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Abstract

A graph is uniquely hamiltonian if it contains exactly onehamiltonian cycle. In this
note we prove that there are no r -regular uniquely hamiltonian graphswhen r > 22.
This improvesupon earlier results of Thomassen.
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1 In tro duction

Throughout this paper, we deal only with ¯nite graphswhich have no multi-
ple edgesor loops.A graph is uniquely hamiltonian if it contains exactly one
hamiltonian cycle. The motivation for studying uniquely hamiltonian graphs
camefrom Tait's approach to the four-colourproblem.Oneof the earliestthe-
oremson hamiltonian graphs is Smith's Theorem: every three-regularhamil-
tonian graph contains an evennumber of hamiltonian cyclesthrough any edge
of the graph. The ¯rst publishedproof of this theoremwasgiven by Tutte (6).
Smith's Theoremwaslater extendedto all hamiltonian graphsin which all ver-
ticeshave odd degreeby Thomason(7). A famousconjectureof Sheehan's(5)
states that every four-regular hamiltonian graph has at least two hamilto-
nian cycles,and this conjectureremainsopen. In the direction of proving this
conjecture,Thomassen(9) showed that there are no uniquely hamiltonian r -
regular graphs when r > 71. In this note, we extend Thomassen'sresult as
follows:
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Theorem 1 There are no r -regular uniquelyhamiltonian graphswhenr > 22,
and no r -regular uniquely hamiltonian graphs of girth at least sevenwhen
r > 14.

Thomassen(9) showed that a graph G with a hamiltonian cycleC hasat least
two hamiltonian cycles if there is a set I of vertices of G such that no two
verticesof I are adjacent on C and every vertex of G is adjacent in G ¡ E(C)
to a vertex of I . Such a setwill becalleda C-independent dominating setof G.
To proveTheorem1, wewill show (Section2) that every r -regularhamiltonian
graph G hasa C-independent dominating set, whereC is a ¯xed hamiltonian
cycleof G. On the other hand onemay ask if a smallervalueof r is possiblein
Theorem1. We will prove that if C is a hamiltonian cycle in a suitable model
of random four-regular graphs, then almost surely such a graph contains no
C-independent dominating set (Section 3). However the following question is
open: does there exist a ¯v e-regular graph with a hamiltonian cycle C that
doesnot contain a C-independent dominating set?In anotherdirection, Bondy
(seepage three of (9)) asked whether every hamiltonian graph of minimum
degreeat least four has at least two hamiltonian cycles.The only positive
result for graphsof largeminimum degreewasproved in (2): there Bondy and
Jackson proved that every n-vertex hamiltonian graph of minimum degreeat
least clog2 n, for large enoughn and c ¼ 2:341,has at least two hamiltonian
cycles.The ideas of Theorem 1 can be used to give a proof of this, with a
better value of the constant c, namely c ¼ 1:7523(seeSection2.5).

2 Pro of of Theorem 1

Let G bea graphwith hamiltonian cycleC. Usingthe symmetricversionof the
Lov¶aszLocal Lemma (4), we will establish the existenceof a C-independent
dominating set I ¤ ½ V(G) when r > 22, and when r > 15 if G has girth
at least seven. SinceThomason(7) proved that every r -regular hamiltonian
graph has at least two hamiltonian cycleswhen r is odd, this givesTheorem
1. The symmetric versionof the local lemma may be stated as follows:

Theorem 2 (Lov¶aszLocal Lemma) Let A1; A2; : : : ; An be eventsin a proba-
bility space, and for each A i let Ji ½ f 1; 2; : : : ; ng be the set of valuesof j such
that A j dependson A i . Supposethere existsa real number 0 < ° < 1 suchthat

P(A i ) < ° (1 ¡ ° ) jJ i j :

Then

P(A1 \ A2 \ ¢¢¢\ An ) ¸ (1 ¡ ° )n > 0:
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2.1 Random independentsets

Let G be a (d+ 2)-regulargraph with a hamiltonian cycleC. First we describe
how to choose the vertices of an independent set I ¤. For convenience,we
assumen is even, and C = (v1; v2; : : : ; vn ; v1) is the chosenhamiltonian cycle
in G, and let vn+ i := vi . The set I of vertices of C is de¯ned recursively,
beginning with I 0 = V(C). For 1 · k · n=2, de¯ne I k by removing v2k+1

from I k¡ 1 with probability p and removing both v2k and v2k+2 from I k¡ 1 with
probability 1 ¡ p. The triples f v2k ; v2k+1 ; v2k+2 g will be called active triples.
The set I = I n=2 is an independent set in C: in any active triple either the
midpoint is not in I or both endpoints are not in I . Finally, we let I ¤ be a
maximal independent set in C containing I . We will prove that if d ¸ 22, then
with positive probability I ¤ is a dominating set, in the sensethat every vertex
of C has a neighbour in I ¤ in the graph G ¡ E(C): let A¤

h be the event that
a vertex vh 2 V(C) is not dominated by I ¤ and let Ah be the event that vh is
not dominated by I . If three neighbours of vh are consecutive on C then vh is
dominated by I ¤, sowe consideronly thoseverticeswith no three consecutive
neighbours on C. If we can prove that with positive probability, all of these
verticesare dominated by I , then I ¤ is a C-independent dominating set, and
Theorem1 is veri¯ed. By Theorem2, this holds if there exist p;° 2 (0; 1) such
that for all vh with no three consecutive neighbours on C,

P[Ah] < ° (1 ¡ ° )±h (1)

where ±h = jJh j is the number of events A j which are mutually dependent
with Ah. For convenience,we let A = Ah and vh = v.

2.2 Estimating P[A]

Throughout this section,G is a (d+2)-regular graphandC = (v1; v2; : : : ; vn ; v1).
For v 2 V(C), let ¡ be the neighbourhood of v in G¡ E(C) { note that j¡ j = d.
A vertex vi is odd if i is odd, and vi is even otherwise.An even or odd neigh-
bour of v is an even or odd vertex of ¡, respectively. Let Q denotethe union
of all setsof vertices f v2k¡ 3; v2k¡ 2; v2k ; v2k+2 ; v2k+3 g ½ ¡. Let S be the set of
odd neighbours of v in ¡ nQ, and let R be the set of even neighbours of v in
¡ nQ which are adjacent on C to an odd neighbour of v.

The events AQ, AR , AS, and AT . De¯ne the events AQ = [Q \ I = ; ],
AR = [R \ I = ; ] and AS = [S \ I = ; ]. Let jQj = 5q and jSj = s. Let ½
be the number of active triples containing a vertex in R and no vertex of S.
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Then, from the construction of I ,

P[AQ \ AR \ AS] = p2q(1 ¡ p)2q(1 ¡ p)½ps:

Let T be the set of even neighboursof v in ¡ n(R [ Q), and let AT be the event
[T \ I = ; ]. Then, from the construction of I ,

P[A] = P[AQ \ AR \ AS \ AT ]
= P[AQ \ AR \ AS]P[AT j AQ \ AR \ AS]

= p2q(1 ¡ p)2q(1 ¡ p)½ps ¢P[AT j AR ]: (2)

The setsR; S and T are illustrated in the ¯gure below, and Q = ; in this case.

S

R

T

T

RS

T

Figure1

Determining P[AT j AR ]. This is the main part of the determination of
P[A]. First observe that T admits a partition into maximal non-empty sets
T1; T2; : : : ; Tm of the form f v2k ; v2k+2 ; : : : ; v2k+2 j g. If A i is the event [Ti \ I = ; ],
then

P[AT j AR ] =
mY

i =1

P[A i j AR ]

sincethe events A i are independent. We now determine P[A i j AR ]. For con-
venience,supposeSi is the set of odd verticesadjacent on C to a vertex of Ti ,
but not adjacent on C to any vertex of R and let t i = jSi j. Let Ji ½ Si be the
random set de¯ned by:

Ji = f j : v2j ¡ 1 2 Si nI g:

If A i occurs,then J i doesnot contain two consecutiveintegers,for if j ; j + 1 2 J i

then v2j 2 Ti \ I . Conversely, if J i doesnot contain two consecutive vertices
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(that is, verticesv2j ¡ 1; v2j +1 2 Si for somej ) and AR occurs, then A i occurs.
For any setJ ½ Si of sizek, the probability that J i = J is exactly pk(1¡ p)t i ¡ k .
There are

³
t i +1 ¡ k

k

´
subsetsof f 1; 2; : : : ; t i g of sizek which do not contain two

consecutive integers{ this is a standard combinatorial identit y, which can be
reduced to a composition problem (3). Therefore, using Lemma 5.1 in the
Appendix:

P[A i j AR ] =
X

2k<t i

Ã
t i + 1 ¡ k

k

!

pk(1 ¡ p)t i ¡ k

= (1 ¡ p)t i

2

4 ¯ + 2
2¯ + 2

Ã
¯ + 2

2

! t i +1

+
¯

2¯ + 2

Ã

1 ¡
¯ + 2

2

! t i +1
3

5

= (1 ¡ p)t i Á(t i + 1)

where® = p
1¡ p , ¯ =

p
1 + 4®¡ 1, and

Á(x) =
¯ + 2
2¯ + 2

Ã
¯ + 2

2

! x

+
¯

2¯ + 2

Ã

1 ¡
¯ + 2

2

! x

:

It follows that

P[AT j AR ] =
mY

i =1

(1 ¡ p)t i Á(t i + 1): (3)

Upp er bound for P[A]. Let t =
P m

i=1 t i . We claim that

s + t ¡ m + 2½+ 5q ¸ d: (4)

To seethis, count the edgesincident with v. By de¯nition, (Q; R; S; T) is a
partition of the neighbourhood of v in G ¡ E(C). ThereforejQj + jRj + jSj +
jTj = d. It is straightforward to check that jRj + jTj · t ¡ m + 2½by checking
the casest i = jTi j ¡ 1, t i = jTi j + 1 and t i = jTi j. Combining (2), (3) and (4),
we obtain

P[A] · pd¡ t+ m¡ 2½¡ 3q(1 ¡ p)½+ t+2 q
mY

i =1

Á(t i + 1): (5)

Throughout our calculations, we will ensurethat p2 > 1 ¡ p. This allows us
to eliminate the variables½and q in the above expression:
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P[A] · pd¡ t+ m (1 ¡ p)t
mY

i =1

Á(t i + 1): (6)

In this expression,t =
P m

i=1 t i , and we will assumetm ¸ tm¡ 1 ¸ ¢¢¢¸ t1. In
addition, we observe that 0 · t ¡ m · d.

2.3 Applying the local lemma

To apply the local lemma, we maximize (6) as a function of m and the t i ,
subject to the constraints 0 · t ¡ m · d and

P m
i=1 t i = t. It is convenient to

replaceÁ with the function ' de¯ned by:

' (x) =
¯ + 2
2¯ + 2

Ã
¯ + 2

2

! x

+
¯

2¯ + 2

¯
¯
¯
¯1 ¡

¯ + 2
2

¯
¯
¯
¯

x

: (7)

Note that Á(x) · ' (x) for all x > 0, and note that ¯ +2
2 > 1. A useful fact

concerning' is the following:

Fact 1. For any positive integersu and v where v ¸ u,

' (u)' (v) < ' (u ¡ 1)' (v + 1): (8)

Proof. Write ' (x) = abx + (1 ¡ a)(b¡ 1)x wherea = ¯ +2
2¯ +2 and b= ¯ +2

2 . Then,
sincev > u ¡ 1 and 0 < a < 1 and b> 1,

' (u ¡ 1)' (v + 1) ¡ ' (u)' (v)
= (abu¡ 1 + (1 ¡ a)(b¡ 1)u¡ 1)(abv+1 + (1 ¡ a)(b¡ 1)v+1 )

¡ (abu + (1 ¡ a)(b¡ 1)u)(abv + (1 ¡ a)(b¡ 1)v)
= a(1 ¡ a)bv(b¡ 1)u¡ 1 ¡ a(1 ¡ a)bu¡ 1(b¡ 1)v

= a(1 ¡ a)[bv(b¡ 1)u¡ 1 ¡ bu¡ 1(b¡ 1)v]
= a(1 ¡ a)bu¡ 1(b¡ 1)u¡ 1[bv¡ u+1 ¡ (b¡ 1)v¡ u+1 ] > 0: 2

Fact 2. If tm ¸ tm¡ 1 ¸ ¢¢¢¸ t1, and p2 > 1 ¡ p, then with x = t ¡ m,

P[A] < pd¡ x (1 ¡ p)x+1 ' (x + 2): (9)
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Proof. By (6) and (8),

P[A] · pd¡ t+ m (1 ¡ p)t ¢
Q m

i=1 Á(t i + 1)

· pd¡ t+ m (1 ¡ p)t ¢
Q m

i=1 ' (t i + 1)

< pd¡ t+ m (1 ¡ p)t ¢' (2)m¡ 1' (
P m¡ 1

i=1 (t i ¡ 1) + tm + 1)

= pd¡ t+ m (1 ¡ p)t ¢' (2)m¡ 1' (t ¡ m + 2):

Finally, use' (2) = Á(2) = 1=(1 ¡ p) to completethe proof. 2

Fact 3. Let p = 33
50 and d ¸ 22. Then

P[A] · (1 ¡ p)d+1 ' (d + 2): (10)

Proof. Recall that 0 · t ¡ m · d, and therefore x 2 [0; d]. The function
f (x) = pd¡ x (1 ¡ p)x+1 ' (x + 2) attains a maximum on [0; d] at x = d when
p = 33

50 and d ¸ 22 { in fact it hasa unique local minimum in the range[0; d]
when d ¸ 22. Therefore,by Fact 2, P[A] · f (d), which completesthe proof
of Fact 3. 2

2.4 Proof of Theorem 1

Part 1. Regular graphs. By the result of Thomason,every r -regular hamil-
tonian graph where r is odd has at least two hamiltonian cycles.Now let H
be a hamiltonian r -regular graph, where r ¸ 24 is even. If C is a hamilto-
nian cycle in H , then H ¡ E(C) is (r ¡ 2)-regular. By Petersen'sTheorem,
H ¡ E(C) hasa 2-factor, sowe can remove this 2-factor from H to obtain an
(r ¡ 2)-regular graph with hamiltonian cycle C. Continuing in this way, we
eventually reach a 24-regulargraph, G, with hamiltonian cycleC. Let d = 22.
We apply Theorem2 to G, and show that for p = 33

50, and somepositive ° < 1,
P[A] < ° (1¡ ° )±, where± is the number of events Ah mutually dependent with
A. Then, with positive probability, the set I is a C-independent dominating
set of G. By de¯nition of I , we have ± · 5d2 ¡ d. By Fact 3, (1) is satis¯ed if

(1 ¡ p)d+1 ' (d + 2) < ° (1 ¡ ° )5d2 ¡ d (11)

for somepositive real ° < 1. We take ° = 1
25000, p = 33

50. Sinced = 22, we ¯nd

° (1 ¡ ° )5d2 ¡ d ¼ 5 ¢10¡ 6 + (1 ¡ p)d+1 ' (d + 2):
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We concludethat every r -regular graph hamiltonian, for r > 22, has at least
two hamiltonian cycles.This provesthe ¯rst statement of Theorem1.

Part 2. Regular graphs of girth at least seven. Let G be an r -regular
graph of girth at least seven, where r = d + 2, and let C be a hamiltonian
cycle in G. By Petersen'sTheorem, as in Part 1, it su±ces to consider the
cased = 14. For a vertex vh 2 V(C), let A¤

h denote the event that vh is not
dominated by I ¤ (seex2.1), in the sensethat neither vh nor any neighbour of
vh is in I ¤. We choosep = 0:657. Then P[w 62I ¤] = 2p2 ¡ p3 if w is odd and
P[w 62I ¤] = 1 ¡ p2 if w is even. The de¯nition of I ¤ gives:

P[A¤
h] = (2p2 ¡ p3)s(1 ¡ p2)d¡ s+1 (12)

wheres is the number of odd neighboursof vh in G¡ E(C) (including vh itself
if h is odd). Let ±h be the number of events A¤

j which are mutually dependent
with A¤

h. SinceG has girth at least seven, the events x 2 I ¤ and y 2 I ¤ are
independent whenever the distanceon C from x to y is greater than three. It
is then straightforward to check that

±h · 5d2 + 8d + 4 + 2(d + 1)s:

By di®erentiating the logarithm of (12), it is easily shown that the ratio of
P[A¤

h] to ° (1 ¡ ° )±h is maximized when s = 0 or s = d + 1. In thosecases,we
respectively have ±h = 5d2 + 8d + 4 and ±h = 7d2 + 12d + 6. If ° = 1

20000 and
d = 14, then P[A¤

h] < ° (1 ¡ ° )±h , and so Theorem 2 shows that with positive
probability, I ¤ is a C-independent dominating set in G. In Figure 2, the two
plots for s = 0 and s = d + 1 of P[A¤

h] ¡ ° (1 ¡ ° )±h are shown with d = 14,
° = 1

20000, as functions of p.
p

0

-0.00002

0.66

-0.00001

0.658

-0.00003

0.656 0.6590.655

-0.00005

-0.00004

0.657

Figure2

8



2.5 Graphsof largeminimum degree

In this section,we prove that an n-vertex hamiltonian graph with minimum
degreeat least clog2 n contains at least two hamiltonian cycles,if n is large
enoughand c ¼ 1:7523.

Theorem 3 Let G be an n-vertex hamiltonian graph of minimum degree at
least clog2 n, where c ¼ 1:7523 and n is large enough.Then G contains at
least two hamiltonian cycles.

Pro of. In fact, we prove a more generalstatement: if G is a graph and C =
(v1; v2; : : : ; vn ; v1) is a hamiltonian cycle in G such that vh has degreedh + 2
and there exists p such that p2 > 1 ¡ p and 0 < p < 1 and

nX

h=1

(1 ¡ p)dh +1 ' (dh + 2) < 1; (13)

where' is de¯ned by (7), then there is a C-independent dominating set in G.
Let I be the random independent set in C chosenas in x2.1, with p = 33

50. By
Fact 3, for any vertex vh 2 V(C) of degreedh + 2, onehas

P[Ah] · (1 ¡ p)dh +1 ' (dh + 2):

The expectednumber of verticeswhich are not dominatedby I is thereforeat
most

nX

h=1

(1 ¡ p)dh +1 ' (dh + 2)

where' is de¯ned by (7). This sum is lessthan onewhenever

(1 ¡ p)dh +1 ' (dh + 2) <
1
n

for all h. If dh ! 1 as n ! 1 , then, for large valuesof n,

nX

h=1

(1 ¡ p)dh +1 ' (dh + 2) · (1 + o(1))

Ã
(1 ¡ p)(¯ + 2)

2

! dh

n:

If we assumedh > clog2 n where

c = ¡ 1=log2((1 ¡ p)(¯ + 2)=2) = 1:7522:::;

then the sumis lessthan 1 for largeenoughn. Soif we take dh = 1:7523log2 n,
then the expectednumber of verticeswhich arenot dominatedby I is lessthan
one,so someindependent set I is a dominating set in G ¡ E(C).
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3 Random regular graphs

Let C denotea cycle of length 4n, say (v1; v2; : : : ; v4n ; v1). De¯ne G[C] to be
the model of randomfour-regularmultigraphs G = C[ Q1[ Q2[ ¢¢¢[ Qn , where
f Q1; Q2; : : : ; Qng is a uniformly chosenset of vertex-disjoint quadrilaterals on
V(C). The number of multigraphs of this form is exactly

3n
³

4n
4

´³
4n¡ 4

4

´
¢¢¢

³
4
4

´

n!
=

(4n)!
8nn!

(14)

and each is an equally likely outcomein G[C]. If a graph G 2 G[C] contains a
C-independent dominating set, I , then each Qi contains two verticesof I , so
jI j = 2n, and there are only two possiblesetsI ½ V(C). Fixing one of these
setsI , the number of ways of choosingf Q1; Q2; : : : ; Qng sothat I \ V(Qi ) = 2
for 1 · i · n is exactly

3n
³

2n
2

´ 2³
2n¡ 2

2

´ 2
¢¢¢

³
2
2

´ 2

n!
=

3n (2n)!2

4nn!
: (15)

The expectednumber of independent dominating setsin G 2 G[C] is therefore

2 ¢6n
³

4n
2n

´ = O(n
1
2 ( 3

8)n ):

Therefore G almost surely has no C-independent dominating sets. Further-
more, the expected number of multiple edgesin G is easily shown to be a
constant c < 1, somany simplegraphsG 2 G[C] do not havea C-independent
dominating set.

It is not hard to construct explicit examplesof four regular graphs without
independent dominating sets:for exampleconsiderthe squareof a cycleC of
length n ¸ 5 wheren 6´ 0 modulo three. If I is a C-independent dominating
set, then i 2 I implies both verticesat distancethree from i on C must alsobe
in I , otherwiseoneof the verticesadjacent to i is not dominated in G¡ E(C).
It would be interesting to seewhether every 4-regular graph of su±ciently
large girth hasa C-independent dominating set.

4 Concluding Remarks

With substantially more computations, the ¯rst statement of Theorem 1 can
be show to hold for r > 20 instead of r > 22. However, the local lemma no
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longerworkswhenapplied to the independent set I ¤ in x2.1 if weallow r · 20.
We leave the following two open problems:

Problem 1. Doesthere exist a ¯v e-regularhamiltonian graph G with a hamil-
tonian cycle C containing no C-independent dominating set?

Problem 2. Doesevery four-regular graph hamiltonian graph with a hamil-
tonian cycle C of su±ciently large girth have a C-independent dominating
set?

It would alsobe interesting to tie the existenceof C-independent dominating
setsto enumeration of hamiltonian cycles.We ask the following question:

Problem 3. If d is large enough,doesevery d-regular hamiltonian graph on
n verticescontain cn hamiltonian cyclesfor somec > 1?

The graph obtained by taking a cycle labelled with the integersmodulo 2n
consistingof the edgesf j ; 2n ¡ j ¡ 1g for all j : 2 · j · n ¡ 3, and the edges
f 0; 2n ¡ 2g, f 1; 2n ¡ 1g, f n ¡ 2; ng, f n ¡ 1; n + 1g hasexactly four hamiltonian
cycles,so d ¸ 4 is required in Problem 3.

5 App endix

Lemma 5.1 For ® > 0 and ¯ =
p

1 + 4®¡ 1, we have

X

2k· n

Ã
n ¡ k

k

!

®k =
¯ + 2
2¯ + 2

Ã
¯ + 2

2

! n

+
¯

2¯ + 2

Ã

1 ¡
¯ + 2

2

! n

: (16)

Pro of. Let Á(n) denotethe expressionon the right. The generatingfunction
for the expressionon the left is

X

n¸ 0

Pn (®)xn =
X

n¸ 0

X

n¸ k¸ 0

Ã
n ¡ k

k

!

(®x)kxn¡ k

=
X

j ¸ 0

X

k¸ 0

Ã
j
k

!

(®x)kx j

=
X

j ¸ 0

(1 + ®x) j x j
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=
1

1 ¡ x ¡ ®x2

=
¯ + 2
2¯ + 2

Ã

1 ¡
(¯ + 2)x

2

! ¡ 1

+
¯

2¯ + 2

Ã

1 ¡

"

1 ¡
¯ + 2

2

#

x

! ¡ 1

=
X

n¸ 0

Á(n)xn :
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