Math 130B Solutions to Practice Midterm, Spring 2003, Lindblad.
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1. (a) Let ¢o(t) = o and for n > 0 set ¢p,11(t) = zo +/ f(én(7))dr. Then
0

|¢1(2) — ¢o(t)] < C/Ot |f(¢o(7))|dT < Mt,  and for n > 0
nss(0) = 6001 < [ |80l = Faa@] < [ Lionr) = bua(r)] dr
Let en(t) = SuPococt [bn1(s) — n(s)| and En(t) = 37— en(t). Then
B (1) < L/Ot B, () dr + Mt

Using Gronwalls lemma, i.e. let U(t) denoted the right hand side. Then U’(t) =
LE,(t) + M < LU(t) + M. Multiplying by the integrating factor e=Lt gives
(U(t)e It) < MeLt. Integrating both sides from 0 to ¢ gives

t
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Ut—Lt</M—LTd < e lr| <2
(t)e A T>T1° LTI

and hence
E,(t) <U(t) < ML el

Since this is true for any n it follows that

oo

> sup D, 19n41(t) = 6n0)| < MLt

n=0

Given any fixed € > 0 and T < oo there is an N such that

Z SUD_ [ () — gu(t)] <

O<t T

It therefore follows that
| (1) —m (t \—‘Z Pr1(t)—br(t ‘<Z‘¢k+1 )| <e, if n>m>N

i.e. {¢,} is a Cauchy sequence in C([0,T]). Since this space is complete it follows
that there a ¢ € C([0,T]), such that supg<;<r [Pn(t) — #(t)] — 0 as n — oco. It
therefore follows that the limit satisfies the integrated form of the equation:

(t) = zo + /0 f(()) dr

(b) |z (%) |— a:o—i-/fasr) dT <|:c0|+/ |f |d7'<|a:0|+/MdT—|a:o|+Mt
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start by assuming that 7' < oo and show that this leads to a contradiction and
hence T' = oo. Then by (b) |z(t)] < C < oo and |z/(t)] < M for 0 < ¢ < T. It
follows that zp = lim;_,7 z(t) exist and that z € C'([0,T]). We now use the local
existence theorem again with initial data xp starting from ¢t = T and this gives
existence of another solution Z in some interval (T'—¢,T +¢), € > 0. By uniqueness
that solution Z has to agree with x in the interval (T' — ¢,T]. Therefore we can
extend z to be equal to & when ¢ € [T, T + ¢) and the extension z € C*([0,T + ¢))
contradicting the maximality of T'.

d) Uniqueness will go wrong. Take for example f(z) = |=|*/2. Then one solution to
z' = f(z) with initial data £(0) = 0 is z(¢) = 0. and another solution is z(t) = ¢2/4.
This does not quit satisfy the condition that | f(z)| < M, but one can modify f so
it is equal to |z|*/2 when |z| < 1 and equal to 1 when |z| > 1 and we still have
nonuniqueness for small .

2. Then /2 is a fixed point for g(z); g(v/2) = v/2. We claim that it is a contraction
of the set Wy = {z;2 > 1}:

1 )
(2.1) l9(z) —g(y)| < §|$ -y, if z,y>1

and g(z) > 1 if £ > 1. Therefore, by the above lemma, if we set zp = 1 and
Tpi1 = g(z,), for n > 0 then z,, — /2, as n — oo. In fact,

zo=1, z1=15 x=141667..., z3=1.41422....--
To prove (2.1) we note that |g'(s)| = |1/2 — 1/s?| < 1/2, if |s| > 1 and hence
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3. Let F(x,y) = {y((?)—Qm—??y))}' Then DF(z,y) = —9y Y 3—2r—2y|

The critical points F'(z,y) = 0: are (0,0), (1,1), (0,3) and (2,0).

Since DF(0,0)= l2 0

0 3] has the eigenvalues 2>0 and 3> 0, (0, 0) a source.

Since DF(1,1) = :; :1 has eigenvalues +v/2 — 1, (1,1) is a saddle.
Since DF(0,3) = :(13 _03 has eigenvalues —1 and —3, (0, 3) is a sink.
:_2 _2 =

Since DF'(2,0) = has eigenvalues —2 and —1, (2,0) is a sink.

0 -1

Hence, there are no stable equilibrium points with both z and y nonvanishing.
There are no closed orbits either. In fact, a closed orbit must be contained in
a basic region, i.e. a region inbetween the curves where z(2 — x —y) = 0 and
y(3 —2z —y) = 0. This is impossible since z(t) and y(t) are monotone in any basic
region. Hence, by Poincare-Bendixson, the limit set is only the equilibrium points.
Every trajectory will therefore tend to one of the equilibrium points. However,
there is only a curve of initial data through the equilibrium (1,1) that tends to
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4. Let 7 = /22 4+ y2. Then

d(r?)/dt = 2z’ +2yy' = ... = 82% + 6y> — 2(a® + y)e® 1V’

When r = 1 then —r2>6—2e>0andwhen7'—2then = 2<32—8€ <0. It
follows that the annuls K={(z,y); 1 <z?+y? < 2%} is posmvely invariant. Hence
by Theorem 3 there is either a closed orbit or an equilibrium point in K. However,
there is no equilibrium in K, since 4z —y—ze® ¥’ = z+3y—ye® ¥ is equivalent

o4z —y)/z=e"TY = (z+3y)/yso 4z —y)y=(z+3y)zorz>+y%—zy=0
or (x —y/2)? + 3y?/4 = 0. Hence the only equilibrium is z=y=0.

5. In polar coordinates the system take the form 7' = r(1 — r?) and ¢’ = 1.

r = 11is a closed orbit. If r > 1 then 7’ < 0 so the system spirals towards smaller
r and if » < 1 then 7’ > 0 so the system spirals towards larger r. Hence there can
not be any closed orbit contained in either of the sets » > 1 or » < 1 and any orbit
that intersects the curve r = 1 must coincide with this curve. Therefore the only
closed orbit is r = 1.

The system can be solved by separation of variables ﬁ dt and partial
fractions ﬁ —}— 1—r — 1—+r which gives In ;-5 =t + C so rg = Ce! which
after some work glves

—-1/2
r= (l—l—(l/rg—l)e_%) , 0=1t+0p

When ¢ goes from 0 to 2 we have gone around one turn so the Poincare map is

P(ro) = (1 + (1/7"(2) _ 1)6_47,)—1/2

and
—3/2
Pl(,r_o) 47r —3 (1 + (1/7,0 _ 1) —47r) /

Since P’(1) < 0 it follows from this that the orbit is a periodic attractor.

' =v
v'=—f(x) —g(z)v
, where H(z,v) = % + F(z) and

6. The equation is equivalent to the system {

' = Hy(z,v)

y, = _Hw (‘Ta U)

F(z) = /mf(s) ds. Then H(z,v) is constant along orbits.
0

If g(z) = 0 it is Hamiltonian: {

EH(:C, v) = —g(z)v?. In case g(z) = 0 for all = the solution curves has

can be closed orbits or trajectories that escape to infinity. In case g(z) > 0 for all

x the energy is decaying along orbits so there can be no closed orbits.

Let us describe the particular case when f(zr) = x — z3. The derivative is

In general

1 " .
[ o \0 PN B \-|. The critical points are at v = 0 and £ = 0 or z =



+1. Then {—f’(a:) —gl(a:)}' The eigenvalues are A% + g(z)\ + f'(z) = 0 so
A+ g(x)/2)? = g(x)?/4 — f'(x) and hence

A=—g()/2% /g(2)?/4 - f'(2)

If z =0 and g(z) = 0 then A = +i so it is a center. and if z = 0 and g(z) > 0
then the real part of both eigenvalues are negative so it is a sink. If z = +1 and

g(£1l) =a > 0 then A = a + /2 + a?/4 so it is a saddle.
If g(x) = 0 then H(z,v) = c is constant along orbits. Since F(r) = 22/2 —z*/4
H(z,v) =v2/2+2%/2 — 2*/4 = c. Completing the square gives:

v? = (22 - 1)%/2+ (4c—1)/2

If ¢ > 1/4 then the solution curves are given by

v=1/(22 —1)2/24 (4c —1)/2, or v=—/(z2—1)2/2+ (4c—1)/2
If ¢ = 1/4 the solution curves are
v=(22-1)/vV2, or v=(1-22)/V2

If 0 < ¢ < 1/4 there are two sorts of solution curves. The closed orbits contained
in the set -1 <z < 1:
v+ 2%(1 — 2%/2) = 2c

(After a nonlinear stretching of the = axis z = z4/1 — x2/2, these are circles. ) and
trajectories escaping to infinity contained in either of the sets x > 1 or x < —1:

22 —1=+/2v2 + (1 — 4c),

or

xzzt\/l—l—\/2v2+(1—4c)

For ¢ < 0 there are only the trajectories in x > 1 or z < 1.

It might be a good idea to use matlab or mathematica to do a counter plot of the
level sets of H(z,v).

¥ =y —G(z) B ””8 .
J = — () ,WhereG(a:)—/g( ) ds.

0
d
If H(z,y) = y%/2+ F(x) it then follows that EH(JI, y) = —f(2)G(x).
7. (a) is not structurally stable. In fact consider the perturbed system

{a:’:—y—i-/w:
Y =z +py

Alternatively one can write it as the system {

The difference between the right hand sides when y = 0 or when p is small is
bounded by C|u|(|z|+ |y|) so on any compact set K we can make the perturbation
as small as possible. The eigenvalues are

A Y I



so if p = 0 the origin is a center and the solution curves are circles. If y < 0 it
is a sink and the solution curves are spirals towards the origin. If 4 > 0 it is a
source and the solution curves are spirals out towards infinity. Clearly these case
are not topologically equivalent, i.e. there can be no map taking the plane to the
plane which maps the solution curves of the different pictures to each other. =10
is called a bifurcation point.

(b) is structurally stable close to the origin. This follows from applying Theorem
16.3.1.



