Lecture 15: Section 6.1. Let T: E — E be an operator on a vector space F,
such that E is complex if any of the eigenvalues of T' are complex. We have seen
that we can write E as a direct sum F = F1 & ---E,, of the generalized eigenspaces
Ey, = Ker(T — A\ I)™, where nj is the multiplicity of the root of the characteristic
polynomial: p(t) = (t — A)™ - -« (£ — A)"r.

Suppose that there is only one eigenvalue A, of multiplicity n = dim E. Set N =
T —AI and S = AI. Then by the theorem N is nilpotent; N™ = 0, for £ = Ker T,
and SN = NS, since S is a multiple of the identity. Moreover S is diagonal (in every
basis). We can therefore compute e?’ = eSe¥ = e*[(I+ N + ...+ N"71/(n — 1)!).
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In general let T} :T| B, Since T} has only the eigenvalue A\ the previous argument
gives that Ty = Sx+ Nk, where Sy =\ I on Ey and N =T} —Sk is nilpotent of order
ng. Thus T=S+N, where S=51®---®S, and N=N:6&---@N,.. S is diagonalized
by a basis for E that is made up of any bases for the generalized eigenspaces.

Theorem 2. T'=54N, where SN=NS and S is diagonalizable and N 1is nilpotent.
Furthermore the decomposition is unique.

Since N2=0 and SN = NS we have et =et®etN =2 ([ +-tN)=e* {1;t t }
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Ex. If To=| 0 —1 4 | then p(t)=(t+1)%(t—1). The eigenvalue 1 is simple and
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to find an eigenvector we solve (Ty — I)z =0 which has a solution é3=(0,2,1). The
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eigenvalue —1 is double and we solve (To+I)z=0,0or [0 0 4 ||z2|=|0], to
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find that there is only one linearly independent solution é; =(1,0,0). By Theorem 1
we know that the dimension of the generalized eigenspace is two so there is another
linearly independent solution of (T+1)?z=0. Instead of calculating the square we
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find it by solving (To+I)x=¢é;,0or [0 0 4 xz2 | = | 0|, which has the solu-
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tion é3=(0,1,0) e.g.. Let T'=S+N be the decomposition in Theorem 2. In the basis
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{é1,€é9,é3} S takes the form: Sy = | 0 —1 0 |. If Z are the coordinates in the
0 0 1
basis {€1, éa, €3} and z are the coordinates in the standard basis then x = Q% where
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Q=[é1,6263]=[0 1 2| andQ~'=|0 1 —2|. In the standard basis the ma-
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trix for S'is So=QS:1Q '=...=| 0 =1 4|. Let Ng=Ty —So=|0 0
0 0 1 0 0 0
Since SoNg = NoSo and NZ =0 we have eTto = et%0etNo = QetS1Q~1(T + tNy),
et 0 0 et te? —2te™?
where et = | 0 et 0|soetTo=| 0 et —2tet+2et
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