Lecture 12 - Monday Aprll 27th jacques@ucsd.edu

KEY WORDS: SEVERAL CONSTRAINTS, JACOBIAN, IMPLICIT FUNCTION THEOREM,
INVERSE FUNCTION THEOREM
KNOW HOW TO DO LAGRANGE MULTIPLIERS WITH SEVERAL CONSTRAINTS,
COMPUTING JACOBIAN DETERMINANTS, STATEMENT OF IMPLICIT FUNCTION
THEOREMS

12.1 Several Constraints

The method of Lagrange multipliers works for optimizing functions under several con-
straints. If we want to find the extreme points of a differentiable function f : U — R
where U is a closed set subject to constraints g(x) = gao(x) = -+ = g.(x) = 0, we
introduce multipliers A\;, Ao, ..., A, and find the critical points of

¢(£L’, )‘) = f(ZU) + )\191<x) +eee Argr(x)
where A = ()\1, )\2, ce /\r)

Example 1. Find the closest distance between the parabola y = 1 — 22 and the parabola
y=2—|z|for 0 <z <2

Solution. Let (z,y) be a point on the curve y = 1 — 2% and let (X,Y’) be a point on the
curve Y = 2 — | X|. We want to minimize (x — X)?+ (y — Y)? — the square of the distance
between the two points. We can assume that all the variables are positive, by symmetry
(see the figure).




The constraints are ¢i(z,y) = y — 1+ 2% = 0 and g2(X,Y) =Y -2+ X = 0. By
the method of Lagrange multipliers, we set V¢ = 0 where A and p are the Lagrange
multipliers and

oz, y, X,V ) = (= X2+ (=Y + Ay —1+22) + pu(Y =2+ X).

Then from V¢ = 0 we get

2 —-X)+2x = 0
2-Y)+X =0
2@ -X)+p =0
2@y-Y)+p =0
y = 1—2°
Y = 2-X

IfAX=0orpu=0, then we get x+ = X and y = Y. The last two equations are then
Y =1—X?2and Y = 2 — X and this is a contradiction — there is no point on both of
these curves. Therefore neither A nor p is zero. Adding the second and fourth equations
gives A = —pu. Putting this in the first and third equations, we get

20— X)+2xx=0 and —-22—-X)—-A=0

which imply = = % This means y = % from the fifth equation. Putting these values into
the second and third equations, we get

A+1 20+ 3
X = % and Y = : .
In the last equation we get
20+ 3 A+1 3 7 9
=2—-——=)A=-=X=—andY =-.
1 2 1 g g
Therefore the two points which are closest together are (3, 2) and (£, 3). Another pair of
points is (—1,2) and (—I,2). For both pairs the distance is 3/4v/2.

12.2 Implicit function theorems

The soundness of the method of multipliers in locating extrema of a function f is largely
based on the implicit function theorem. The idea of the implicit function theorem is
summarised as follows: given an equation f(z) = 0 for values of z in an open ball
containing a point @ € R", under what conditions does the equation give a functional
relationship x, = g(x1,zs,...,7,_1) and what can be said about the function g7 For
example, we know that if f(z,y,2) = 22 + 3>+ 22 — 1 for z > 0, then f(z,y,2) = 0
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on the region z > 0 defines a hemisphere of radius one. Now a standard representation
of a surface is as a function z = g(x,y), and indeed here we can solve for z to get the
hemisphere z = y/1 — 22 — y2. So here g(z,y) = \/1 — 22 — y?, and g is differentiable on
the open ball x? + y? < 1. In general, it is impossible to give an explicit function g(z,y),
even in this very simple case with only three variables. Nevertheless, the implicit function
theorem gives a general condition whereby ¢ exists and is differentiable on a certain open

ball:

Implicit Function Theorem

Let f(x,y) : R*™™ — R™ where 2z € R" and y € R™ and let U be an
open ball containing a point a € R". Suppose that det(V f) # 0 on U
when f is treated only as a function of y. Then there is a differentiable
function g : R® — R™ such that f(z,¢(z)) = 0 in some open ball
containing a.

The matrix V f is often also called the Jacobian matrix of f — recall the ¢jth entry is
Ofi/0y; for 1 <i,5 <mif f=(f1, fa,..., fm). A matrix whose determinant is non-zero
is also called non-singular — this refers to the matrix being invertible in the linear algebraic
sense. In the form of equations, the implicit function theorem says that if we are trying
to solve

f1<x17x27'"7xn7y17y27"'7ym) =

f2(l‘17x27'"al‘naylay%"'aym) =

fm(xl,:CQv'-'7$7’Lay17y27-"7ym) =0

for each y; in terms of z1, x5, ..., 2z, near a point a € R", then all we have to do is check
that the Jacobian matrix of the function f = (fi, fs,..., fi) is non-singular near a when
f is treated as a function of (y1,y2, .., ¥Ym)-

The second theorem we state is a special case of the implicit function theorem and is
called the inverse function theorem. Consider a vector valued function f : R®™ — R™.
An inverse for f on a set U C R" is a function g : R” — R" such that f(g(z)) = x for
all z € U. The function g is called an inverse of f on U. This entails finding functions

y1(2),y2(2), . .., yo(x) such that

fW, v, yn) =2

or in other words, if f = (f1, f2,..., fn), we have to solve the n simultaneous functional
equations
filynyz, - un) =20 fay, v, y) =22 o fa(Y, Y, Yn) = T
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for y; in terms of x1, o, ..., x,. This is exactly the setup of the implicit function theorem.
Note that in the case that all the functions are linear functions, the theorem reduces to
linear algebra: we require the coefficient matrix to have a non-zero determinant if it is to
be invertible, and this is enough to give a solution to the system of equations (in fact this
linear algebra connection is not at all a coincidence). The inverse function theorem may
be stated as follows:

Inverse Function Theorem

Let f: R™ — R™ be defined on an open ball around a point a € R™ and
suppose f has continuous partial derivatives on this ball. If V f is non-
singular on this ball, then there exists a unique function g : R* — R"
such that f(g(x)) = z in some open ball containing a.



