MIDTERM EXAMINATION

Math 154 — Combinatorics and Graph Theory
Instructor — J. Verstraete

Allotted time — 40 minutes

STATE CLEARLY ANY THEOREMS USED WITHOUT PROOF
ALL QUESTIONS CARRY A WEIGHT OF TEN POINTS

Question 1.

In this question, n and k are positive integers. Prove the following by any method:
n nfn-—1
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Question 2.

(a) State the inclusion-exclusion formula. (3]
(b) Complete the expression |A, U Ay U Asz| = |Ay| + |A2| + |A3] — |41 N Ag| -+ [3]
(¢) How many positive iutegers less than 50 are not divisible by 2,3 or 77 [4]
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Question 3.

Let S be the set of binary strings not containing 110 or 011 or 000 and which start with
a 0. Let a, be the number of strings of length n in S.

(a) Which one of the following expressions uniquely creates all the strings in S? [2]
(1) {o,00}({1H{1}{op){1H{1}"
(2)  ({0,00}{1}{1}")"
(3)  {0,00}({1}{0,00})*{e, 1}
(b) Write down the generating function for each of the sets of strings iu (a). 5]
(¢} Write down a recurrence equation for a, and find a;o. [3]
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Question 4.

(a) Solve the Fibonacci recurrence equation a,, = a,_; + a,_2, with initial
conditions ag = 0 and a; = 1. [7]
(b) The 2 x 9 board is shown below and is tiled with grey dominoes. Show
that the nuinber of ways of tiling the board with dominoes is 55.  [3]
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