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KEY WORDS: MULTIPLE INTEGRALS
KEY CONCEPTS: KNOW HOW TO EVALUATE MULTIPLE INTEGRALS

17.1 Multiple Integrals

A rectangular parallelepiped in R™ is a set of the form [ay, b1] X [ag, ba] X -+ X [ay, by)
where a; < b; are real numbers. We refer to this also as a Box. If B is such a box, then
B consists of all vectors (x1, 29, ...,2,) such that a; < z; < b; for i = 1,2,...,n. We
begin with the definition of the multiple integral of a function over a box. Let P; be a
partition of [a;, b;] for i = 1,2,...,n. A grid partition of a box B consists of all boxes of
the form Iy x Iy x --- x I, where Iy, I, ..., I, are intervals in partitions Py, P, ..., P, of
[a1,b1], [ag, bal, ..., [an, by]. An example of such a partition is shown below:

A grid partition of a box B = [ay, b1] X [ag, bs] X [ag, bs]
Py = {la1, b1]}, P» = {[az, c2], [c2, bo]} and Py = {[as, bs]}

For a grid partition P of a box B, let || P|| be the volume of the largest box in P and let
|| denote the volume of a box I € P. Now we can define multiple integrals.

Definition of multiple integrals.

Let B be a box and let f : R — R be any function defined at every
point of B. Then the multiple integral of f over B, when it exists, is

defined by
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where P is a grid partition of B and z; is an arbitrary point in the box
IeP.



We can define multiple integrals over general bounded regions D by taking a box B O D
and then defining g(z) = f(x) for x € D and g(z) = 0 for z € B\D. Then the multiple
integral of f over D is defined to be the multiple integral of g over D.

17.2 Evaluating multiple integrals

The notation dV represents the element of volume. As with single integrals, we have
Fubini’s Theorem for multiple integrals of continuous functions:
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if f is a continuous function on B, and the order of integration is immaterial.

Example 1. Evaluate [ [ [, fdx when f(z,y,2) = 2+ yz and B = [0,1] x [0,2] x [0,4].

Solution. The given function is continuous on B, so

///dex _ /01/02/04(x+yz)dzdydx
= /01 /02(3:2 + %yzQ) zdydx
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= //(4x+8y)dyd:v
o Jo
1
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= / (4xy+4y2)
0

dz
0
1
= /(8x+16)d1’
0
= 20.

We would have had the same answer integrating with respect to any of the other five
orderings of the integrals.

In general it is impossible to work out multiple integrals over arbitrary regions, so we
focus on simple regions. A bounded region D C R" is simple if every line in R™ intersects
D in a line segment. For example, the n-dimensional sphere

D= {(z1,29,...,2,) : 27 + 25+ -+ 22 <1}

is a simple region, and boxes are also simple regions. As in the case of double integrals,
we assume simple regions are presented in the following form: if D is a simple region,
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then D is the set of (z1,x9,...,x,) € R" such that

a< o1 <b
gi(r1) <z < ha(an)
g2y, m2) < w3 < ho(w1, 1)
In1(21, %2, .., 0 1) < 2 < hyg(w1,12, 00, T,)
for some functions g;, h; such that g; < h; for all : = 1,2,...,n — 1. In the case of a

multiple integral over such a region, if the integral exists and f is a continuous function
on D then it is given by

- p . b phi(z) hp—1 (21,2240, Tp—1)
/ / . / fdv = / / .. / flxy, 20, ... xp)drpde, 1 ... dry.
J . D Ja Jgi(x1) Gn—1(T1,22,..sTn—1)

Furthermore, if we have a similar definition of D under a different ordering of the variables,
then we can interchange the order of integration without affecting the value of the integral
— this is Fubini’s Theorem for multiple integrals.

Example 1. Evaluate [ [ [, fdV when D = {(z,y,2) : 0 < 2 <y < z < 1} and
flxy,2) ==

The region D

Solution. The first step is to note that D is a simple region (as shown above), and
therefore we will write D in the form given above. One way of doing this is to write

D={(z,y,2):0<z<la<y<l,y<z<l1}.
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If we do this then since f is continuous on D, we have

[ [ - /1/1/1xdzdyda:
- // (1 = y)dyda

= / z(1 — 2z + 2%)dx
2 0
1
ﬂ.
If we had wanted to change the order of integration, to integrate with respect to x then
y then z, then we would have to rewrite the definition of D:

D={(x,y,2):0<2<1,0<y<z0<z<y}

in which case the integral is

[ [ v - ///dxdyd

By Fubini’s Theorem we will get the same answer as above.

Example 2. Evaluate [ [ [, fdV when D = {(z,y,2) : 0 < z+y+2z < 1 and z,y,z > 0}
and f(z,y,z) = 1.

The region D

Solution. Since D is simple, we can write D = {(z,4,2): 0<2z<1,0<y<1—12,0<
2z <1—x —y}. Then since f is continuous on D,
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In fact this integral represents the volume of the pyramid shown above. We could gen-
eralize this example to determine the volume enclosed by z; + z9 + -+ + x,, < 1 where
X1,%9,...,T, > 0. This is the volume of an n-dimensional simplex, and if we compute
the integral, which is

1 1—x1 1—xz1—x9 l—z1—x90——Tp_1
/ / / e / ldz,dx,_1 ...dx;
0 0 0 0

then we get that the volume is 1/n!.



