Lecture 6: 3.2 Reflection of waves. We now want to solve the initial value problem for the
wave equation on a half line:

(6.1) Vit — Vgg = 0, 0<x < oo, v(z,0) = f(x), wvi(x,0)=g(x),

with Dirichlet boundary condition:
v(0,t) = 0.

In order for the problem to be solvable we will assume that the initial conditions are compatible
with the boundary conditions, i.e. f(0) =0 and ¢g(0) = 0. Then general solution can be written

v(z,t) = Fo(t + x) + Go(x — 1),

where in order to satisfy the boundary condition we must have v(0,t) = Fy(t) + Go(—t) = 0 so
G(—t) = —Fy(t). Therefore the general solution can be written

(6.2) v(z,t) = Fo(t+x) — Fo(t — x),
for some function Fy(z) defined for —oo < x < +o00. To satisfy the initial conditions we must have

{Fo(l‘)—Fo(—x) = f(z), {:){Fo(w)—Fo(—w) = f(x),

Fo(z) — Fo(—x) = g(z) Fo(z) + Fo(—2) = G(z) where G(x) = /g(:z:) da.

Hence

(63) Fole) = 5 (Glo) + f(@)),  Fol—) = 5(G(@) — (@),

N | —

If 0 < z < t it follows from (6.2) and the first part of (6.3) that

t+x
o) = (F+a)= =) +5 [ o) ds

N | =

(f(t‘i‘x)—f(t—m))—I-%(G(t-i—:v)—G(t—gg)) -

DN | =

If x > t it follows from (6.2) and the first and second parts of (6.3) that

T+t
o) = (Fe+o)+fa=0)+5 [ o)y

N | =

(f(t—I—ac)-l-f(:L’—t))—I-%(G(t-i-x)—G(x_t)) —

DN | =
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Spherically symmetric solutions to the Wave equation in space-time.
0

Let r = |x| =/ do; =
et r = |x| 3+ 23 + 2% an e

Then 9;r = S ™ fact, 2ro;r = 0,12 = 09, (:c1 + 22 + 2%) = 2x;, and diving by 2r gives the result.
r

2

Sl = 320,035 () Za( (=r) = Zf"u P (757 = )

and hence

AFOY = £/ + 270 = L r ) = 5 (RF0), v =l #0,

r

We now want to solve the wave equation in 3 space dimensions
Uy — Au =0, u(x,0) = f(x), ut(x,0) = g(x).

It turns out that it simpler to consider the special case of spherically symmetric data first, i.e. data
depending only on |x|; f(x) = f(|x|) and g(x) = g(|x|). Then we expect the solution to only depend
on |x| and t: u(x,t) = u(|x|,t). We will show that in fact we can find a solution of this form. If we
plug this ansatz into the equation we get

_ 1 92 _ — _ _
(6.4) U (1, t) — ——(ru(r t)) 0, u(r,0) = f(r), u(r,0) = g(r).

r Or?

Hence we get a one dimensional wave equation for v(r,t) = ru(r,t) with boundary condition:

Vet — Uy =0, 7 >0, v(r,0) = rf(r) =vo(r), v(r,0) =rg(r) =vi(r), v(0,t) = 0.

By the formulas from the previous section, then general solution looks like

v(r,t) _ Fo(t+r)— Fo(t — 7“).

u(r,t) =

If 0 < r <t then the solution of the initial value problem is given by

_ v(r,t 1 1 [t
(6.5 ) = 0 = )~ n) 5 [
and if r > ¢ then
o(r,t) 1 1/7"“
u(r,t) = = —(vo(t +71)+vo(r—1)) + — v1(y) dy.
() =25 = e+ ) ool =) + 50 [0
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9.2 The wave equation in space time. We want to solve the wave equation in 3 space dimensions
(6.6) uge — Au =0, u(x,0) = f(x), ur(x,0) = g(x).

It turns out that we can get a formula from using the formula for the spherically symmetric case:

0
(6.7)  wu(xo,to) = Sg(x0,t0) + =S f(x0,to), where Sg(xo,t) = // )dS,
ot 0 47Tt0 |x—x0|= to

where dS is the surface measure on the sphere of radius ¢y centered at xg. Note that the sphere
|x —x¢| = to is the intersection of the backward light cone from (xq,tg) with the initial surface where
t =0. (6.7) is called Kirchoff’s formula. We have already discussed how to reduce the proof to the
case when f = 0; Since v = Sf satisfies the wave equation vy — v,, = 0 with initial data v(z,0) =0
and v¢(x,0) = f(x) it follows that w = v; satisfies the wave equation wy — w,, = 0 with initial data
w(z,0) = v(0,2) = f(x) and wi(z,0) = vy (x,0) = vy (z,0) = 0.

To prove (6.7), let w(r,t) be the average of u(x,t) over the sphere {|x|=r} of radius r centered at O:

1 1 T 27
(6.8) u(r,t) = - //| _ u(x,t)dS = E/o /0 u(x,t) sin ¢ df do

where (z,y,2z) = (rcosfsing,rsinfsin ¢, rcosf) are the spherical coordinates. The Laplacian in
spherical coordinates is

60 om0 B (L L 2 (o)

see section 6.1 for a proof. Now

Aa(r) = :2 (51“( 8r 477/ /2“7112;“ u(x)> sin ¢ df dp = —/ / x) sin ¢ df do,

since using (6.9) the angular derivatives integrate out to 0:

2 (B0 5 (2 50)) smodoo = | / BEETOR Z(?Z)} s

T 1 Oul? 2m @U
[ sl | 5
since au =0 and — Ou —(r,0,9) =

00 le 0o a¢(re+ﬂ¢) if¢p=0o0r¢=m.

Hence u( r,t) satisfies the radial wave equation

df =0+0.

2T

2
Upt — Upy — ;ﬂ =y — Au = —/ / up(x,t) — Au(x,t)) singdfdp =0

and the solution when 7 < t is represented by (6.5). In particular, if we assume that f = 0 and let
r — 0 we get since the average over the sphere tends to the value in the middle

' B ‘ 1 t+r
u(0,t) = }1_1()% u(r,t) = }12% o /t_r yg(y) dy = ~ 4mt //|x| t

This proves (6.7) in case xo = 0 and the general case follows from this by translation: Use the above
formula on w(x,t) = u(x + x¢,t). Then w(0,t) = u(xp,t), w(x,0) =0, dw(x,0) = g(x + xq).



