrence relations. Let’s outline the approach for the example
under discussion, and then generalize. We know that we are seeking a,, = [z"]®(z) in

1
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Multiply both sides by 1 — z — 22 to get
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Now z™ appears in the first sum when £ = n, in the second sum when & = n — 1 and in the
third sum when k = n — 2, provided n > 2 (since k can’t be negative). This means that
the coefficient of ™ on the left hand side is a,, — ap—1 — an—2 whenever n > 2. But the
coefficient of ™ on the right hand side is zero, so we get the equation

Ap — Ap—1 — Gp_o = 0.

This is our first example of a recurrence relation; it is actually quite a famous one, called
the Fibonacci equation. Since ag = a; = 1 (the empty string has no block of ones of odd
length, and the string 0 is the only string of length one with no block of ones of odd length)
we can work out

as = a1+ ag=2
a3 = as+a; =3
ag = az3+ay =25
as = ag4+az3=8
ag = as+aq =13
ay = ag+as=21
ag = a7+ag=34

and in principle we could find a,, for any given value of n. This is not much better than
the sum we had for a,, but it is a step in the right direction. We promised a closed form
function of n for a,, and to find this we have to solve the equation a,, = a,,—1 + a,_2 with
ag = a1 = 1. Here is the key idea: we guess that a,, = 2" for some value of x and then try
to find the value of . To find the value of x, substitute ™ into the equation and divide by
"2 to get

22— —-1=0.



Solving for x, we get via the quadratic formula

1+5 1-+/5
xr = 2 or i 2 .

But then it is easy to see that
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is also a solution to the equation for any real values ¢y, ¢ (check this by direct substitution).
However since ag = a1 = 1, the values of ¢; and ¢y are not arbitrary: we must have
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These equations give
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This is really a remarkably simple answer for a,, and certainly a lot more computable than
the answer we had before, namely

c1 = and c¢o =

So the final answer is

aﬁi(nij)
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We have concluded that an approach to finding the coefficient of x™ in the generating
function ®(z) is to solve the equation a, = an—1 + an—2 where a9y = a; = 1. Such an
equation is called a homogeneous linear recurrence equation, and we are now in a position
to solve even more general homogeneous equations.

A homogeneous linear recurrence relation of order k is an equation of the form

brap +bp_1an_1+ ...+ bgay_ =0

where by, by, ..., b, are real numbers and we have to solve for a,,. For example, the equation
Gp — Ap_1 — an—2 = 0 in the last section is an equation of order two, with by = 1,61 = —1
and by = —1. This is a particularly famous equation, called the Fibonacci equation, and we

solved it in the last section. The method we used to solve the Fibonacci equation generalizes
to homogeneous linear equations. The idea is to try the solution a, = ", in which case we
get

bkxk + bkflwk_l +...4+by=0.

This important equation is called the characteristic equation, and determines the behaviour
of a,, via the theorem below. First we need some terminology. The degree of a polyno-
mial P(z) is the exponent of the largest power of z appearing in the polynomial. Every
polynomial P(x) of degree k can be written as

(x—a1)™(x— )™ ... (v — oy )™



where a1, ag, ..., o are all distinct complex numbers and mj+mao+-...4+m; = k. We define
m; to be the multiplicity of the root «; of the equation. For example, (z —1)?(z —2)(z — 3)
is a polynomial of degree four with m; = 2, mo = 1 and ms = 1.

Theorem 1 Let byan,+bi_1ap—1+...+bga,_ = 0 be a homogeneous recurrence equation.
Suppose that a1, as,... o  are the distinct roots of the characteristic equation, where oy
has multiplicity m;. Then the solution to the recurrence equation is

an = c1(n)ay + ca(n)ay + ... +¢j(n)ay

where c1,c2, ..., c; are polynomials in n of degree at most m; — 1.

The polynomials c1,c2,...,c; can be determined if we know the value of ag,ar,...,ar—_1:
in general we need k specifications on a, when the characteristic equation has degree k,
in order to specify uniquely the values of ci,c,...,c;. These specifications are called the
initial conditions of the recurrence equation, for example, the initial conditions we had for
Qp — Gp—1 — Gp—o = 0 were ag = a1 = 1 and the characteristic equation was 22> —x —1 = 0.
Theorem 1 can be proved using generating functions and partial fractions, but we will not
do it here. The theorem gives a general method for solving recurrence equations, which we
summarise by the following steps:

Method for Solving Recurrence Equations

1) Write down the characteristic equation

2)  Solve the characteristic equation

3) Write down the general form of the solution a,, given in Theorem 1

4)  Determine the polynomials c1,ca,...,c; in Theorem 1 using the initial con-
ditions on ag, ay, . ..
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Let’s review this procedure for the equation a,, = a,,—1 + a,_2. The characteristic equation

2 127‘/5 and ag = 1=V5  This gives the

is z* —x — 1 = 0, which as we saw has roots a1 = 2

general form for a, that we had before:
an = c1af + caas.

According to Theorem 1, ¢; is a polynomial of degree at most m; — 1, but m; = 1 in this
case, S0 ¢; is just a constant. Then, as before, we work out the value of ¢; and co using
apg=a; = 1.

Example 1. Suppose we want to solve a,, = a,_1 + 2a,,_2 where ag = 1 and a; = 2. The
characteristic equation is 22 — 2 — 2 =0 so z = —1 or & = 2. Therefore

an = c1(—=1)" + 22"
where ¢, co are constants (since m; = mg = 1). Now
l=ci4+c and 2= —c1+2c

from the initial conditions. Solving these equations we get ¢; = 0 and c2 = 1, and so finally
an = 2".



Example 2. Suppose we want to solve the equation a,, = 4a,_1 — 4a,_o, where ay = 1
and a; = 3. The characteristic equation is

22 -4 +4=0

and this has one root, namely x = 2, of multiplicity two. Therefore by Theorem 1 we know
that
an = c1(n)2"

where ¢;(n) is a polynomial of degree m; —1 =2 —1 = 1. Now this means ¢;(n) = cn +d
where ¢ and d are constants. So a,, = (cn+ d)2", and ¢ and d are determined by the initial
conditions:

(c0+d)2° =1 and (cl +d)2' =3.

Solving for ¢ and d, we get ¢ = 3 and d = 1, so the solution is a, = (3n + 1)2".

Example 3. Suppose we solve a, = 3a,_-1 — 3an_2 + a,_3 where a9 = 1, a1 = 3, and
az = 7. Then the characteristic equation is

23 =322 +3x-1=0
which is the same as (z — 1)3 = 0. Thus z = 1 is a root of multiplicity three, and
an = (an® +bn 4 c)1" = an® + bn + c.
If we solve for a, b, c using the initial conditions, we get a = b = ¢ = 1, so the final answer is
Ay = n?+n+1.

In this and preceding examples, we can check the answer by substituting it into the original
equation.

3.1 Asymptotics

In general, it is not possible to explicitly solve the characteristic equation. For example, if we
consider the recurrence equation a,, = an,_1 + 2a,_3 — Gn_4 + ap_5 we get the characteristic
equation

-zt =242 -1=0

and we cannot solve this explicitly. It turns out that a; = 1.6483 is the largest root of the
equation in modulus, and all the other roots are much less than one in modulus. So if the
roots are aq, g, a3, g, a5 then Theorem 1 tells us

an = 1o + coay + caay + caaly + csap.

But aso, a3, a4, as are less than one, and the ¢;s are only polynomials in n, so if n is large
enough,
ap = [c1a7].

Another way of saying this is that for ¢ > 1,

lim c;of =0
n—oo



so eventually these terms disappear into rounding c;af to the nearest integer. So the moral
of the story is that if (by computer or otherwise) one of the roots of the characteristic
equation is larger in modulus than all the others, then we take only the term in Theorem
1 corresponding to this root for a,. In a similar way, when we had the equation a, =
Gn_1+ ap_o, we see that the smaller root of the characteristic equation is much less than a
half, and deduce the nice formula

n+1
. 1<1+\/5>
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For example, if we want to know ag, the number of binary strings of length eight in which
all blocks of ones have even length, then we compute

1 (1+\/5
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and when we round this to the nearest integer we get ag = 34. This agrees with our directly
computed answer for ag given above.

n+
) = 33.99411648. ..

3.2 Recurrences and generating functions

So far, our motivation for introducing recurrence equations was to be able to find [z"]®g(x),
where ®g(z) is a generating function for a combinatorial problem. While recurrences are
interesting in their own right, we will now spend some time using them to solve combinatorial
problems with generating functions. We consider the following example: determine the
number of compositions of n with any number of parts such that each part is two or three.
The generating function is checked to be

i anzr” = ®(x) = i(azZ + 23k = !
n=0 =

C1l—a2 g3
k=0

Multiplying by 1 — z? — 23, we get

o x oo
E apx’ — E anx"t? — E a3 = 1.
n=0 n=0 n=0

It follows by looking at the coefficient of ™ for n > 3 that
ap — Gp—2 — ap-3 = 0.

The initial conditions come from the statement of the problem: clearly ag = 1, a3 = 0,
as = 1. So we have found a recurrence equation, and initial conditions, which is all we
need to apply Theorem 1. In this case, the characteristic equation is 23 — 2 — 1 = 0, which
does not have particularly nice roots. On the other hand, they are easy for a computer to
handle, and in the end we just write down a,, using Theorem 1. This example illustrates
the basic approach: first find the generating function in the form




where P(z) and Q(z) are polynomials. If Q(z) = boz*+by2*~14-.. . +by, then the recurrence
equation we get for a, = [z"]®(x) is

bray, +bp_10p-1+...+bp=0

and the initial conditions ag, a1, ..., ar_1 are determined from the statement of the problem.
Then Theorem 1 takes over and we solve for a,,. Notice that the characteristic equation is
just given by the expression 2*Q(1/x).

Variation 1. We count the number of binary strings of length n where every block has even
length. In a preceding example (see Variation 2 Section 2.9.1), we saw that the generating
function is

B 1

11— 222

The corresponding recurrence equation is a, — 2a,—2 = 0, with characteristic equation
22 —2 = 0. So the roots are o = v/2 and as = —v/2, each of multiplicity one, and

an = c1(V2)" + co(—V2)"

d(x)

where ¢; and co are constants. The initial conditions are ag = 1 (the empty string has all
its blocks of even length) and a; = 0. Therefore

c1+ce=1 and V2c; — V2cy = 0.

It follows that ¢; = ¢y = % and therefore
1 1
an = 5V S(=VR)" = 2N (14 (1)),
If n is odd, this is zero, and if n is even, we get 2/2, as expected.

Variation 2. We determine the number of binary strings of length n in which every block
of zeroes has length at least two, or the string has no zeroes. Let S be the set of all such
strings (of any length). Since

{0,137 = {0} ({1}{0}")"
and the strings here are uniquely created,
S ={e,00,000,...}({1}{e,00,000,...})".

The generating function for S is (by the theorem on generating functions for binary strings)

1+22+23+...
B(z) — +x°+ 2+
l—z(l4+22+23+...)
2
_ 1+ =
1—3:(14—19%3)
1—x+ 22

The recurrence relation we get from this is

ap —2ap—1+ ap—2 — ap-3 =0



for n > 3 and ag = a1 = 1, ag = 2. The first few values of a,, are a3 =4, ag = 7, a5 = 12,
ag = 21. Now to actually solve this recurrence equation for a,, we have to find the roots of
the characteristic equation

2 — 222 +x—1=0.

We can find the roots via computer (or using a more complicated generalization of the
quadratic formula for cubic equations), and the roots turn out all to be distinct. The
largest root in modulus turns out to be
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The other roots turn out to be very small in modulus (much less than one). By Theorem
1 we know therefore that
an = c1af + caay + caay

where a1, a9, a3 are the roots of the characteristic equation. The values of ¢y, ca,c3 are
found using the initial conditions. But we can be cleverer: by the discussion on asymptotics
we know that

an = [c1al]

which is a much simpler formula than that given above. As an exercise, try to compute the
value ¢;.



3.3 Exercises

Question 1. Determine an expression which uniquely creates all strings in the given set of
binary strings. Then find the generating function for that set of strings.

(a) The set of strings which do not contain 111.

(b) The set of strings none of whose blocks have length two.

(¢) The set of strings where every block of Os has length at least two and every
block of 1s has length at least three.

Question 2. Find the generating function for the set of binary strings where all blocks
have the same length.

Question 3. Solve the following recurrence equations with the given initial conditions.

(a) an—13ap—1 + 36a,—2 = 0 where a9 =0, a3 = 5.
(b)  an —2an—1 + ap—2 =0 where ap = a; = 1.
(¢) an—6ay,-1+ 1lay—o — 6a,—3 =0 where ag = 7,a; = 10 and ag = 18.

Question 4. Let S be the set of binary strings consisting of a (nonempty) block of 0s
followed by a (nonempty) block of 1s, such that if the block of 0s has odd length, then the
block of 1s has even length. Let a, be the number of strings of length n in S.

(a) Find ag, a1, a9, as.

(b) Prove that
S = {0HO} {1H{1}" \ {000} {1}{11}".
(¢c) Show that the generating function for S is

3
x°(2+ x)
o = —.

S(‘/E) (1 — 33‘2)2
(d) Write down a recurrence equation for ay,.

(e) Determine a closed formula for a,, for all n, and find ajgo;.

Question 5. Write down recurrence relations with initial conditions for the quantities a,
whose generating functions ®(z) = "7 ;a,z™ are given below. Determine the asymptotic
behavior of a,, in each case.

(a) (D(x) 17129@'

()  P2) =l
(0)  ®(x) = F55
(d)  @z) =25k
(e)'s ®(x) = (1—2)/?



