Lecture 5: 9.1 Energy and causality of waves. We will study the wave equation in space time:
(5.1) O*u — 2 Au =0, where A =0+ 85 + 02

The characteristic cone Recall that in one space dimension the characteristic curves for the wave
equation are x — xg = £c¢(t — tp). This is the path a particle traveling with the speed of light ¢ will
follow. If we rotate this around the t =ty axis we get the characteristic cone or light cone;

(5.2) Ix —x0l? = (z —20)? + (y —w0)? + (2 — 20)* = (t — tp)>.

It is the union of all light rays from the point (xg,%g). The solid light cone is the inside; |x — x| <
c|t — to|. The part with ¢ > t; is called the future or forward light cone and the part with ¢ < ¢¢ is
called the past or backward light cone. At any fixed time the light cone is a sphere: |x—xq| = c|to—1|.
The divergence theorem states that if W is a volume bounded by a surface S with outward unit
normal n=(ny,ns,n3) and F=(Fy, Fy, F3) is a continuously differentiable vector field in W then

(5.3) // V -Fdxdydz = // F-ndsS, where
w S

oF OF: OF:
(54) VF: (9:1}1 + 8:; + 62’3 and F-n:F1n1 +F2712+F37”L3.

A one dimensional analogue is the First Fundamental Theorem of Calculus:

b
(5.5) F(b) — fla) = / /' (x) da

A two dimensional analogue says that if D is a region in the plane with boundary curve C' then

F F
// a 1 a 2>d d /F1n1+F2n2ds
C

where ds is the arc length. (This is in fact equivalent to Green’s Theorem.)

Proof of the divergence theorem for convex sets. We say that a domain W is convex if for
every two points in W the line segment between the two points is also in W, e.g. any sphere or
rectangular box is convex. Since F = Fji + Fyj + F3k the theorem follows from proving it for each of
the three vector fields Fii, Fbj and Fsk separately. The theorem for the vector field Fsk states that

(5.6) /// =3 dadydz = // F3ngdS.

Since W is convex we can write W={(z,y, 2); fi(z,y) <z< fa(z,y), (x,y) € D}. Its surface S has
two parts S1={(z,y,2); z=f1(z,y), (z,y) €D}, So={(z,y,2); z= fa(z,y), (x,y) € D}. We have

(] 2t ff [
1\T,y
— //D Fs((z,y, f2(z,y)) dody — //D F3((z,y, f1(z,y)) dzdy,

by (5.5). This is an integral over S and if we can prove that nsdS = dxdy on Sy and n3dS = —dzdy
on S; we are done. This follows since the surface area dS above a small rectangle dxdy in D is
dxdy/ns, since the ratio is given by the dot product of the unit normals to D and S.
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Conservation of energy. If we multiply the wave equation (5.1) by u; we get

1
(5.7) 0= (uy — Au)uy = éat (ui + | Vul*) = AV - (w, V), or

1
0= (utt — A (Upe — Uyy — uzz))ut = 5815 (ut2 +c2(u? —l—ui —|—u§)) —c? (&E (urug) + 0y (uruy) + 0Z(utuz)).

If we integrate over a ball of radius R: Br = {x; |x| < R} we get from the divergence theorem

— ) _la
0= /// 251 Ut+|Vu|) V- (usVu)dx th/// ut+|Vu| dw c//SRutVu )-nds,

where Sp = {x; |x| = R} is the sphere of radius R and n is the outward unit normal to Sg. If we
assume that u vanishes for large |z| the last integral will vanish for large R. If we let R — oo we get

th() 0,  where E(t)E///(uf+c2yvuy2)(x,t)dx, o E(t) = B(0).

Principle of causality. Let us for simplicity of notation assume that c=1 and xg = 0. There is
a version of the energy identity in a truncated light cone:

Cr={(x,1); x| <to—t,0<t <7} ={(x,%); 0 <t <min(to — [x|,7)}, where

7, when |x| <ty—rT,

(5.8) min (tg — |x|,7) = {

The boundary of C; consist of a top T'={(x,7); |x — x¢| <to—7}, a bottom B={(z,0);|x|< to},
and the side of the cone K ={(x,1); | x| = (to —t), 0 <t < 7}. Let the Energy be:

to—|x|, when tq—7<|x| <t

(5.9) E(t) :/ ug (%, )2+ |Vu(x, t)|? dx,
|x|<to—t
and the Flux be
(5.10) F = / (ui + |Vul® — 2upu, ) (x,to — [x]) dx
to 7‘<|X‘<t0

where u,. =n-Vu, and n=x/|x| is the outward unit normal to the spheres |x|=constant. FE(7) is an
integral over the top, F(0) an integral over the bottom and F' an integral over side. We claim that

(5.11) E(t)+F—E0)=0, and E(r)< E(0).

Here F >0 since u? + |Vu|? — 2upu, = (up —u, )+ |Vu|>—u2 >0, since |u, | = |n-Vu| <|n| |[Vu|=|Vul.
To prove (5.11) we integrate both terms in (5.7) over C.. By the fundamental theorem of calculus

min (to—|x|,7)
(5.12) ////Gt up 4+ [Vul?)(x,t) dxdt = /// / O (uf + |Vul?) (x,t) dt d
|X|<t0
/// (ui+|Vul?) (x, 7 dx+/// (ug+Vul®) (x, to—|x|) dx— /// (w7 +|Vul®) (x,0) dx.
|X|<t0 T t() T<|X‘<t0 X|<t0

This is E(7) plus part of F' minus F(0). By the divergence theorem on the balls of radius ty — t:

/// V- (uVu)(x,t) dxdt = /// V- (uVu)(x,t) dx dt = / // n- (uw,Vu)(x,t) dS(x) dt
X|<t0 —t X| t() t

were dS is the surface area element on the spheres of radius ¢ty —t, and if we change variables r =ty —t;

(5.13) / // . utVu (x,tg — 1) dS(x)dr = /// utvu (X to — |x]) dx
to—T |x|=r to— T<|X|<t0

If we subtract of 2 times (5.13) from (5.12) and use that the integral of (5,7) is 0 we get (5.11).
One could also have proven (5.11) using the four dimensional divergence theorem applied to the
integral of (5.7) over C., which is the proof in Strauss.



