Lecture 11: 6.1 Laplace equation. Laplace equation:
(11.1) Au = 0.

A function satisfying Laplace equation is called harmonic.
The inhomogeneous version of Laplace equation is usually called Poisson’s equation:

(11.2) Au = f.
Dirichlet problem in a domain D C R™ with boundary 9D so to, given f and h, find u satisfying
(11.3) Au=f, in D, uw=~h, ondD.

Maximum Principle Let D be a connected bounded open set. Let u be a harmonic function in
D which is continuous in D = D U dD. Then the maximum and minimum values of u are attained
on the boundary of D and nowhere inside (unless u is constant):

i < < for all D.
Jnin u(y) < u(x) < max u(y), or all x €

Proof The idea of the maximum principle is as follows, in two dimensions, say. At a maximum
point inside we must have u, = u, = 0 and u,; < 0 and uy, < 0. At most maximum points we
would have u,, < 0 and u,, < 0, which would contradict Laplace equation us;, +uy, = 0. However,
it is possible that ug, = uy, = 0 at a maximum point, and we have to do something circumvent
that possibility: Let v(x) = u(x) + €|x|?, where € > 0. Then, in two dimensions say,

Av=Au+eN@*>+y?)=0+4e >0

But Av < 0 at an interior maximum point so v has no interior maximum. Since v is continuous in
the closed compact set D it attains a maximum on D which must be on the boundary xo, € 9D.
Then for all x € D:

< < = 2 < 2
u(x) < v(x) < v(xo) = u(xo) + £lxo|” < max u(y) + & max |y|

When ¢ — 0 we get
< for all D.
u(x) < max u(y), or all x €
Uniqueness of the Dirichlet problem To prove uniqueness of solutions of (11.3) let us suppose
that we have two solutions u and v satisfying (11.3). Then their difference w satisfies
Aw =0, in D, w=0, ondD.

But by the maximum principle it then follows that 0 < w(x) < 0, which means that 0 = w = u — v.



2

Polar coordinates in two dimensions We want to express the Laplacian in two dimension in
polar coordinates:

xr =1rcosb, y = rsinf.
The change of variable matrix is
oxr Ox
9 o0 | _|cosf —rsind
Oy Oy | {sin@ rcos&}
or 00
and hence
or Or 9r Or] !
(11.4) dx oy | _|ar a0 :}[rcose TsinH}.
% @ @ @ r | —sinf cosf
or Oy or 00

That the derivative matrix of the inverse is the inverse of the derivative matrix, (11.4), follows by
multiplying them together and using the chain rule:

@ @ 9r Or 87“81‘_’_@@ 8r8w+g@
or Oy | |or 99| _|0xor dyor 0xd0 0oyod| _ |1 0
90 99 dy Oy | — 8089:+@@ 898$+@@ _[0 1]’
or Oy or 00 Or dr Oyodr 0Ox00 0Oy ol
since e.g. 5 5 oo -
r T 0x r 0y
“ o or r(a(r,0),y(r.0)) = oz Or +8_y5’
and

or 0 Or dr  Or Jy
0= 8), y(r,0 or oy
o6 = 56" (@ 0)u(n0) = 5o 56+ 55
One can of course alternatively derive the matrix in the left of (11.4) by solving for r = (22 4 y?)!/?

and 0 = tan~!(y/x) and differentiating.
By the chain rule and (11.4)

i_gﬁ+({)98 02_311&98
Oxr OxOr Ox 00 or r 00’
0 or 0 00 0 . 0 cosb 0
ay “ayor ayoe Car T T a0
Hence
6_2: <cos 2_511193)((:08 é_sm@é)  co? 0? +sir129 0? _ 2cosfsinf 0?
0x? or r 00 or r 00 Or? r2 002 r orof
cosfsinf 9 sin?0 O  sinfcosh O
r2 %—i_ r g—i_ 2 90’
and

0? <sin9é—|— cosf O )(meg cosf (9) _ in2g 0? n cos? 6§ O? n 2cosfsinf 0>

or? r2 062 r orob
cosfsinf 0 cos’f O sinfcosf O
T2 v o 2 o

and therefore

(115) 82+82_82+13+i8_2
’ ox2  Oy2  or2  ror 120602




Cylindrical coordinates in three dimensions The cylindrical coordinates are given by
(11.6) x =rcosb, y =rsinb, z =z
The Laplacian in cylindrical coordinates is

(11.7) a0 0010 10 O
’ 0z Oy? 022 Or2  ror  r2060%2 922

Spherical coordinates in three dimensions The spherical coordinates are obtained from the
cylindrical coordinates by further introducing polar coordinates in the (z,7) plane for fixed 6 as well:

(11.8) Z = pcos ¢, r = psin ¢, 0=40.

Then p? = 22 +r? = 22 4+ 22 + y? is the square of the distance from the origin. The spherical
coordinates are given by

(11.9) x = psin ¢ cos b, y = psin¢sin b, Z = pcos o.

We now start with the cylindrical coordinates and make the change of variable (r, z,0) — (p, ¢,0)
to spherical coordinates given by (11.8). Then we must for 6 fixed change coordinates in (11.7).
However, since we use polar coordinates in the (z,r) plane we can use the formula for the Laplacian
in polar coordinates to write:

0? 0? 92 10 1 92

11.1 = 2 4 - =
(11.10) 022 + or?2  0p? + pOp + p? 0p?

In (11.7) we also have to deal with the term (again we think of # as fixed and use the formulas from
the polar coordinates)

10 ((9p8 0¢8>:1(Sm¢8+003¢8) 10 1 cos¢ 0

(11.11) ~5 = ==

orop T or 06
Using (11.10)-(11.11) in (11.7) we get

(1112) A—82+82+82_82+2£+ 1 82+182+lcos¢£
. _aIQ ayQ aZQ_aPQ pap p281n2¢692 Qa¢2 p sinqﬁagb'

This can also be rewritten in divergence form

1 0 g 1 o0 0 0
(11.13) o= p? sm¢<8_pp sin (b +%sm¢89+8—<¢8 ng ¢>

which is useful for applications.
We remark that there alternative notation. The textbook has switched the role of ¢ and 6. More-
over, once we derived the coordinates we will let » denote was is called p above, i.e. /22 + y2 + 22.



