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Key concepts : Ck(Rn), C∞(Rn), polynomials, mixed partial derivatives
Know how to find higher order partial derivatives

7.1 Higher partial derivatives

The partial derivatives we have studied so far have meaning in terms of the slope of
surfaces in various directions. If these partial derivatives as functions themselves are
differentiable, we can obtain second order partial derivatives. These have very important
meaning when it comes to continuous optimization, as we shall see later. For now we
concentrate on the mechanics of higher order partial derivatives.

A function f : Rn → R is in class C1 if ∇f : Rn → Rn is a continuous function. In
other words, all the partial derivatives of f exist and are continuous. If all the partial
derivatives of f themselves have continuous derivatives, then we say f is in class C2. For
example, if f : R2 → R then ∇f = (fx, fy) if it exists, and if fx and fy have derivatives
with respect to x and y, then these derivatives are written fxx, fxy, fyx, fyy. Alternatively,
we write these derivatives as

fxx =
∂2f

∂x2
fyx =

∂2f

∂x∂y
fxy =

∂2f

∂y∂x
fyy =

∂2f

∂y2
.

It is very important to note that in general fxy 6= fyx. For practical purposes,

∂2f

∂x∂y
=

∂

∂x

(
∂f

∂y

)

so derivatives are worked out from right to left in this notation. In the notation fxy, we
first find fx and then take the derivative with respect to y of fx to get fxy. So derivatives
in this notation are worked out from the inside out. We refer to derivatives with respect
to all different variables as mixed partial derivatives. For example fxx and fxzx are not
mixed, but fxy and fxyz are.

More generally, we say a function f : Rn → R is in class Ck(Rn) if all kth order derivatives
of f exist and are continuous. We say that f is k times continuously differentiable. For
a function f : R2 → R to be in C3, this means that all the derivatives

fxxx fxxy fxyx fyxx fxyy fyxy fyyx fyyy

must exist and be continuous. Finally, we say that f ∈ C∞ if all partial derivatives up to
any order exist and are continuous.
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7.2 Polynomials

An especially nice function in C∞ which shall appear again and again is the polynomial. A
multivariate monomial or monomial is any function f : Rn → R of the form xd1

1 xd2
2 · · ·xdn

n

where d1, d2, . . . , dn are non-negative integers. The degree of this monomial is defined by
d1 +d2 + · · ·+dn. A polynomial is a finite sum of monomials. The degree of a polynomial
is the largest of the degrees of the monomials in that polynomial.

Examples. The function f : R → R defined by f(x) = x2 + x + 1 is a polynomial
of degree two (which we refer to as quadratic), whose monomials are x2, x and 1. The
function f : R2 → R defined by f(x, y) = x2− y2− xy + 2x + 3y− 1 is also of degree two:
it is a polynomial consisting of six monomials and three of the monomials have degree
two. We refer to this too as a quadratic polynomial. Finally, f : Rn → R defined by
f(x1, x2, . . . , xn) = x1x2 . . . xn + 1 is a polynomial of degree n with two monomials.

Proposition.

If f : Rn → R is a polynomial, then f ∈ C∞.

This is easy to prove by induction on the degree of the polynomial. Given a polynomial
f : Rn → R of degree d, the derivatives ∂f/∂xi are all multivariable polynomials too.
Furthermore, the degree of ∂f/∂xi is less than the degree of f , because all monomials
containing a non-zero power of xi have degree one less in ∂f/∂xi, and all monomials
containing no xi have degree zero in ∂f/∂xi. By induction, this means that ∂f/∂xi ∈ C∞

for i = 1, 2, . . . , n. But if the derivatives of f are in C∞, then so is f .

Examples. We find all derivatives of the function f(x) = f(x1, x2, . . . , xn) = x1x2 . . . xn.
Suppose we take derivatives with respect to variables xi1 , xi2 , . . . , xik in that order. If any
two of these variables are the same, we get zero. For example, fx1x2x1xn = 0. So the only
non-zero derivatives are those with respect to different variables. In particular we have
k ≤ n. In this case,

fxi1
xi2

...xik
=

f(x)

xi1xi2 . . . xik

since the derivative is exactly the product of all xis other than xi1 , xi2 , . . . , xik . Let’s
consider another example: f(x) = xy2z3. Then the derivatives are

fx = y2z3 fy = 2xyz3 fz = 3xy2z2 fxy = fyx = 2yz3 fxz = fzx = 3y2z2 fyz = fzy = 6xyz2.

Notice that the mixed partial derivatives are pairwise equal.

7.3 Equality of mixed partial derivatives

In general, the number of different derivatives of order k for a function f : Rn → R is nk,
which is very large if k is large. It is the case, however, that many of these derivatives are
equal if f ∈ Ck(R2):
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Proposition.

If f ∈ C2 then
∂2f

∂x∂y
=

∂2f

∂y∂x
.

Using this proposition we can show that if f ∈ Ck(Rn), then the order of partial derivatives
taken up to kth order derivatives does not matter. So for example if f ∈ C3(R2) then
fxxy = fxyx = fyxx and if f ∈ C3(R3) then fxyz = fyzx = fzxy = fxzy = fyxz = fzyx. This
can be proved as an exercise by induction on k.

Example. Given a differentiable function f : Rn → R we may define the Hessian Matrix

H(f) = ∇(∇f).

So the rows of H(f) are given by ∇fxi
if f = f(x1, x2, . . . , xn). If f ∈ C2(Rn), then L(f)

is a symmetric matrix, meaning that H(f)ij = H(f)ji since

H(f)ij = fxixj
.

and the order of differentiation does not matter. The Hessian Matrix encodes all sec-
ond order partial derivatives of f and is extremely useful in optimization. For example,
consider the function f(x1, x2, . . . , xn) = x2

1 + x2 + · · ·+ x2
n. The Hessian Matrix is




2x1 0 · · · 0 0
0 2x2 · · · 0 0
...

... · · · ...
...

0 0 · · · 0 2xn


 .

We will see how to tell from the Hessian Matrix whether a function is convex or concave
at a point or neither.
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