Lecture 12: 4.3 Revisited.

1 0
Ex 2 Find the solution to the system: ' = Az, A=10 0 -2
0 1

The eigenvalues are A\; = 1 and Ay = V2, Ag = Ay = —iV/2.
(Complex) Eigenvectors are found by solving (A — X\;1)é; =0, for i =1, 2, 3.

0 0 1 X1 0 I 1
3=1: 0o -1 =2 o =10 , €.8. | T2 =10
0 1 -1 3 0 rs3 0
1—iv2 0 1 w1 0 wn 1
i=2: 0 —ivV2 =2 we | =10, eg |w|=]-2-iv2
0 1 —ivV2 | | ws 0 ws —1+4iV2

Since the matrix is real the complex conjugate of an eigenvector is also an eigenvec-
tor so we get the complex eigenvectors é; = (1,0,0), é; = (1, -2 —iv/2, —1 + iv/2)
and é3 = (1, -2 +iv2, —1 — iv/2).

There are now a couple of different ways to proceed. One is to make a complex
change of variables transforming the matrix to a complex diagonal matrix and
solving the complex system of differential equations. The other way is to making a
real change of variables transforming the matrix to a standard form, which is not
quite diagonal but also has a 2 x 2 block corresponding to a rotation matrix in the
plane and using that we already know how to solve the resulting standard system.

Complex diagonalization With the complex change of variables x = P where

1 1 1
P:[é1é2é3}: 0 —2—iv2 —24iv2 |,
0 —14+ivV2 —-1-—1iv2

we get the system

o A 1 0 0
& = Az, A=P'AP=1{0 W2 0
0 0 —iV2

which has the solution

.fl‘l &16t
:i’g = G,QGZﬁt
ii'3 &36—2\/§t

Transforming back gives

ta A iﬁté2 + d3e—i\/§té3

for some complex constants a;, 1 = 1,2,3. We remark that, since the matrix is real

it follows that the solution is real for all times if it is real when ¢ = 0. (This follows

because the complex conjugate of the solution is also a solution so the imaginary

part is a solution that vanishes when ¢ = 0 and hence by uniqueness vanish for all ¢.
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The real standard form: We will now choose a different, real, basis ¢; = é;
but €2 and e3 will not be eigenvectors but instead the real and imaginary part of the
complex eigenvectors: é; = €341 éa, where é3 = (1, -2, —1) and é; = (0, —v/2,/2).

With the real change of variables z = P# where

[1 0 1 ]
p= [516253] —l0 —v2 -2,
o v2 -1

we get the system
S [1 0 0 w
i = Az, A=P'AP=10 0 —v2
[ 0]

Which reduces it to solving the two standard systems:

The later is the system studied in section 3.4. It corresponds to a rotation in the
(Z2,%3) plane of the initial vector (@2, @3) with an angular velocity of v/2:

E] -l ][

We hence get
. -

ZEl (~116
Fo | = | Gy cos /2t — Ggsin /2t
I3 a3 sin \/Et + as cos \/it ]

and
r=Pi= dret é, + (&2 cos V2t — a3 sin \/Et) és + (&3 sin V2t + ds cos \/it)ég,

There are several choices of basis vectors €5 and €3 corresponding to different choices
of complex eigenvector é2 = (wq, wy, ws). In fact we can multiply é; be any complex
constant a+1f and it is still an eigenvector but with a different decomposition into
real and imaginary parts. If e.g. we multiply with (1+iv/2) we get (14+4v/2)éy = (1+
iv2)(1, —2—iv/2, —14+iv/2) = (14+iv/2, —i3v/2, —3) = é3+iéy, where é3 = (1,0, —3)
and & = (v/2,-3v/2,0). Let é; = é;. We can then form P = [¢; é2 é3] and make
the change of variable z = P% in which the system takes the form %' = A%, where
A = PAP~! = ... = A. The solution & therefore look exactly the same as # but
with some dlfferent constants (a1, G2, G3) replacing (a1, a2, asz) so we get

x = PZ = Gie’ é1 + (a2 cos V2t — a3 sin v/2t)éx + (@3 sin V2t + da cos V2t)é3
Since {és, €3} is different from {és, €3} this appears to be a different answer. How-
ever, for each choice of (a3, a3) there is a corresponding choice of (a9, @3) so that the
two expressions are equal. The transformation is a multiplication and a rotation:

{dz} _ b [ 1/V3 —\/i/\/g} {52]
as| /3 |V2/V3  1/V3 7

corresponding to multiplying by 1 4 i1/2 in the complex plane:
a1+ idg = (14 14v/2)(ay + ias).



