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Example 1.

Find a maximum st-flow and st-minimum cut in the network below starting

with a flow of zero in every arc.




We apply the algorithm.

STEP 1.

Now the path swzuvt is a path along which the flow in every arc is less than
the capacity in every arc. So we can increase the flow along this path: we
can increase the flow by one unit, but no more. So the flow values are now

in red in the table below. The value of the flow (net flow leaving s) is 1.

TABLE 1
Arc Flow 1 | Flow 2 | Capacity
(s,u) 0 1 4
(u, v) 1 2 3
(v, 1) 1 2 2
(t, z) 0 0 4
(w, ) 1 1 4
(z, u) 1 1 1
(v, x) 0 0 1
(s, w) 1 1 2
(z, s) 0 0 3

STEP 2.

We have the red flow in Table 1. Then suvt is a path along which the
flow can be increased, by 1 unit, but no more. So the new flow values are

shown in the table in blue. The value of the flow (net flow leaving s) is 2.



STEP 3.
We have the blue flow in Table 1. It appears we can’t increase the flow so

we build the set S for which (S, S) is a minimum cut. Start with § = {s}

w,z) =1 < c(w,z) =4 weadd z € S.
=1<cs,u) =4 weadd u € §.
u,v) =2 < c(u,v) = 3 weadd v € §.

We cannot add ¢ to S, so we have found a min cut. The minimum cut is

(8,9) = {(v, 1)}

and the capacity of the cut is ¢(v, t) = 2. The blue flow, of value 2, is a

maximum flow.



Example 2.
We have the same example, except that you are required to start with the

flow of one unit along the cycles suvtzrs. Note that the value of this flow is

zero, since the net flow leaving s is zero.




STEP 1

We have the flow given below in red. The path szt has a backward flow of
1: the flow in each arc is positive but backwards towards s along this path.
Therefore we can increase the flow to ¢ by reducing the flow in all arcs of

that path by one unit, but no less. The new flow is in blue below.

TABLE 2.
Arc Flow 1 | Flow 2 | Flow 3 | Capacity
(s, u) 1 1 2 4
(u, v) 1 1 2 3
(v, 1) 1 1 2 g
(t, x) 1 0 0 4
(w, ) 0 0 0 4
(z, u) 0 0 0 1
(v, 2) 0 0 0 1
(s, w) 0 0 0 2
(z, s) 1 0 0 3

STEP 2.

We have the flow in blue. Now along the path suwvt the flow can be

increased by one unit. The new flow is now in green in the table.



STEP 3.
The green flow seems to be a maximum flow, so let’s check that this is the

case by building a minimum cut. Start with S = {s}. Then again

Since f(s,w) =0 < c(s,w) =2 weadd w € S.

Since f(w,z) = 0 < c(w,z) = 4 weadd z € S.

Since f( 2 < cs,u) =4 weaddu € S.
(

Since f(u,v) = 2 < ¢(u,v) = 3 weadd v € S.

S, U)

We cannot add ¢ to S, so we have found a min cut. The minimum cut is

(5,5) = {(v, )}

and the capacity of the cut is ¢(v, t) = 2. The green flow, of value 2, is a
maximum flow. Note that it is different to the flow in Example 1, even

though it has the same value.





