Lecture 21: 5.6 Similarity transformations.

We have seen that if an n X n matrix A has n linearly independent eigenvectors
and S is the matrix with the eigenvectors as its columns then S~'AS is diagonal.
Two matrices A and B are called similar if they are related by a similarity
transformation B = M ~'AM. Similar matrices have the same eigenvalues.

The question is if we can transform a general matrix into a simple form in this way.
Similarity transformations show up naturally by changes of variables in differential
equations or changes of basis in which a linear transformation is expressed.

If u=Mv then d—u:Au becomes Md—vaMv or d—V:MflAMV
dt dt dt

If upy=Mvy then u,,+; = Au,, becomes Mv, 1= AMv, or v, 1= M~ 'AMv,

Expressing a linear transformation in terms of different bases.
Ex Let L be the line in R? that is spanned by the vector i1’>
Let T be the linear transformation that projects any vector orthogonally onto L.
. . . . . 1
Find the matrix A representing T in the standard basis £ ={e;, ez}, e; = {0},
o 0
2— 1 .
Sol We pick a basis B = {bj, bs} in which we will represent the linear transforma-

tion, i.e. we write both x and T(x) in terms of the basis:

Clbl + 62b2 =X — T(X) = dlbl -+ d2b2.

The transformation taking, [zl } , the coordinates of x in the B basis, to [31 } , the
2 2

coordinates of T(x), is a linear so it is given by multiplication with a matrix B

sla)=[4)

In particular if we choose by = 3} parallel to the line and by = [_

1 3
to the line then T'(b;)=b; and T(bs) = 0. Hence T(c1b; + c2bs) = ¢1by, i.e.

s-[1 0]

We can similarly express 7" in the standard basis

} perpendicular

Tri1€1 + Toey = X — T(X) = y1€e1 + y2e2.

The matrix for A for T in the standard coordinates
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is more complicated but one can calculate it from B:

-551 A -yl-
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where P is the change of basis matrix such that xye; 4+ xoes = ¢1by + by i.e.

nl=rla]

B 3 -1 o173 1
so P =by bg]—[l 3]andP —10[_1 3].Hence

_ (3 —1jjr o 13 1|_179 3
A=PBP _[1 3110 0J10[-1 3] 103 1
Triangular form with a unitary M.
Schur’s lemma There is a unitary matrix U such that U~'AU = T is triangular.
Proof Every matrix has at least one eigenvalue A\; and for this eigenvalue we pick
an orthonormal eigenvector u;. Then pick there other vectors so uj,us,us, uy

are orthonormal and set U; = [ujususuy]. Then Au; = Aju; and in general
Au; =31 e, so
i = 2u5=1CijUj

Al x k%
0 * * x
AUl = [Au1 Au2 AU3 AU4] = U1 0 « % x|
0 * * *
and hence
A1k k% A1k ok %
1 10 x x x| |0
UlAUl_O***_O As
0 *x % % 0

Similarly, the 3 x 3 matrix Ay has an eigenvalue A\ and we can form M such that

)\2 x X
M2_1A2M2: 0 x X
0 % =
1 0 0 O 1 0 0 0
. |0 -1 |0
Hence if Uy = 0 M, then Uy~ = 0 M2_1 and
0 0
A1k % % A1k ok %
—1y7—1 . 0 . 0 )\2 * ok
Uy U A = My'AsMy | — |0 0 % %
0 0 0 * =



Continuing in this way we get

P Y S T

Apr—lyr—lyr— 0 A x %
U U U U AU UL USU, = 0 02 N x| =T

0 0 0 N\

and the lemma follows with U = U;UxU3U4.

Diagonalizing Symmetric and Hermitian Matrices.

Spectral Theorem If A is a real and symmetric n X n matrix then it has an
orthonormal set of n eigenvectors and hence can be diagonalized by an orthogonal
matrix U: U"YAU = D, or A=UDU™!, where D is diagonal and U~! = U7
Proof It follows from Schur’s lemma that UTAU = T is upper triangular. However
TT = (UTAU)T = UTAT (UT)T = UTAU =T, since AT = A, so T is diagonal.

0 2 -1
Ex Diagonalize A = | 2 3 —2| with an orthogonal transformation.
-1 -2 0
Sol A is symmetric so it can be diagonalized by an orthogonal transformation.
The eigenvalues are Ay = Ay = —1 and A3 = 5. The eigenspace corresponding to
1 -2
eigenvalue —1; (A+ I)x=0 satisfy z; + 229 —x3=0sovi= |0 | and vo= | 1
1 0
form a basis for the eigenspace corresponding to A = —1. We can apply the Gram-
Schmidt process to obtain an orthonormal basis. Let
Vi 1 (1)
u]. = = —
i~ V2 |y
-1
p2=vo-uu; =—V2u; = | 0
-1
-1
w— Y2TP2 1 1
g = —0 == =
[ve — p2| V3 1
—1
The eigenspace corresponding to A3 = 5 is spanned by v3 = | —2 | and we set
1

V3 1 -1

3= — = — | =2
vl ~ V6 |

Hence A = UDUT where
1/vV2 —1/V/3 —1/v6 -1 0 0
U=[u uw uz]=| 0 1/vV3  —2/V6 ], D=0 -1 0
1/v2 1/V/3  1/V6 0 0 5

Normal matrices NN¥ = N¥ N are exactly those that have a complete set of
orthonormal eigenvectors and the triangular factorization T = UT NU is diagonal.



