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Abstract

In this paper, we prove that there exists a function � k = (4 + o(1))k such that G(n; �=n )
contains a k-regular graph with high probabilit y whenever � > � k . In the caseof k = 3,
it is also shown that G(n; �=n ) contains a 3-regular graph with high probabilit y whenever
� > � � 5:1494. Theseare the �rst constant boundson the averagedegreein G(n; p) for the
existenceof a k-regular subgraph. We also discussthe appearanceof 3-regular subgraphsin
coresof random graphs.

1 In tro duction

In this paper, we study the appearanceof k-regular subgraphsof random graphs. For k = 2 and
� > 1, it is known that with high probabilit y G(n; �=n ) contains a cycle. This problem is well-
researched and preciseresults concerningthe distribution of cyclesmay be found in Janson[15],
Bollob�as [11], Flajolet, Knuth and Pittel [13]. It appears to be substantially more di�cult to
analysethe appearanceof k-regular subgraphsin random graphsfor k � 3. The regular subgraph
problem in graphs �rst appeared in the context of a conjecture of Berge [7], which states that
every 4-regular graph contains a 3-regular subgraph. Using elegant algebraic techniques, Alon,
Friedland and Kalai [2] showed that every 4-regular graph, to which an edgeis added, contains
a 3-regular graph. The full conjecture of Berge was veri�ed by T�askinov [23], who determined
further those integersk; r for which every r -regular graph contains a k-regular graph [24]. The
algebraic techniques of Alon, Friedland and Kalai, which are basedon the Chevalley-Warning
theorem on roots of polynomials (seeAlon [1]), were usedto show that for every prime p, every
graph of maximum degreeat most 2p � 1 and averagedegreegreater than 2p � 2 contains a
p-regular subgraph. This result, together with known results on gapsbetweenprimes, are crucial
to the proof of Pyber [21] that every graph of averagedegreeat least 32k2 logn contains a k-
regular subgraph. In contrast, Pyber, R•odl and Szemer�edi [22] gave an ingenious probabilistic
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construction of a bipartite random graph, with speci�ed degreesequenceand averagedegreeat
least 1

10 log logn, containing no 3-regular graph. The gap between the bounds 1
10 log logn and

32k2 logn seemsto be very di�cult to resolve.
We now consider the regular subgraph problem in random graphs G(n; �=n ), with inde-

pendent edge probabilit y �=n . By the result of Pyber, it is clear that G(n; �=n ) contains a
k-regular graph with high probabilit y, whenever � � 64k2 logn. On the other hand, the number
of k-regular graphs on 2t vertices is asymptotically

p
2e� (k� 1)( k+1) =4

 
kk

ekk!2

! t

tkt :

A short computation showsthat the expectednumber of k-regular subgraphsof a graph G(n; �=n )
is o(1) as n ! 1 whenever � < 2

e(k + (2� k=e4)1=2k ). Therefore G(n; �=n ) almost surely does
not contain a k-regular subgraph when � is appreciably lessthan 2

ek. A priori, it is not clear
whether G(n; �=n ) should contain a k-regular graph for any constant � , depending only on k.
One of the aims of this paper is to verify this, by showing that we may take � linear in k:

Theorem 1.1 Let k � 3 be an integer. Then, with high probability, G(n; �=n ) contains a k-
regular subgraph whenever� � 4k + c0 k21=40, where c0 is su�ciently large. If k is prime, then
the sameis true if � � 4k + (

p
8 + o(1))

p
k logk for an appropriate function o(1) of k that goes

to 0 as k goes to in�nity.

We believe that the (monotone) property of containing a k-regular subgraphshould have a sharp
threshold; this would be an interesting problem to solve. We also consider a related problem,
involving the concept of the k-core of a graph.

The k-core of a graph G is the unique largest subgraph of G of minimum degreeat least k.
Bollob�as [8] was the �rst to de�ne and study the k-core in random graphs. It had beenasked if
there exists a critical constant � k for the existenceof a k-core in a random graph on n vertices.
In other words, with high probabilit y, for all " > 0, G(n; (� k + ")=n) contains a k-core whereas
G(n; (� k � " )=n) contains no k-core. One observes that every graph G on n vertices of size at
least (k � 1)n �

� k
2

�
+ 1 has a k-core. This is done by successively deleting vertices of degreeat

most k � 1 from G. Note that this procedureterminates after at most n � k � 1 steps,otherwise
we obtain a subgraph G0 of G with k vertices and

e(G0) > (k � 1)n �

 
k
2

!

� (k � 1)(n � k) =

 
k
2

!

;

which is a contradiction. It is clear, therefore, that � k � 2(k � 1), if the constant � k exists.
Assuming the existenceof the constant � k , estimatesweregiven by  Luczak,Chv�atal [12], Molloy
and Reed [18] [19]. The existencewas �nally proved in Pittel, Spencerand Wormald [20]. The
exact value of � k was determined too. (cf. Theorem 3.2 in Section 3.)

Their proof is still valid for " = n� 1=2+ � , � > 0. The secondauthor used a new model for
random graphs called Poissoncloning model to simplify the proof and improve the range of " ,
that is, the sameis true as long as " is much larger than n� 1=2, which is the best possibleresult
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one may expect (see[25]). We will brie
y present the model and a related theorem that will be
usedto prove Theorem 1.2 below.

As every k-regular subgraph is contained in the k-core, we deducethat G(n; �=n ) does not
contain a k-regular subgraph whenever � < � k . On the other hand, we prove the following
theorem:

Theorem 1.2 For all � > � 4 , the 4-core of G(n; �=n ) contains a 3-regular subgraph with high
probability, whereas, for some� > � 3 , the 3-core of G(n; �=n ) does not.

As a consequenceof this result if there is a sharp threshold � k for the property of containing a
k-regular graph, then � 3 lies between� 3 = 3:3509� � � and � 4 = 5:1494� � �. Theorem 1.2 supports
the following conjecture:

Conjecture 1.3 For all � > � k +1 , the (k + 1)-core of G(n; �=n ) contains a k-regular subgraph
with high probability, whereas, for some� > � k , the k-core of G(n; �=n ) does not.

We prove Theorem 1.1 in Section 2, and the two statements in Theorem 1.2 are proved in
Sections3 and 4 respectively.

2 Regular Subgraphs of Sparse Random Graphs.

In this section, we prove Theorem 1.1. We will show that G(n; �=n ) with � � 2k + c0 k21=40

contains a k-regular subgraph, provided c0 is su�cien tly large. First, we will concentrate on the
random bipartite model G(n; n; �=n ) in which each edgehasprobabilit y p and both parts of the
graph have sizen and show that G(n; n; �=n ) contains a subgraph of maximum degreeat most
2k � 1 and averagedegreegreater than 2k � 2. We then apply the following elegant result of
Alon, Friedland and Kalai [2], basedon algebraic methods, to complete the proof of Theorem
1.1 when k is prime:

Theorem 2.1 Let k be a prime, and let G be a graph of maximum degree at most 2k � 1 and
averagedegree larger than 2k � 2. Then G contains a k-regular subgraph.

If k is not prime, then we use the following recent result of Baker, Harman and Pintz [4] to
reduce to the casethat k is prime: if k is su�cien tly large, then someinteger between k and
k + c0

2 k21=40 is a prime.
We now show that with high probabilit y, G(n; n; � ) contains a subgraph of maximum degree

at most 2k � 1 and averagedegreelarger than 2k � 2 whenever � � 2k + (1 + o(1))
p

2k logk (for
an appropriate function o(1) of k that goesto 0 as k goesto in�nit y).

Theorem 2.2 Let k � 3, and let � � k + (2 + o(1))
p

k logk as k ! 1 . Then, with high
probability, G(n; n; � ) contains a subgraph of maximum degree at most k and average degree
greater than k � 1.
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Pro of. We �rst createan auxiliary directed graph from the random graph G = G(n; n; �=n ), as
follows: add new vertices a and b adjacent to all vertices of A and B respectively, and orient all
paths of length three from a to b towards b. Let the directed graph so obtained be ~G. To apply
the max-
o w min-cut theorem, we assigncapacities to the arcs of ~G. All arcs incident with a
and b are assignedcapacity k, and remaining arcsof ~G are assignedunit capacity. For each 
o w
f in ~G, let E f denote the collection of edgese of G corresponding to arcs~e of ~G with unit 
o w:

E f = f e 2 G : f (~e) = 1g:

Let H f be the subgraph of G spannedby the edgesin E f . Then, as the capacitieson the arcs
incident from a and to b are k, every vertex of H f has degreeat most k. Furthermore, jE f j is
precisely the capacity c(f ) of f , since

jE f j =
X

v2 A;w 2 B

f ( ~vw) =
X

v2 A

f ( ~av):

It remains to show that with high probabilit y, a maximum 
o w f has capacity greater than
(k � 1)n. By the max-
o w min-cut theorem (seee.g. Bollob�as [11], page 70), the maximum
capacity of a 
o w from a to b equals the minimum capacity of a cut separating a from b.
Therefore we show that with high probabilit y, every cut in ~G hascapacity greater than (k � 1)n.

We now prove this statement. For each cut M of ~G, we let

X = f v 2 A : ~av 2 M g Y = f v 2 B : ~vb 2 M g:

Every arc from AnX to B nY is contained in M , sinceM is a cut of ~G. Let Z denote the set of
arcs from AnX to B nY in ~G, and let c(M ) denote the capacity of M . Then

c(M ) � kjX j + kjY j + jZ j:

If there exists a cut M such that c(M ) � (k � 1)n, then there exists a pair of sets X ; Y such
that jZ j � (k � 1)n � kjX j � kjY j and hencefor jX j = � n, jY j = � n,

(k � 1)n � kjX j � kjY j � 0 ) � + � � 1 � 1=k

and
jZ j � (k � 1)n � (� + � )kn: (1)

Notice that for a �xed pair X ; Y with jX j = � n, jY j = � n,

E[jZ j] = (1 � � )(1 � � )�n = (1 � � )(1 � � )�n

and that (1) yields

jZ j � (1 � � )(1 � � )�n � (k � 1)n � (� + � )kn � (1 � � )(1 � � )(k + (� � k))n

= �
�
(� � k)(1 � � )(1 � � ) + 1 + � � k

�
n

� �
�
(� � k)(1 � � )(1 � � ) + � � k

�
n:
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For � � k = (2ck logk)1=2, c > 2, and

� = (2ck logk)1=2(1 � � )(1 � � ) + � � k;

applying the Cherno� bound (seee.g. Alon and Spencer [3], page268), we obtain

P
h
jZ j � E[jZ j] � � � n

i
� exp

�
�

� 2n2

2E[jZ j]

�
= exp

�
�

((2ck logk)1=2(1 � � )(1 � � ) + � � k)2n
2(1 � � )(1 � � )�

�
:

Let S denote the number of such pairs X ; Y ; then the probabilit y that there exists M with
c(M ) � (k � 1)n is at most

E[S] =
X

X � A;Y � B :
k ( j X j + j Y j ) � ( k � 1) n

P
h
jZ j � (k � 1)n � kjX j � kjY j

i

�
X

�;� :
� + � � 1� 1=k

 
n

� n

!  
n

� n

!

exp
�

�
((2ck logk)1=2(1 � � )(1 � � ) + � � k)2n

2(1 � � )(1 � � )�

�
:

Clearly,

1
n

log
�

 
n

� n

!  
n

� n

!

exp
�

�
((2ck logk)1=2(1 � � )(1 � � ) + � � k)2n

2(1 � � )(1 � � )�

�

� H (� ) + H (� ) �
ck(1 � � )(1 � � ) logk

�
�

(� � )2k2

2(1 � � )(1 � � )�
;

where the entropy function H (x) is de�ned by

H (x) = � x logx � (1 � x) log(1 � x):

Sincethere are at most n2 pairs (� ; � ), it is enoughto show that

H (� ) + H (� ) �
ck(1 � � )(1 � � ) logk

�
�

(� � )2k2

2(1 � � )(1 � � )�
� �

(c � 2 � o(1)) logk
k

;

for all 0 � � ; � � 1 with � + � � 1 � 1=k. (So, c > 2 is required for this approach.)
First, if � � � (4=k)1=2, then

H (� ) + H (� ) �
(� � )2k2

2(1 � � )(1 � � )�
� 2 log2 �

4k
2�

� � 0:6 + o(1):

Suppose� � < (4=k)1=2. Then one of � or � , say � , is O(k� 1=4). In particular, 1 � � = 1 � o(1).
We will use

ck(1 � � )(1 � � ) logk
�

= (1 � o(1))c(1 � � ) logk:

If 1 � � � (logk) � 1, then

H (� ) + H (� ) �
ck(1 � � )(1 � � ) logk

�
� 2 log2 � (1 + o(1))c � � 0:6 + o(1);
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for c > 2. If 1 � � � (logk) � 1 = o(1), then using

� + � � 1 � 1=k ) � � 1 � � and 1 � � � 1=k

we have

H (� ) + H (� ) � (1 + o(1))c(1 � � ) logk

= � (1 + o(1)) � log � � (1 + o(1))(1 � � ) log(1 � � ) � c(1 + o(1))(1 � � ) logk

for � � 1 � � = o(1) (here we may not use (1 + o(1)) f � (1 + o(1))g = (1 + o(1))( f � g) since
it is simply not true in general, for example for f = g), and hence� � 1 � � and 1 � � � 1=k
imply

H (� ) + H (� ) � (1 + o(1))c(1 � � ) logk � � (1 � � )(2 log(1 � � ) + clogk) + o((1 � � ) logk)

� � (c � 2 � o(1)) logk=k:

2

Pro of of Theorem 1.1. Supposek is prime and let n1 = bn=2c. Clearly, G(n; �=n ) contains
a random graph G(n1; n1; �=n ). Since�=n = (1 + o(1))( �= 2)=n1,

�= 2 � 2k � 1 + (2 + o(1))
q

(2k � 1) log(2k � 1) ;

or
� � 4k + (

p
8 + o(1))

p
k logk ;

and Theorem 2.2 implies that G(n1; n1; �=n ) contains a subgraph of maximum degreeat most
2k � 1 and average degree larger than 2k � 2. By Theorem 2.1, G(n1; n1; �=n ), and hence
G(n; �=n ), contains a k-regular graph, as required.

Now supposek is not prime. By a recent result of Baker, Harman and Pintz [4], there exists
a prime ` betweenk and k + ck21=40 for someconstant c. The sameargument as above yields
G(n1; n1; �=n ) contains an `-regular subgraph provided

� � 4` + (4 + o(1))
p

` log ` ;

which follows from
� � 4k + 4c(1 + o(1))k21=40 = 4k + O(k21=40):

Sinceevery regular bipartite graph contains a perfect matching, onemay keepremoving perfect
matching(s) from the `-regular subgraph until the remaining graph is k-regular. 2
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3 Cubic Subgraphs of The 4-Core.

In this section, we show that the 4-core in G(n; p), pn > � 4 , contains a 3-regular subgraph
with high probabilit y (Theorem 1.2). We usea model GP C (n; p) called PoissonCloning Model,
developed by Kim [17].

In GP C (n; p), the degreesd(v) of vertices v are �rst chosen(without any graph yet) to be
independent Poisson � = p(n � 1) random variables. Then, for each vertex v, d(v) copies,or
clones, of v are to be chosen. If the sum of all degreesis even, a perfect matching on the set of
all clonesis a set of 1

2
P

v2 V d(v) pairwise disjoint edgesconsisting of two clones. The random
(multi)graph GP C (n; p) is the projection, or contraction, of clonesof v to v of the uniform random
perfect matching. When the degreesequence(d(v)) is given as a sequenceof deterministic
numbers, this cloning model is the sameas the con�guration model consideredin Bollob�as [9]
(seealso [6]). For more details on models of random regular graphs, seeWormald [26].

In casethat the sumis not divisible by k, onemay de�ne a perfect k-matching asb
P

v2 V d(v)=2c
pairwise disjoint edgesand one additional defectededgeconsisting of the remaining clone. Or,
one may avoid the caseby conditioning on the event that

P
v2 V d(v) is even. Here, it is con-

venient to use the conditional model. Two theorems, one for the essential equivalenceand the
other for properties of the k-core of GP C (n; p), will be needed. More details about the model
and proofs of the theoremscan be found in [17].

Theorem 3.1 If p(n � 1) = O(1), then there are positive constants c1 and c2 so that for any
collection G of simple k-uniform hypergraphs

c1 Pr[GP C (n; p) 2 G] � e� 
( pn) � Pr(G(n; p) 2 G) � c2

�
Pr[GP C (n; p) 2 G]

� 1=2
+ e� 
( pn) :

In this section, we will show that the 4-core of GP C (n; p), pn > � 4, contains a 3-regular
subgraphwith high probabilit y. Then applying the upper bound in Theorem3.1for the collection
Gof all simplegraphsthe 4-coresof which contain no 3-regularsubgraph,weobtained the desired
result. The theorem will alsobe usedwhen we show, in the next section, that G(n; �=n ) contains
no 3-regular subgraph for some� > � 3 .

Let � = p(n � 1) and X � denote a generic Poisson random variable with mean � , and let
P(�; k) denote the cumulativ e distribution function Pr[X � � k]. To prove the �rst part of
Theorem 1.2, we require the following descriptive theorem concerningthe k-core. De�ne � (�; k)
to be the largest solution of � = �P (�; k � 1): One may check that � (�; k) > 0 if and only if

� � � k := inf
�> 0

�
P(�; k � 1)

;

and � (�; k) = 0 otherwise. Let

n(�; k) =the number of vertices in the k-core of GP C (n; �= (n � 1)),

n i (�; k) =the number of vertices of degreei in the k-core
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and
a(�; k) = n(�; k)=n; ai (�; k) = n i (�; k)=n :

The following parametersare needed:

� (k) = � (� k ; k); � (k) = Pr
�
Poisson(� (k)) � k

�
;

and

� i (k) = Pr
�
Poisson(� (k)) = i

�
=

(� (k)) i e� � (k)

i !
8 i � k:

Numerically, � 3 = 3:3509� � �, � 4 = 5:1494� � � and � (3) = 1:7932� � �, � (4) = 3:3836� � �.

Theorem 3.2 For �xed k and � = � k + � , � > 0, we have

� (�; k) = � (k) + O(� 1=2)

and with high probability in GP C (n; �=n ),

a(�; k) = (1 + O(� 1=2)) � (k); ai (�; k) = (1 + O(� 1=2)) i � i (k) 8 i � k: (2)

Moreover, if a(�; k) and ai (�; k) are given, the k-core of GP C (n; �=n ) is isomorphic to the
cloning model conditioned on a degree sequence with ai (�; k)n vertices of degree i .

Pro of of the �rst part of Theorem 1.2 Let � = � k + � . We will show that the 4-core
in G = GP C (n; �=n ) contains a subgraph of maximum degreeat most �v e and averagedegree
larger than four with high probabilit y. Thereafter, we apply Theorems 2.1 and 3.1 to deduce
that the 4-corecontains a 3-regular subgraph.

Supposea degreesequence(d(v)) of the 4-core is given so that there are ai (�; 4)n vertices
of degreei , and all ai (�; 4) together with a(�; 4) :=

P
i � 4 ai (�; 4) satisfy (2). We write a and

ai for a(�; k) and ai (�; k), respectively. Recall that, in the cloning model, d(v) clonesare to be
chosenfor each v of degreed(v). To obtain the desiredsubgraph, we truncate vertices of degree
larger than 5 as follows: For a vertex of degreelarger than 5, color (any) 5 clonesblue. Color
all clonesof vertices of degree5 or lessblue too. All other clonesare to be colored red. We
now generatea uniform random perfect matching on the set of all clones. A edgein the perfect
matching is called blue only if it consistsof two blue clones. Let G be the subgraph obtained
by the projection of all blue edges. Clearly, the maximum degreeof G is at most 5. For the
averagedegree,notice that the number of clonesbelong to blue edgesis at least the number of
blue clonesminus the number of edgescontaining exactly one blue (or red) clone, which is at
most the number of red clones. That is, the averagedegreeof G is at least

the number of blue clones- the number of red clones
an

;

or
4a4 + 5

P
i � 5 ai �

P
i � 5(i � 5)ai

a
=

4a4 + 10
P

i � 5 ai �
P

i � 5 ia i

a
:
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Since(2) gives

a4 � 0:1852;
X

i � 5

ai = a � a4 � 0:4380� 0:1853= 0:2527 and
X

i � 5

ia i � 1:4823

for su�cien tly small � , the averagedegreeis at least

4 � 0:1852+ 10� 0:2527� 1:4823
0:4381

� 4:07:

2

Remark. As we may seein the last inequality in the proof, one may usethe sameapproach to
show that G(n; �=n ) contains a 3-regular subgraph even for � slightly lessthan � 4 .

4 Absence of 3-Regular Subgraphs in the 3-Core

In this section, we show that there is � > 0 such that the 3-coreof GP C (n; �=n ) with � = � 3 + �
contains no 3-regular subgraph with high probabilit y. This will establish the secondpart of
Theorem 1.2. Throughout this section,we assumethat a(�; 3) and ai (�; 3) are given and satisfy
(2) and we write a = a(�; 3), ai = ai (�; 3), n i = ai n, and 2m =

P
i � 3 i ai (�; 3). Notice that m

is the number of edgesin the 3-core.
Let t3; t4; � � � be �xed non-negative integers with

P
j � 3 t j = t. The expected number (with

multiplicit y) of 3-regular subgraphsof the 3-coreof GP C (n; �=n ), containing t j verticesof degree
j in the 3-core, is precisely

Y

j � 3

 
n j

t j

!  
j
3

! t j

�
(3t � 1)!!(2m � 3t)!!

(2m � 1)!!
:

Summing over all vectors s(t) = (t3; t4; : : :) with
P

j � 3 t j = t and all t � an, we �nd that the
expected number of 3-regular subgraphsin the 3-core is

X

t � an

X

s(t )

Y

j � 3

 
nj

t j

!  
j
3

! t j

�
(3t � 1)!!(2m � 3t)!!

(2m � 1)!!
:

We will show that this expressionis o(1) as n ! 1 . First of all, it is easyto check that the

last term in this expressionis at most
� 2m

3t

� � 1=2
and

(3t � 1)!!(2m � 3t)!!
(2m � 1)!!

� m1=4 exp
�

� mH (3t=2m)
�
:

To bound the expectation, we note that for all � > 0,

X

s(t )

Y

j � 3

 
nj

t j

!  
j
3

! t j

= � � t �

 
Y

j � 3

n jX

i =0

 
nj

t j

!  
j
3

! i

� i

!

[� t ]

� � � t �

 
Y

j � 3

(1 + �
� j

3

�
)n j

!

= exp
�
� t log � +

X
nj log(1 + �

� j
3

�
)
�

:
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Therefore the expected number of 3-regular subgraphsof the 3-core is at most

m1=4
X

t � an

exp
�
� t log � +

P
j � 3 nj log(1 + �

� j
3

�
) � mH ( 3t

2m )
�

:

Fixing t, the exponent in the summand is minimized when � satis�es

t = n�
X

j � 3

aj
� j

3

�

1 + �
� j

3

� :

In stead of regarding � as a function of t, one may regard t as a function of � . In terms of � ,
� := m=n, and

T = T(� ) =
X

j � 3

aj �
� j

3

�

1 + �
� j

3

� ;

we needto analyze

� (� ) := � T log � +
X

j � 3

aj log(1 + �
� j

3

�
) � �H

� 3T
2�

�
:

We will show that � (� ) < 0 for all � independently of n except possibly o(1) terms. Since
number of possiblevaluesof t is at most n, this is enough.

First, we notice that as � ! 0,

� (� ) = � (1 + o(1))
X

j � 3

aj

� j
3

�
� log � + (1 + o(1))

X

j � 3

aj

� j
3

�
� + (3=2 + o(1))

X

j � 3

aj

� j
3

�
� log �

= (1=2 + o(1))
X

j � 3

aj

� j
3

�
� log � ;

and as � ! 1

� (� ) = � (1 + O(� � 1))a log � + a log � + (1 + o(1))
X

j � 3

aj log

 
j
3

!

� (1 + o(1)) �H
� 3a

2�

�

� � 0:07+ O(� 1=2)

(recall a =
P

j � 3 aj � 0:267 and 2� =
P

i � 3 ia i � 0:959). Thus, it remains to show that

� (� ) < 0 for all � with � 0(� ) = 0.

Writing T0 for T0(� ), we have

� 0(� ) = � T0
�

log � +
3
2

log
� 2�

3T
� 1

� �
;

and, from T0 > 0, � 0(� ) = 0 implies that

log � +
3
2

log
� 2�

3T
� 1

�
= 0; or T =

2�
3(1 + � � 2=3)

:
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Notice that for � � 12

T(� ) � a < 0:268�
2�

3(1 + � � 2=3)

and for � � 0:02

T
�

�
X

i � 3

aj

 
j
3

!

< 0:962�
2�

3� (1 + � � 2=3)
; or T <

2�
3(1 + � � 2=3)

;

assuming� is small enough. We may now assume0:02 � � � 12. There seemto be two solutions
of � 0(� ) = 0, namely, near � = 0:134 and � = 4:51 (assuming � is small enough). We could
not, however, �nd a reasonablysimple way to prove that � 0(� ) = 0 has only two solutions on
(0:02; 12). For a completeproof without using any computer software, except when we compute
speci�c valuesof a function at �nite number of certain points, we apply Taylor theorem on the
intervals: For � i = 0:02� (1:2)i and � i � 1 � � � � i , i = 1; 2; :::; 36, we have

� (� ) = � (� i ) + � 0(� � )( � � � i )

= � (� i ) + T0(� � )
�

log � � +
3
2

log(
2�

3T(� � )
� 1)

�
(� i � � )

for some� � with � i � 1 � � � � � i . The number 36 is chosento be the minimum with � i � 12.
SinceT > 0 increasesand T0(� ) > 0 decreases,as � increases,

T0(� � )
�

log � � +
3
2

log
� 2�

3T(� � )
� 1

� �
� T0(� i � 1 ) �

�
�
� log � i +

3
2

log
� 2�

3T(� i � 1 )
� 1

� �
�
�

and
� (� ) � 
 i := � (� i ) + T0(� i � 1 ) �

�
�
� log � i +

3
2

log(
2�

3T
�
� i � 1 )

� 1
� �

�
�(� i � � ):

By estimating all 36 valuesof 
 i 's, we concludethat

� (� ) � max
i =1 ;:::;36


 i � � 2:5 � 10� 4; 8� : 0:02 � � � 12:

2

5 Closing Remarks

With the current techniques, we are still quite far from determining whether there is a critical
constant � k for the property of containing a k-regular subgraph,even when k = 3. The existence
of such a constant, together with a veri�cation of Conjecture 1.3, would give � k � � k+1 . It would
follow that � k � � k � � k+1 and, in particular, � k = k +

p
k logk + O(logk), whereaswe have

shown in this paper that � k � (4+ o(1))k. The reasonfor the factor four is twofold: �rst, a factor
two is intro duced in applying the result of Alon, Friedland and Kalai, and seconda factor two
is lost by taking a spanning bipartite subgraph of G(n; �=n ). It might be possibleto eliminate
each of these factors of two, and therefore show that if � k exists, then � k = (1 + o(1))k. Even
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further, perhapsit is true that the (k + 1)-core in a random graph G(n; �=n ) for � > � k contains
a k-factor { a spanning k-regular subgraph.

The questionsencountered in this paper are particular casesof the following problem. Let
X be a set of positive integers. Determine whether there exists a critical constant � (X ) for
which, with high probabilit y, G(n; �=n ) contains a subgraph all of whose vertex degreesare
in X whenever � > � (X ) and does not contain such a subgraph whenever � < � (X ). The
k-core problem is the caseX = f k; k + 1; k + 2; : : :g, and the k-regular subgraph problem is the
caseX = f kg. In particular, the results of this paper show that � (X ) � (4 + o(1))k, where
k = minf x : x 2 X g. We note also that � (X ) � � k . It would be interesting to establishstronger
results in the casesX = mZ + ` { the set of all integers congruent to ` modulo m. Finally, it
would be interesting to determine whether � (X ) = (1 + o(1)) � k as k ! 1 .
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