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Abstract

In this paper, we prove that there exists a function ¢ = (4 + o(1))k suc that G(n; =n)
contains a k-regular graph with high probability whenewer > . In the caseof k = 3,
it is also showvn that G(n; =n) contains a 3-regular graph with high probability whenewer

> 5:1494. Theseare the rst constart boundson the averagedegreein G(n; p) for the
existenceof a k-regular subgraph. We also discussthe appearanceof 3-regular subgraphsin
coresof random graphs.

1 Intro duction

In this paper, we study the appearanceof k-regular subgraphsof random graphs. For k = 2 and

> 1, it is known that with high probability G(n; =n) cortains a cycle. This problem is well-
researtied and preciseresults concerningthe distribution of cyclesmay be found in Janson[15],
Bollobas [11], Flajolet, Knuth and Pittel [13]. It appearsto be substartially more dicult to
analysethe appearanceof k-regular subgraphsin random graphsfor k 3. The regular subgraph
problem in graphs rst appearedin the context of a conjecture of Berge [7], which states that
every 4-regular graph contains a 3-regular subgraph. Using elegan algebraic techniques, Alon,
Friedland and Kalai [2] showved that every 4-regular graph, to which an edgeis added, contains
a 3-regular graph. The full conjecture of Berge was veri ed by Taskinov [23], who determined
further thoseintegersk;r for which every r-regular graph contains a k-regular graph [24]. The
algebraic techniques of Alon, Friedland and Kalai, which are basedon the Chevalley-Warning
theorem on roots of polynomials (seeAlon [1]), were usedto shaw that for every prime p, every
graph of maximum degreeat most 2p 1 and average degreegreater than 2p 2 contains a
p-regular subgraph. This result, together with known results on gapsbetweenprimes, are crucial
to the proof of Pyber [21] that every graph of averagedegreeat least 32?logn corntains a k-
regular subgraph. In contrast, Pyber, Redl and Szemeedi [22] gave an ingenious probabilistic
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construction of a bipartite random graph, with speci ed degreesequenceand averagedegreeat
least % loglogn, containing no 3-regular graph. The gap betweenthe bounds % loglogn and
32?logn seemsto be very dicult to resole.

We now consider the regular subgraph problem in random graphs G(n; =n), with inde-
penden edge probability =n. By the result of Pyber, it is clear that G(n; =n) corntains a
k-regular graph with high probability, whenewer 64k?logn. On the other hand, the number
of k-regular graphs on 2t vertices is asymptotically

p_ _ k&
(k 1)(k+1) =4 kt.
2e K12 t

A short computation shavsthat the expectednumber of k-regular subgraphsof a graph G(n; =n)
iso(l) asn! 1 whenewer < 5(k+ (2 k=e*)1"%). Therefore G(n; =n) almost surely does
not contain a k-regular subgraph when is appreciably lessthan %k. A priori, it is not clear
whether G(n; =n) should contain a k-regular graph for any constart , depending only on k.
One of the aims of this paper is to verify this, by showing that we may take linear in k:

Theorem 1.1 Letk 3 be an integer. Then, with high prokability, G(n; =n) contains a k-
regular sulgraph whenever 4k + ¢ k¥4, wheee ¢, is su ciently large. If k is prime, then
the sameis true if 4k+ ( 8+ 0o(1)) klogk for an appropriate function o(1) of k that gaes
to 0 as k gcesto in nity.

We believe that the (monotone) property of containing a k-regular subgraphshould have a sharp
threshold; this would be an interesting problem to solve. We also consider a related problem,
involving the concept of the k-core of a graph.

The k-core of a graph G is the unique largest subgraph of G of minimum degreeat least k.
Bollobas[8] wasthe rst to de ne and study the k-corein random graphs. It had beenasked if
there exists a critical constart | for the existenceof a k-corein a random graph on n vertices.
In other words, with high probability, for all " > 0, G(n; ( ¢ + ")=n) corntains a k-core whereas
G(n;( x ")=n) contains no k-core. One obsenesthat every graph G on n vertices of size at
least(k 1)n '; + 1 hasa k-core. This is done by successiely deleting vertices of degreeat
mostk 1 from G. Note that this procedureterminates after at mostn k 1 steps,otherwise

we obtain a subgraph G° of G with k vertices and

| |
k k
e(GY > (k 1)n ) (k 1)(n k)= 5
which is a corntradiction. It is clear, therefore, that 2(k 1), if the constart | exists.
Assuming the existenceof the constart , , estimatesweregiven by Luczak, Chvatal [12], Molloy
and Reed[18] [19]. The existencewas nally proved in Pittel, Spencerand Wormald [20]. The
exact value of  was determined too. (cf. Theorem 3.2in Section 3.)

Their proof is still valid for " = n ¥2* | > 0. The secondauthor useda new model for
random graphs called Poissoncloning model to simplify the proof and improve the range of ",
that is, the sameis true aslong as" is much larger than n 72, which is the best possibleresult
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one may expect (see[25]). We will briey presen the model and a related theorem that will be
usedto prove Theorem 1.2 below.

As ewvery k-regular subgraph is contained in the k-core, we deducethat G(n; =n) does not
contain a k-regular subgraph whenewer < . On the other hand, we prove the following
theorem:

Theorem 1.2 For all > ,, the 4-core of G(n; =n) contains a 3-regular sutgraph with high
probability, whereas, for some > ,, the 3-core of G(n; =n) does not.

As a consequencef this result if there is a sharp threshold |, for the property of containing a
k-regular graph, then , liesbetween 3 = 3:3509 and 4= 5:1494 . Theorem 1.2 supports
the following conjecture:

Conjecture 1.3 For all > |, , the (k+ 1)-core of G(n; =n) contains a k-regular sulgraph
with high probability, wheras, for some > |, the k-core of G(n; =n) does not.

We prove Theorem 1.1 in Section 2, and the two statemerts in Theorem 1.2 are proved in
Sections3 and 4 respectively.

2 Regular Subgraphs of Sparse Random Graphs.

In this section, we prove Theorem 1.1. We will shav that G(n; =n) with 2k + ¢, k2140
cortains a k-regular subgraph, provided c, is su cien tly large. First, we will concerirate on the
random bipartite model G(n; n; =n) in which ead edgehas probability p and both parts of the
graph have sizen and show that G(n; n; =n) contains a subgraph of maximum degreeat most
2k 1 and averagedegreegreater than 2k 2. We then apply the following elegan result of
Alon, Friedland and Kalai [2], basedon algebraic methods, to complete the proof of Theorem
1.1 whenk is prime:

Theorem 2.1 Let k be a prime, and let G be a graph of maximum degree at most 2k 1 and
average dgyree larger than 2k 2. Then G contains a k-regular sulgraph.

If k is not prime, then we use the following recenrt result of Baker, Harman and Pintz [4] to
reduceto the casethat k is prime: if k is su cien tly large, then someinteger betweenk and
k+ k240 is a prime.

We now shaw that with high probability, G(n; n; ) corntains a subgraph of maximum degree
at most 2k 1 and averagedegreelarger than 2k 2 whene\er 2k+ (1+ 0o(1)) 2klogk (for
an appropriate function o(1) of k that goesto 0 ask goesto in nit y).

Theorem 2.2 Letk 3, and let k+ (2+ 0(1))p klogk ask ! 1. Then, with high
prokability, G(n;n; ) contains a sulgraph of maximum degree at most k and average degree
greater than k 1.



Pro of. We rst createan auxiliary directed graph from the random graph G = G(n; n; =n), as
follows: add new verticesa and b adjacert to all verticesof A and B respectively, and orient all
paths of length three from a to btowards b. Let the directed graph so obtained be G. To apply
the max- ow min-cut theorem, we assigncapacitiesto the arcs of G. All arcsincident with a
and b are assignedcapacity k, and remaining arcsof G are assignedunit capacity. For eadh ow
f in G, let Ef denotethe collection of edgese of G corresponding to arcse of G with unit o w:

Er =fe2 G:f(e) = 1o

Let H; be the subgraph of G spannedby the edgesin E¢. Then, asthe capacitieson the arcs
incident from a and to b are k, every vertex of H¢ has degreeat most k. Furthermore, jE;j is
preciselythe capacity ¢(f) of f, since

o X X
JEf] = fw) = f(av):
vV2Aw2B V2A

It remains to show that with high probability, a maximum ow f has capacity greater than

(k  1)n. By the max- ow min-cut theorem (seee.g. Bollobas [11], page 70), the maximum

capacity of a ow from a to b equals the minimum capacity of a cut separating a from b.

Therefore we show that with high probability, every cut in G hascapacity greaterthan (k  1)n.
We now prove this statemert. For ead cut M of G, we let

X=fv2A:av2Mg Y=fv2B :vb2 Mg

Every arc from AnX to BnY is contained in M, sinceM is a cut of G. Let Z denote the set of
arcsfrom AnX to BnY in G, and let ¢(M ) denote the capacity of M. Then

c(M)  KkjXj+ kjYj+jzZj:

If there existsa cut M such that ¢(M) (k 1)n, then there exists a pair of setsX;Y such
that jzj (k 21n KkjXj kjYjandhenceforjXj= n,jYj= n,

(k 1n kXj kiyj 0 ) + 1 1=k

and
iZj (k Dn ( + )kn: Q)

Notice that for a xed pair X;Y with jXj= n,jYj= n,
Elizil=2 )@ )n=@ )@ )n
and that (1) yields

jzj @ H)a )n (k Dn (+ )kn 2 HA Yk+( Kk)n
= ( k@ Ha )H+1+ kn

( k)(1 )(2 )+  kn:



For k = (2cklogk)¥™, ¢> 2, and
= (2cklogk)*¥?@ H)a )+ k;

applying the Cherno bound (seee.g. Alon and Spencer|[3], page 268), we obtain

h i 2n2 ((2cklogk)¥?2(1 )1 )+ Kk)n
Pijzj E[zZ] n ex ——- = eX :
jzj  E[iz]] P 2Bz p 20 )@ )
Let S denote the number of sud pairs X ;Y ; then the probability that there exists M with
c¢(M) (k 1)nisat most

X h i
E[S] = Pizi (k 1n kjXj KkjY]
k(iXﬁHé;JY) (llf: 1)nI I
X n n ((2cklogk)¥2(1 )@ )+ k)2n
| n n &P 20 )L ) '
Clearly,

1 n | n | ((2cklogk)¥™@ )Y@ )+ k)°n

plog o, e 21 )L )

HO )+ HO ) ckl )@ )logk ( )%k2

20 Ha )

where the entropy function H (x) is de ned by
H(x) = xlogx (1 x)log(l x):

Sincethere are at most n? pairs ( ; ), it is enoughto show that

ck(@ )1 )logk ( )%k? (c 2 o(1))logk
H()+H() 20 )a ) " ;
for all O ; 1with + 1 1=k. (So,c> 2is required for this approad.)
First, if (4=K)172, then
()32 4k . .
HO*HO) 5 gy 292 5 06+ o)
Suppose < (4=k)2. Then oneof or ,sa ,isO(k ™). In particular, 1 =1 o(1).
We will use
ckt A Jlogk _ 1 ganer )logk:
If 1 (logk) 1, then
HOy+H() S DA Dlogk o1 @+ o)e 06+ o(d):



forc> 2. 1f 1 (logk) ! = o(1), then using

+ 1 1=k ) 1 and 1 1=k

we have

H( )+ H() 1+ o(1))c(1 ) logk

= (1+ 0(1)) log 1+ o(1))(1 ) log(1 ) c(1+ o(1)(1 ) logk
for 1 = 0o(1) (here we may not use(1+ o(1))f (1+ o(1)g= (1+ o(1))(f g) since
it is simply not true in general, for examplefor f = @), and hence 1 and 1 1=k
imply
H( )+ H() (1+ 0o(1)c(1 ) logk (1 )(2 log(1 ) + clogk) + o((1 ) logk)

(c 2 0o1))logk=k:
2

Pro of of Theorem 1.1. Supposek is prime and let n; = bn=2c. Clearly, G(n; =n) cortains
a random graph G(n1;n1; =n). Since =n = (1 + o(1))( = 2)=ny,

q
=2 2k 1+ @2+0o() 2k 1log2k 1)

or 0 0
4k + ( 8+ 0o(1)) klogk:

and Theorem 2.2 implies that G(ny;n1; =n) contains a subgraph of maximum degreeat most
2k 1 and average degreelarger than 2k 2. By Theorem 2.1, G(ny;n1; =n), and hence
G(n; =n), contains a k-regular graph, as required.

Now supposek is not prime. By a recert result of Baker, Harman and Pintz [4], there exists
a prime  betweenk and k + ck?™0 for someconstart c. The sameargumert as above yields
G(n1;nqg; =n) contains an "-regular subgraph provided

4+ (4+ o(l))p “log” ;

which follows from
4k + 4c(1 + 0(1)) k>0 = 4k + O(K240y:

Sinceevery regular bipartite graph contains a perfect matching, one may keepremoving perfect
matching(s) from the "-regular subgraph until the remaining graph is k-regular. 2



3 Cubic Subgraphs of The 4-Core.

In this section, we show that the 4-corein G(n;p), pn > ,, contains a 3-regular subgraph
with high probability (Theorem 1.2). We usea model Gp¢ (n; p) called PoissonCloning Model,
developed by Kim [17].

In Gpc(n; p), the degreesd(v) of verticesv are rst chosen(without any graph yet) to be
independent Poisson = p(n 1) random variables. Then, for eadt vertex v, d(v) copies, or
clones of v areto be cipwsen. If the sum of all degreesis even, a perfect matching on the set of
all clonesis a set of % v2v d(v) pairwise disjoint edgesconsisting of two clones. The random
(multi)graph Gpc(n; p) isthe projection, or contraction, of clonesofv to v of the uniform random
perfect matching. When the degree sequence(d(v)) is given as a sequenceof deterministic
numbers, this cloning model is the sameas the con guration model consideredin Bollobas [9]
(seealso[6]). For more details on models of random regular graphs, seeWormald [26].

In casethat the sumis not divisible by k, onemay de ne aperfectk-matching asb ,\, d(v)=2c
pairwise disjoint edgesand one additional defectededgeconsisting of the remaining clone. Or,
one may avoid the caseby conditioning on the ewvert that =, d(v) is even. Here, it is con-
venient to usethe conditional model. Two theorems, one for the essetial equivalenceand the
other for properties of the k-core of Gpc(n; p), will be needed. More details about the model
and proofs of the theoremscan be found in [17].

Theorem 3.1 If p(n 1) = O(1), then there are positive constants ¢, and c, so that for any
collection G of simple k-uniform hypergraphs

1=2
¢, Pr[Gpc(n;p e r n; p C rGec(n;p + e X
. Pr[Gpc(n;p) 2 G (P Pr(G(n;p) 2G) ¢, Pr[Gpc(n;p)2 G (P

In this section, we will show that the 4-core of Gpc(n;p), pn > 4, cortains a 3-regular
subgraphwith high probability. Then applying the upper boundin Theorem 3.1 for the collection
G of all simple graphsthe 4-coresof which cortain no 3-regular subgraph, we obtained the desired
result. The theoremwill alsobe usedwhenwe shaw, in the next section,that G(n; =n) contains
no 3-regular subgraph for some > .

Let = p(n 1) and X denote a generic Poissonrandom variable with mean , and let
P(; k) denote the cumulative distribution function Pr[X k]. To prove the rst part of
Theorem 1.2, we require the following descriptive theorem concerningthe k-core. De ne (; k)
to be the largest solution of = P (; k 1): Onemay chedk that (; k) > 0if and only if

L = |>nf0 m

and (; k) = 0 otherwise. Let

n(; k) =the number of verticesin the k-core of Gpc(n; =(n 1)),

n,(; k) =the number of vertices of degreei in the k-core



and
a(; k)=n(; k)=n; a(; k)=n,(; k)=n:

The following parametersare needed:
(k)= ( ,;k); (k)= Pr Poissor( (k)) Kk ;

and

(k) = Pr Poissor( (k)) =i = ((k))ii'e(k) 8i k:

Numerically, 3= 3:3509 , 4= 51494 and (3)= 1:7932 , (4)= 3:3836

Theorem 3.2 For xedkand = _+ , > 0, wehave
(; k)= (k+0(*?
and with high probability in Gpc(n; =n),
a(; k)= 1+ 0( ) (k); a(; k)= @+0(*™) (k) 8i k (2)

Moreover, if a(; k) and a;(; k) are given, the k-core of Gpc(n; =n) is isomorphic to the
cloning model conditioned on a degree sequene with a; (; k)n vertices of degree i.

Pro of of the rst part of Theorem 1.2 Let = |, + . We will show that the 4-core
in G = Gpc(n; =n) contains a subgraph of maximum degreeat most v e and averagedegree
larger than four with high probability. Thereafter, we apply Theorems 2.1 and 3.1 to deduce
that the 4-corecontains a 3-regular subgraph.

Suppose a degreesequence(d(v)) of the 4-coreingiven so that there are a,(; 4)n vertices
of degreei, and all a,(; 4) together with a(; 4) := ; ,a(; 4) satisfy (2). We write a and
a for a(; k) and a, (; k), respectively. Recall that, in the cloning model, d(v) clonesare to be
chosenfor eadh v of degreed(v). To obtain the desiredsubgraph, we truncate vertices of degree
larger than 5 asfollows: For a vertex of degreelarger than 5, color (any) 5 clonesblue. Color
all clonesof vertices of degree5 or lessblue too. All other clonesare to be colored red. We
now generatea uniform random perfect matching on the set of all clones. A edgein the perfect
matching is called blue only if it consistsof two blue clones. Let G be the subgraph obtained
by the projection of all blue edges. Clearly, the maximum degreeof G is at most 5. For the
averagedegree,notice that the number of clonesbelongto blue edgesis at least the number of
blue clonesminus the number of edgescortaining exactly one blue (or red) clone, which is at
most the number of red clones. That is, the averagedegreeof G is at least

the number of blue clones- the number of red clones
an ’

or P P P P
4, +5 | 54 i s(i S)a _4a,+10 ; sa i sla;

a a




Since(2) gives
X X
a, 0:1852 a =a a 04380 0:1853= 0:2527 and ia, 1:4823
i 5 i 5
for su cien tly small , the averagedegreeis at least

4 0:1852+ 10 0:2527 1:4823

0:4381 407

2

Remark. As we may seein the last inequality in the proof, one may usethe sameapproac to

show that G(n; =n) corntains a 3-regular subgrapheven for slightly lessthan ,.

4 Absence of 3-Regular Subgraphs in the 3-Core

In this section, we show that thereis > 0 sud that the 3-coreof Gpc(n; =n) with = 3+
contains no 3-regular subgraph with high probability. This will establish the secondpart of
Theorem 1.2. Throughout this section, we assumethat a( ; 3) and a, (; 3) are given and satisfy
(2) and we write a= a(; 3),a = a(; 3),n, =an,and2m =, sia (; 3). Notice that m
is the number of edgesin the 3-core. b

Let t3;ty; be xed non-negative integerswith ~ ; ;tj = t. The expected number (with
multiplicit y) of 3-regular subgraphsof the 3-coreof Gpc(n; =n), containing t; verticesof degree
j in the 3-core,is precisely

Lo,
Y onooj Y @t nn@m 3

J

j 3 2m 1)

i 3
. . P
Summing over all vectors s(t) = (t3;ts;:::) with  ; st; = tandallt an, we nd that the

expected number of 3-regular subgraphsin the 3-coreis
! I
X X Y o U @ nn@Em 3

tj 3 em 1!

t ans(t)j 3

We will show that this expressionis o(1) asn! 1 . First of all, it is easyto ched that the

1=2
o and

(3t 1'@2m 3K =4
@2m !
To bound the expectation, we note that for all > 0,

N S
XY n j Y)?lnjj.

t] 3 £ 3
|

last term in this expressionis at most

exp mH (3t=2m) :

s()j 3
t Y joyn;
. 1+ 3) j

X .
exp tlog + njlogl+ %)



Therefore the expected number of 3-regular subgraphsof the 3-coreis at most
- P -
m™  exp tlog + ; sznjlog(l+ L) mH(Z) :
t an
Fixing t, the exponert in the summand is minimized when satis es
X gk
1+

t=n

. I
j 3 3

In stead of regarding as a function of t, one may regard t as a function of . In terms of
= m=n, and

X a |
T=T()= 718’ i
i 31t 3

we needto analyze

()= Tlog 20 alogl+ L) H -
i 3

We will shav that () < O for all independertly of n except possibly o(1) terms. Since
number of possiblevaluesof t is at most n, this is enough.

First, we notice that as ! O,
X ) X . X )
() = (@+o0@1) a% log +(1+o0(1) af +(@B=2+01) a% log
i3 i 3 i 3
= (1=2+ o(l))x a L log ;
i 3
andas ! 1
|
_ 1 X i 3a
() = (@+0( 7)alog +alog +(1+0(1) 4 log (1+0(1)H
i 3

0:07+ O( *?)
P P . . .
(recalla=; za 0267and2 = ; zia, 0:959). Thus, it remainsto shaw that
()< 0 foral with §)=0.

Writing T%for Tq ), we have
3 2
_ o0 3 .
Y)Y= T9log +2Iog L
and, from T°> 0, 4 )= 0 implies that

3 2 2
+ — _— =0 = —
log 5 log 3T 1 0 or T 30+ )
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Notice that for 12

2
T a< 0268 —————
( ) 3(1+ 2:3)
and for 0:02
!
T X ] 2 2
— a <0962 o O T< o —5
i3 3 3(1+ 29 3(1+ 299
assuming is small enough. We may now assume0:02 12. There seemto be two solutions
of )= 0, namely, near = 0:134and = 4:51 (assuming is small enough). We could

not, however, nd a reasonablysimple way to prove that 4 ) = 0 has only two solutions on
(0:02, 12). For a complete proof without using any computer software, except when we compute
speci ¢ valuesof a function at nite number of certain points, we apply Taylor theorem on the
intervals: For . = 0:02 (1:2)' and 1= 1,236, we have

i i1

()= o+ o )

3 2
= )+ + = — ,
()+TY ) log +Jlog(zr— D (. )
for some with , | .. The number 36 is chosento be the minimum with . 12.

SinceT > 0 increasesand T°( ) > 0 decreasesas increases,

3 2 3 2
T ) log +§|ogm 1 T ) Iogi+élogm 1

and | 3 5 |

() P (i)+TO(i1) Iog i+élog(7 1 (i )

3T )
By estimating all 36 valuesof ,'s, we concludethat
() max 25 104 8 : 002 12:
i=1;:::;,36

5 Closing Remarks

With the current techniques, we are still quite far from determining whether there is a critical

constart | for the property of containing a k-regular subgraph,evenwhenk = 3. The existence
of such a constan, together with a veri cation of Conjecture 1.3, would give k+1 - It would
follow that ¢ K k+1 and, in particular, ¢ = k+ = klogk + O(logk), whereaswe have
shown in this paperthat x  (4+ o(1))k. The reasonfor the factor four is twofold: rst, afactor
two is introduced in applying the result of Alon, Friedland and Kalai, and seconda factor two
is lost by taking a spanning bipartite subgraph of G(n; =n). It might be possibleto eliminate
ead of these factors of two, and therefore shaw that if | exists,then , = (1 + o(1))k. Even
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further, perhapsit is true that the (k+ 1)-corein arandom graph G(n; =n) for > | contains
a k-factor { a spanning k-regular subgraph.

The questionsencourtered in this paper are particular casesof the following problem. Let
X be a set of positive integers. Determine whether there exists a critical constart (X) for
which, with high probability, G(n; =n) contains a subgraph all of whose vertex degreesare
in X whenewr > (X) and doesnot contain such a subgraph whenewer < (X). The
k-core problem is the caseX = fk;k+ 1;k + 2;:::g, and the k-regular subgraph problem is the
caseX = fkg. In particular, the results of this paper show that (X) (4 + o(1))k, where
k= minfx:x 2 Xg. Wenote alsothat (X) k. It would be interesting to establish stronger
results in the casesX = mZ + ~ { the set of all integerscongruert to = modulo m. Finally, it
would be interesting to determine whether (X) = (1+ o(1)) x ask! 1.
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