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ques Verstra�ete yAugust 7, 2007Abstra
tWe prove that the maximum number of edges in a k-uniform hypergraph on n verti
es
ontaining no two-regular subhypergraph is �n�1k�1� if k � 4 is even and n is suÆ
ientlylarge. Equality holds only if all edges 
ontain a spe
i�
 vertex v. For odd k we 
onje
turethat this maximum is �n�1k�1� + bn�1k 
, with equality only for the hypergraph des
ribedabove plus a maximum mat
hing omitting v.1 Introdu
tionOne of the most basi
 fa
ts in 
ombinatori
s is that an a
y
li
 graph on n verti
es has atmost n � 1 edges, with equality only for trees. A natural generalization to hypergraphs (seeBerge [3℄ for more details) is obtained by de�ning a 
ir
uit to be a hypergraph 
onsisting ofdistin
t verti
es v1; v2; : : : ; vk and distin
t edges e1; : : : ; ek su
h that vi 2 ei for i = 1; 2 : : : ; k,vi+1 2 ei for i = 1; 2 : : : ; k � 1, and v1 2 ek. Then a hypergraph H with no 
ir
uit satis�esXe2H(jej � 1) � jV (H)j � 1:In this paper, we 
onsider a generalization to hypergraphs in a di�erent dire
tion. Sin
e a 
y
leis a two-regular graph, we may ask for the maximum number of edges that a hypergraph on nverti
es 
an have without a two-regular subgraph { i.e. a subhypergraph in whi
h every vertexhas degree two. Throughout the paper, hypergraphs where all edges have size k are 
alledk-uniform hypergraphs or, simply, k-graphs. Let Pk(n) be the family of n-vertex k-graphs
ontaining no two-regular subgraph. Fixing k, a star hypergraph 
onsists of all k-elementsets of verti
es 
ontaining a �xed vertex. Our main result shows that star hypergraphs areextremal in Pk(n) when k is even:Theorem 1. For every even integer k > 2, there exists an integer nk su
h that for n � nk, ifH 2 Pk(n) then jHj � �n�1k�1�. Equality holds if and only if H is a star.The non-uniform analog of this theorem, whi
h is mu
h simpler, is proved in Se
tion 2. As onemight expe
t, the proof of Theorem 1 needs 
ompletely new te
hniques than the graph 
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The result is proved via the stability approa
h. Stability results were introdu
ed in extremalgraph theory by Erd}os and Simonovits [14℄ in the 60's. The program of using stability toprove exa
t results has been re
ently used with great su

ess in extremal set theory (see[5, 6, 7, 8, 9, 10, 11℄). The spe
i�
 approa
h in this paper has similarities to [10℄. Perhapsthe main diÆ
ulty in passing to an exa
t result when k is odd is that stars are not extremalin Pk(n) when k is odd: it is possible to add to a star on n verti
es a mat
hing of size bn�1k 
,resulting in a k-graph in Pk(n) with a few more edges. We 
onje
ture that this \star-plus-mat
hing" 
onstru
tion is the unique extremal 
on�guration when k is odd:Conje
ture 1. For every odd integer k � 3, there exists an integer nk su
h that for n � nk,if H 2 Pk(n) then jHj � �n�1k�1�+ bn�1k 
. Equality holds if and only if H is a star with 
enterv together with a maximal mat
hing omitting v.Conje
ture 1 is a weaker version of a 
onje
ture due to F�uredi, that for k > 3, a k-graph
ontaining no two pairs of disjoint sets with the same union has at most �n�1k�1�+ bn�1k 
 edges.For odd k > 3, this implies Conje
ture 1; in fa
t a pair of disjoint sets with the same unionis the smallest possible two-regular k-graph when k is odd. The question of determining themaximum number of edges fk(n) of a k-graph on n verti
es 
ontaining no two pairs of disjointedges with the same union was originally raised by Erd}os (see [4℄). This problem was studiedby Frankl and F�uredi [4℄, and the authors [12℄, who showed that fk(n) < 3� nk�1�, and this isthe 
urrent best upper bound on fk(n).This paper is organized as follows. In the next se
tion, we prove the nonuniform analogueof Theorem 1, that a 
olle
tion of subsets of an n-element set with no 2-regular subsystemhas size at most 2n�1 with equality (for n � 3) only for a star. In Se
tion 3, we presenttwo lemmas used to prove Theorem 1. The proof of Theorem 1 is in Se
tions 4{6, and hasthree parts. First we shall show (see Se
tion 4) that if H 2 Pk(n) then jHj . �n�1k�1�. Usingthis result, we prove the stability result (see Se
tion 5), whi
h says that if jHj � �n�1k�1� then4(H) � �n�1k�1�. Finally, we use this stability theorem to prove Theorem 1 in Se
tion 6. The�nal se
tion mentions related open problems.Terminology. We denote by V (H) the set of verti
es of a hypergraph H. The degree ofa vertex v, written d(v), is the number of edges 
ontaining that vertex. A mat
hing is ahypergraph whose edges are pairwise disjoint { equivalently this is a hypergraph in whi
hevery vertex has degree one. A k-graph is a hypergraph where all sets have size k, and ahypergraph is r-regular if all its verti
es have degree r. We write �Xk � for the 
olle
tion of allk-sets of X. A star is a hypergraph or a k-graph 
onsisting of all possible edges 
ontaining a�xed vertex. For a hypergraph H, denote by 4(H) its maximum degree and d(H) its averagedegree. For v 2 V (H), let H � fvg = fe 2 H : v 62 eg and Hv = fe n fvg : v 2 e 2 Hg. Iff; g : N ! R are two fun
tions then we write f(n) & g(n) to denote that f(n) � g(n)h(n) forsome fun
tion h(n) su
h that lim infn!1 h(n) = 1. This is an equivalent but more 
onvenientway to write f(n) � (1 + o(1))g(n). In the 
ase f(n) = (1 + o(1))g(n) we write f(n) � g(n).If there is a 
onstant 
 > 0 su
h that f(n) � 
g(n) for all n, then we write f(n) � g(n).Throughout this paper, all asymptoti
 statements are taken as n!1, and k is always �xedrelative to n. 2



2 Non-uniform hypergraphsIn this se
tion, we observe the following simple theorem. Let P(n) denote the family ofhypergraphs (without restri
tion on the sizes of the edges) on n verti
es 
ontaining no two-regular subgraph. We stipulate that edges of a hypergraph are non-empty sets. A star on nverti
es is a hypergraph 
onsisting of all 2n�1 sets 
ontaining a �xed vertex.Theorem 2. Let n � 1 and H 2 P(n). Then jHj � 2n�1. If n � 3 and equality holds, thenH is a star.Proof. We remark that it is easy to obtain an upper bound 2n�1: ifH 2 P(n), then H 
ontainsat most one 
omplementary pair { a 
omplementary pair 
onsists of the edge e and the edgeV (H)nfeg. This shows jHj � 2n�1 + 1, but if H 
ontains both edges of some 
omplementarypair, then V (H) 
annot be an edge of H, showing jHj � 2n�1. For the 
hara
terization ofequality, we pro
eed by indu
tion on n for n � 3.It is straightforward to 
he
k the 
ase n = 3; we omit the details. Now we pro
eed to theindu
tion step. Let us assume that n � 4 and H 2 P(n) has size jHj = 2n�1. We will showthat H is a star. Sin
e a star is a maximal two-regular subgraph, this proves Theorem 2. Firstwe show that every vertex of H has degree exa
tly 2n�2. If there is a vertex v 2 V (H) withd(v) < 2n�2, then H�fvg has a two-regular subgraph, by indu
tion. So every vertex of H hasdegree at least 2n�2. Pi
k a vertex x 2 V (H). If all sets 
ontain x then we're done, so we mayassume that there is a set e 2 H of size k missing x. For ea
h subset f � V (H)n(e[fxg), thenumber of sets in H 
ontaining x whose interse
tion with V (H)n(e[fxg) is f is at most 2k�1,for otherwise two of these sets have 
omplementary interse
tions in e and these together withe give a two-regular subgraph, 
ontradi
ting H 2 P(n). Hen
e the number of sets 
ontainingx is at most 2n�k�12k�1 = 2n�2. So every vertex of H has degree exa
tly 2n�2. In parti
ular,for any x 2 V (H), jH � fxgj = 2n�2 so by indu
tion, H � fxg is a star with 
enter at somevertex w. But now it is easy to see that all sets 
ontaining x must also 
ontain w, else we�nd a two-regular subgraph (either x lies in 2 sets omitting w, or one set omitting w and one
ontaining w sin
e 2n�2 > 1; in ea
h 
ase 
hoose an appropriate set 
ontaining w to form atwo-regular subgraph). Therefore H is a star with 
enter w.3 Preliminary LemmasIn this se
tion, we present two lemmas whi
h will be used in proving Theorem 1. The �rstlemma involves mat
hings. If M1 and M2 are distin
t mat
hings and V (M1) = V (M2), thenM14M2 is a hypergraph whose verti
es all have degree two. This observation is the key pointof the following lemma.Lemma 1. Let H 2 Pk(n) be a k-graph with d(H) = d and 4(H) = 4. Then 4 � 1k �de� kk�1 .In parti
ular, d � ek�(k�1)=k and so jHj � en�(k�1)=k.Proof. Suppose H 2 Pk(n) is a k-graph of average degree d su
h that 4(H) = 4 is lessthan the bound in the theorem. We 
ount mat
hings in H of size m = bjEj=k4
 to prove3



H 62 Pk(n). For a lower bound on the number of mat
hings of size m, we may greedily pi
kdisjoint edges e1; e2; : : : ; em where at ea
h step we ex
lude all edges that interse
t previously
hosen edges. Sin
e at ea
h step we ex
lude at most k� new edges, the number of mat
hingsof size m in H is at least1m! mYi=1(jEj � k�i) = 1m! jEjm mYi=1�1� k4ijEj � = 1m! jEjm m�1Yi=1 �1� im� > (k4)m:To 
omplete the proof, we show that there exist distin
t mat
hings M1;M2 of H su
h thatSe2M1 e = Se2M2 e. This suÆ
es, sin
e the edges in M14M2 form a two-regular subgraph,thus 
ontradi
ting H 2 Pk(n). Using the upper bound on 4:� nmk� < � enmk�mk � �ek4d �km < (k4)m:Sin
e � nmk� is the number of sets ofmk verti
es ofH, and there are more than (k4)m mat
hingsof size m in H, we �nd the two required distin
t mat
hings M1;M2.Our se
ond lemma involves 
ir
uits in hypergraphs. A 
ir
uit is a hypergraph 
onsisting ofdistin
t verti
es v1; v2; : : : ; vk and distin
t edges e1; : : : ; ek su
h that vi 2 ei for i = 1; 2 : : : ; k,vi+1 2 ei for i = 1; 2 : : : ; k � 1, and v1 2 ek. We require the following lemma on 
ir
uits inhypergraphs of a 
ertain bipartite stru
ture:Lemma 2. Let G be a k-graph and V (G) = A [ B, where A \ B = ;, all edges e 2 G haveje \Aj = k � 1, and every (k � 1)-set in A lies in at least two edges of G. If G 2 Pk(n), thenjGj < 2jBj�jAj+ k � 3k � 2 �:Proof. It is enough to show jGj < 2jBj�jAj�1k�2 � when jAj = a(k�1) for some integer a, sin
e wemay always add at most k � 2 points to A so that k � 1 divides jAj. Baranyai's Theorem [2℄states that if s divides n, then the 
omplete s-graph on n verti
es 
an be partitioned into�n�1s�1� perfe
t mat
hings. Using this theorem with s = k � 1, we write� Ak � 1� =M1 [M2 [ � � � [M(jAj�1k�2 )where ea
h M i is a mat
hing and the mat
hings are edge-disjoint. For ea
h mat
hing M i =fei1; : : : ; eiag, let Gi be the set of edges in E whose interse
tion with A is eij for some j. Letf ij be the set of verti
es v 2 B su
h that eij [ fvg 2 Gi. Consider the hypergraph Hij withedges f ij , j = 1; : : : ; a. If Hij 
ontains a 
ir
uit with verti
es v1; v2; : : : ; vp, then G 
ontains thetwo-regular subgraph with edgesei1 [ fv1g ei1 [ fv2g ei2 [ fv2g ei2 [ fv3g eip [ fvpg eip [ fv1gwhi
h 
ontradi
ts G 2 Pk(n). Consequently, Hij has no 
ir
uit. It is well-known that ahypergraph H with no 
ir
uit satis�esXe2H(jej � 1) � (jV (H)j � 1): (5)4



By hypothesis, jf ij j � 2 for all i; j. Applying (5) to Hij, we therefore obtainXj jf ij j �Xj 2(jf ij j � 1) < 2jBj: (6)Adding (6) over di�erent i; j, we obtainjGj �Xi Xj jf ij j � 2jBj�jAj � 1k � 2 �:4 The Asymptoti
 ResultTheorem 3. Let k � 3 and H 2 Pk(n). Then jHj � �n�1k�1�� nk�1�1=11.Proof. We prove the following more pre
ise statement: for all n > k100,jHj < (1 + 
n�
)�n� 1k � 1�where 
 = 2(k+1)! and 
 = 111 . De�ne � = (k+1)=(3k�1) for k > 3 and � = 7=11 for k = 3.Suppose, for a 
ontradi
tion, that jHj equals this upper bound (rounded up if ne
essary) forsome H 2 Pk(n). Let T denote the set of verti
es of H of degree at least 4 = nk�1��, andset t = jT j. Then t4 � kjHj and, sin
e n > k100,t < 4�1k(1 + 
n�
)�n� 1k � 1� < kn�: (9)Let Hi = fe 2 H : je \ T j = ig for i � k, and de�ne G = fe 2 H1 : �f 2 H1 : e n T = f n Tg.In parti
ular, jGj � � nk�1�.Claim 1. jHij < � en1+(k�1)(k�1��)=k for i = 0jGj+ 2knk�2+� for i = 1Proof. Sin
e 4(H0) < 4, by de�nition of T , the �rst bound follows from Lemma 1. Forthe se
ond bound, we apply Lemma 2 to H1nG with A = V (H)nT and B = T to obtainjH1nGj < 2jT j�n+k�3k�2 � < 2tnk�2. The bound on jH1j now follows from (9).Claim 2. jHn(H0 [H1)j < � k2nk�2+2� for k > 36(n1+� + n3�) for k = 3Proof. For k > 3, by de�nition, every edge in Hn(H0 [ H1) 
onsists of two verti
es of Tand k � 2 verti
es of V (H), so 
ertainly jHn(H0 [H1)j � �jT j2 �nk�2. Now apply (9). Fork = 3, observe that jH3j < �jT j3 �. Furthermore, by Lemma 2, with A = T and B = V (H)nT ,jH2j < 2jT j(n� jT j) + �jT j2 � < 2tn. Using (9) gives the 
laim.5



Now we 
omplete the proof. By de�nition of �, the bounds in Claims 1 and 2 are all of orderat most nk�1�
 (the 
ase i = 0 in Claim 1 needs a somewhat tedious 
al
ulation). Spe
i�
ally,jHnGj = jH0j+ jH1nGj+ jHn(H0 [H1)j < (k2 + 2k + e)nk�1�
 < 2k2nk�1�
: (10)Using the bound jGj � � nk�1� in (10), we obtainjHj = jGj+ jHnGj < � nk � 1�+ 2k2nk�1�
 < (1 + 
n�
)�n� 1k � 1�:This 
ontradi
tion 
ompletes the proof.5 StabilityTheorem 4. Let k � 3 and Hn 2 Pk(n). If jHnj � �n�1k�1�, then 4(Hn) � �n�1k�1�.Proof. For simpli
ity of notation, we let H = Hn and omit the subs
ript n when dealingwith hypergraphs 
onstru
ted from H. As in the proof of Theorem 3, let T denote the set ofverti
es in H of degree at least nk�1��, H1 = fe 2 H : je \ T j = 1g and G = fe 2 H1 : �f 2H1 : e n T = f n Tg. De�ne G0 = fe n T : e 2 Gg:For ea
h x 2 T , let Gx = fe 2 G0 : e [ fxg 2 Gg. We assume that jGvj = maxx2T jGxj.Note that all sets in G have size k, and all sets in G0 or any Gx have size k � 1. By (10),jG0j = jGj � jHj � �n�1k�1�, so it suÆ
es to prove jGv j � jG0j to prove the theorem. Suppose,for a 
ontradi
tion, that for some positive " < 12 ,jGvj . (1� ")jG0j: (12)Let P (G0) = ffe; fg � G0 : je \ f j = 1g. De�ne P1(G0) � P (G0) to be the set of pairsfe; fg 2 P (G0) su
h that e; f 2 Gx for some x, and P2(G0) = P (G0)nP1(G0). The strategyis to use (12) to derive a 
ontradi
tion by �nding edges e; e0 2 Gx and f; f 0 2 Gy, for somex 6= y, su
h that je\ f j = 1 = je0 \ f 0j, e4f = e04f 0 and e\ f 6= e0 \ f 0 (sometimes the latter
ondition will be guaranteed by e \ e0 = ; = f \ f 0). For in this 
ase, the edgese [ fxg e0 [ fxg f [ fyg f 0 [ fyg (13)form a two-regular subgraph of H.Claim 1. jP2(G0)j � 12�t2��2k�4k�2 �� n�12k�4�.Proof. Fix distin
t x; y 2 T and let us �rst 
onsider distin
t fei; fig 2 P2(G0) su
h thatei 2 Gx and fi 2 Gy. Suppose that ei4fi = ej4fj for all 1 � i < j � 12�2k�4k�2 � + 1. Ifei \ fi 6= ej \ fj for some i 6= j, then we obtain a two-regular subgraph as in (13). So wemay assume that ei \ fi = ej \ fj for all i 6= j. Sin
e we also have ei4fi = ej4fj, and thenumber of pairs fei; fig is more than 12�2k�4k�2 �, this implies that fei; fig = fej ; fjg for somei 6= j, 
ontradi
tion. The argument above shows that ea
h (2k � 4)-set o

urs as e4f atmost 12�2k�4k�2 � times. Consequently, the number of fe; fg 2 P2(G0) su
h that e 2 Gx andf 2 Gy is at most 12�2k�4k�2 �� n�12k�4�. It follows that jP2(G0)j � 12�t2��2k�4k�2 �� n�12k�4�.6



For the rest of the proof, let  (") = ((1 � ")2 + "2)1=2. For i 2 f1; 2g, let Qi(G0) denotethe set of pairs ffe; fg; fe0; f 0gg su
h that fe; fg; fe0; f 0g 2 Pi(G0), e \ e0 = ; = f \ f 0 ande4f = e04f 0. These are 
alled type i quadrilaterals of G0. For x 2 T , de�ne Q1(Gx) to bethe 
olle
tion of pairs ffe; fg; fe0; f 0gg 2 Q1(G0) su
h that fe; f; e0; f 0g � Gx. These are type1 quadrilaterals of Gx. Let K be the 
omplete (k � 1)-graph on V (G0).Claim 2. jP1(G0)j .  (") � jP (K)j.Proof. Let ffe; fg; fe0; f 0gg 2 Q1(G0). If e; f 2 Gx and e0; f 0 2 Gy with x 6= y, then weobtain a two-regular subgraph similar to that in (13). We 
on
lude that if e; f 2 Gx, thenalso e0; f 0 2 Gx. It follows that jQ1(G0)j =Xx2T jQ1(Gx)j: (14)For a pair fg; hg of disjoint sets of size k � 2 in V (G0), let p1(g; h) denote the number ofpairs fe; fg 2 P1(G0) with enf = g and fne = h. The number of su
h pairs fg; hg is atmost ��n�1k�2�2 � := N:Note also that the sum of p1(g; h) over all fg; hg � V (G0) is exa
tly jP1(G0)j. By 
onvexityof binomial 
oeÆ
ients,jQ1(G0)j = Xfg;hg�p1(g; h)2 � & �jP1(G0)j=N2 � �N � jP1(G0)j2�n�1k�2�2 : (15)On the other hand, we observe that jQ1(Gx)j � 12(k � 1)2�jGxj2 �, sin
e if we �x two disjointedges, say e; e0 2 Gx, then the number of type 1 quadrilaterals of the form ffe; fg; fe0; f 0ggis at most (k � 1)2. The same type 1 quadrilaterals are 
ounted if we had �xed the twodisjoint edges f; f 0 2 Gx instead of e; e0, and this gives the observation. Therefore, by (14),jQ1(G0)j � 12(k � 1)2Xx2T �jGxj2 �:This sum is a maximum when jGv j � (1� ")jG0j and jGwj � "jG0j for some w 6= v, and therest of the jGxjs are zero. ThereforejQ1(G0)j � 14(k � 1)2 (")2jG0j2: (17)Combining (15) and (17), and jG0j � �n�1k�1�, we obtainjP1(G0)j .  (") � 12(k � 1)jG0j�n� 1k � 2� .  (")jP (K)j:This proves Claim 2.We now 
omplete the proof for k > 3. Sin
e jG0j � jKj, it is straightforward to see that7



jP (G0)j � jP (K)j. By (9), t � kn� where � < 12 (this relies on k > 3). ThereforejP (K)j � jP (G0)j = jP1(G0)j+ jP2(G0)j.  (")jP (K)j + 2�t2��2k � 4k � 2 �� n2k � 4��  (")jP (K)j: (18)However,  (") < 1, so the above inequality is a 
ontradi
tion.For k = 3, G0 is a graph and P (G0) is the set of paths of length two in G0. The problem withthe above arguments for k = 3 is that (9) only gives t � 3n7=11, whi
h is too large for (18) tohold and provide a 
ontradi
tion. Therefore we go one step further, and 
ount paths of lengththree in G0 instead of paths of length two. Let P3(G0) be the number of paths of length threein G0 with edges from three di�erent Gxs. By Claim 2,jP2(G0)j = jP (G0)j � jP1(G0)j & (1�  ("))jP (K)j � n3: (19)As in Claim 1, if ffe; fg; fe0; f 0gg is a type 2 quadrilateral of G and e; e0 2 Gx and f; f 0 2 Gy,then we obtain a two-regular subgraph of H. So ea
h type 2 quadrilateral 
ontains edges fromat least three di�erent Gxs, and these edges form a path of length three in G0. Consequently,as in (15), the 
onvexity of binomial 
oeÆ
ients and (19) givejP3(G0)j � 14 jQ2(G0)j � 14�jP2(G0)j=N2 �N � n4sin
e N = �n�12 �. Let (A;B) be a random partition of V (G0), de�ned by pla
ing a vertex inA with probability 12 and in B with probability 12 , independently for ea
h vertex of V (G0).Let G� denote the graph 
onsisting of all edges between A and B. Then the expe
ted valueof jP3(G�)j is exa
tly 18 jP3(G0)j, so there is a partition of G0 for whi
hjP3(G�)j � 18 jP3(G0)j � n4: (21)Let e1e2e3 and f1f2f3 be two paths in G� with the same pair of endpoints. Suppose ei 2 Gj(i)and fi 2 Gh(i) where fj(1); j(2); j(3)g = fh(1); h(2); h(3)g. Sin
e G� is bipartite, amongstthese edges there is a 
y
le C of length four or six 
ontaining exa
tly zero or two edges fromea
h Gj(i), i = 1; 2; 3. It is easily 
he
ked that the unique edges of H 0 whi
h 
ontain the edgesof C form a two-regular subgraph of H, whi
h is a 
ontradi
tion. We 
on
lude that at most�t3� paths of length three in G� with edges in di�erent Gis have the same pair of endpoints. Itfollows that jP3(G�)j � �t3��n2�� n4� 111using (9). This 
ontradi
ts (21), and 
ompletes the proof of Theorem 4.Corollary 1. Fix k � 3. For every " > 0, there exists nk;" su
h that if n > nk;" and H 2 Pk(n)with jHj � �n�1k�1�, then there is a vertex v 2 V (H) su
h that jH � fvgj < "nk�1.8



Proof. Suppose for 
ontradi
tion that there exists " > 0 and a sequen
e Hni 2 Pk(ni) fori � 1 with jHni j � �ni�1k�1 � and jHni � fvgj � "nk�1 for every v 2 V (Hni). Now 
onsidera sequen
e Gl 2 Pk(l) satisfying Gl = Hni when l = ni and jGlj � �n�1k�1� (one 
an easily
onstru
t su
h a sequen
e by letting Gl be a star for l 6= ni). Then Theorem 4 implies that�(Gl) � �n�1k�1�, and passing to the subsequen
e Hni we 
on
lude that �(Hni) � �ni�1k�1 � whi
his a 
ontradi
tion.6 The Exa
t ResultIn this se
tion we prove Theorem 1. Our main tools are the asymptoti
 and stability result.Let H 2 Pk(n), where k � 4 is even, and suppose jHj = �n�1k�1�. Let " = 1100k4k . By Corollary1, for large enough n, there is a vertex v 2 V (H) su
h thatjH � fvgj � "nk�1: (23)Let H� = H � fvg. To 
omplete the proof, we show jH�j = 0. Suppose, for a 
ontradi
tion,that jH�j > 0. For jej = k � 2, let dv(e) be the degree of a set e in Hv.Claim 1. There are pairwise disjoint (k � 2)-sets e1; e2; : : : ; ek � V (H)nfvg su
h that fori 2 f1; 2; : : : ; kg, dv(ei) � n� k + 1� 2kjH�j�n�1k�2� :Proof. Let d(n) be the lower bound in the 
laim, F the family of (k � 2)-sets in V (Hv)whose degree is at least d(n), and let F 
 be the rest of the (k � 2)-sets in V (Hv). Then(k � 1)jHvj =Xe dv(e) � jF j(n� k + 1) + jF 
jd(n):where the sum is over e � V (Hv) of size k � 2. As jF j+ jF 
j = �n�1k�2�, this implies2kjH�jjF j�n�1k�2� � (k � 1)jHv j � d(n)�n� 1k � 2� = 2kjH�j � (k � 1)jH�jsin
e jH�j = �n�1k�1� � jHvj. Hen
e jF j � �1� k�12k � �n�1k�2� > 12�n�1k�2�: Let fe1; e2; : : : ; elg bea maximum mat
hing in F . If l < k, then all other sets of F have an element withine1 [ e2 [ � � � [ el, whi
h implies (sin
e we may take n is large enough) thatjF j � (k � 1)(k � 2)�n� 1k � 3� < k2�n� 1k � 3� < 12�n� 1k � 2�:This 
ontradi
tion shows that l � k and the 
laim is proved.LetW = fw 2 V (Hv) j 9i : ei[fv; wg 62 Hg. By Claim 1, jW j < k(n�d(n)). By adding pointsarbitrarily to W , we may assume that jW j = dk(n� d(n))e. De�ne, for ea
h i 2 f0; 1; : : : ; kg,Hi = fe 2 H� : je \W j = ig and let G = H0 [H1 [ � � � [Hk�2. Note that the Hi partitionH�. 9



Claim 2. jHk�1j � �jW jk�1�.Proof. Suppose there exists a (k � 1)-set e � W and elements y; z 62 W su
h that e [fyg; e [ fzg 2 Hk�1. Sin
e jej = k � 1, by Claim 1 there exists i su
h that ei \ e = ;and ei [ fv; yg; ei [ fv; zg 2 H. Together with e [ fyg and e [ fzg, this yields a two-regular subgraph in H. This 
ontradi
tion implies that we may 
ount sets in Hk�1 by theirinterse
tion with W to obtain jHk�1j � �jW jk�1�.Claim 3. jH�j � �n�k�1k=2�1 �.Proof. Sin
e jH�j � 1, there exists e 2 H�. Let e0 be a k2 -subset of e. Now for ea
h 
hoi
eof a (k2 � 1)-set f � V (Hv)ne, one of the sets f [ e0 [ fvg or f [ (ene0) [ fvg must bemissing from H, otherwise these two sets together with e form a two-regular subgraph ofH. Consequently, jH�j � �n�k�1k=2�1 �.Claim 4. jGj > 99100 jH�j.Proof. We show jHk�1j + jHkj < 1100 jH�j. By Theorem 3, there is a smallest integer n0 =n0(k) su
h every k-graph in Pk(n) with n > n0 has at most 2�n0�1k�1 � edges. Assume also thatn0 > 3k2. If jW j < n0, then jHkj+ jHk�1j < jW jk < nk0. If n is large enough then, by Claim3, this is less than jH�j100 , as required. So we assume jW j > n0. Sin
e the k-graph Hk itself
ontains no two-regular subgraph, jHkj � 2�jW j�1k�1 �. Re
alling that jW j = dk(n � d(n))e,and using jW j > n0 > 3k2, we obtainjW j < k2 + 2k2jH�j�n�1k�2� < 32 2k2jH�j�n�1k�2� = 3k2jH�j�n�1k�2� :Now suppose, for a 
ontradi
tion, that jHkj+ jHk�1j > jH�j100 . By Claim 2,jH�j100 < jHkj+ jHk�1j < 2�jW j � 1k � 1 �+� jW jk � 1� < 3jW jk�1(k � 1)! < k2kjH�jk�1�n�1k�2�k�1 :Simplifying,jH�jk�2 > �n� 1k � 2�k�1 1100k2k > �n� 1k � 2�(k�2)(k�1) 1100k2k > (n� 1)(k�2)(k�1)100k(k�2)(k�1)+2k :This implies that jH�j > (n�1)k�1100kk�1+2k=(k�2) > "nk�1, whi
h 
ontradi
ts (23). This 
ompletesthe proof of Claim 4.Let p be the number of pairs (e; f) su
h that(1) v 62 e 2 H and je \W j � k � 2 (i.e. e 2 [k�2i=0Hi)(2) v 2 f 62 H and jf j = k (so the number of su
h fs is jH�j)(3) je \ f j = k2(4) e \ f and enf (whi
h are k2 -sets) have a point outside W .10



Fix e 2 H as above. Suppose that g is a k2 -subset of e su
h that neither g nor eng lies withinW .Let h be a (k2�1)-subset of V (H)n(W [e[fvg). Then the three sets e; g[h[fvg; (eng)[h[fvgform a two-regular subgraph. Consequently, either g[h or (eng)[h is not in Hv. The numberof pairs fg; engg that we 
an take is at least12� kk=2���jW \ ejk=2 � � 12� kk=2���k � 2k=2 �:Therefore, 
ounting p from the e's we havep � (0:99)jH�j�12� kk=2���k � 2k=2 ���n� jW j � k � 1k=2� 1 �> (0:98)jH�j�12� kk=2���k � 2k=2 ��� nk=2� 1�;where the last inequality holds sin
e jW j < "k4kn and n is suÆ
iently large.On the other hand, 
ounting p from the fs we have p � jH�j�k�1k=2�q, where q is the number oftimes the k2 -sets g � fnfvg 
an extend to e, where e \ f = g. Let F be the k2 -graph of thesepossible extensions of g to e. Let F0 � F be the k2 -graph whose edges have no points in Wand F1 � F be the k2 -graph whose edges have at least one point in W .Claim 5. jF0j < 2� nk=2�1�=k and jF1j � "k2k� nk=2�1�.Proof. We start with F1: to ea
h k2 -set h 2 F1 asso
iate a (k2 � 1)-set h0 � h su
h thath0 \W 6= ; and W \ h � h0. Su
h an h0 exists by the de�nition of F1. If there are distin
th1; h2 2 F1 with h01 = h02, then there are distin
t verti
es y; z 62W su
h that h1 = h01 [ fygand h2 = h02 [fzg By Claim 1, there exists i for whi
h ei has no point of W \ (g [h1 [ h2).Now the four sets g [ h1; g [ h2; ei [ fv; yg; ei [ fv; zg form a two-regular subgraph of H,
ontradi
ting H 2 Pk(n). Consequently, jF1j is at most the number of (k2 � 1)-sets of V (H)that 
ontain at least one point of W . This is at mostjW j� nk=2� 2� < 3k2"nk�1�n�1k�2� � nk=2 � 2� < "k2k� nk=2� 1�:This gives the bound on jF1j. If there are distin
t h1; h2 2 F0 with jh1\h2j = k=2�1, thenarguing as above we �nd two-regular subgraph of H. Consequently, jF0j < � nk=2�1�=� k=2k=2�1�.Putting these bounds together we have q � "k2k� nk=2�1�+ 2� nk=2�1�=k, and this givesp � (1 + "k4k)jH�j�k � 1k=2 �2k� nk=2 � 1�:Comparing the upper and lower bounds for p and dividing by jH�j� nk=2�1� yields(0:98)�12� kk=2���k � 2k=2 �� < (1 + "k4k)2k�k � 1k=2 �:Sin
e " < k4k=100 this implies that 11



(0:97)�12� kk=2���k � 2k=2 �� < 2k�k � 1k=2 �:A short 
al
ulation shows that this is equivalent to (0:97k � 2)(k � 1) < 0:97k(k2 � 1), andit is easily veri�ed that this is false for k � 4. This 
ontradi
tion 
ompletes the proof of thetheorem.7 Con
luding RemarksA k-graph is r-regular if all its verti
es have degree r. In 
ontrast to Theorem 1, if thedegrees in a k-graph are all the same, then a linear number of edges already for
es a two-regular subgraph. Pre
isely, let �k denote the maximum number � su
h that there exists a�-regular k-graph 
ontaining no two-regular subgraph. Then Lemma 1 immediately impliesthat �k � (ek)k. On the other hand, we have a lower bound of �3k=2�1k�1 � when k is even and�2k�1k�1 � when k is odd, by taking 
omplete k-graphs of the appropriate size (these 
ontain notwo-regular subgraphs be
ause every two-regular subgraph has at least 3k=2 verti
es when kis even and at least 2k verti
es when k is odd). The lower bounds are of order 
k, so there isa substantial gap in the bounds for �k. We leave the open problem of determining �k and, inparti
ular, �3. It is expe
ted that if a k-graph is �-regular and � is a large enough 
onstantdepending on k and r, then every �-regular k-graph has an r-regular subgraph (a subgraphin whi
h every vertex has degree r). In fa
t, this should hold for multi-k-graphs { instead ofa set of edges a multiset of edges is allowed. Therefore we make the following 
onje
ture:Conje
ture 2. Let k; r � 2. There exists an integer �k(r) su
h that for � > �k(r), every�-regular multi-k-graph 
ontains an r-regular subgraph.This 
onje
ture is wide open for k; r � 3. If we superimpose r�1 
opies of the 
omplete k-graphon k+1 verti
es, and k and r are relatively prime, then we obtain a multi-k-graph 
ontaining nor-regular subgraph. This simple 
onstru
tion shows that if �k(r) exists, then �k(r) � k(r�1).For k = 2, in other words, for multigraphs, Tâskinov [15℄ 
ompletely determined �k(r) usingTutte's f -Fa
tor Theorem. Unfortunately, there is no analogous theorem for k-graphs whenk � 3. The following positive eviden
e for Conje
ture 2 follows immediately by extending theproof of Alon, Friedland, Kalai [1℄ and uses Chevalley's theorem:Theorem 5. Let H be an n-vertex k-graph, su
h that H is k(r � 1) + 1-regular, where ris a prime number. Then H has a subgraph all of whose vertex degrees are elements offr; 2r; : : : ; (k � 1)rg.The 
onstru
tion of superimposed multi-k-graphs given above shows that Theorem 5 is tightwhenever r is a prime whi
h does not divide k. Further eviden
e for Conje
ture 2 
omes fromR�odl's pa
king method [13℄. A k-graph is linear if no two of its edges interse
t in two or morepoints. If M is a mat
hing in a k-graph H, let ex(M) denote the number of verti
es not
overed byM . R�odl's Theorem [13℄ says that every linear n-vertex d-regular k-graph 
ontainsa mat
hingM su
h that ex(M) � d�"n, for some 
onstant " > 0 depending only on k. In fa
t,the degrees of the verti
es in the hypergraph are allowed to be between (1� Æ)d and (1 + Æ)d12



for the same 
on
lusion, provided Æ > 0 is a suÆ
iently small 
onstant depending on ". Byrepeatedly removing r su
h mat
hings from a linear d-regular k-graph, we see that for any�xed r, we obtain a subgraph in whi
h all verti
es have degree at most r, and at most rd�"nverti
es have degree less than r. In other words, we �nd an \almost r-regular" subgraph.On the other hand, we do not even have a veri�
ation that every large enough Steiner triplesystem has a three-regular subgraph.Referen
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