Lecture 18: 7.1 Sinks and Sources. Consider the system
(7.1.1) ¥ = Az

where A is a real linear operator.

We say that the origin 0€R™ is a sink for the system if all eigenvalues of A have
negative real part in which case we also say that e/ is a contraction. We have seen
that in this case all solutions approach 0 as t —oo (asymptotic stability).

We say that the origin 0 € R™ is a source for the system if all eigenvalues of A
have positive real part in which case we also say that et4 is an ezpansion. In this
case all solutions approach oo as t — oc.

Theorem. Let A be and n x n real linear operator with eigenvalues A\, = ag + ibg,
k=1,...,n and let & and B be real numbers such that o < ax < B, for k=1,...,n.
Then there is a constant K > 0 such that any solution of x' = Ax satisfies

(7.1.2) KYz(0)]e* < |z(t)| < K|z (0)|e?, t>0.

where |z| = (z? + ... + z2)'/2.

If A is diagonal with real eigenvalues then (z, Az) = A\z? + ... + A\, 22 so
(7.1.3) alz|? < (z, Az) < Blz|?,

(If A is symmetric then it can be diagonalized by an orthogonal change of coor-
dinates A = QAQ™", where A = diag{\1,...,\x} and Q= = Q*. Since |Q*z|? =
(Q'z,Q'z) = (z,QQ'z) = (z,2) = |z and (z, Az) = (z, QAQ"z) = (Q'z, AQx),
(7.1.3) for a symmetric operator follows from (7.1.3) for the diagonal operator A.)
Suppose that A = diag{A1, ..., A\p, Ap+1, ..., A} where Aq,..., A, are the real eigen-
ak —bk
bk Qg
complex eigenvalues ap+iby and ar—iby. If y = (y1,y2) then (y, Axy) = ary?+ary3.
Hence also in this case (z, Az) = a12? + .... + a,x2, if a; = Re ); so (7.1.3) holds.
Assuming that (7.1.3) hold let us show (7.1.2). We have

values and for £k > p+1 A = are 2 x 2 blocks corresponding to the

d d T2y + .ot zpxl,  (r,2’)  (x, Ax)
71.4)  —|z|= =@+ ... +22)/2 =21 non _ o) A
and hence
d
(7.1.5) ofz| < o] < Bl

Let us first prove that |z(¢)| < e8t|z(0)| and the inequality e®*|z(0)| < |z(¢)| follows
in the same way. Multiplying by the second inequality in (7.1.5) by the integrating
factor e =Pt we get

d/ . d _
(7.1.6) = (ea(t)]) = et Zfa(t)] — Be (b)) < 0
Integrating this from 0 to t gives

(7.1.7) e Ptz (t)] — |z(0)| < 0
1



and hence
(7.1.8) z(t)| < €P*|a(0)]
Similarly
(7.1.8) e [z(0)] < |x(t)]

This proves (7.1.2) for case of a symmetric matrix A or a semisimple matrix already
in real canonical form.

To prove (7.1.2) in general we have to modify the inner product and norm. Here
we will only prove it in the semisimple case. Then there is a basis B = {é;, ..., &}
putting A in the form A = diag{A1, ..., Ap, A1, ..., Ap,} discussed above. Associated
with this basis is an inner product as follows. We write x = £1é1 + ... + Z,,é, and
Y = U161 + .. + Unép and (x,y)p = 191 + ... + ﬁngjn and |z|4 = (z,7)p. Then
in this basis by the previous argument (x, Az) = a;123 + .... + a,22. Therefore we
conclude that

(7.1.7) alz|% < (z, Az)s < Blz|%
which by the same argument as before gives
(7.1.8) |2(0)]5 < |z(t)|5 < ¢”'[(0)|5

To prove (7.1.2) we must show that the norms are equivalent, i.e. that there is a
constant C such that

(7.1.9) CYz| < |z|p < O]

Since Z = Qx and

(7.1.10) lz|s = |2] = |Qz| < ||Q| =], where QI = Sup |T2 ‘| C
Similarly z = Q™14 so

—1
(7110) |$| — |Q_1§7| < ||Q—1|| |.1i'|, where ||Q_1|| = sup ‘Q|x|x‘ < C

for some possibly larger constant C.



