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Abstract

W e pro v e that the maxim um n um b er of edges in a k -uniform h yp ergraph on n v ertices

con taining no t w o-regular subh yp ergraph is

�

n � 1

k � 1

�

if k � 4 is ev en and n is su�cien tly

large. Equalit y holds only if all edges con tain a sp eci�c v ertex v . F or o dd k w e conjecture

that this maxim um is

�

n � 1

k � 1

�

+ b

n � 1

k

c , with equalit y only for the h yp ergraph describ ed

ab o v e plus a maxim um matc hing omitting v .

1 In tro duction

One of the most basic facts in com binatorics is that an acyclic graph on n v ertices has at

most n � 1 edges, with equalit y only for trees. A natural generalization to h yp ergraphs (see

Berge [3 ] for more details) is obtained b y de�ning a circuit to b e a h yp ergraph consisting of

distinct v ertices v

1

; v

2

; : : : ; v

k

and distinct edges e

1

; : : : ; e

k

suc h that v

i

2 e

i

for i = 1 ; 2 : : : ; k ,

v

i +1

2 e

i

for i = 1 ; 2 : : : ; k � 1, and v

1

2 e

k

. Then a h yp ergraph H with no circuit satis�es

X

e 2 H

( j e j � 1) � j V ( H ) j � 1 :

In this pap er, w e consider a generalization to h yp ergraphs in a di�eren t direction. Since a cycle

is a t w o-regular graph, w e ma y ask for the maxim um n um b er of edges that a h yp ergraph on n

v ertices can ha v e without a t w o-regular subgraph { i.e. a subh yp ergraph in whic h ev ery v ertex

has degree t w o. Throughout the pap er, h yp ergraphs where all edges ha v e size k are called

k -uniform h yp ergraphs or, simply , k -graphs. Let P

k

( n ) b e the family of n -v ertex k -graphs

con taining no t w o-regular subgraph. Fixing k , a star h yp ergraph consists of all k -elemen t

sets of v ertices con taining a �xed v ertex. Our main result sho ws that star h yp ergraphs are

extremal in P

k

( n ) when k is ev en:

Theorem 1. F or every even inte ger k > 2 , ther e exists an inte ger n

k

such that for n � n

k

, if

H 2 P

k

( n ) then j H j �

�

n � 1

k � 1

�

. Equality holds if and only if H is a star.

The non-uniform analog of this theorem, whic h is m uc h simpler, is pro v ed in Section 2. As one

migh t exp ect, the pro of of Theorem 1 needs completely new tec hniques than the graph case.
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The result is pro v ed via the stabilit y approac h. Stabilit y results w ere in tro duced in extremal

graph theory b y Erd} os and Simono vits [14 ] in the 60's. The program of using stabilit y to

pro v e exact results has b een recen tly used with great success in extremal set theory (see

[5 , 6, 7, 8 , 9 , 10 , 11]). The sp eci�c approac h in this pap er has similarities to [10 ]. P erhaps

the main di�cult y in passing to an exact result when k is o dd is that stars are not extremal

in P

k

( n ) when k is o dd: it is p ossible to add to a star on n v ertices a matc hing of size b

n � 1

k

c ,

resulting in a k -graph in P

k

( n ) with a few more edges. W e conjecture that this \star-plus-

matc hing" construction is the unique extremal con�guration when k is o dd:

Conjecture 1. F or every o dd inte ger k � 3 , ther e exists an inte ger n

k

such that for n � n

k

,

if H 2 P

k

( n ) then j H j �

�

n � 1

k � 1

�

+ b

n � 1

k

c . Equality holds if and only if H is a star with c enter

v to gether with a maximal matching omitting v .

Conjecture 1 is a w eak er v ersion of a conjecture due to F • uredi, that for k > 3, a k -graph

con taining no t w o pairs of disjoin t sets with the same union has at most

�

n � 1

k � 1

�

+ b

n � 1

k

c edges.

F or o dd k > 3, this implies Conjecture 1; in fact a pair of disjoin t sets with the same union

is the smallest p ossible t w o-regular k -graph when k is o dd. The question of determining the

maxim um n um b er of edges f

k

( n ) of a k -graph on n v ertices con taining no t w o pairs of disjoin t

edges with the same union w as originally raised b y Erd} os (see [4 ]). This problem w as studied

b y F rankl and F • uredi [4 ], and the authors [12 ], who sho w ed that f

k

( n ) < 3

�

n

k � 1

�

, and this is

the curren t b est upp er b ound on f

k

( n ).

This pap er is organized as follo ws. In the next section, w e pro v e the non uniform analogue

of Theorem 1, that a collection of subsets of an n -elemen t set with no 2-regular subsystem

has size at most 2

n � 1

with equalit y (for n � 3) only for a star. In Section 3, w e presen t

t w o lemmas used to pro v e Theorem 1. The pro of of Theorem 1 is in Sections 4{6, and has

three parts. First w e shall sho w (see Section 4) that if H 2 P

k

( n ) then j H j .

�

n � 1

k � 1

�

. Using

this result, w e pro v e the stabilit y result (see Section 5), whic h sa ys that if j H j �

�

n � 1

k � 1

�

then

4 ( H ) �

�

n � 1

k � 1

�

. Finally , w e use this stabilit y theorem to pro v e Theorem 1 in Section 6. The

�nal section men tions related op en problems.

T erminology . W e denote b y V ( H ) the set of v ertices of a h yp ergraph H . The degree of

a v ertex v , written d ( v ), is the n um b er of edges con taining that v ertex. A matc hing is a

h yp ergraph whose edges are pairwise disjoin t { equiv alen tly this is a h yp ergraph in whic h

ev ery v ertex has degree one. A k -graph is a h yp ergraph where all sets ha v e size k , and a

h yp ergraph is r -regular if all its v ertices ha v e degree r . W e write

�

X

k

�

for the collection of all

k -sets of X . A star is a h yp ergraph or a k -graph consisting of all p ossible edges con taining a

�xed v ertex. F or a h yp ergraph H , denote b y 4 ( H ) its maxim um degree and d ( H ) its a v erage

degree. F or v 2 V ( H ), let H � f v g = f e 2 H : v 62 e g and H

v

= f e n f v g : v 2 e 2 H g . If

f ; g : N ! R are t w o functions then w e write f ( n ) & g ( n ) to denote that f ( n ) � g ( n ) h ( n ) for

some function h ( n ) suc h that lim inf

n !1

h ( n ) = 1. This is an equiv alen t but more con v enien t

w a y to write f ( n ) � (1 + o (1)) g ( n ). In the case f ( n ) = (1 + o (1)) g ( n ) w e write f ( n ) � g ( n ).

If there is a constan t c > 0 suc h that f ( n ) � cg ( n ) for all n , then w e write f ( n ) � g ( n ).

Throughout this pap er, all asymptotic statemen ts are tak en as n ! 1 , and k is alw a ys �xed

relativ e to n .
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2 Non-uniform h yp ergraphs

In this section, w e observ e the follo wing simple theorem. Let P ( n ) denote the family of

h yp ergraphs (without restriction on the sizes of the edges) on n v ertices con taining no t w o-

regular subgraph. W e stipulate that edges of a h yp ergraph are non-empt y sets. A star on n

v ertices is a h yp ergraph consisting of all 2

n � 1

sets con taining a �xed v ertex.

Theorem 2. L et n � 1 and H 2 P ( n ) . Then j H j � 2

n � 1

. If n � 3 and e quality holds, then

H is a star.

Pr o of. W e remark that it is easy to obtain an upp er b ound 2

n � 1

: if H 2 P ( n ), then H con tains

at most one complemen tary pair { a complemen tary pair consists of the edge e and the edge

V ( H ) nf e g . This sho ws j H j � 2

n � 1

+ 1, but if H con tains b oth edges of some complemen tary

pair, then V ( H ) cannot b e an edge of H , sho wing j H j � 2

n � 1

. F or the c haracterization of

equalit y , w e pro ceed b y induction on n for n � 3.

It is straigh tforw ard to c hec k the case n = 3; w e omit the details. No w w e pro ceed to the

induction step. Let us assume that n � 4 and H 2 P ( n ) has size j H j = 2

n � 1

. W e will sho w

that H is a star. Since a star is a maximal t w o-regular subgraph, this pro v es Theorem 2. First

w e sho w that ev ery v ertex of H has degree exactly 2

n � 2

. If there is a v ertex v 2 V ( H ) with

d ( v ) < 2

n � 2

, then H � f v g has a t w o-regular subgraph, b y induction. So ev ery v ertex of H has

degree at least 2

n � 2

. Pic k a v ertex x 2 V ( H ). If all sets con tain x then w e're done, so w e ma y

assume that there is a set e 2 H of size k missing x . F or eac h subset f � V ( H ) n ( e [ f x g ), the

n um b er of sets in H con taining x whose in tersection with V ( H ) n ( e [ f x g ) is f is at most 2

k � 1

,

for otherwise t w o of these sets ha v e complemen tary in tersections in e and these together with

e giv e a t w o-regular subgraph, con tradicting H 2 P ( n ). Hence the n um b er of sets con taining

x is at most 2

n � k � 1

2

k � 1

= 2

n � 2

. So ev ery v ertex of H has degree exactly 2

n � 2

. In particular,

for an y x 2 V ( H ), j H � f x gj = 2

n � 2

so b y induction, H � f x g is a star with cen ter at some

v ertex w . But no w it is easy to see that all sets con taining x m ust also con tain w , else w e

�nd a t w o-regular subgraph (either x lies in 2 sets omitting w , or one set omitting w and one

con taining w since 2

n � 2

> 1; in eac h case c ho ose an appropriate set con taining w to form a

t w o-regular subgraph). Therefore H is a star with cen ter w .

3 Preliminary Lemmas

In this section, w e presen t t w o lemmas whic h will b e used in pro ving Theorem 1. The �rst

lemma in v olv es matc hings. If M

1

and M

2

are distinct matc hings and V ( M

1

) = V ( M

2

), then

M

1

4 M

2

is a h yp ergraph whose v ertices all ha v e degree t w o. This observ ation is the k ey p oin t

of the follo wing lemma.

Lemma 1. L et H 2 P

k

( n ) b e a k -gr aph with d ( H ) = d and 4 ( H ) = 4 . Then 4 �

1

k

�

d

e

�

k

k � 1

.

In p articular, d � ek �

( k � 1) =k

and so j H j � en �

( k � 1) =k

.

Pr o of. Supp ose H 2 P

k

( n ) is a k -graph of a v erage degree d suc h that 4 ( H ) = 4 is less

than the b ound in the theorem. W e coun t matc hings in H of size m = bj E j =k 4c to pro v e
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H 62 P

k

( n ). F or a lo w er b ound on the n um b er of matc hings of size m , w e ma y greedily pic k

disjoin t edges e

1

; e

2

; : : : ; e

m

where at eac h step w e exclude all edges that in tersect previously

c hosen edges. Since at eac h step w e exclude at most k � new edges, the n um b er of matc hings

of size m in H is at least

1

m !

m

Y

i =1

( j E j � k � i ) =

1

m !

j E j

m

m

Y

i =1

�

1 �

k 4 i

j E j

�

=

1

m !

j E j

m

m � 1

Y

i =1

�

1 �

i

m

�

> ( k 4 )

m

:

T o complete the pro of, w e sho w that there exist distinct matc hings M

1

; M

2

of H suc h that

S

e 2 M

1

e =

S

e 2 M

2

e . This su�ces, since the edges in M

1

4 M

2

form a t w o-regular subgraph,

th us con tradicting H 2 P

k

( n ). Using the upp er b ound on 4 :

�

n

mk

�

<

�

e n

mk

�

mk

�

�

e k 4

d

�

k m

< ( k 4 )

m

:

Since

�

n

mk

�

is the n um b er of sets of mk v ertices of H , and there are more than ( k 4 )

m

matc hings

of size m in H , w e �nd the t w o required distinct matc hings M

1

; M

2

.

Our second lemma in v olv es circuits in h yp ergraphs. A circuit is a h yp ergraph consisting of

distinct v ertices v

1

; v

2

; : : : ; v

k

and distinct edges e

1

; : : : ; e

k

suc h that v

i

2 e

i

for i = 1 ; 2 : : : ; k ,

v

i +1

2 e

i

for i = 1 ; 2 : : : ; k � 1, and v

1

2 e

k

. W e require the follo wing lemma on circuits in

h yp ergraphs of a certain bipartite structure:

Lemma 2. L et G b e a k -gr aph and V ( G ) = A [ B , wher e A \ B = ; , al l e dges e 2 G have

j e \ A j = k � 1 , and every ( k � 1) -set in A lies in at le ast two e dges of G . If G 2 P

k

( n ) , then

j G j < 2 j B j

�

j A j + k � 3

k � 2

�

:

Pr o of. It is enough to sho w j G j < 2 j B j

�

j A j� 1

k � 2

�

when j A j = a ( k � 1) for some in teger a , since w e

ma y alw a ys add at most k � 2 p oin ts to A so that k � 1 divides j A j . Baran y ai's Theorem [2 ]

states that if s divides n , then the complete s -graph on n v ertices can b e partitioned in to

�

n � 1

s � 1

�

p erfect matc hings. Using this theorem with s = k � 1, w e write

�

A

k � 1

�

= M

1

[ M

2

[ � � � [ M

(

j A j� 1

k � 2

)

where eac h M

i

is a matc hing and the matc hings are edge-disjoin t. F or eac h matc hing M

i

=

f e

i

1

; : : : ; e

i

a

g , let G

i

b e the set of edges in E whose in tersection with A is e

i

j

for some j . Let

f

i

j

b e the set of v ertices v 2 B suc h that e

i

j

[ f v g 2 G

i

. Consider the h yp ergraph H

i

j

with

edges f

i

j

, j = 1 ; : : : ; a . If H

i

j

con tains a circuit with v ertices v

1

; v

2

; : : : ; v

p

, then G con tains the

t w o-regular subgraph with edges

e

i

1

[ f v

1

g e

i

1

[ f v

2

g e

i

2

[ f v

2

g e

i

2

[ f v

3

g e

i

p

[ f v

p

g e

i

p

[ f v

1

g

whic h con tradicts G 2 P

k

( n ). Consequen tly , H

i

j

has no circuit. It is w ell-kno wn that a

h yp ergraph H with no circuit satis�es

X

e 2 H

( j e j � 1) � ( j V ( H ) j � 1) : (5)
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By h yp othesis, j f

i

j

j � 2 for all i; j . Applying (5) to H

i

j

, w e therefore obtain

X

j

j f

i

j

j �

X

j

2( j f

i

j

j � 1) < 2 j B j : (6)

Adding (6) o v er di�eren t i; j , w e obtain

j G j �

X

i

X

j

j f

i

j

j � 2 j B j

�

j A j � 1

k � 2

�

:

4 The Asymptotic Result

Theorem 3. L et k � 3 and H 2 P

k

( n ) . Then j H j �

�

n � 1

k � 1

�

� n

k � 1 � 1 = 11

.

Pr o of. W e pro v e the follo wing more precise statemen t: for all n > k

100

,

j H j < (1 + cn

� 


)

�

n � 1

k � 1

�

where c = 2( k + 1)! and 
 =

1

11

. De�ne � = ( k + 1) = (3 k � 1) for k > 3 and � = 7 = 11 for k = 3.

Supp ose, for a con tradiction, that j H j equals this upp er b ound (rounded up if necessary) for

some H 2 P

k

( n ). Let T denote the set of v ertices of H of degree at least 4 = n

k � 1 � �

, and

set t = j T j . Then t 4 � k j H j and, since n > k

100

,

t < 4

� 1

k (1 + cn

� 


)

�

n � 1

k � 1

�

< k n

�

: (9)

Let H

i

= f e 2 H : j e \ T j = i g for i � k , and de�ne G = f e 2 H

1

: @ f 2 H

1

: e n T = f n T g .

In particular, j G j �

�

n

k � 1

�

.

Claim 1. j H

i

j <

�

en

1+( k � 1)( k � 1 � � ) =k

for i = 0

j G j + 2 k n

k � 2+ �

for i = 1

Pr o of. Since 4 ( H

0

) < 4 , b y de�nition of T , the �rst b ound follo ws from Lemma 1. F or

the second b ound, w e apply Lemma 2 to H

1

n G with A = V ( H ) n T and B = T to obtain

j H

1

n G j < 2 j T j

�

n + k � 3

k � 2

�

< 2 tn

k � 2

. The b ound on j H

1

j no w follo ws from (9).

Claim 2. j H n ( H

0

[ H

1

) j <

�

k

2

n

k � 2+2 �

for k > 3

6( n

1+ �

+ n

3 �

) for k = 3

Pr o of. F or k > 3, b y de�nition, ev ery edge in H n ( H

0

[ H

1

) consists of t w o v ertices of T

and k � 2 v ertices of V ( H ), so certainly j H n ( H

0

[ H

1

) j �

�

j T j

2

�

n

k � 2

. No w apply (9). F or

k = 3, observ e that j H

3

j <

�

j T j

3

�

. F urthermore, b y Lemma 2, with A = T and B = V ( H ) n T ,

j H

2

j < 2 j T j ( n � j T j ) +

�

j T j

2

�

< 2 tn . Using (9) giv es the claim.
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No w w e complete the pro of. By de�nition of � , the b ounds in Claims 1 and 2 are all of order

at most n

k � 1 � 


(the case i = 0 in Claim 1 needs a somewhat tedious calculation). Sp eci�cally ,

j H n G j = j H

0

j + j H

1

n G j + j H n ( H

0

[ H

1

) j < ( k

2

+ 2 k + e ) n

k � 1 � 


< 2 k

2

n

k � 1 � 


: (10)

Using the b ound j G j �

�

n

k � 1

�

in (10), w e obtain

j H j = j G j + j H n G j <

�

n

k � 1

�

+ 2 k

2

n

k � 1 � 


< (1 + cn

� 


)

�

n � 1

k � 1

�

:

This con tradiction completes the pro of.

5 Stabilit y

Theorem 4. L et k � 3 and H

n

2 P

k

( n ) . If j H

n

j �

�

n � 1

k � 1

�

, then 4 ( H

n

) �

�

n � 1

k � 1

�

.

Pr o of. F or simplicit y of notation, w e let H = H

n

and omit the subscript n when dealing

with h yp ergraphs constructed from H . As in the pro of of Theorem 3, let T denote the set of

v ertices in H of degree at least n

k � 1 � �

, H

1

= f e 2 H : j e \ T j = 1 g and G = f e 2 H

1

: @ f 2

H

1

: e n T = f n T g . De�ne

G

0

= f e n T : e 2 G g :

F or eac h x 2 T , let G

x

= f e 2 G

0

: e [ f x g 2 G g . W e assume that j G

v

j = max

x 2 T

j G

x

j .

Note that all sets in G ha v e size k , and all sets in G

0

or an y G

x

ha v e size k � 1. By (10),

j G

0

j = j G j � j H j �

�

n � 1

k � 1

�

, so it su�ces to pro v e j G

v

j � j G

0

j to pro v e the theorem. Supp ose,

for a con tradiction, that for some p ositiv e " <

1

2

,

j G

v

j . (1 � " ) j G

0

j : (12)

Let P ( G

0

) = ff e; f g � G

0

: j e \ f j = 1 g . De�ne P

1

( G

0

) � P ( G

0

) to b e the set of pairs

f e; f g 2 P ( G

0

) suc h that e; f 2 G

x

for some x , and P

2

( G

0

) = P ( G

0

) n P

1

( G

0

). The strategy

is to use (12) to deriv e a con tradiction b y �nding edges e; e

0

2 G

x

and f ; f

0

2 G

y

, for some

x 6= y , suc h that j e \ f j = 1 = j e

0

\ f

0

j , e 4 f = e

0

4 f

0

and e \ f 6= e

0

\ f

0

(sometimes the latter

condition will b e guaran teed b y e \ e

0

= ; = f \ f

0

). F or in this case, the edges

e [ f x g e

0

[ f x g f [ f y g f

0

[ f y g (13)

form a t w o-regular subgraph of H .

Claim 1. j P

2

( G

0

) j �

1

2

�

t

2

��

2 k � 4

k � 2

� �

n � 1

2 k � 4

�

.

Pr o of. Fix distinct x; y 2 T and let us �rst consider distinct f e

i

; f

i

g 2 P

2

( G

0

) suc h that

e

i

2 G

x

and f

i

2 G

y

. Supp ose that e

i

4 f

i

= e

j

4 f

j

for all 1 � i < j �

1

2

�

2 k � 4

k � 2

�

+ 1. If

e

i

\ f

i

6= e

j

\ f

j

for some i 6= j , then w e obtain a t w o-regular subgraph as in (13). So w e

ma y assume that e

i

\ f

i

= e

j

\ f

j

for all i 6= j . Since w e also ha v e e

i

4 f

i

= e

j

4 f

j

, and the

n um b er of pairs f e

i

; f

i

g is more than

1

2

�

2 k � 4

k � 2

�

, this implies that f e

i

; f

i

g = f e

j

; f

j

g for some

i 6= j , con tradiction. The argumen t ab o v e sho ws that eac h (2 k � 4)-set o ccurs as e 4 f at

most

1

2

�

2 k � 4

k � 2

�

times. Consequen tly , the n um b er of f e; f g 2 P

2

( G

0

) suc h that e 2 G

x

and

f 2 G

y

is at most

1

2

�

2 k � 4

k � 2

��

n � 1

2 k � 4

�

. It follo ws that j P

2

( G

0

) j �

1

2

�

t

2

� �

2 k � 4

k � 2

��

n � 1

2 k � 4

�

.
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F or the rest of the pro of, let  ( " ) = ((1 � " )

2

+ "

2

)

1 = 2

. F or i 2 f 1 ; 2 g , let Q

i

( G

0

) denote

the set of pairs ff e; f g ; f e

0

; f

0

gg suc h that f e; f g ; f e

0

; f

0

g 2 P

i

( G

0

), e \ e

0

= ; = f \ f

0

and

e 4 f = e

0

4 f

0

. These are called t yp e i quadrilaterals of G

0

. F or x 2 T , de�ne Q

1

( G

x

) to b e

the collection of pairs ff e; f g ; f e

0

; f

0

gg 2 Q

1

( G

0

) suc h that f e; f ; e

0

; f

0

g � G

x

. These are t yp e

1 quadrilaterals of G

x

. Let K b e the complete ( k � 1)-graph on V ( G

0

).

Claim 2. j P

1

( G

0

) j .  ( " ) � j P ( K ) j .

Pr o of. Let ff e; f g ; f e

0

; f

0

gg 2 Q

1

( G

0

). If e; f 2 G

x

and e

0

; f

0

2 G

y

with x 6= y , then w e

obtain a t w o-regular subgraph similar to that in (13). W e conclude that if e; f 2 G

x

, then

also e

0

; f

0

2 G

x

. It follo ws that

j Q

1

( G

0

) j =

X

x 2 T

j Q

1

( G

x

) j : (14)

F or a pair f g ; h g of disjoin t sets of size k � 2 in V ( G

0

), let p

1

( g ; h ) denote the n um b er of

pairs f e; f g 2 P

1

( G

0

) with e n f = g and f n e = h . The n um b er of suc h pairs f g ; h g is at

most

�

�

n � 1

k � 2

�

2

�

:= N :

Note also that the sum of p

1

( g ; h ) o v er all f g ; h g � V ( G

0

) is exactly j P

1

( G

0

) j . By con v exit y

of binomial co e�cien ts,

j Q

1

( G

0

) j =

X

f g ;h g

�

p

1

( g ; h )

2

�

&

�

j P

1

( G

0

) j = N

2

�

� N �

j P

1

( G

0

) j

2

�

n � 1

k � 2

�

2

: (15)

On the other hand, w e observ e that j Q

1

( G

x

) j �

1

2

( k � 1)

2

�

j G

x

j

2

�

, since if w e �x t w o disjoin t

edges, sa y e; e

0

2 G

x

, then the n um b er of t yp e 1 quadrilaterals of the form ff e; f g ; f e

0

; f

0

gg

is at most ( k � 1)

2

. The same t yp e 1 quadrilaterals are coun ted if w e had �xed the t w o

disjoin t edges f ; f

0

2 G

x

instead of e; e

0

, and this giv es the observ ation. Therefore, b y (14),

j Q

1

( G

0

) j �

1

2

( k � 1)

2

X

x 2 T

�

j G

x

j

2

�

:

This sum is a maxim um when j G

v

j � (1 � " ) j G

0

j and j G

w

j � " j G

0

j for some w 6= v , and the

rest of the j G

x

j s are zero. Therefore

j Q

1

( G

0

) j �

1

4

( k � 1)

2

 ( " )

2

j G

0

j

2

: (17)

Com bining (15) and (17), and j G

0

j �

�

n � 1

k � 1

�

, w e obtain

j P

1

( G

0

) j .  ( " ) �

1

2

( k � 1) j G

0

j

�

n � 1

k � 2

�

.  ( " ) j P ( K ) j :

This pro v es Claim 2.

W e no w complete the pro of for k > 3. Since j G

0

j � j K j , it is straigh tforw ard to see that

7



j P ( G

0

) j � j P ( K ) j . By (9), t � k n

�

where � <

1

2

(this relies on k > 3). Therefore

j P ( K ) j � j P ( G

0

) j = j P

1

( G

0

) j + j P

2

( G

0

) j

.  ( " ) j P ( K ) j + 2

�

t

2

��

2 k � 4

k � 2

��

n

2 k � 4

�

�  ( " ) j P ( K ) j : (18)

Ho w ev er,  ( " ) < 1, so the ab o v e inequalit y is a con tradiction.

F or k = 3, G

0

is a graph and P ( G

0

) is the set of paths of length t w o in G

0

. The problem with

the ab o v e argumen ts for k = 3 is that (9) only giv es t � 3 n

7 = 11

, whic h is to o large for (18) to

hold and pro vide a con tradiction. Therefore w e go one step further, and coun t paths of length

three in G

0

instead of paths of length t w o. Let P

3

( G

0

) b e the n um b er of paths of length three

in G

0

with edges from three di�eren t G

x

s. By Claim 2,

j P

2

( G

0

) j = j P ( G

0

) j � j P

1

( G

0

) j & (1 �  ( " )) j P ( K ) j � n

3

: (19)

As in Claim 1, if ff e; f g ; f e

0

; f

0

gg is a t yp e 2 quadrilateral of G and e; e

0

2 G

x

and f ; f

0

2 G

y

,

then w e obtain a t w o-regular subgraph of H . So eac h t yp e 2 quadrilateral con tains edges from

at least three di�eren t G

x

s, and these edges form a path of length three in G

0

. Consequen tly ,

as in (15), the con v exit y of binomial co e�cien ts and (19) giv e

j P

3

( G

0

) j �

1

4

j Q

2

( G

0

) j �

1

4

�

j P

2

( G

0

) j = N

2

�

N � n

4

since N =

�

n � 1

2

�

. Let ( A; B ) b e a random partition of V ( G

0

), de�ned b y placing a v ertex in

A with probabilit y

1

2

and in B with probabilit y

1

2

, indep enden tly for eac h v ertex of V ( G

0

).

Let G

�

denote the graph consisting of all edges b et w een A and B . Then the exp ected v alue

of j P

3

( G

�

) j is exactly

1

8

j P

3

( G

0

) j , so there is a partition of G

0

for whic h

j P

3

( G

�

) j �

1

8

j P

3

( G

0

) j � n

4

: (21)

Let e

1

e

2

e

3

and f

1

f

2

f

3

b e t w o paths in G

�

with the same pair of endp oin ts. Supp ose e

i

2 G

j ( i )

and f

i

2 G

h ( i )

where f j (1) ; j (2) ; j (3) g = f h (1) ; h (2) ; h (3) g . Since G

�

is bipartite, amongst

these edges there is a cycle C of length four or six con taining exactly zero or t w o edges from

eac h G

j ( i )

, i = 1 ; 2 ; 3. It is easily c hec k ed that the unique edges of H

0

whic h con tain the edges

of C form a t w o-regular subgraph of H , whic h is a con tradiction. W e conclude that at most

�

t

3

�

paths of length three in G

�

with edges in di�eren t G

i

s ha v e the same pair of endp oin ts. It

follo ws that

j P

3

( G

�

) j �

�

t

3

��

n

2

�

� n

4 �

1

11

using (9). This con tradicts (21), and completes the pro of of Theorem 4.

Corollary 1. Fix k � 3 . F or every " > 0 , ther e exists n

k ;"

such that if n > n

k ;"

and H 2 P

k

( n )

with j H j �

�

n � 1

k � 1

�

, then ther e is a vertex v 2 V ( H ) such that j H � f v gj < "n

k � 1

.
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Pr o of. Supp ose for con tradiction that there exists " > 0 and a sequence H

n

i

2 P

k

( n

i

) for

i � 1 with j H

n

i

j �

�

n

i

� 1

k � 1

�

and j H

n

i

� f v gj � "n

k � 1

for ev ery v 2 V ( H

n

i

). No w consider

a sequence G

l

2 P

k

( l ) satisfying G

l

= H

n

i

when l = n

i

and j G

l

j �

�

n � 1

k � 1

�

(one can easily

construct suc h a sequence b y letting G

l

b e a star for l 6= n

i

). Then Theorem 4 implies that

�( G

l

) �

�

n � 1

k � 1

�

, and passing to the subsequence H

n

i

w e conclude that �( H

n

i

) �

�

n

i

� 1

k � 1

�

whic h

is a con tradiction.

6 The Exact Result

In this section w e pro v e Theorem 1. Our main to ols are the asymptotic and stabilit y result.

Let H 2 P

k

( n ), where k � 4 is ev en, and supp ose j H j =

�

n � 1

k � 1

�

. Let " =

1

100 k

4 k

. By Corollary

1, for large enough n , there is a v ertex v 2 V ( H ) suc h that

j H � f v gj � "n

k � 1

: (23)

Let H

�

= H � f v g . T o complete the pro of, w e sho w j H

�

j = 0. Supp ose, for a con tradiction,

that j H

�

j > 0. F or j e j = k � 2, let d

v

( e ) b e the degree of a set e in H

v

.

Claim 1. There are pairwise disjoin t ( k � 2)-sets e

1

; e

2

; : : : ; e

k

� V ( H ) nf v g suc h that for

i 2 f 1 ; 2 ; : : : ; k g ,

d

v

( e

i

) � n � k + 1 �

2 k j H

�

j

�

n � 1

k � 2

� :

Pr o of. Let d ( n ) b e the lo w er b ound in the claim, F the family of ( k � 2)-sets in V ( H

v

)

whose degree is at least d ( n ), and let F

c

b e the rest of the ( k � 2)-sets in V ( H

v

). Then

( k � 1) j H

v

j =

X

e

d

v

( e ) � j F j ( n � k + 1) + j F

c

j d ( n ) :

where the sum is o v er e � V ( H

v

) of size k � 2. As j F j + j F

c

j =

�

n � 1

k � 2

�

, this implies

2 k j H

�

jj F j

�

n � 1

k � 2

�
� ( k � 1) j H

v

j � d ( n )

�

n � 1

k � 2

�

= 2 k j H

�

j � ( k � 1) j H

�

j

since j H

�

j =

�

n � 1

k � 1

�

� j H

v

j . Hence j F j �

�

1 �

k � 1

2 k

� �

n � 1

k � 2

�

>

1

2

�

n � 1

k � 2

�

: Let f e

1

; e

2

; : : : ; e

l

g b e

a maxim um matc hing in F . If l < k , then all other sets of F ha v e an elemen t within

e

1

[ e

2

[ � � � [ e

l

, whic h implies (since w e ma y tak e n is large enough) that

j F j � ( k � 1)( k � 2)

�

n � 1

k � 3

�

< k

2

�

n � 1

k � 3

�

<

1

2

�

n � 1

k � 2

�

:

This con tradiction sho ws that l � k and the claim is pro v ed.

Let W = f w 2 V ( H

v

) j 9 i : e

i

[ f v ; w g 62 H g . By Claim 1, j W j < k ( n � d ( n )). By adding p oin ts

arbitrarily to W , w e ma y assume that j W j = d k ( n � d ( n )) e . De�ne, for eac h i 2 f 0 ; 1 ; : : : ; k g ,

H

i

= f e 2 H

�

: j e \ W j = i g and let G = H

0

[ H

1

[ � � � [ H

k � 2

. Note that the H

i

partition

H

�

.
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Claim 2. j H

k � 1

j �

�

j W j

k � 1

�

.

Pr o of. Supp ose there exists a ( k � 1)-set e � W and elemen ts y ; z 62 W suc h that e [

f y g ; e [ f z g 2 H

k � 1

. Since j e j = k � 1, b y Claim 1 there exists i suc h that e

i

\ e = ;

and e

i

[ f v ; y g ; e

i

[ f v ; z g 2 H . T ogether with e [ f y g and e [ f z g , this yields a t w o-

regular subgraph in H . This con tradiction implies that w e ma y coun t sets in H

k � 1

b y their

in tersection with W to obtain j H

k � 1

j �

�

j W j

k � 1

�

.

Claim 3. j H

�

j �

�

n � k � 1

k = 2 � 1

�

.

Pr o of. Since j H

�

j � 1, there exists e 2 H

�

. Let e

0

b e a

k

2

-subset of e . No w for eac h c hoice

of a (

k

2

� 1)-set f � V ( H

v

) n e , one of the sets f [ e

0

[ f v g or f [ ( e n e

0

) [ f v g m ust b e

missing from H , otherwise these t w o sets together with e form a t w o-regular subgraph of

H . Consequen tly , j H

�

j �

�

n � k � 1

k = 2 � 1

�

.

Claim 4. j G j >

99

100

j H

�

j .

Pr o of. W e sho w j H

k � 1

j + j H

k

j <

1

100

j H

�

j . By Theorem 3, there is a smallest in teger n

0

=

n

0

( k ) suc h ev ery k -graph in P

k

( n ) with n > n

0

has at most 2

�

n

0

� 1

k � 1

�

edges. Assume also that

n

0

> 3 k

2

. If j W j < n

0

, then j H

k

j + j H

k � 1

j < j W j

k

< n

k

0

. If n is large enough then, b y Claim

3, this is less than

j H

�

j

100

, as required. So w e assume j W j > n

0

. Since the k -graph H

k

itself

con tains no t w o-regular subgraph, j H

k

j � 2

�

j W j� 1

k � 1

�

. Recalling that j W j = d k ( n � d ( n )) e ,

and using j W j > n

0

> 3 k

2

, w e obtain

j W j < k

2

+

2 k

2

j H

�

j

�

n � 1

k � 2

� <

3

2

2 k

2

j H

�

j

�

n � 1

k � 2

� =

3 k

2

j H

�

j

�

n � 1

k � 2

� :

No w supp ose, for a con tradiction, that j H

k

j + j H

k � 1

j >

j H

�

j

100

. By Claim 2,

j H

�

j

100

< j H

k

j + j H

k � 1

j < 2

�

j W j � 1

k � 1

�

+

�

j W j

k � 1

�

<

3 j W j

k � 1

( k � 1)!

<

k

2 k

j H

�

j

k � 1

�

n � 1

k � 2

�

k � 1

:

Simplifying,

j H

�

j

k � 2

>

�

n � 1

k � 2

�

k � 1

1

100 k

2 k

>

�

n � 1

k � 2

�

( k � 2)( k � 1)

1

100 k

2 k

>

( n � 1)

( k � 2)( k � 1)

100 k

( k � 2)( k � 1)+2 k

:

This implies that j H

�

j >

( n � 1)

k � 1

100 k

k � 1+2 k = ( k � 2)

> "n

k � 1

, whic h con tradicts (23). This completes

the pro of of Claim 4.

Let p b e the n um b er of pairs ( e; f ) suc h that

(1) v 62 e 2 H and j e \ W j � k � 2 (i.e. e 2 [

k � 2

i =0

H

i

)

(2) v 2 f 62 H and j f j = k (so the n um b er of suc h f s is j H

�

j )

(3) j e \ f j =

k

2

(4) e \ f and e n f (whic h are

k

2

-sets) ha v e a p oin t outside W .
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Fix e 2 H as ab o v e. Supp ose that g is a

k

2

-subset of e suc h that neither g nor e n g lies within W .

Let h b e a (

k

2

� 1)-subset of V ( H ) n ( W [ e [ f v g ). Then the three sets e; g [ h [ f v g ; ( e n g ) [ h [ f v g

form a t w o-regular subgraph. Consequen tly , either g [ h or ( e n g ) [ h is not in H

v

. The n um b er

of pairs f g ; e n g g that w e can tak e is at least

1

2

�

k

k = 2

�

�

�

j W \ e j

k = 2

�

�

1

2

�

k

k = 2

�

�

�

k � 2

k = 2

�

:

Therefore, coun ting p from the e 's w e ha v e

p � (0 : 99) j H

�

j

�

1

2

�

k

k = 2

�

�

�

k � 2

k = 2

�� �

n � j W j � k � 1

k = 2 � 1

�

> (0 : 98) j H

�

j

�

1

2

�

k

k = 2

�

�

�

k � 2

k = 2

�� �

n

k = 2 � 1

�

;

where the last inequalit y holds since j W j < "k

4 k

n and n is su�cien tly large.

On the other hand, coun ting p from the f s w e ha v e p � j H

�

j

�

k � 1

k = 2

�

q , where q is the n um b er of

times the

k

2

-sets g � f nf v g can extend to e , where e \ f = g . Let F b e the

k

2

-graph of these

p ossible extensions of g to e . Let F

0

� F b e the

k

2

-graph whose edges ha v e no p oin ts in W

and F

1

� F b e the

k

2

-graph whose edges ha v e at least one p oin t in W .

Claim 5. j F

0

j < 2

�

n

k = 2 � 1

�

=k and j F

1

j � "k

2 k

�

n

k = 2 � 1

�

.

Pr o of. W e start with F

1

: to eac h

k

2

-set h 2 F

1

asso ciate a (

k

2

� 1)-set h

0

� h suc h that

h

0

\ W 6= ; and W \ h � h

0

. Suc h an h

0

exists b y the de�nition of F

1

. If there are distinct

h

1

; h

2

2 F

1

with h

0

1

= h

0

2

, then there are distinct v ertices y ; z 62 W suc h that h

1

= h

0

1

[ f y g

and h

2

= h

0

2

[ f z g By Claim 1, there exists i for whic h e

i

has no p oin t of W \ ( g [ h

1

[ h

2

).

No w the four sets g [ h

1

; g [ h

2

; e

i

[ f v ; y g ; e

i

[ f v ; z g form a t w o-regular subgraph of H ,

con tradicting H 2 P

k

( n ). Consequen tly , j F

1

j is at most the n um b er of (

k

2

� 1)-sets of V ( H )

that con tain at least one p oin t of W . This is at most

j W j

�

n

k = 2 � 2

�

<

3 k

2

"n

k � 1

�

n � 1

k � 2

�

�

n

k = 2 � 2

�

< "k

2 k

�

n

k = 2 � 1

�

:

This giv es the b ound on j F

1

j . If there are distinct h

1

; h

2

2 F

0

with j h

1

\ h

2

j = k = 2 � 1, then

arguing as ab o v e w e �nd t w o-regular subgraph of H . Consequen tly , j F

0

j <

�

n

k = 2 � 1

�

=

�

k = 2

k = 2 � 1

�

.

Putting these b ounds together w e ha v e q � "k

2 k

�

n

k = 2 � 1

�

+ 2

�

n

k = 2 � 1

�

=k , and this giv es

p � (1 + "k

4 k

) j H

�

j

�

k � 1

k = 2

�

2

k

�

n

k = 2 � 1

�

:

Comparing the upp er and lo w er b ounds for p and dividing b y j H

�

j

�

n

k = 2 � 1

�

yields

(0 : 98)

�

1

2

�

k

k = 2

�

�

�

k � 2

k = 2

��

< (1 + "k

4 k

)

2

k

�

k � 1

k = 2

�

:

Since " < k

4 k

= 100 this implies that
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(0 : 97)

�

1

2

�

k

k = 2

�

�

�

k � 2

k = 2

��

<

2

k

�

k � 1

k = 2

�

:

A short calculation sho ws that this is equiv alen t to (0 : 97 k � 2)( k � 1) < 0 : 97 k (

k

2

� 1), and

it is easily v eri�ed that this is false for k � 4. This con tradiction completes the pro of of the

theorem.

7 Concluding Remarks

A k -graph is r -regular if all its v ertices ha v e degree r . In con trast to Theorem 1, if the

degrees in a k -graph are all the same, then a linear n um b er of edges already forces a t w o-

regular subgraph. Precisely , let �

k

denote the maxim um n um b er � suc h that there exists a

� -regular k -graph con taining no t w o-regular subgraph. Then Lemma 1 immediately implies

that �

k

� ( ek )

k

. On the other hand, w e ha v e a lo w er b ound of

�

3 k = 2 � 1

k � 1

�

when k is ev en and

�

2 k � 1

k � 1

�

when k is o dd, b y taking complete k -graphs of the appropriate size (these con tain no

t w o-regular subgraphs b ecause ev ery t w o-regular subgraph has at least 3 k = 2 v ertices when k

is ev en and at least 2 k v ertices when k is o dd). The lo w er b ounds are of order c

k

, so there is

a substan tial gap in the b ounds for �

k

. W e lea v e the op en problem of determining �

k

and, in

particular, �

3

. It is exp ected that if a k -graph is � -regular and � is a large enough constan t

dep ending on k and r , then ev ery � -regular k -graph has an r -regular subgraph (a subgraph

in whic h ev ery v ertex has degree r ). In fact, this should hold for m ulti- k -graphs { instead of

a set of edges a m ultiset of edges is allo w ed. Therefore w e mak e the follo wing conjecture:

Conjecture 2. L et k ; r � 2 . Ther e exists an inte ger �

k

( r ) such that for � > �

k

( r ) , every

� -r e gular multi- k -gr aph c ontains an r -r e gular sub gr aph.

This conjecture is wide op en for k ; r � 3. If w e sup erimp ose r � 1 copies of the complete k -graph

on k + 1 v ertices, and k and r are relativ ely prime, then w e obtain a m ulti- k -graph con taining no

r -regular subgraph. This simple construction sho ws that if �

k

( r ) exists, then �

k

( r ) � k ( r � 1).

F or k = 2, in other w ords, for m ultigraphs, T^ askino v [15 ] completely determined �

k

( r ) using

T utte's f -F actor Theorem. Unfortunately , there is no analogous theorem for k -graphs when

k � 3. The follo wing p ositiv e evidence for Conjecture 2 follo ws immediately b y extending the

pro of of Alon, F riedland, Kalai [1 ] and uses Chev alley's theorem:

Theorem 5. L et H b e an n -vertex k -gr aph, such that H is k ( r � 1) + 1 -r e gular, wher e r

is a prime numb er. Then H has a sub gr aph al l of whose vertex de gr e es ar e elements of

f r ; 2 r ; : : : ; ( k � 1) r g .

The construction of sup erimp osed m ulti- k -graphs giv en ab o v e sho ws that Theorem 5 is tigh t

whenev er r is a prime whic h do es not divide k . F urther evidence for Conjecture 2 comes from

R• odl's pac king metho d [13 ]. A k -graph is linear if no t w o of its edges in tersect in t w o or more

p oin ts. If M is a matc hing in a k -graph H , let ex ( M ) denote the n um b er of v ertices not

co v ered b y M . R• odl's Theorem [13 ] sa ys that ev ery linear n -v ertex d -regular k -graph con tains

a matc hing M suc h that ex ( M ) � d

� "

n , for some constan t " > 0 dep ending only on k . In fact,

the degrees of the v ertices in the h yp ergraph are allo w ed to b e b et w een (1 � � ) d and (1 + � ) d

12



for the same conclusion, pro vided � > 0 is a su�cien tly small constan t dep ending on " . By

rep eatedly remo ving r suc h matc hings from a linear d -regular k -graph, w e see that for an y

�xed r , w e obtain a subgraph in whic h all v ertices ha v e degree at most r , and at most r d

� "

n

v ertices ha v e degree less than r . In other w ords, w e �nd an \almost r -regular" subgraph.

On the other hand, w e do not ev en ha v e a v eri�cation that ev ery large enough Steiner triple

system has a three-regular subgraph.
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