
Lecture 9: 9.1 Invariance of the wave operator under Lorentz transformations and
9.3 The wave equation with a Source.

6.1 Invariance of the Laplacian under rotations. A rotation or orthogonal transformation
Rn 3 x → Qx ∈ Rn, is multiplication by an orthogonal matrix Q = (qij).
An orthogonal matrix satisfies QT Q = I or equivalently 〈Qx, Qy〉 = 〈x,y〉 for any x,y ∈ Rn.

For an arbitrary n×n matrix A = (aij) the kth component of the vector Ax is (Ax)k =
∑

` ak`x`.
By the change rule we have

∂iu(Ax) =
n∑

k=1

(∂ku)(Ax) ∂i(Ax)k =
n∑

k=1

(∂ku)(Ax) aki

and hence

(9.1) ∂i∂ju(Ax) =
n∑

k=1

n∑

`=1

(∂k∂`u)(Ax) akia`j

If we now apply this to an orthogonal matrix A and sum over i = j we get

4u(Qx) =
n∑

k=1

n∑

`=1

(∂k∂`u)(Qx)
n∑

i=1

qkiq`i

If Qij = qij then QT
ij = qji. Hence (QQT )k` =

∑n
i=1 QkiQi` =

∑n
i=1 qkiq`i. But (QQT )k` = Ik` so

4(
u(Qx)

)
=

n∑

k=1

n∑

`=1

(∂k∂`u)(Qx) Ik` = (4u)(Qx).

In two dimensions the rotation matrices are Q =
[

cos θ − sin θ
sin θ cos θ

]
.

9.1 Invariance of the wave operator under Lorentz transformations. A Lorentz trans-
formation x → Lx is multiplication with a matrix L = (`ij) such that LT ΓL = Γ, where Γ =
diag{1, . . . , 1,−1}, i.e. Γ is the diagonal matrix with one’s in the diagonal apart from a negative
one in the lower right corner. Equivalently 〈ΓLx, Lx〉 = 〈Γx,x〉 = x2

1 + · · ·+ x2
n − x2

n+1.
If we apply (9.1) to A = L, multiply (9.1) by Γij and sum over i, j we get

¤u(Lx) =
n+1∑

i=1

n+1∑

j=1

Γij∂i∂ju(Lx) =
n+1∑

k=1

n+1∑
m=1

(∂k∂mu)(Lx)
n+1∑

i=1

n+1∑

j=1

`ki`mjΓij

But
∑n+1

i=1

∑n+1
j=1 `ki`mjΓij =

∑n+1
i=1

∑n+1
j=1 LkiΓijL

T
jm = (LΓLT )km = Γkm so we get

¤
(
u(Lx)

)
=

n+1∑

k=1

n+1∑
m=1

(∂k∂mu)(Qx) Γmk = (¤u)(Lx).

In R1+1 the Lorentz transformations are given by

(x, t) → L(x, t) =
( x− βt√

1− β2
,

t− βx√
1− β2

)
, L =

1√
1− β2

[
1 −β
−β 1

]
.

There are different ways of writing this. It is simply a linear transformation such that

if (y, s) = L(x, t), then y2 − s2 = x2 − t2.
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9.3 The wave equation with a Source. Recall the formula for the solution of the initial value
problem for the wave equation in 3 space dimensions:

(9.2) utt −4u = 0, u(x, 0) = f(x), ut(x, 0) = g(x).

We have
u(x, t) = Sg(x, t) +

∂

∂t
Sf(x, t),

where

(9.3) Sg(x, t) ≡ 1
4πt

∫∫

|z−x|=t

g(z) dS(z) =
1

4πt

∫∫

|y|=t

g(x + y) dS(y),

where dS(y) is the surface measure on the sphere of radius t centered at x. Note that the sphere
|z− x| = t is the intersection of the backward light cone from (x, t) with the initial surface t = 0.

By Duhamel’s principle the solution to

(9.4) utt(x, t)−4u(x, t) = F (x, t), u(x, 0) = 0, ut(x, 0) = 0.

is given by

(9.5) u(x, t) =
∫ t

0

SF (·, s)(x, t− s) ds =
∫ t

0

1
4π(t− s)

∫∫

|y|=t−s

F (x + y, s) dS(y) ds,

where SF (·, s) acts on the function of the first variables only and s is a fixed parameter.(section 3.4)
The proof of this used that by definition v(x, t; s) = SF (·, s)(x, t−s) satisfy the initial value problem

vtt −4v = 0, v(x, s; s) = 0, vt(x, s; s) = F (x, s).

Hence
∂

∂t
u(x, t) =

∂

∂t

∫ t

0

v(x, t; s) ds = v(x, t; t) +
∫ t

0

vt(x, t; s) ds =
∫ t

0

vt(x, t; s) ds

whereas

∂2

∂t2
u(x, t) =

∂

∂t

∫ t

0

vt(x, t; s) ds = vt(x, t; t) +
∫ t

0

vtt(x, t; s) ds = F (x, t) +
∫ t

0

vtt(x, t; s) ds

and it follows that

(∂2
t −4)u = F (x, t) +

∫ t

0

(vtt −4v)(x, t; s) ds = 0.

We can write (9.5)

(9.6) u(x, t) =
1
4π

∫ t

0

∫∫

|y|=t−s

F (x + y, t− |y|)
|y| dS(y) ds.

This is an iterated integral in spherical coordinates and dy = dS(y)dr=dS(y)ds, where r= t−s= |y|.
The domain of integration is the backward light cone from (x, t). Hence we can also write:

(9.7) u(x, t) =
1
4π

∫∫∫

|y|≤t

F (x + y, t− |y|)
|y| dy =

1
4π

∫∫∫

|x−z|≤t

F (z, t− |x− z|)
|x− z| dz.


