Lecture 18: 5.3 Difference equations, Discrete Dynamical systems.
Ex 1 In a certain town, 30% of the married men get divorced each year and 20% of
the single men get married each year. Suppose that initially there are 8000 married
men and 2000 single men. What is the proportion of married as k — oo?
Sol Let
Wi — {wkll - [number of married men after k years}
W2 number of single men after k£ years

Let A be the 2 x 2 matrix such that

Wi+1 = AWk7

proportion of married proportion of single
4 that stays married in a year  that gets married in a year {0_7 0.2]
B proportion of married proportion of single - 103 0.8
| that gets divorced in a year that gets married in a year
8000 0.7 0.2 | 8000 6000
Wo=| 5500 |- After the first year we get wi = Awy= [0.3 0.8] lQOOO} = [4000] .

After the second year we get wo = Aw; = A%?w( and so on:

wi = AFwy

5996 6000 6000

In fact, any initial condition will converge to the steady state (4000,6000)% for
which the number of divorces 0.3-4000 is equal to the number of marriages 0.2-6000.
If we start with x; = (2, 3)” proportional to the steady state we get back x;:

A — |07 02772] _ 2] _
103 08] 3] 3]
There is another vector xo = (—1,1)7 that A acts on by simply multiplying by 1/2:
CJo7 02][-1] [-1/2] 1
Axz = {0.3 0.8} { 1 } - { 1/2 } — 2

The vectors x1,xo form a basis so we can write our initial condition in terms of these:

. 4004 4000 4000
It seems like as k — 0o, wj converges: wig= , Wog = , W30 = .

Wy = {8000} = 2000 {2] — 4000 [_1] = 2000x; — 4000x2

2000 3 1
Then )
wi = APwy = 20004%x; — 40004%x5 = 2000x; — 40002—ka
4000
and wi — 2000x; = 6000 | 2 k — oo.

A scalar A\ such that Ax = Ax for some x # 0 is called an eigenvalue and a
corresponding vector x is called an eigenvector.

We just calculated A*x for large k using the eigenvalues and eigenvectors.

We express x=c1X; + co2Xs in terms of the basis of eigenvectors Ax; =\;x;, i=1, 2.

Change of coordinates x = P {21 ], where P = [x1 X2, so [zl = P~ !'x. Then
2 2

ky k ko )‘If 0 1| _ kEp—1 - A O
A¥x = i \{x1+c1A5%x2 = | X1 X2 k = PD"P~"x, where D = .
0 A5 ||co 0 Az

Hence A = PDP~! and A* = (PDP_l)k = PDP~'PDP~'...PDP~! = PD*P~1,

Difference and differential equations. See beginning of section 5.3.
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