arXivimath/0306194v1 [math.GT] 11 Jun 2003

A Geometric Approach to Di erential
Forms

David Bachman

California Polytechnic State University
E-mail address dbachman@calpoly.edu


http://arXiv.org/abs/math/0306194v1




For the Instructor

The present work is not meant to contain any new material abdudi erential
forms. There are many good books out there which give nice naplete treatments of
the subject. Rather, the goal here is to make the topic of dieential forms accessible
to the sophomore level undergraduate. The target audiencerfthis material is
primarily students who have completed three semesters oflcalus, although the
later sections will be of interest to advanced undergraduatand beginning graduate
students. At many institutions a course in linear algebra it a prerequisite for
vector calculus. Consequently, these notes have been weitt so that the earlier
chapters do not require many concepts from linear algebra.

What follows began as a set of lecture notes from an introduwaty course in
di erential forms, given at Portland State University, during the summer of 2000.
The notes were then revised for subsequent courses on muatiable calculus and
vector calculus at California Polytechnic State Universit. At some undetermined
point in the future this may turn into a full scale textbook, o any feedback would
be greatly appreciated!

| thank several people. First and foremost, | am grateful to lathose students
who survived the earlier versions of this book. | would alsdké to thank several of
my colleagues for giving me helpful comments. Most notablipon Hartig had several
comments after using an earlier version of this text for a vear calculus course. John
Etnyre and Danny Calegari gave me feedback regarding Chap@. Alvin Bachman
had good suggestions regarding the format of this text. Fitlg, the idea to write this
text came from conversations with Robert Ghrist while | was graduate student at
the University of Texas at Austin. He also deserves my gratide.

Prerequisites. Most of the text is written for students who have completed thee
semesters of calculus. In particular, students are expedtéo be familiar with partial
derivatives, multiple integrals, and parameterized curnsand surfaces.
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4 FOR THE INSTRUCTOR

Concepts from linear algebra are kept to a minimum, althougiwill be important
that students know how to compute the determinant of a matrixbefore delving into
this material. Many will have learned this in secondary scha. In practice they will
only need to know how this works fon n matrices withn 3, although they should
know that there is a way to compute it for higher values oh. It is crucial that they
understand that the determinant of a matrix gives the volumeof the parallelepiped
spanned by its row vectors. If they have not seen this beforée instructor should,
at least, prove it for the 2 2 case.

The idea of a matrix as a linear transformation is only used irBection[2 of
Chapter 3, when we de ne the pull-back of a di erential form. Since at this point
the students have already been computing pull-backs withbuealizing it, little will
be lost by skipping this section.

The heart of this text is Chapters2 throughTh. Chaptefll is pwgly motivational.
Nothing from it is used in subsequent chapters. Chaptdd 7 isnty intended for
advanced undergraduate and beginning graduate students.



For the Student

It often seems like there are two types of students of mathertes: those who
prefer to learn by studying equations and following derivadns, and those who like
pictures. If you are of the former type this book is not for you However, it is the
opinion of the author that the topic of di erential forms is inherently geometric, and
thus, should be learned in a very visual way. Of course, leang mathematics in this
way has serious limitations: how can you visualize a 23 dimganal manifold? We
take the approach that such ideas can usually be built up by afogy from simpler
cases. So the rst task of the student should be to really undgtand the simplest
case, which CAN often be visualized.

Figure 1. The faces of then-dimensional cube come from connecting
up the faces of two copies of am( 1)-dimensional cube.

For example, suppose one wants to understand the combinatts of the n- di-
mensional cube. We can visualize a 1-D cubeg an interval), and see just from our
mental picture that it has two boundary points. Next, we can ‘sualize a 2-D cube
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6 FOR THE STUDENT

(a square), and see from our picture that this has 4 intervalgn its boundary. Fur-
thermore, we see that we can construct this 2-D cube by takirtg/o parallel copies of
our original 1-D cube and connecting the endpoints. Sincedhe are two endpoints,
we get two new intervals, in addition to the two we started wih (see Fig.[0). Now,
to construct a 3-D cube, we place two squares parallel to eaother, and connect
up their edges. Each time we connect an edge of one to an edgéhefother, we get
a new square on the boundary of the 3-D cube. Hence, since thavere 4 edges on
the boundary of each square, we get 4 new squares, in additimnthe 2 we started
with, making 6 in all. Now, if the student understands this, hen it should not be
hard to convince him/her that every time we go up a dimensiorthe number of lower
dimensional cubes on the boundary is the same as in the prawsodimension, plus 2.
Finally, from this we can conclude that there are 2n (n-1)-anensional cubes on the
boundary of the n-dimensional cube.

Note the strategy in the above example: we understand the \sal" cases visually,
and use them to generalize to the cases we cannot visualizéniswill be our approach
in studying di erential forms.

Perhaps this goes against some trends in mathematics of tlast several hundred
years. After all, there were times when people took geometrintuition as proof,
and later found that their intuition was wrong. This gave rig to the formalists, who
accepted nothing as proof that was not a sequence of formaftyanipulated logical
statements. We do not sco at this point of view. We make no clan that the
above derivation for the number of (n-1)-dimensional cubesn the boundary of an
n-dimensional cube is actually a proof. It is only a convinog argument, that gives
enough insight to actually produce a proof. Formally, a prdowould still need to be
given. Unfortunately, all too often the classical math boolbegins the subject with
the proof, which hides all of the geometric intuition which he above argument leads
to.
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CHAPTER 1

Introduction

1. So what is a Di erential Form?

A dierential form is simply this: an integrand. In other words, it's a thing
you can integrate over some (often complicated) domain. Fexample, consider the

R
following integral:  x2dx. This notation indicates that we are integratingx? over the

interval [0; 1]. In thci)s case x2dx is a di erential form. If you have had no exposure to
this subject this may make you a little uncomfortable. Afterall, in calculus we are
taught that x2 is the integrand. The symbol \dx" is only there to delineate when the
integrand has ended and what variable we are integrating witrespect to. However,
as an object in itself, we are not taught any meaning fordx". Is it a function? Is it
an operator on functions? Some professors call it an \in ngsimal” quantity. This is

R P
very tempting... after all, x2dx is de ned to be the limit, asn!1 ,of x? x,

|

wheref x;g aren evenly spoaged points in tEe interval [01], and Xx =1=n. I\/_\}hen we
take the limit, the symbol \ " becomes \ ", and the symbol \ X" becomes \dx".
This implies that dx =lim 4, o X, which is absurd. lim , o x =0! We are not
trying to make the argument that the symbol \dx" should be done away with. It
does have meaning. This is one of the many mysteries that tHi®ok will reveal.

One word of caution here: not all integrands are di erentiaforms. In fact, in
most calculus classes we learn how to calculate arc lengtthieh involves an integrand
which is not a di erential form. Di erential forms are just v ery natural objects to
integrate, and also the rst that one should study. As we shélsee, this is much like
beginning the study of all functions by understanding lineafunctions. The naive
student may at rst object to this, since linear functions ae a very restrictive class.
On the other hand, eventually we learn that any di erentiabke function (a much more

general class) can be locally approximated by a linear funeh. Hence, in some sense,



10 1. INTRODUCTION

the linear functions are the most important ones. In the samway, one can make
the argument that di erential forms are the most important integrands.

2. Generalizing the Integral

Let's begin by studying a simple example, and trying to gureout how and what
to integrate. The function f (x;y) = y? mapsR? to R. Let M denote the top half
of the circle of radius 1, centered at the origin. Let's resitt the function f to the
domain, M, and try to integrate it. Here we encounter our rst problem: | have
given you a description ofM which is not particularly useful. If M were something
more complicated, it would have been much harder to descrilitein words as | have
just done. A parameterization is far easier to communicatgnd far easier to use to
determine which points ofR? are elements oM, and which aren't. But there are
lots of parameterizations ofM . Here are two which we shall use:

1(a) = ( a;p 1 a?,where 1 a 1, and
2(t) = (cos(t); sin(t)), where 0t

OK, now here's the trick: Integrating f over M is hard. It may not even be so
clear as to what this means. But perhaps we can usg to translate this problem
into an integral over the interval [ 1;1]. After all, an integral is a big sum. If we add
up all the numbersf (x;y) for all the points, (x;y), of M, shouldn't we get the same
thing as if we added up all the numberd ( 1(a)), for all the points, a, of [ 1;1]?
(see Fig.)

7

Figure 1. Shouldn't the integral of f over M be the same as the
integral of f over [ 1;1]?



4. WHAT WENT WRONG? 11

Let'stryit. q(a)=( a;p 1 a?),sof( 1(a))=1 a2 Hence, we are saying that

R
the integral of f over M should be the same as 1 a?da. Using a little calculus,
1

we can determine that this evaluates to #3.
Let's try this again, this time using ,. By the same argument, we have that the

integral of f over M should be the same as f ( ,(t))dt = sin’(t)dt= =
0

But hold on! The problem was statedck))eforewe chose any parameterizations.
Shouldn't the answer be independent of which one we pickedwouldn't be a very
meaningful problem if two people could get di erent correceinswers, depending on
how they went about solving it. Something strange is going én

3. Interlude: A review of single variable integration

In order to understand what happened, we must rst review thede nition of
the Riemann integral. In the usual de nition of the Riemann ntegral, the rst step

is to divide the interval up into n evenly spaced subintervals. Thus, f (x)dx is
a

P

de ned to be the limit, asn!1 , of f(Xx;) X, wherefx;g aren evenly spaced
i=1

points in the interval [a;d, and x = (b a)=n. But what if the points fx;g are

not evenly spaced? We can still write down a reasonable surﬁ: f(Xi) Xi, where
now X; = Xj+1  X;. In order to make the integral well de nelc],1 we can no longer
take the limtasn!1 . Instead, we must let max x;g! 0. Itis a basic result
of analysis that if this limit converges, then it does not maer how we picked the
points f x;g; the limit will converge to the same number. It is this numberthat we

R
de ne to be the value of f (x)dx.

a
4. What went wrong?

R
We are now ready to gure out what happened in sectioil 2. Obvisly, f ( 1(a))da

was not what we wanted. But let's not give up on our general appach jbst yet: it
would still be great if we could use ; to nd somefunction, that we can integrate on
[ 1;1], that will give us the same answer as the integral ¢f over M. For now, let's
call this mystery function \?(a)". We'll gure out what it has to be in a moment.



12 1. INTRODUCTION

f( (a2)

Figure 2. We want ?(a;) at?(ay) at?(az) at?(a;) a =
f( (@)Lt f( (@)La+f( (a))Lls+ f( (as)la.

R
Let's look at the Riemann sum that we get for ?(a)da, when we divide the
1

interval up into n pieces, each of width a = 2=n. We get .pn ?(&) a, whereg =
1+2=n. Examine Figurel2 to see what happens to the pOiI’IlE;, under the function,
1, for n = 4. Notice that the points f 1(g))g are not evenly spaced aloniyl. To use
these points to estimate the integral of over M, we would have to use the approach
from the previous section. A Riemann sum fof over M would be:
x4

f( (@)l

i=1
f( 1;0); + f( 1:2;IO 3=4)l, + f (0; 1)l5 + f(1=2;IO 3=4)l,
(0) I+ (B=4)2+(0) I3+ (3=4)l4

The |; represent the arc length, alongvl, between (&) and (a+1). This is
a bit problematic, however, since arc-length is generallyand to calculate. Instead,
we can approximatel; by substituting the length of the line segment which connest
1(&) to  1(a+1), which we shall denote ad ;. Note that this approximation gets
better and better as we letn ! 1 . Hence, when we take the limit, it does not
matter if we usel; or L;.
So our goal is to nd a function, ?@), on the interval [ 1;1], so that the Riemann

P,
sum, ?(a) aequals (0)1 + (3=4)L; + (0) L3 + (3=4)L4. In general, we want

i=1
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P P

f( 1(&))Li= ?(&) a So, we must have &) a= f( 1(a))L;. Solving, we
i=1 i=1
get ?(a|) = f( 1(ai))|—i .

a

What happens to this function as a! 07? First, note that L; = | 1(&+1)
1(&)j. Hence,

iim 2(a) = |igﬁow
- im (@) 1(@a) (@)
al 0 - a |
= f( (@) lip H8n) (@)
= f( (&) |Lr!n0 1(ai+1)a 1(&)

But lim o o -t@#) 1@ js precisely the de nition of the derivative of ; at a;,

a
D, 1. Hence, we have limy o?(@&) = f( 1(&))jDs 1. Finally, this means that

R

the integral we want to compute is f( 1(a))jDa 1jda, which should be a familiar
1

integral from calculus.

R R

Exercise 1.1 Check that f( (a)jDa jda= f( »(t))jD; ,jdt, using the func-
1 0

tion, f , de ned in sectiori]2.

Recall that D, ; is a vector, based at the point (a), tangent to M. If we think

of a as a time parameter, then the length oD, ; tells us how fast ;(a) is moving

R
along M. How can we generalize the integral, f ( 1(a))jDa 1jda? Note that the
1

barsj j are a function which \eats" vectors, and \spits out" real nunbers. So we can
generalize the integral by looking at other such functionsin other words, a more

R

general integral would be f( i(a))! (D, 1)da, wheref is a function of points and
1

I is a function of vectors.

It is not the purpose of the present work to undertake a studyfantegrating with
all possible functions,! . However, as with the study of functions of real variables,
a natural place to start is with linear functions. This is the study of di erential
forms. A di erential form is precisely a linear function whth eats vectors, spits out
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numbers, and is used in integration. The strength of di eretial forms lies in the fact
that their integrals do not depend on a choice of parameteazon.

5. What about surfaces?

Let's repeat the previous discussion (faster this time), buping everything up a
dimension. Letf : R®! R be given byf (x;y;z) = z?. Let M be the top half of the
sphere of radius 1, centered at the origin. We can parameteeiM by the function,

, where (r; ) = (rcos();r sin( );pﬁ);o r 1,and 0 2 . Again,
our goal is not to gure out how to actually integratef over M, but to use to set
up an equivalent integral over the rectangleR =[0;1] [0;2 ].

Let fx;; g be a lattice of evenly spaced points ifR. Let r = Xj+1; X;j, and

= Xij+1_ Xij . By de nition, the integral over R of a function, ?(), is equal to
lim . o 2Xi) r

To use the mesh of paints, (x;; ), in M to set up a Riemann-Stiljes sum, we write
down the following sum:  f ( (x;;))Area(Li; ), whereL;; is the rectangle spanned

by the vectors (Xj+1;) (Xij ), and  (Xij +1) (xij ). If we want our Riemann

— FCxij NArea(Lij )
) - r "

sum overR to equal this sum, then we end up with ;;

R %r(x&l)
2 SRS
e o o 4 /\ ( 3;1)
R | %(Xal)
\ r -
\ 1
X&l

We now leave it as an exercise to show that asr and  get small, 2 &)

verges to the area of the parallelogram spanned by the vecs(%r(xi;j ), and %(xi;j ).
The upshot of all this is that the integral we want to evaluateis the following:

Z
. @  ,@
f( (r; ))Area @r(r, ),@(r, ) drd

con-

R



5. WHAT ABOUT SURFACES? 15

Exercise 1.2 Compute the value of this integral for the functib(x;y;z) = z2.

The point of all this is not the speci c integral that we have arived at, but the
form of the integral. We are integratingf (as in the previous section), times a
function which takestwo vectors and returns a real number. Once again, we can
generalize this by using other such functions:

Z
(0N S 1o ) dr

In particular, if we gxamine linear functions forl , we arrive at a di erential form.
The moral is that if we want to perform an integral over a regin parameterized by
R, as in the previous section, then we need to multiply by a fution which takes a
vector and returns a number. If we want to integrate over sontieing parameterized
by R?, then we need to multiply by a function which takestwo vectors and returns a
number. In general, am-form is a linear function which takesn vectors, and returns
a real number. One integratemn-forms over regions that can be parameterized by
R".






CHAPTER 2

Forms

1. Coordinates for vectors

Before we begin to discuss functions on vectors we rst need tearn how to
specify a vector. And before we can answer that we must rst&n where vectors
live. In Figure [ we see a curveC, and a tangent line to that curve. The line can
be thought of as the set of all tangent vectors at the pointp. We denote that line
as T,C, the tangent spacedo C at the point p.

7

Figure 1. T,C is the set of all vectors tangents tcC at p.

What if C was actually a straight line? WouldT,C be the same line? To answer
this, let's put down some coordinates. Suppose were a straight line, with coordi-
nates, andp is the point corresponding to the number 5. Now, suppose yolere to
draw a tangent vector toC, of length 2, which is tangent atp. Where would you
draw it? Would you put it's base at 0 onC? Of course not...you'd put it's base at
p =5. So the origin for T,C is in a di erent place as the origin forC. This is because

17



18 2. FORMS

we are thinking of C and T,C as di erent lines, even though one may be right on
top of the other.

Let's pause here for a moment to look at something a little merclosely. What
did we really do when we chose coordinates f&? What are \coordinates" anyway?
They are a way of assigning a number (or, more generally, a s#t numbers) to a
point in our space. In other words, coordinates are functienwhich take points of a
space and return (sets of) numbers. When we say that thecoordinate ofp is 5 we
really mean that we have a functionx : C! R, such thatx(p) =5

What about points in the plane? Of course we need two numbere specify such
a point, which means that we have two coordinate functions. Uppose we denote
the plane byP andx : P! Randy:P ! R are our coordinate functions. Then
saying that the coordinates of a pointp, are (2 3) is the same thing as saying that
x(p) =2, and y(p) = 3. In other words, the coordinates ofp are (X(p); y(p))-

So what do we use for coordinates in the tangent space? Wellst we need a
basisfor the tangent space ofP at p. In other words, we need to pick two vectors
which we can use to give the relative positions of all other pds. Note that if
the coordinates ofp are (x;y) then %) = n1; 0i, and 2<*Y = tp; 1i. We have
changed to the notation \h; i" to |nd|cate that we are not talklng about points of
P anymore, but rather vectors inT,P. We take these two vectors to be a basis for
TpP. In other words, any point of T,P can be written asdxh0; 1i + dyhl; Oi, where
dx;dy 2 R. Hence, \dx" and \ dy" are coordinate functions forT,P. Saying that
the coordinates of a vectoV in T,P are h2; 3i, for example, is the same thing as
saying that dx(V) = 2 and dy(V) = 3. In general we may refer to the coordinates of
an arbitrary vector in T,P ashdx; dyi, just as we may refer to the coordinates of an
arbitrary pointin P as (X;y).

It will be helpful in the future to be able to distinguish between the vectorth2; 3i
in T,P and the vectorh2; 3i in T,P, wherep 6 g. We will do this by writing h2; 3i,
for the former andh2; 3i for the latter.

Let's pause for a moment to address something that may have dre bothering
you since your rst term of calculus. Let's look at the tangenhline to the graph of
y = x2 at the point (1;1). We are no longer thinking of this tangent line as lying
in the same plane that the graph does. Rather, it lies iff1.1)R?. The horizontal



2. 1-FORMS 19

dy

Figure 2. The line, I, lies in T1.yR?. Its equation isdy = 2dx.

axis for T;.1)R? is the \dx" axis and the vertical axis is the \dy" axis (see Fig.[R).
Hence, we can write the equation of the tangent line aty = 2dx. We can rewrite
this as g—){ = 2. Look familiar? This is one explanation of why we use the ration
% in calculus to denote the derivative.

Exercise 2.1

(1) Draw a vector withdx = 1, dy = 2, in the tangent spac&. 1)R?.
(2) Drawh 3; 1i(o.1).

2. 1-forms

Recall from the previous chapter that a 1-form is a linear fustion which acts
on vectors and returns numbers. For the moment let's just Idoat 1-forms onT,R?
for some xed point, p. Recall that a linear function, ! , is just one whose graph is
a plane through the origin. Hence, we want to write down an egtion of a plane
though the origin in T,R?> R, where one axis is labelledx, another dy, and the
third, ! (see Fig.[B). This is easy! = a dx+ b dy. Hence, to specify a 1-form on
T,R? we only need to know two numbersa and b.
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dy

dx

Figure 3. The graph of! is a plane though the origin.

Here's a quick example: Suppode(hdx; dyi) = 2dx + 3dy then
I'th L,2)=2 1+3 2=4:

The alert reader may see something familiar here: the dot pilact. Thatis, ! (h 1;2i) =
h2; 31 h 1;2i. Recall the geometric interpretation of the dot product; ya project
h 1;2i onto h2;3i and then multiply by jh2;3ij = = 13. In other words

Evaluating a 1-form on a vector is the same as pro-
jecting onto some line and then multiplying by some
constant.

In fact, we can even interpret the act of multiplying by a conant geometrically.
Suppose! is given bya dx+ b dy. Then the value of! (V,) is the length of the
projection of V; onto the line, I, whereJ.h';f’;ébti’ji2 Is a basis vector for.

This interpretation has a huge advantage... it's coordina free. Recall from the
previous section that we can think of the planeP, as existing independent of our
choice of coordinates. We only pick coordinates so that we rc@ommunicate to

someone else the location of a point. Forms are similar. Theye objects that exist
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independent of our choice of coordinates. This is one of theys as to why they are
so useful outside of mathematics.

There is still another geometric interpretation of 1-forms Let's rst look at the
simple example! (hdx; dyi) = dx. This 1-form simply returns the rst coordinate of
whatever vector you feed into it. This is also a projectionit'’s the projection of the
input vector onto the dx-axis. This immediately gives us a new interpretation of the
action of a general 1-form! = a dx+ b dy.

Evaluating a 1-form on a vector is the same as pro-
jecting onto each coordinate axis, scaling each by some
constant, and adding the results.

Although this interpretation is a little more cumbersome its the one that will
generalize better when we get ta-forms.

Let's move on now to 1-forms im dimensions. Ifp 2 R" then we can writep in co-
ordinates as K1; Xo; ::1; Xn). The coordinates for a vector inf,R" arehdxy; dxy; :::; dXqi.
A 1-form is a linear function,! , whose graph (inT,R" R) is a plane through the
origin. Hence, we can write it ad = a;dx; + a,dx, + ::: + a,dx,. Again, this can be
thought of as either projection onto the vectorhay; ay; :::; a,i and then multiplying
by jhas; ay; :::; ayij or as projecting onto each coordinate axis, multiplying by;, and
then adding.

Exercise 2.2 Let! (hdx;dyi)= dx+4dy.

(1) Compute! (h1;0i), ! (h0; 1), and! (h2;3i).
(2) What line doeds project vectors onto?

Exercise 2.3 Find a 1-form which

(1) projects vectors onto the lindy = 2dx and scales by a factor of 2.
(2) projects vectors onto the lingy = %dx and scales by a factor (éf
(3) projects vectors onto thdx-axis and scales by a factor &f

(4) projects vectors onto thdy-axis and scales by a factor %xf

(5) does both of the two preceding operations and adds thdtres
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3. Multiplying 1-forms

In this section we would like to explore a method of multiplyag 1-forms. You may
think, \What's the big deal? If ! and are 1-forms can't we just de ne! (V)=
(V) (V)?" Well, of course wecan, but then ! isn't a linear function, so we
have left the world of forms.

The trick is to de ne the product of ! and to be a 2-form. So as not to
confuse this with the product just mentioned we will use theysnmbol \*" (pronounced
\wedge") to denote multiplication. So how can we possibly dee ! * to be a 2-
form? To do this we have to say how it acts on a pair of vectors\V(; V,).

Note rst that there are four ways to combine all the ingrediats:

PV (M) 1(V2) (V)

The rst two of these are associated withV; and the second two withV,. In other
words, ! and together give a way of taking each vector and returning gair of
numbers. And how do we visualize pairs of numbers? In the planof course! Let's
de ne a new plane with one axis being thé -axis and the other the -axis. So,
the coordinates ofV; in this plane are [ (V1); (V1)] and the coordinates ofV, are
[' (V2); (V2)]. Note that we have switched to the notation \[; ]" to indicate that we
are describing points in a new plane. This may seem a little ©fusing at rst. Just
keep in mind that when we write something like (12) we are describing the location
of a point in the x-y plane, whereadil; 2i describes a vector in thelx-dy plane and
[1; 2] is a vector in the! - plane.

Let's not forget our goal now. We wanted to usé and to take the pair of
vectors, (V1; V,), and return a number. So far all we have done is to take this paof
vectors and return another pair of vectors. But do we know of way to take these
vectors and get a number? Actually, we know several, but the ost useful one turns
out to be the area of the parallelogram that they span. This iprecisely what we
de ne to be the value of! » (Vi;\,) (see Fig.[4).

Example 2.1 Let! =2dx 3dy+ dzand = dx+2dy dz be two 1-
forms onT,R® for some xedp 2 R®. Let's evaluate! ~ on the pair of
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T
Yy

Figure 4. The product of! and

vectors, (hL; 3; 1i;h(2; 1;3i). First we compute thd!; ] coordinates of the
vectorhl; 3; 1i.

[l (hL;3;1i); (hl;3;1i)] 2 1 3 3+1 1,1 1+2 3 1 1]

= [ 66
Similarly we comput@ (h2; 1;3i); (h2; 1;3i)] =[10; 3]. Finally, the area
of the parallelogram spanned py6; 6] and[10;, 3]is

6 6
10 3

‘:18 60= 42

Should we have taken the absolute value? Not if we want to deena linear
operator. The result of! ~ isn't just an area, it's a signedarea. It can either be

positive or negative. We'll see a geometric interpretationf this soon. For now we
de ne:

PV (M)
F(V2) (Vo)

Exercise 2.4 Let! and be the following 1-forms:

FA (Vi Vo) =

I (hdx;dyi) =2dx 3dy
(hdx; dyi) = dx + dy

(1) LetV,; = h 1;2i andV, = hl;1i. Compute! (V1), (V1),! (Vo) and (Vo).
(2) Use your answers to the previous question to compute (Vi;V,).
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(3) Find a constant such that! » = c dx” dy.
Exercise 25 ! N (V;;Vo)= A (V3 V) (M A is skew-symmetrig.

Exercise 2.6.! ~ (V;V)=0. (This follows immediately from the previous exercise.
It should also be clear from the geometric interpretation).

Exercise 2.7.!' " (Mi+ Vo; Vi) =17~ (Vi Va)+ 1A (Vo; V) and! A (eVi; Vo) =
I'A (Vi;e\b) = ¢ M (Vg; Vo), wherec is any real number (»  is bilinear).

Exercise 2.8 ! M (Vi;\,) = N (Vg Va).

It's interesting to compare Exercise§ 215 and2.8. Exercig&3 says that the 2-
form,! A | is a skew-symmetric operator on pairs of vectors. Exerci&8 says that
A can be thought of as a skew-symmetric operator on 1-forms.

Exercise 2.9 ! *1(Vy;V,)=0.
Exercise 2.1 (! + )~ =1~ + A~ (N is distributive).

There is another way to interpret the action of » which is much more geometric,
although it will take us some time to develop. Supposke = a dx+ b dy+ ¢ dz Then
we will denote the vectorha; b; ¢ ash i. From the previous section we know that if
V is any vector then! (V) = Wi V, and that this is just the projection of V onto
the line containing Nl i, times jh! ij .

Now suppose is some other 1-form. Choose a scalarso thath  x!'i is
perpendicular tohi. Let , = x!I'. Note that ! ~ , =1 ~( x) =
I A xI A1 =12 Hence, any geometric interpretation we nd for the action
of! ~ | is also a geometric interpretation of the action of

Finally, we let T~ = Jh:—” and 7 = Jh—” Note that these are 1-forms such
that H-i and hi are perpendicular unit vectors. We will now present a geonmat
interpretation of the action of " =~ on a pair of vectors, V1; V).

First, note that since H~i is a unit vector thenT°(V,) is just the projection of V;
onto the line containing H~i. Similarly, 7 (V) is given by projecting V; onto the
line containing hi. As H7i and h7i are perpendicular, we can thus think of the
guantity
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(Vi) T(Va)
T(V2) T(V2)
as being the area of parallelogram spanned B and V,, projected onto the plane
containing the vectorsh-i and hi. This is the same plane as the one which contains
the vectorsh i and h i.

Now observe the following:

AT (Vi Vo) =

A = : A : = L | A
- jhtip jhip o jhbijihe
Hence,
LA =1 A = hjih QT T

Finally, note that since H7i and hi are perpendicular the quantityjh! ijjh . ij
is just the area of the rectangle spanned by these two vectorg-urthermore, the
parallelogram spanned by the vectord i and h i is obtained from this rectangle by
skewing. Hence, they have the same area. We conclude

Evaluating!  on the pair of vectors(Vy; V) gives
the area of parallelogram spanned by, and V, pro-
jected onto the plane containing the vectord i and
h i, and multiplied by the area of the parallelogram
spanned by i andh i.

CAUTION:  While every 1-form can be thought of as projected lengthot ev-
ery 2-form can be thought of as projected area. The only 2-fos for which this
interpretation is valid are those that are the product of 1-drms. See ExerciseZL5.

Let's pause for a moment to look at a particularly simple 2-fon on T,R3, dx” dy.
SupposeV; = hag; ap;asi and V, = hoy; by; si. Then
ar a
b b
This is precisely the (signed) area of the parallelogram spaed byV; andV, projected
onto the dx-dy plane.

dx ™ dy(Vi; V) =

Exercise 2.11 ! N (hag;ap; asi; o by, si) = ¢ dx”™ dy+ c,dx”™ dz+ czdy” dz, for
some real numbers;; c,, and cs.
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The preceding comments, and this last exercise, give the ltwling geometric
interpretation of the action of a 2-form on the pair of vectos, (Vi; V):

Every 2-form projects the parallelogram spanned by
and V, onto each of the (2-dimensional) coordinate
planes, computes the resulting (signed) areas, multi-
plies each by some constant, and adds the results

This interpretation holds in all dimensions. Hence, to spéy a 2-form we need to
know as many constants as there are 2-dimensional coordiagilanes. For example,
to give a 2-form in 4-dimensional Euclidean space we need fmesify 6 numbers:

cdx N dy+ cdx” dz+ cdx”™ dw+ ¢dy” dz+ csdy ™ dw+ cgdz ™ dw

The skeptic may argue here. Exercide_2]11 only shows that d&d2m which is a
product of 1-forms can be thought of as a sum of projected, $ed areas. What about
an arbitrary 2-form? Well, to address this we need to know whan arbitrary 2-form
is! Up until now we have not given a complete de nition. Henderth, we shall de ne a
2-form to be a bi-linear, skew-symmetric, real-valued fution on T,R" T,R". That's
a mouthful. This just means that it's an operator which eats pirs of vectors, spits
out real numbers, and satis es the conclusions of Exercisgsl and[Z¥. Since these
are the only ingredients necessary to do Exerci§e_2.11 ouogeetric interpretation
is valid for all 2-forms.

Exercise 2.12 If! (hdx;dy;dz) = dx+5dy dz,and (hdx;dy;dz)=2dx dy+dz,
compute
'~ (230 1,4, 2)
Answer. 127
Exercise 2.13 Let! (hdx;dy;dz) = dx+5dy dzand (hdx;dy;dz)=2dx dy+dz.
Find constantsg;; ¢, andcg, such that
I' A = qdx” dy+ cdy” dz+ cdx ™ dz

Answer: ¢, = 11, ¢, =4, andcz =3

Exercise 2.14 Express each of the following as the product of two 1-forms:
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(1) 3dx”™ dy+ dy” dx
(2) dx”™ dy+ dx” dz
(3) 3dx”™ dy+ dy” dx + dx” dz
(4) dx” dy+3dz”™ dy+4dx” dz

4. 2-forms on T,R3 (optional)

Exercise 2.15 Find a 2-form which isot the product of 1-forms.

In doing this exercise you may guess that in fact all 2-formsnoT,R® can be
written as a product of 1-forms. Let's see a proof of this fadhat relies heavily on
the geometric interpretations we have developed.

Recall the correspondence introduced above between vest@and 1-forms. |If

= a,dx + a,dy + azdz then we leth i = ha;;a,;asi. If V is a vector then we let
hi ! be the corresponding 1-form.

We now prove two lemmas:

Lemma 2.1 If and are 1-forms onT,R® and V is a vector in the plane
spanned byh i and h i then there is a vector,W, in this plane such that » =
Wi 1Ahwi 1,

Proof. The proof of the above lemma relies heavily on the fact that frms
which are the product of 1-forms are very exible. The 2-form ~ takes pairs
of vectors, projects them onto the plane spanned by the veectoh i and h i, and
computes the area of the resulting parallelogram times theea of the parallelogram
spanned byh i and h i. Note that for every non-zero scalarc the area of the
parallelogram spanned byh i and h i is the same as the area of the parallelogram
spanned bych i and 1=ch i. (This is the same thing as sayingthat ® = c¢ "1=c ).
The important point here is that we can scale one of the 1-forsras much as we want
at the expense of the other and get the same 2-form as a product

Another thing we can do is apply a rotation to the pair of vectos h i andh i in
the plane which they determine. As the area of the parallelogm spanned by these
two vectors is unchanged by rotation, their product still déeermines the same 2-form.
In particular, supposeV is any vector in the plane spanned by i and h i. Then
we can rotateh i andh i to h 9 andh 4 so thatch 4 = Vv, for some scalarc. We
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can then replace the pair [ i;h i) with the pair (ch 9;1=ch 9) = (V;1=ch 9). To
complete the proof, letw = 1=cn 9.

Lemma 2.2 If ;= 1~ jand!,= ,” , are 2-forms onT,R? then there
exists 1-forms, 3 and 3, suchthat! 1+ !,= 3" 3.

Proof. Let's examine the sum, 1 1+ > 5. Our rst case is that the
plane spanned by the pair I ;i;h ;i) is the same as the plane spanned by the
pair, (h 2i;h 2i). In this case it must be that ;» ; = C ,”* 5, and hence,

1Mot 2N 2=(1+ C) 1N g

If these two planes are not the same then they intersect in ank. LetV be a

vector contained in this line. Then by the preceding lemma #re are 1-forms and
Osuch that ;~ ;=Hhvi '~ and ,* ,=hvi '~ © Hence,

1/\ 1+ 2/\ zzh\/ill\ +H\/i1/\ Ozh\/ill\('*'()

Now note that any 2-form is the sum of products of 1-forms. Hence, this last
lemma implies that any 2-form onT,R? is a product of 1-forms. In other words:

Every 2-form on T,R® projects pairs of vectors onto
some plane and returns the area of the resulting par-
allelogram, scaled by some constant.

This fact is precisely why all of classical vector calculusofks. We explore this
in the next few exercises, and further in Sectiod 4 of Chapt®.

Exercise 2.16 Use the above geometric interpretation of the action of ar@&fon
T,R?3 to justify the following statement: For every 2-fotmon T,R* there are non-zero
vectorsV; andV, such thatV; is not a multiple oV, but ! (V;V,) =0.

Exercise 2.17. Does Exercide Z116 generalize to higher dimensions?

Exercise 2.18 Show that if! is a 2-form orT,R* then there is a liné in T,R® such
that if the plane spanned by; andV, containsl then! (V1;V,) =0.

Note that the conditions of Exercisd_Z18 are satis ed wherhe vectors that are
perpendicular to bothV; and V, are also perpendicular td.
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Exercise 2.19 Show that if all you know abowt; andV; is that they are vectors in
T,R3 that span a parallelogram of aréa then the value of (V;; V,) is maximized when
V; andV, are perpendicular to the lineof Exercis€2.18.

Note that the conditions of this exercise are satis ed whenhe vectors perpen-
dicular to V; and V, are parallel tol.

Exercise 2.20 Let N be a vector perpendicular %, andV, in T,R® whose length
is precisely the area of the parallelogram spanned by tivesedctors. Show that there
is a vectorV, in the linel of Exercis€_Z18 such that the value!diV;; V,) is precisely
Vi N.

Remark. You may have learned that the vectorN of the previous exercise is
precisely the cross product of; and V,. Hence, the previous exercise implies that if
I is a 2-form onT,R? then there is a vectorV; such that! (Vi;Vo)= Vi (Vi V)

Exercise 2.21 Show thatif! = F, dy” dz Fy, dx” dz+ F, dx” dy thenV, =
H:]_; Fo; F3| .

5. n-forms

Let's think a little more about our multiplication, ~. If it's really going to be

anything like multiplication we should be able to take threel-forms,!; ; and
and form the product! ~ ~ . How can we de ne this? A rst guess might be
to say that! ~ ~ =1 ~( ~ ) but ~ isa 2-form and we haven't de ned

the product of a 2-form and a 1-form. We're going to take a di eent approach and
dene! ~ 7~ directly.

This is completely analogous to the previous section!; ; and each act on
a vector, V, to give three numbers. In other words, they can be thought c&s
coordinate functions. We say the coordinates of are | (V); (V); (V)]. Hence,
if we have three vectorsV;; V,, and V3, we can compute the!f ; ] coordinates of
each. This gives us three new vectors. The signed volume oétharallelepiped which
they span is what we de ne to be the value of » 7~ (Vy;Vs; Va).

There is no reason to stop at 3-dimensions. Suppdsg! ,;:::;!, are 1-forms and
V1; Vo; iV, are vectors. Then we de ne the value of { A T o™ M (Ve Vo i V)
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to be the signed (-dimensional) volume of the parallelepiped spanned by thestors
[' 1(V); 1 2(M); =5V a(M)]. Algebraically,

i 1(V1) : 2(V1) : n(V1)
Lyl h i o (Vi Vg i Vo) = (Ve ! 2(:\/2) o n(VZ),
! 1(Vn) ! 2(Vn) S n(Vn)

It follows from linear algebra that if we swap any two rows or @umns of this
matrix the sign of the result ips. Hence, if the n-tuple, V°= (Vi,;;V,,;:\,) is
obtained fromV = (Vi;V,;::;; V) by an even number of exchanges then the sign of
oA, A A (VY will be the same as the sign of (A 1, A A (V). If the
number of exchanges were odd then the sign would be oppositfge sum this up by
saying that the n-form,! ;~ I ,~ .~ 1 is alternating.

The wedge product of 1-forms is alsmultilinear, in the following sense:

N P S I (VR VIE A VASH VA
= Ly AN A (Ve Vi Vo) + Lo A A A (Vg a5 V8 s V),

and

A TP R AR AN B VRSN ol VARAHA VA IR of INTEATE IPRANMAEAN B (VR VRSV |
for all i and any real number,c.

In general, we de ne ann-form to be any alternating, multilinear real-valued
function which acts on n-tuples of vectors.

Exercise 2.22 Prove the following geometric interpretatiohtint: All of the steps
are completely analogous to those in the last section.

An m-form on T,R" can be thought of as a function
which takes the parallelepiped spanned hy vectors,
projects it onto each of them-dimensional coordinate
planes, computes the resulting areas, multiplies each
by some constant, and adds the results.

Exercise 2.23 How many numbers do you need to give to specify a 5-forif,RH?
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We turn now to the simple case of am-form on T,R". Notice that there is only
one n-dimensional coordinate plane in this space, namely, the age itself. Such
a form, evaluated on ann-tuple of vectors, must therefore give then-dimensional
volume of the parallelepiped which it spans, multiplied by ame constant. For this
reason such a form is called @olume form(in 2-dimensions, anarea form).

Example 2.2 Consider the forms, = dx+2dy dz; = 3dx dy+ dz
and = dx 3dy+ dz, onT,R3 By the above argumert ~ ~  must
be a volume form. But which volume form is it? One way to teib isompute
its value on a set of vectors which weow span a parallelepiped of volume 1,
namelyht; O; Oi; hO; 1; Oi ; and hO; O; 1i. This will tell us how much the form scales
volume.

1 3 1
A~ (L 0;0i;h0;1;0i;h0;0; 1) =] 2 1 3|=4
1 1 1

So,! ~ ~ must be the same as the fordadx ~ dy” dz.

Exercise 2.24 Let! (hdx;dy;dz)= dx+5dy dz, (hdx;dy;dz)=2dx dy+ dz,
and (hdx;dy;dz) = dx+ dy+2dz.
Q) fVy=hL0;2i;V, = hl; 1;2i, andVz = H0; 2; 3i, computel N (Vy; Vs, Va).
Answer: 87
(2) Find a constantg, such that! ~ ~ = cdx” dy” dz.

Answer:c= 29
(3) Let = 3dx”™ dy+2dy” dz dx” dz. Find a constant,c, such that

N = cdx”Mdy” dz
Answer: c=5
Exercise 2.25 Simplify:
dx”™ dy” dz+ dx” dz™ dy+ dy”™ dz” dx+ dy”™ dx ™ dy

Exercise 2.26 Let! be ann-form and an m-form. Show that

LA =( )™ AL






CHAPTER 3

Di erential Forms

1. Families of forms

Let's now go back to the example in Chaptdrll. In the last sech of that chapter
we showed that the integral of a functionf : R®! R, over a surface parameterized
by :R R2! R3is

Z
f( (r; ))Area %I(r; );%(r; ) drd

R

This was one of the motivations for studying di erential foms. We wanted to
generalize this integral by considering functions other #n \Area( ; )" which eat
pairs of vectors and return numbers. But in this integral thepoint at which such a
pair of vectors is based changes. In other word&rea( ; ) doesnotactonT,R® T,R3
for a xed p. We can make this point a little clearer by re-examining the laove
integrand. Note that it is of the form f (?)Area( ; ). For a xed point, ?, of R this
is an operator onT>R®  T,R3, much like a 2-form is.

But so far all we have done is to de ne 2-forms at xed points oR3. To really
generalize the above integral we have to start consideringtige families of 2-forms,
Ip:TpR® Tp,R®! R, wherepranges over all ofR®. Of course, for this to be useful
we'd like such a family to have some \niceness" properties.oFone thing, we would
like it to be continuous That is, if pand gare close therl , and! 4 should be similar.

An even stronger property that we will insist on is that the family, ! ,, is di er-
entiable To see what this means recall that for a xedp, a 2-form! , can always
be written asa,dx* dy + b,dy” dz+ c,dx” dz, whereay; by,, and ¢, are constants.
But if we let our choice ofp vary over all of R® then so will these constants. In
other words, a,; b, and ¢, are all functions fromR?® to R. To say that the family,
I'p, is di erentiable we mean that each of these functions is derentiable. If !, is

33
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di erentiable then we will refer to it as a di erential form. When there can be no
confusion we will suppress the subscripp.

Example 3.1 ! = x?y dx*dy xz dy”dzis a dierential 2-form orR3. On the
spaceT ;2.3 R? it is just the 2-form2dx” dy 3dy” dz. We will denote vectors in
Ta.2:3) R® ashdx; dy; dz 1:2:3). Hence, the value of(h4; 0;  1i(1.2.3); 18; 1; 2i (1.2:3))
is the same as the 2-forrAgdx” dy+ dy” dz, evaluated on the vectotg; 0; 1i
andh3; 1; 2i, which we compute:

P40, ligias 3 181 2123)
2dx™ dy 3dy”™ dz (M;0; 1i;h3;1;2)
4 0‘ %0 1

=5

:2‘31 1 2

Suppose! is a dierential 2-form on R3. What does! act on? It takes a pair
of vectors at each point ofR® and returns a number. In other words, it takes two
vector elds and returns a function fromR® to R. A vector eld is simply a choice
of vector in T,R3, for eachp 2 R3. In general, a di erential n-form on R™ acts onn
vector elds to produce a function fromR™ to R (see Fig.[1).

T e~ 21 6 0

f )4 _»/—\ .p?.g 3

A 2.3,
N

Figure 1. A dierential 2-form, !, acts on a pair of vector elds, and

returns a function fromR" to R.
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Example 3.2 Vi = R2y;0; Xiy:) i @ vector eld onR3. For example, it
contains the vecto4;0; 1i 2 T(1;2;3)R3. If Vo = hz; 1, xyi(xy.z) and! is the
di erential 2-form,x?y dx”~ dy xz dy” dz, then

(Vi Vo) = x2y dx” dy xz dy” dz(h2y;0; Xi(xy:z); 12; 1, XY (xy:2))
R A 0 X|_, .22 2.
= Xy, 1‘ Xz 4 Xy =2X°y°  X“z;

which is a function fronR® to R.

Notice thatV, contains the vectoh3; 1; 2i ;.2.3). So, from the previous example
we would expect thax?y? x2z equals 5 at the pointl; 2; 3), which is indeed
the case.

Exercise 3.1 Let! be the dierential 2-form orR?® given by
I = xyz dx” dy+ x?z dy” dz y dx” dz
Let V; andV, be the following vector elds:
V1 = 15 25X (i) Vo = XY XZ; Y (y )

(1) What vectors dov; andV, contain at the point(1; 2; 3)?

(2) Which 2-form isl on T(;.2.3R3?

(3) Use your answers to the previous two questions to comp(ig; V,) at the
point (1; 2; 3).

(4) Compute! (Vq; V) at the point(x;y;z). Thenpluginx =1,y=2,andz=3
to check your answer against the previous question.

2. Integrating Di erential 2-Forms

Let us now examine more closely integration of functions omissets ofR?, which
you learned in calculus. Suppose R?andf : R! R. How did we learn to de ne
the integral of f over R? We summarize the procedure in the following steps:

(1) Choose a lattice of points inR, f(x;i;y;)g.
(2) For eachi;j dene Vi = (Xis1;y;) (X)) and Vif = (Xi;yj+1)  (Xi3Y;)
(See Fig.[2). Notice thatVi} and V;7 are both vectors inT, ., R?.
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(3) For eachi;j computef (x;;y;)Area(Vi} ; Vi?), where Area(V; W) is the func-
tion which returns the area of the parallelogram spanned byhe vectorsV
and W.

(4) Sum over alli andj .

(5) Take the limit as the maximal distance between adjacema}&tice points goes

to 0. This is the number that we de ne to be the value of f dx dy.
R

[ ] () (]
Vi§
Yi T [ ] )
Vij
[ ] ] o
}
Xi

Figure 2. The steps toward integration.

Let's focus on Step 3. Here we computie(X;; yJ-)Area(\/i;Jl ;Vi;J?). Notice that this

is exactly the value of the di erential 2-form! = f (x;y)dx” dy, evaluated on the

vectors \/,J1 and Vj at the point (xi;e{j). Hence, in step 4 we can write this sum
P ' ’ P

as  f(x;y)Area(Vii;ViF) = Ly (Vi Vi§). It is reasonable, then, to

i R [
adopt the shorthand \ ! " to denote the limit in Step 5. The upshot of all this is
R
the following:

R R
If I = f(x;y)dx™ dythen ! = f dx dy.
R R

Since all di erential 2-forms onR? are of the formf (x;y)dx~ dy we now know
how to integrate them.
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CAUTION!  When integrating 2-forms onR? it is tempting to always drop the
\~" and forget you have a di erential form. This is only valid with dx ” dy. It is
NOT valid with dy” de. This may sezem a bit curifus since

fdx Ady= fdxdy = fdydx
R
All of these are equal to  f dy " dx.

Exercise 3.2 Let! = xy? dx” dy be a di erential 2-form orRZRLet D be the region

of R? bounded by the graphs &f= y? andy = x 6. Calculate ! . Answer: 189
D

What about integration of di erential 2-forms on R3? As remarked at the end of
Section[® we do this only over those subsets Bf which can be parameterized by
subsets ofR?. Supposel\ﬂq is such a subset, like the top half of the unit sphere. To

de ne what we mean by ! we just follow the steps above:
M

(1) Choose a lattice of points inM, fp;; 0.

(2) For eachi;j dene Vij = pu1; Py and Vi3 = pij+1  pij . Notice that Vi
and Vi are both vectors inT,, R® (see Fig.[B).

(3) For eachi;j compute! . (Vi ,V2)

(4) Sum over alli andj.

(5) Take the limit as the maximal distance between adjacenta]gice points goes

to 0. This is the number that we de ne to be the value of ! .
M

Unfortunately these steps aren't so easy to follow. For ondiing, it's not always
clear how to pick the lattice in Step 1. In fact there is an evemorse problem. In
Step 3 why did we compute! ,, (Vi ;Vi?) instead of ! ,, (ViZ;Vi})? After all, V;
and Vi are two randomly oriented vectors inT Rgi;j . There is no reasonable way to
decide which should be rst and which second. There is nothgnto be done about
this. At some point we just have to make a choice and make it @e which choice
we have made. Such a decision is called anentation. We will have much more to
say about this later. For now, we simply note that a di erent ¢toice will only change
our answer by changing its sign.

While we are on this topic we also note that we would end up withhe same
number in Step 5 if we had calculated ,; ( Vij; Vi?) in Step 4, instead. Similarly,

if it turns out later that we should have calculated! ,, (V% ;V,}) then we could have
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z

Figure 3. The steps toward integrating a 2-form.

also gotten the right answer by computing . ( \/,J1 ,V2) In other words, there

are really only two possibilities: either! (V,} ,V2) gives the correct answer or

oy ( V,} ,V2) does. Which one will depend on our choice of grientation.

Despite all the di culties with using the above de nition of !, all hope is not
lost. Remember that we are only integrating over regions wth cgn be parameterized
by subsets oR?. The trick is to use such a parameterization to translate th@roblem
into an integral of a 2-form over a region irR2. The steps are analogous to those in
Section® of ChaptellL.

Suppose : R R?! M is a parameterization. We want to nd a 2-form,
f(x;y) dx” dy, such that a Riemann sum for this 2-form ovelR gives the same
result as a Riemann sum fot over M. Let's begin:

(1) Choose a rectangular lattice of points inR, f(x;;y;)g. This also gives a
lattice, f (xi;yj)g, in M.

(2) For eachi;j, dene Vii = (xiw1:Y)  (Xiiyy), Vi5 = (Xiyj41)  (Xisy),
Vi = (Xiaasy)  (oyp),and Vi = (Xiyi«)  (Xiy;) (see Fig. [3).
Notice that Vi; and Vi{ are vectors inT(,,,,)R* and V}; and V{ are vectors
in T ()R
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(3) For eachi;j computef (xi:y;) dx " dy(Vij ;Vif) and b gy (Vi 1 Vi)
(4) Sum over alli andj.

y z
e (Xiry;)
yj T .Vﬁt_’. -~
v
: X
Xj y

Figure 4. Using to integrate a 2-form.

PP
At the conclusion of Step 4 we have two sums: | f(xi;y;) dx” dy(\/,} ,V2)
PP
and ' i) (Vi V). In order for these to be equal we must have:
i
f(xlsyj) dx ” dy(\/&’\/ﬁ) =1 (xi yJ)(V|J , |J)
And so,
| 1 .y\/2
Co(Xivyp) (V|J !V”)
FOxisyp) = ‘
T Ax A dy (Vi i2)

But, since we are using a rectangular lattice irR we know dx * dy(\/l},vz) =

Area(Vii;ViZ) = jViij jViZj. We now have
! Vi v2)
. — (Xi3yj )( i
f(xi)y) = I
Cin) Vidi 1V
Using the bilinearity of ! this reduces to
V1 V2
fXiY) =" oy ;
(Xi;Y;) (xi i) J J J J

But, as the distance between adjacent points of our partit'm) tends toward O,

Vi (ensy) (oY) - (X ) (i) | v
- . . . — " I'
JV|:]LJ J(Xi+1;yj) (Xi;yj )j JXi+1 X J >£ J

Similarly, Vi
TS

ihYj)-
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Let's summarize what we have so far. We have de nefd(x;y) so that

X X , X X .
D (Vi 1 VG = f(xi;y) dx” dy(V;
i i

Vi)

X X Vl V|21 A 1 2
= P i) ; dx ” dy(Vij; Vi5)
P Vit a1 IVig
We have also shown that when we take the limit as the distancestween adjacent
partition point tends toward O this sum converges to the sum

X X @ @
D xy) —=(XY)i—=(x;y) dx” dy(Vii; Vi)
o g gy ’

Hence, it must be that

Z Z
_ @ 1@ vy e
W LT e gfnigfen) oy

At rst glance, this seems like a very complicated formula. kt's break it down
by examining the integrand on the right. The most important hing to notice is that
this is just a di erential 2-form on R, even though! is a 2-form onR3. For each
pair of numbers, §;y), the function ! (., %x(x; y); %{x;y) just returns some real
number. Hence, the entire integrand is of the forng dx” dy, whereg: R! R.

The only way to really convince oneself of the usefulness of this formula is to
actually use it.

Example 3.3 Let M denote the top half of the u&it sphere RP. Let! =
z2dx ~ dy be a di erential 2-form orR3. Calculating ! directly by setting up

M
a Riemann sum wouldpbe next to impossible. So we employ tametarization
(rt)=(rcost;rsint; 1 r2),where0 t 2 and0 r 1
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Z Z
] @ @ . .
! - I (rt) @Igrl t)l @t(r) t) dr dt

M 2

I' 1y hcost; sint; pﬁi;h rsint;r cost; Oi dr ~ dt
r
ya
1 r?
yA

cost sint

N
r sint r cost dr * at

(1 rd(r)dr” dt

R
271
— 3 —
= r redrdt= —
2
0 0

Notice that as promised, the terin () %r(r; t); %t(r;t) in the second integral
above simpli ed to a function froR to R, r 3,

Exercise 3.3 Integrate the 2-form
I = Edy" dz }dx" dz
X y
over the top half of the unit sphere using the following pai@mzations from rectangular,

cylindrical, and spherical coordinates:

Q) (x;y)! (x;y;p 1 x2 vy?), Wherep X2+ y2 1

(2) (r; )! (rcos;rsin; 1 r2), where0 2 and0 r 1
(3) (; )! (sin cos; sin sin ; cos ), whereO 2 andO 5.
Answer: 4 .

Exercise 3.4 LetS be the surface ifR® parameterized by
( ;z)=(cos ; sin;z)

R
where0 and0 z 1. Let! = xyz dy” dz. Calculate !. Answer: %
S

Exercise 3.5 Let! be the dierential 2-form orR® given by

I = xyz dx” dy+ x?z dy” dz y dx” dz
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(1) Let P be the portion of the plan8 = 2x + 3y Rz in R® which lies above the

squaref (x;y)j0 x 1,0 y 1g. Calculate !. Answer: %

P
(2) Let M be the portion of the graph of = x? + y? 'g] R® which lies above the

rectanglef (x;y)j0 x 1,0 y 2g. Calculate !. Answer: 2—69

M

Exercise 3.6. Let! = f(x;y;z) dx”~ dy be a di erential 2-form orR3. Let D be
some region in thay-plane. LetM denote the portion of the graph af= g(x;y) that

lies aboveD . Show that ~ 7

= f(xy;9(xy)) dx dy
M D
Exercise 3.7. Let S be the surface obtained from the graphzot f (x) = x3, where
0 x 1, by rotating around thez-axis. Integrate the 2-forrh = y dx” dz overS.
(Hint: use cylindrical coordinates to parameter&g Answer: %

3. Orientations

What would have hapgened in Exampl€=313 if we had used the panaterization
qr;t) =( recost;rsint; 1 r2)instead? We leave it to the reader to check that
v|¥e end up with the answer =2 rather than =2. This is a problem. We de ned

I before we started talking about parameterizations. Hencéhe value which we

M
calculate for this integral should not depend on our choicef parameterization. So
what happened? R

To analyze this completely, we need to go back to the de nitio of ! from

the previous section. We noted at the time that a choice was rda toMcaIcuIate
oy (Vi3 Vi5) instead of ! . (1 Vi};Vi5). But was this choice correct? The answer
is a resoundingmaybe! We are actually missing enough information to tell. An
orientation is precisely some piece of information abou#l which we can use to
make the right choice. This way we can tell a friend whaM is, what! is, and what
the orientation on M is, and they are sure to get the same answer. Recall Equation
[:

L @0 @ e

T () @)gx: )i @§X, y) dx”dy

M R
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Depending on the speci ed orientation oM , it may be incorrect to use Equation
[M. Sometimes we may want to use:

Z Z
_ @, @
= Ly GEWigHey) oxndy

M R
Both ! and are linear. This just means the negative sign in the integrahon

the right can come all the way outside. Hence, we can write Hothis equation and
Equation [ as

Z Z
_ @ .@ A
(2) ) I = ] P xy) @>SX,Y)|@§X,Y) dx ™ dy
We now de ne:

Definition.  An orientation of M is any piece of information that can be used
to decide, for each choice of parameterization, whether to use the ¥" or\ " sign
in Equation[d, so that the integral will always yield the sanmsnswer.

We will see several ways to specify an orientation oll. The rst way is to
simply pick a point p of M and choose any 2-form on T,R? such that (V; sz) 60
Wheneveer1 and sz are vectors tangent toM , and V; is not a multiple of \,. Don't
confuse this 2-form with thedi erential 2-form, !, of Equation[@. The 2-form is
only de ned at the single tangent spacd,R?, whereas! is de ned everywhere.

Let's see now how we can useto decide whether to use the \+" or\ " sign in
Equation[d. All we must do is calculate %X(xp; Yp); %{xp; Yp) , Where (Xp;Yp) =
p. If the result is positive then we will use the \+" sign to calalate the integral in
Equation[d. If it's negative then we use the \ " sign. Let's see how this works with
an example.

Example 3.4. Let's revisit Example=3.3. The problem was to integrate tnenf
z?dx " dy overM, the top half of the unit sphere. But no orientation was ever
given forM, s[:)o thedoroblem wasn't very well stated. Let's pick an easgtpo
p,onM: (0;° 2=2;" 2=2). The vectorshi;0;0i, and h0; 1; 1i, in T,R® are

both tangent toM. To give an orientation oM all we have to do is specify a
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2-form  on T,R® such that (h1;0;0i;H0;1; 1i) 6 0. Let's pick an easy one:
= dx " dy.
Now, let's see what happens when we try to evaluate the mltbgrusing the pa-
rameterization qr;t) = ( r cost; r sint; pﬁ). First note that ' 2=2; =2) =
(0; g 2=2;" 2=2) and
@° 2 @°

r(7 E) ot 2 2

Now we check the value ofwhen this pair is plugged in:

p_
dx ™ dy(ho; 1, 1i;h72 0;0i) =

P
=) =(0; 1, 1i;h7;0;0i)

©
N‘I\)I

1 —_
0l
The sign of this result is \" so we need to use the negative sign in Equdiion 2
in order to use °to evaluate the integral df overM.

'\’|m| o

Z Z
| | Arit) @ (r t) (r t) dr A dt
M A
_ 2 cost  sint _
B 1 ) r sint rcostdrdt_i
R

Very often the surface that we are going to integrate over isivggn to us by a
parameterization. In this case there is a very natural chogcof orientation. Just use
the \+" sign in Equation ZI We will call this the orientation o f M induced by the
parameterization. In other words, if you see a problem phred like this, \Calculate
the integral of the form! over the manifoldM given by parameterization with the
induced orientation," then you should just go back to using Equatiorf1l and don't
worry about anything else.

Exercise 3.8 Let M be the image of the parameterization(a;b = (a;a+ b;al),
whereD a 1,and0 b 1. Integratethe form =2z dx*dz+ydy*dz xdx”"dz
overM using the orientation induced by Answer: 5=6

There is one subtle technical point here that should be addssed. The novice
reader may want to skip this for now. Suppose someone givesiyosurface de ned by
a parameterization and tells you to integrate some 2-form ev it, using the induced
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orientation. But you are clever, and you realize that if you lsange parameterizations
you can make the integral easier. Which orientation do you @® The problem is
that the orientation induced by your new parameterization nay not be the same as
the one induced by the original parameterization.

To x this we need to see how we can de ne a 2-form on some tandespace
T,R3, where p is a point of M, that yields an orientation of M that is consis-
tent with the one induced by a parameterization . This is not so hard. Ifdx "
dy S.(Xp:Yp); fXp:Yp) is positive then we simply let = dx” dy. If it is negative

thenwe let = dx~dy. Inthe unlikely event that dx” dy &(Xp: Yp); SfXp:Vp) =
0 we can remedy things by either changing the poim or by using dx * dz instead
of dx* dy. Once we have de ned we know how to integrateM using any other
parameterization.

4. Integrating n-forms on R™

In the previous sections we saw how to integrate a 2-form ovarmegion inR?, or
over a subset oR3 parameterized by a region irR?. The reason that these dimensions
were chosen was because there is nothing new that needs toriemduced to move
to the general case. In fact, if the reader were to go back andok at what we did
he/she would nd that almost nothing would change if we had ben talking about
n-forms instead.

Before we jump to the general case, we will work one exampleosling how to
integrate a 1-form over a parameterized curve.

Example 3.5 Let C be the curve irR? parameterized by
(1) = (1519

R
where0 t 2. Let be the 1-formy dx+ x dy. We calculate

C
The rst step is to calculate

d
— = I2t; 3t
at ; 3t
So,dx = 2t anddy = 3t?. From the parameterization we also knaw t? and

y = t3. Hence, since = y dx + x dy, we have
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0 S = ()@ ()Er) =5t
Finally, we integrate:
2
z i z q
- (t) a dt
C 0
72
= 5t*dt
0
— 52
= t 0
= 32

Exercise 3.9. Let C be the curve irR® parameterized by (t) = (t;t2;1 + t), where
0O t 2 Integrate the 1-form = y dx+ z dy+ xy dz overC using the induced
orientation. Answer: 16.

Exercise 3.10 Let M be the line segment ilR? which connectq0;0) to (4;6).
An orientation onM is specied by the 1-form dx on T3 R?. Integrate the form
2

I =siny dx+cosx dy overM. Answer: 2cos6 3sin4 2

To proceed to the general case, we need to know what the intagof an n-form
over a region ofR" is. The steps to de ne such an object are precisely the same as
before, and the results are similar. If our coordinates iR" are (X1; X»; :::; X, ) then an
n-form is always given byf (xh' 5 Xp)dXxg N dxp M N dxy. Going through the steps
we nd that the de nition of I is exactly the same as the de nition we learned in

R Rn
calculus for f dx (dx,:::dx,.
er
Exercise 3.11 Let be the cube irR®
f(xy;2)i0 xvy,z 1g

R
Let be the 3-formx?z dx” dy” dz. Calculate . Answer: £
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Moving on to integrals ofn-forms over subsets oR™ parameterized by a region
in R" we again nd nothing surprising. Suppose we denote such a s asM . Let
'R R"!I' M R™ be a parameterization. Then we nd that the following
generalization of Equatiol2 must hold:

z z
@ @
3) I = D xaxn) @(xl;:::xn);:::;@—x(xl;:::xn) dxy N N dx,
M R
To decide whether or not to use the negative sign in this equah we must specify
an orientation. Again, one way to do this is to give an n-form on T,R™, wherep is

some point ofM . We use the negative sign when the value of

@ @

@(xl; SiXn) —X(Xl; i Xn)
is negative, where (xy;:::x,) = p. If M was originally given by a parameterization
and we are instructed to use the induced orientation then wean ignore the negative
sign.

Example 3.6. Suppose (a;b;9 = (a+ b;a+ c;bc; &), where0 a;b;c 1.
Let M be the image of with the induced orientation. Suppose= dy” dz”
dw dx” dz” dw 2y dx”™ dy” dz. Then,

Z Z
@ @ @
] ) | L -~ . . = . . - = . . N N
! ' (abo @éa,b,(), @lga,b,C), @éa,b,o da” db” dc
M 2
= I' (abg (N1 1;0; 2ai ; hl; 0; ¢;0i ; hO; 1; b;0i ) da™ db” dc
R
Z 10 2 10 2 110
= 0O0c O 1 c O 2@+c) 1 0 c dan db”dc
R 1 b O Ob O 01hb
1711 7
= 2bc+ 2 da db de= 5
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5. Integrating n-forms on parameterized subsets of R"

There is a special case of Equatiod 3 which is worth noting. fpose is a
parameterization that takes some subregiorR, of R" into some other subregionM ,
of R" and! is ann-form on R". At each point! is just a volume form, so it can be
written as f (Xq;:::X,) dxg N o™ dx,. If we let x = (Xq;:::Xp) then Equation[3 can
be written as:

Z Z
@ @
) f (X)dxq::dx, = R f( (x) @(x); b @—X(X) dx:::dx,

When n = 1 this is just the substitution rule for integration from Calculus. For
other n this is the general change of variables formula.

Example 3.7. We will use the parameterizatiof u; v) = ( u; u?+ v?) to eval-
uate Z Z
(x2 +y) dA
R
whereR is the region of thexy-plane bounded by the parabolgs= x? and

y = x2+4, and the linexx =0 andx = 1.
The rst step is to nd out what the limits of integration wihe when we change
coordinates.

y=x%) u?+v?=1u?) v=0
y=x*+4) ul+vi=ul+4) v=2
x=0) u=0
x=1) u=1

Next, we will need the partial derivatives.

@

= =< ]_;2 >
@u y
@

— =< 0 >
@v 0; 2v

Finally, we can integrate.
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Z Z Z
(x*+y) dA
R R
271
— U2+(U2+ VZ)
0 0
271
= 4vu? + 2v3 du dv
0 0
72
= gv+2v3 dv

(x*+y) dx~ dy

du dv

QP

1
0

32

+8= —
3

wl oo °

Exercise 3.12 Let E be the region irR? parameterized by u;v) = (u?+ vZ; 2uv),
whereO u land0 v 1 E%aiuate
1

E
Answer: 4

Exercise 3.13 LetR be the region of thety-plane bounded by the ellip9g? +4y? =
36. Integrate the 2-form = x2dx ” dy overR. (Hint: Use the parameterization
(u;v) = (2u; 3v).) Answer: 6 .

Example 3.8 Often in multivariable calculus classes we integrate fonst
f (x;y) over regionsR bounded by the graphs of equatiops= ¢;(x) and

y = g(x), and by the linex = a andx = b, whereg;(x) < g,(x) for all

x 2 [a; . We show here that such problems can always be translatedniet-

grals over rectangular regions.

The regionR described above is parameterized by

(uv)=(u; (1 Vv)ai(u) + vgp(u))
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wherea u bandO0 v 1 The partials of this parameterization are

dg(u) , dep(u)
du du

@ _ ..
@u L1 v

S0 )+
Hence,
1 (1 V)dgdl(u) + Vdgdz(u)
u u
0 0u(u) + go(u)

We conclude with the identity

dx ™ dy = = gu(u) + g(u)

Zb E() Zb 71
f(xy) dy dx = fu; (1 v)au(u) + vap(u))(g(u)  Gu(u)) dv du
a g(u) a o0
b1
= R(Wf (U (1 V)g(u) + vge(u)) dv du
"p
G(Wf (U1 v)g(u) + vge(u)) dv du
a 0

This may be of more theoretical importance than practica¢ (ExamplE&l1).

Example 3.9 LetV = f(r;;z)j1 r 2,0 =z 1g. (V is the region
between the cylinders of radii 1 and 2 and between the plards andz =1.)
We will calculate 7
z(x? + y?) dx” dy” dz
\%
The regionV is best parameterized using cylindrical coordinates:

(r,;z)=(rcos;r sin;z);

wherel r 2,1 2 ,and0 z 1
Computing the partials:
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@ o
@r = hcos; sin ; Oi
@ . .
— = hrsin;r cos: O
o
@z = h0;0; 1
Hence,
cos sin O
dx” dy” dz= rsin rcos 0 =r
0 0 1
Also,
z(x?>+ y?) = z(r?cog + r?sin® )= zr?
So we have

Z L2 72
zZ(x®>+ y?) dx~ dy”r dz = (zr®)(r) dr d dz
Vv 0 0 1
L2 72
= zr3drd dz
0 0 1
1
= EZ : zd dz
4
0 O
1
= EZ z dz
2
0
15
-4

Exercise 3.14 Integrate the 3-forml = x dx ~ dy” dz over the region oR? in the
rst octant bounded by the cylinders’ + y?> = 1 andx?+ y? = 4, and the plane = 2.
Answer: ¥
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Exercise 3.15 Let R be the region in the rst octant oR® bounded by the spheres
X2+ y2+ z2=1 andx?+ y? + z2 = 4. Integrate the 3-formt = dx” dy” dz overR.
Answer: —-

6. Summary: How to Integrate a Di erential Form

6.1. The Steps. To compute the integral of a di erential n-form, !, over a
region, S, the steps are as follows:
(1) Choose a parameterization, :R ! S, whereR is a subset ofR" (see
Figure [).

X

Figure 5.

(2) Find all n vectors given by the partial derivatives of . Geometrically, these
are tangent vectors toS which span its tangent space (see Figufe 6).

z

op

c

Figure 6.

(3) Plug the tangent vectors into! at the point ( ug;uy;:::; up).
(4) Integrate the resulting function overR.
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6.2. Integrating 2-forms.  The best way to see the above steps in action is to
look at the integral of a 2-form over a surface irR3. In general, such a 2-form is
given by

P = fa(xy;2) dx” dy+ fa(xy;2) dy” dz+ f3(x;y;z) dx” dz

To integrate ! over S we now follow the steps:

(1) Choose a parameterization, :R! S, whereR is a subset ofR?.

(V) = (9u(U;v); G(U; v); gs(U; V)
(2) Find both vectors given by the partial derivatives of .

@ _ @@y
@u @U @u @u
@ _ @9@g@g
@v vV @V @v

(3) Plug the tangent vectors into! at the point ( u;v).

To do this, X, y, and z will come from the coordinates of . That
is, X = gu(u;Vv), ¥y = g(u;v), and z = gz(u;v). Terms like dx ~ dy will
be determinants of 2 2 matrices, whose entries come from the vectors
computed in the previous step. Geometrically, the value afx  dy will be
the area of the parallelogram spanned by the vector%u and %V (tangent
vectors to S), projected onto the dx-dy plane (see Figurél?).

The result of all this will be:

@y @g @y @g
floneig) & & +fadiom) & 8
@u @v @u @v

@y @g

+13(0 0 %) & 8§

@u @v

Note that when you simplify this you get a function ofu and v.
(4) Integrate the resulting function over R. In other words, if h(u;v) is the
function you ended up \gitg in the previous step, then compute

h(u; v) du dv
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dz

o
c

e

/ dy

Area=dx " dy .. &

Figure 7. Evaluating dx” dy geometrically

In practice, the limits of integration will come from the shge of R, determined
in Step 1. They will all be constants only ifR was a rectangle.

6.3. A sample 2-form. Let! = (x2+ y?) dx” dy+ z dy” dz. Let S denote
the subset of the cylinderx? + y2 = 1 that lies between the planesz =0 and z = 1.

(1) Choose a parameterization, :R! S.

( u;v) =(cos ;sin;z)

WhereR = f(;2)j0 2;0 z 1g
(2) Find both vectors given by the partial derivatives of .

@

h sin ; cos; Oi

s
@z ho; O; 1i

(3) Plug the tangent vectors into! at the point ( ;z). We get

) sin  cos cos O
(cog +sin? ) 0 K 0 1

This simpli es to the function zcos .
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(4) Integrate the resulting function overR.
L2
zcos d dz

0 O
Note that the integrand comes from Step 3 and the limits of irggration come

from Step 1.






CHAPTER 4

Di erentiation of Forms.

1. The derivative of a di erential 1-form

The goal of this section is to gure out what we mean by the devative of a
di erential form. One way to think about a derivative is as a function which measures
the variation of some other function. Supposk is a 1-form onR?. What do we mean
by the \variation" of ! ? One thing we can try is to plug inV,, a particular vector in
the tangent space at the pointp. We can then look at how! (V,) changes as we vary
p. But p can vary in lots of ways, so we need to pick one. In calculus weatn how
to take another vector, W,, and use it to vary p. Hence, the derivative ofl , which
we shall denote d! ", is a function that acts on both V, and W,. In other words, it
must be a 2-form!

Vp+ tWp

Figure 1. Using W, to vary V,.

Let's see how to uséV, to calculate the variation in! (V) in a speci c example.
Supposd = ydx x2dy, p=(1;1),V, = h;2iq., and W, = h2; 3i;.1). Notice that
57
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Vprw = Nl 2142+ 1431) IS @ vector similar toV,, but pushed away byt in the direction
of W,. Hence, the variation of! (V,), in the direction of W,, can be calculated as
follows:

m (ML 21 ez t1430) ! (ML 20 1.0))

li
t1

o) t

= i [A+301) (1+21)%(2)] [(HA) (1)*)]
th o t

= |lim L&Z = 5
th o t

What about the variation of ! (W,) in the direction of V,? We calculate:

I (h2; 3i (1+ t;1+2t)) I (h2; 3i (1;1))

lim
tt 0

t
— gim A*20(@2) @A+ 0°(3)] (D))  (1)*@3)]
t o t
= |lim 21:73':2 = 2
tt 0

This is a small problem. We wantd! to be a 2-form. Henced! (V,; W,) should
equal d! (W,;V,). How can we use the variations above to de nd! so this is true?
Simple. We just de ne it to be the di erence in these variatios:

| (Worns) P (W)
t tr o

Hence, in the above example]! (ML; 2i 1.4y, 2 3iq.)) = 2 ( 5)=3.

Before going further we introduce some notation from calaus to make Equation
@ a little more readable. Supposé is a function fromR" to RandV 2 T,R". Then
the derivative of f at p, in the direction of V, can be written as \r f". That is, we
de ne

(4) d! (Vp; Wp) = |”‘nO ! (Vp+ twi ! (Vp)

f(pttv) f(p)
t
One may also recall from calculus that f = r f(p) V, wherer f (p) denotes

the gradient off evaluated atp. Using this notation, we can rewrite Equatiori¥ as

rvf =lim
v tt 0

dl (Vs Wp) = 1yl (Wo) 1w, ! (Vi)
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There are other ways to determine what! is than by using Equation[4. Recall
that a 2-form acts on a pair of vectors by projecting them ontaach coordinate
plane, calculating the area they span, multiplying by someonstant, and adding.
So the 2-form is completely determined by the constants thatou multiply by after
projecting. In order to gure out what these constants are were free to examine
the action of the 2-form on any pair of vectors. For exampleuppose we have two
vectors that lie in the x-y plane and span a parallelogram with area 1. If we run
these through some 2-form and end up with the number 5 then wandw that the
multiplicative constant for that 2-form, associated with the x-y plane is 5. This, in
turn, tells us that the 2-form equals 5dx * dy+?. To gure out what \?" is, we can
examine the action of the 2-form on other pairs of vectors.

Let's try this with a general di erential 2-form on R3. Such a form always looks
like d!' = a(x;y;z)dx ™ dy + b(x;y;z)dy * dz + ¢(x;y;z)dx * dz. To gure out
what a(x;y; z) is, for example, all we need to do is determine what! does to the
vectorshl; 0; Oi ..,y and h0; 1; Oi (.,.»). Let's compute this using Equatiori#, assuming
I = f(x;y;2)dx+ g(x;y;z)dy+ h(x;y; z)dz

d! (hl, 0} Oi (xy;z)s m; 1; Oi (x;y;z))

lim P(M0; 1, 0i (x4 ty:z)) ! (MO; 1; O (xy:z))
th o t
t
g(x + t;y; 2) im f(x;y+t2)
t 0 t

lim
t! 0

lim
th 0
@g @f
= =(xv:2) —(xvy;z
ax’y ) @)5 y;2)
Similarly, direct computation shows:

d! (M0; 1; 0i (x.y:2; h0; 0; Li (xy:2)) = %gx;y;z) —gx;y;z)

and,

. . f
d! (hL; 0; Oi (xy:z); 10; 0; L (xy:2)) = %Zx; y;z) %éx; y;Z)

Hence, we conclude that
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_, @9 @f . @h @9 . @h @f . A
d =gy @ &+ (g @gdy G2+ (G, Gi&" 0z

Exercise 4.1 Suppose = f(x;y)dx + g(x;y)dy is a 1-form onR?. Show that
di =(8¢ Shax~ dy.

Exercise 4.2 Supposé = xy?dx+ x3zdy (y+ z° dz, V = h1;23i3 1y, and
W = h 1;0; 1i 2:3; 1)

(1) Computer ! (W) andr ! (V), at the point(2;3; 1).

(2) Use your answer to the previous question to complt@/; W).

Exercise 4.3 If! = ydx x?dy, nd d!. Verify thatd! (hL;2i;.1); 2; 3i1.1)) = 3.

2. Derivatives of n-forms

Before jumping to the general case let's look at the derivate of a 2-form. A
2-form, !, acts on a pair of vectors,V, and W, to return some number. To nd
some sort of variation of! we can vary the vectorsV, and W, and examine how
I (Vp; Wp) varies. As in the last section one way to vary a vector is to gh it in the
direction of some other vectorU,. Hence, whateverd! turns out to be, it will be a
function of the vectorsU,, V,, and W,. So, we would like to de ne it to be a 3-form.

Let's start by looking at the variation of ! (V,; W,) in the direction of U,. We write
thisasr y,! (Vp; Wp). If we were to de ne this as the value ofl! (Up; V,; W,) we would
nd that in general it would not be alternating. That is, usually r ! (Vy; W) 6
rv,! (Up; Wp). To remedy this, we simply de ned! to be the alternating sum of
all the variations:

d! (Ups Vor W) = 1 gt (Vs We) 1y ! (Ut W) + 1w, ! (Up; Vp)
We leave it to the reader to check thatd! is alternating and multilinear.

It shouldn't be hard for the reader to now jump to the general ase. Supposé
is ann-form and V'; :::; V"1 aren + 1 vectors. Then we de ne

Xl _ : :
di (Ves sV ™) = (D) g F(Vein Y, SV st
i=1
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In other words, d! , applied ton+1 vectors, is the alternating sum of the variation
of I applied to n of those vectors in the direction of the remaining one. Notehat
we can think of \d" as an operator which takesn-forms to (n + 1)-forms.

Exercise 4.4. d! is alternating and multilinear.

Exercise 4.5 Supposé = f(x;y;z) dx” dy+ g(x;y;z) dy” dz+ h(x;y;z) dx” dz.
Find d! (Hint: Computed! (hl;0;0i;0;1;0i;H0;0;1i)). Computed(x?y dx” dy +
y?z dy” dz).

3. Interlude: O-forms

Let's go back to Sectiorf]l, when we introduced coordinatesrfeectors. At that
time we noted that if C was the graph of the functiony = f (x) and p was a point of
C then the tangent line to C at p lies in T,R? and has equationdy = m dx, for some
constant, m. Of course, ifp = (Xo; Yo) then m is just the derivative of f evaluated
at Xo.

Now, suppose we had looked at the graph of a function of 2-vabies,z = f (x;y),
instead. At some point,p = ( Xo; Yo; Zo), on the graph we could look at the tangent
plane, which lies inT,R3. It's equation is dz = m;dx + mpdy. Sincez = f (x;y),
m; = %&(xo;yg), and m, = %f)(xo; Yo), We can rewrite this as

_ Of Q@f,
d= " @

Notice that the right-hand side of this equation is a di erenial 1-form. This is a
bit strange; we applied the \d" operator to something and the result was a 1-form.
However, we know that when we apply the d" operator to a di erential n-form we
get a di erential (n + 1)-form. So, it must be that f (x;y) is a di erential O-form on
R?!

In retrospect, this should not be so surprising. After all,he input to a di erential
n-form on R™ is a point, and n vectors based at that point. So, the input to a
di erential O-form should be a point of R™, and no vectors. In other words, a 0-form
on R™ is just another word for a real-valued function orR™.

Let's extend some of the things we can do with forms to O-formsSSupposef is
a O-form, and! is an n-form (wheren may also be 0). What should we mean by
f ~ 1 ? Since the wedge product of an-form and anm-form is an (h + m)-form, it
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must be thatf ~ ! is ann form. It's hard to think of any other way to de ne this
as just the product, f! .

What about integration? Remember that we integraten-forms over subsets of
R™ that can be parameterized by a subset dR". So O-forms get integrated over
things parameterized byR°. In other words, we integrate a 0-form over @oint. How
do we do this? We do the simplest possible thing; de ne the waé of a O-form,f ,
integrated over the point, p, to be f (p). To specify an orientation we just need to
say whether or not to use the sign. We do this just by writing \ p" instead of
\ p" when we want the integral off overpto be f(p).

One word of caution here...beware of orientations! i 2 R" then we use the
notation \ p" to denote p with the negative orientation. So ifp= 32 R'then p
is not the same as th& point, 3. pis just the point, 3, with a negative orientation.

So, iff (x) = x? then f= fPM= o

Exercise 4.6. If f is the O-formx2y3, p is the point( 1;1), g is the point(1; 1),
andr is the point( 1; 1), then compute the integral df over the points p, g, and
r, with the indicated orientations.

Let's go back to our exploration of derivatives oh-forms. Supposd (x;y) dx is
a 1-form onR2. Then we have already shown thatl(f dx) = %fydy" dx. We now
compute:

@f @f

od Mdx = —dx+ —=—dy " dx
@x @yy

of of

= —dx”Ndx+ =dy” dx
@x @yy
of

= —dy”™ dx
@y’

= d(f dx)

Exercise 4.7. If ! is ann-form, andf is a O-form, therd(f d! )= o ~ d!.
Exercise 4.8 d(d!)=0.

Exercise 4.9 If ! is ann-form, and is anm-form, thend(! ~ )= dI » +
()M~ d .
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4. Algebraic computation of derivatives

In this section we break with the spirit of the text brie y. At this point we have
amassed enough algebraic identities that computing deriwzes of forms can become
quite routine. In this section we quickly summarize these @htities and work a few
examples.

4.1. Identities involving  ” only. Let! be ann-form and be anm-form.

1AL =0

LA = (™ A
LA+ ) = 1A +1A
(+ )AL = AL+ Al

4.2. ldentities involving \  d". Let! be ann-form, an m-form, andf a
O-form.

dd') = 0
dl + ) = d +d
dt~ ) = d~ +( D1 ~d
dfd ) = o ~d
f f f
d = %dx1+ @Q)L(dx2+:::+ @Dgxdxn

4.3. Some examples.

Example 4.1

d xy dx xy dy+ xy?z% dz
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= d(xy)” dx d(xy)” dy+ d(xy?z®) * dz
= (ydx+ xdy)rdx (ydx+ xdy)”dy
+(y?z% dx + 2xyz® dy + 3xy?z? dz) » dz
= ydxMdx+xdyrdx ydx*dy xdy”dy
+y?z® dx” dz+2xyz® dy” dz+ Bxyfzt a24n(d
= xdy”dx ydx”dy+ y*z® dx” dz+2xyz® dy” dz
xdx~dy ydx”dy+ y?z® dx” dz+2xyz® dy” dz

( x y)dx"dy+ y?z® dx” dz+2xyz3 dy” dz

Example 4.2
d x3(y+ z%) dx " dy+ z(x3+ y) dy” dz
= d(x?*(y+ z%)) ~ dx” dy+ d(z(x®+ y)) * dy” dz
= 2x%z dz” dx " dy+3x%z dx” dy” dz
= 5x%z dx” dy” dz

Exercise 4.1Q For each di erentiah-form,!, nd d!.
(1) siny dx + cosx dy
(2) xy?2dx+ x3zdy (y+ z° dz
(3) xy2dy” dz+ x3z dx~ dz (y+ z° dx” dy
(4) x?y3z% dx” dy” dz

Exercise 4.11 If f is the O-formx?y® and! is the 1-formx2z dx + y3z? dy (on
R3) then use the identityd(f d! ) = o ~ d! to computed(f d! ). Answer: (3x*y?
2xy%z)dx ~ dy” dz.

Exercise 4.12 Letf;g; andh be functions fronR3to R. If! = f dy ~ dz g dx”
dz+ h dx” dy then computed! .



CHAPTER 5

Stokes' Theorem

1. Cells and Chains

Up until now we have not been very speci ¢ as to the types of sgbts ofR™ on
which one integrates a di erentialn-form. All we have needed is a subset that can

be parameterized by a region ifR". To go further we need to specify what types of
regions.

Definition. Let | = [0;1]. An n-cell, , is the image of di erentiable map,
1" R™) with a speci ed orientation. We denote the same cell with ppsite
orientation as . We de ne a 0-cell to be a point oR™.

Example 5.1 Supposeay(x) and g(x) are functions such that;(x) < g2(x)
for all x 2 [a;H. Let R denote the subset d®? bounded by the graphs of the
equationsy = gi(x) andy = g(x), and by the linex = aandx = b In
Exampld=318 we show th& is a 2-cell (assuming the induced orientation).

We would like to treat cells as algebraic objects which can bedded and sub-
tracted. But if is a cell it may not at all be clear what \2 " represents. One way
to think about it is as two copies of , placed right on top of each other.

Definition.  An n-chain is a formal linear combination ofn-cells.

As one would expect, we assume the following relations hold:

n +m =(n+m)

+ = +

65
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You can pFr)obany guess what the integral of am-form, ! , over an n-chain is.
SupposeC = n; ;. Then we de ne

Exercise 5.1 If f is the O-formx2y3, p is the point( 1;1), g is the point(1; 1),
andr is the point( 1; 1), then compute the integral df over the following O-chains:

LDp gr p
(@ p+q r

Another concept that will be useful for us is theboundary of an n-chain. As a
warm-up, we de ne the boundary of a 1-cell. Suppose is the 1-cell which is the
image of :[0;1]! R™ with the induced orientation. Then we de ne the boundary
of (which we shall denote @ ") as the 0O-chain, (1) (0). In general, if then-cell

is the image of the parameterization : 1" ! R™ with the induced orientation
then

@ = ( 1)i+1 j(xl;:::;xi 1;5,Xi+1 5:55Xn) j(xl;:::;xi 1;0,Xi+1 55X n)
i=1
So, if is a 2-cell then
Q@ ( @Gx2)  (Ox2) ( (x131)  (X1;0))
(1ix2)  (Oix2)  (xy;1)+ (x1;0)

If is a 3-cell then

@ ( (Iix2xs)  (Oix23%3))  ( (Xi;L%3)  (X1;0;%3))
+( (X1;X2;1)  (X1;%2;0))

(Lix2;xa)  (0;x2;%x3) (X3 Lixz)+  (X1;0;%3)

+ (X1;X2;1)  (X1;%X2;0)

An example will hopefully clear up the confusion this all wasure to generate:
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r

Figure 1. Orienting the boundary of a 2-cell.

Example 5.2 Suppose (r; ) = (rcos ;r sin ). The image of is the
2-cell, , depicted in Figurgl1l. By the above de nition,

@=(@@) G) (1) (©Oo)
=(cos ; sin ) (0;0)+(r;0) ( r,0)
This is the 1-chain depicted in Figure 1.

Fi:qally, we are ready to de ne what we mean by the boundary ofran-chain. If
C= n; i, then we de ne @C= n@,;.

Example 5.3 Suppose
1(r; )=(rcos2;r sin2; P r2):;
A )=( rcos2;r sin2; 1 1),

1=Im( 1) and ,=1Im( ,). Then 1+ ,is a sphere ilR3. One can check
that @ 1+ )= ;.

Exercise 5.2 If is ann-cell then@@= ;.

2. Pull-backs

Before getting to the central theorem of the text we need to troduce one more
concept. Let's reexamine Equatiofil3:

Z 4
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The form in the integrand on the right was de ned so as to integate to give
the same answer as the form on the left. This is what we woulckd to generalize.
Suppose : R"! R™ is a parameterization, and! is a k-form on R™. We de ne
the pull-back of! under to be the form onR" which gives the same integral over
any k-cell, , as! does when integrated over ( ). Following convention, we denote
the pullback of! under as\ !".

So how do we decide how ! acts on ak-tuple of vectors inT,R"? The trick is
to use to translate the vectors to ak-tuple in T ;) R™, and then plug them into! .
The matrix D , whose columns are the partial derivatives of, is ann ~m matrix.
This matrix acts on vectors inT,R", and returns vectors inT ;R™. So, we de ne
(see FigurdP):

LV V) = 1D (V)i D (V)

T,R" T,R™
D
VI 2
p /—\ D (Vpl) D (Vp)
sz
N
N
N
! AN |
Na R
1(D (Vz);D (V)
Figure 2. Dening !.
Example 5.4 Suppose! = y dx+ z dy+ x dz is a 1-form onR?3, and

(a;b = (a+ b;a b;alb) is a map fronR? to R3. Then ! will be a 1-form on
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R?. To determine which one, we can examine how it acts on thensdt Oi (.1
and ho; 1i (a:b) -

L (NL; Oi (ap)) ! %DZ (hL; Oi (a@)) 1
1

| @4 1 153 A
b a (a;h)

! (h1. 1;h(a+ b;a b;ab))
(a b+ ab+(a+ bb
a b+2ab+ P

Similarly,

L (F0; 1i (ay1))

I (ht; 1;ai(a+ b:a b;ab))
(a b ab+(a+ ba

a b+a?

Hence,

| =(a b+2ab+ ) da+(a b+ a? db

Exercise 5.3 If ! = x?dy” dz+ y?dz” dw is a 2-form onR?, and (a;b;9 =
(a; b; c;aby, then whatis ! ?

Exercise 5.4 If! is ann-form onR™ and :R"! R™, then

@ @
D=1 (ke @—)_K(Xl; i Xn); :::;@—X(Xl; iXn) o dxg NN dx,
In light of the preceding exercise Equatioill3 can be re-wréh as

z Z
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Exercise 5.5 If isak-cellinR", :R"! R™ and! is ak-form onR™ then

Exercise 5.6. If :R"! R™and! is ak-form onR™ thend( !')= (d!).

3. Stokes' Theorem

In calculus we learn that when you take a function, di erentate it, and then
integrate the result, something special happens. In this g®n we explore what
happens when we take a form, di erentiate it, and then integate the resulting form
over some chain. The general argument is quite complicatesh we start by looking
at forms of a particular type integrated over very special igions.

Suppose = a dx,” dx; is a 2-form onR3, wherea: R®! R. Let R be the unit
cube,1®  R3. We would like to explore what happens when we integraté! over
R. Note rst that Exercise B.1 impIJzies that d! = %"dxlf‘ dx, N dxs.

Recall the steps used to de ne d!:
R

(1) Choose a lattice of points inR, fp;jx 9. SinceR is a cube, we can choose
this lattice to be rectangular.

(2) Dene Vij, = p+1jx  Pijk - Dene Vi3, and Vi3, similarly.

(3) Compute d! ., (Vifi s ViZx s Vi )-

(4) Sum over alli;j and k.

(5) Take the limit as the maximal distance between adjacengltice points goes

to O.

Let's focus on Step 3 for a moment. Letbe the distance betweem;.,jx andp;x ,
a(pi+1 gk ) alpik )
: .

and assumet is small. Then %‘(pi;j;k) is approximately equal to
This approximation gets better and better when we let ! 0, in Step 5.

The vectors, Vi3, through V2, , form a little cube. If we say the vectorV,j,
is \vertical", and the other two are horizontal, then the \height" of this cube is t,
and the area of its base iglx, * dxs(Viy ; i3y ), which makes its volumet dx, *

dxa(ViZy ; Visx ). Putting all this together, we nd that
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@a 2 -

@—del A dx ™ dxa(Vigy s Vi s Vi)

a(Pi+1;ik) APk )
t

= ! (Vﬁl ik ;Vi:il ;j;k) ! (Vﬁk ;Vi;?;k )

dl Pi;j:k (\/i;:j!-;k '\/I?k ’\/I?k )

tdxo dxs(ViZy i Vidk )

Let's move on to Step 4. Here we sum over ajlj andk. Suppose for the moment
that i ranges between 1 andll. First, we x j and k, and sum over alli. The result
is ! (Vi s Vi ) ! (Vs Vi )- Now notice that ! (Vg ; Vi« ) is @ Riemann

ip
sum for the integral of! over the \top" of R, and ! (V7 ; V) is a Riemann

ik
sum for! over the \bottom" of R. Lastly, note that ! , evaluated on any pair of

vectors which lie in the sides of the cube, gives 0. Hence, timtegral of ! over a
side ofR is 0. Putting all this together, we conclude:

Z Z
(5) d = |

R @R
Exercise 5.7. Prove that Equatiol]5 holds if = b dx ™ dxs, or if ! = ¢ dx;  dx,.
Caution! Beware of signs and orientations.

Exercise 5.8 Use the previous problem to conclude thdt £ a dx, ™ dxz+ b dx "
dxs + ¢ dx,  dx, is an arbitrary 2-form oiR® then Equation 5 holds.

Exercise 5.9. If I is an arbitrary(n 1)-form onR" andR is the unit cube IR"
then show that Equation 5 still holds.

This exercise prepares us to move on to the general case. Sug®p is an n-cell
in R™,  :I" R"! R™is a parameterization of , and! isan (n 1)-form on
R™. Then we can combine Exercises 5.5, 5.6, and 5.9 to give us

Z Z Z Z Z Z Z
I = I = = d( !)= (d') = d = d!
@ (@rnr) @r In In anmy
In general, this implies that if C = P n; ; is ann-chain, then
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R R

l\! — l\d!
@cC C

This equation is called theGeneralized Stokes' Theoremit is unquestionably the
most crucial result of this text. In fact, everything we havedone up to this point
has been geared toward developing this equation and everitg that follows will be
applications of this equation.

Example 5.5 Let! = x dy be a 1-form orR?. Let be the 2-cell which is
the image of the parameterization(r; ) = (rcos;r sin ), whereO r R
and0 7 2. 82/ the G%nerallzed Sykes Theorem,

= d = dx~dy= dxdy= Area( )= R?

R
Exercise 5.1Q Verify directly that ! = R?
@

Exam&le 5.Ig. Let! = x dy+ y dx be a 1-form orR?, and let be any 2-cell.
Then ! = dl =0
@
Exercise 5.11 Find a 1-chain irR? which bounds a 2-cell and integrate the form
x dy + y dx over this curve.

Example 5.7. Let C be the curve irR? parameterized by(t) = ( t2;t3), where
1 t 1 _Letf be the O-formx?y. We use the Generalized Stokes Theorem
to calculate o .

The curveCCgoes from the point (1,-1) , whein= 1, to the point (1,1), when
t =1. Hence,@Cis the O-chain(1;1) (1, 1). Now we use Stokes:
Z Z Z
d= f= x2y=1 ( 1)=2

C @cC (1;1) (15 1)
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R
Exercise 5.12 Calculate d directly.
C

Example 5.8 Let! = (x?+ y)dx+(x y?dy be a 1-form orR2. We wish

to integrate! over , the top half of the unit circle. First, note that! =0,

so that if we integratd over the boundary of any 2-cell, we would get 0. Let
denote the line slsgment connecting (-1,0) EJ (1,092. Then 1hehain

bounds a 2-cell. So ! =0, which impliesthat ! = ! . This latter integral

is a bit easier to compute. Let(t) = (t; 0) be a parameterization of, where
1 t 1 Then

Z Z Z Z1
= I = l woy(hL;0i) dt= t?dt=

[ 11] 1

wWIN

Exercise 5.13 Let! =(x+ y®) dx + 3xy? dy be a di erential 1-form orR?. Let Q
be the rectanglé(x;y)j0 x 3,0 y 2g.

(1) Computed! .

R
(2) Use the generalized Stokes Theorem to compute.
R @Q
(3) Compute ! directly, by integrating over each each edge of the boundary of

@Q
the rectangle, and then adding in the appropriate manAeswer: If L;R; T,
and B re;resent the 1-cells that are the left, right, top, and boitn of Q then
VA z z z 1 1
I = =1 ! L+ 1 =24 028—+4§=0

2
@Q (R L) (T B) R L T B

R R
(4) How does I compareto !?
R T L B
(5) Let S be any curve in the upper half planes theR§etf (x;y)jy 0g) that

connects the poin(0; 0) to the point(3;0). What is ! ? Why?
S
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(6) bet S beany curve that connects the poirf0; 0) to the point(3;0). What is
1?2 WHY???
S
Exercise 5.14 Calculate the volume of a ball of radiusfl,; ; )j 1g, by inte-
grating some 2-form over the sphere of radiug(%,; )j =1g.

Exercise 5.15 Calculate
Z

x3 dx + %x3 + xy? dy
C

whereC is the circle of radiug, centered about the origilAnswer: 8

Exercise 5.16 Supposd = x dx + x dy is a 1-form onR2. Let C be the ellipse

% + % = 1. Determine the value of ! by integrating some 2-form over the region

C
bounded by the ellipse. (Hint: the region bounded by thpsellcan be parameterized
by (r; )=(2rcos();3rsin()), whereO r 1andO 2 .) Answer: 6

4. Vector calculus and the many faces of Stokes' Theorem

Although the language and notation may be new, you have alrdg seen Stokes'
Theorem in many guises. For example, Iét(x) be a 0-form onR. Thend = f {x)dx.
Let [a;J be a 1-cell inR. Then Stokes' Theorem tells us

Zb Z Z Z
f {x)dx = f {x)dx = f(x)= f(x)=f(M f(a
a [a;b] @a;b] b a
Which is, of course, the Fundamental Theorem of Calculus. e let R be some
2-chain in R? then Stokes' Theorem implies

VA z z
@Q @P
Pdx+ Qdy= d(P dx+ Qdy)= — — dxd
Q dy ( Q dy) @x @y y
@R R R
This is what we call \Green's Theorem" in Calculus. To proces further, we
restrict ourselves toR3. In this dimension there is a nice correspondence between

vector elds and both 1- and 2-forms.
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Fxdx + Fydy + F,dz

F=HgF,;Fi $ !
$ = Fydy” dz Fydx” dz+ F,dx” dy

1
F
¢

On R3 there is also a useful correspondence between O-forms (fiows) and
3-forms.

f(xy;z)$ ! 2=fdx "dy”dz

We can use these correspondences to de ne various operasiamvolving functions
and vector elds. For example, supposé : R®! R is a O-form. Thend is the
f

- of @f of i is 1- '
1-form, @de + @ydy + @Zdz. The vector eld associated to this 1-form is then

hS% S} 2. In calculus we call this vector eldgrad f, orr f. In other words, r f

is the vector eld associated with the 1-form,df . This can be summarized by the
equation

-1
ad =1

It will be useful to think of this diagrammatically as well.

frgRd ¢
%
?

f! o

Example 5.9. Supposé = x?y3z. Thend = 2xy3z dx+3x2y?z dy+ x3y3 dz
The associated vector eldyrad f, is thenr f = h2xy3z;3x2y?z; x3y3i.

Similarly, if we start with a vector eld, F, form the associated 1-form, {,
di erentiate it, and look at the corresponding vector eld, then the result is called
curl F,orr F.So,r F isthe vector eld associated with the 2-formd! t. This
can be summarized by the equation

1_ 2
d!F_!r F

This can also be illustrated by the following diagram.
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Example 5.1Q0 LetF = hxy;yz;x% . The associated 1-form is then
1L = xy dx + yz dy+ x? dz:
The derivative of this 1-form is the 2-form
dil= ydyrdz+2xdx”dz xdx” dy:
The vector eld associated to this 2-formasirl F , which is

r F=hy, 2 xi:

Lastly, we can start with a vector eld, F = hF,; Fy;F,i, and then look at the

3-form, d! 2 = (& + %";y + @2)dx ~ dy " dz (See Exercise 4.12). The function,

ez + %Ey + @% is calleddiv F, orr F. This is summarized in the following

eguation and diagram.

Example 5.11 LetF = hxy;yz;x% . The associated 2-form is then
12=xydy”dz yzdx”dz+ x?dx” dy:

The derivative is the 3-form

dl2=(y+ z) dx” dy” dz:

Sodiv F is the functionr F =y+ z.
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Two important vector identities follow from the fact that for a di erential form,
I, calculating d(d! ) always yields zero (see Exercise 4.8 of Chapter 4). For thest,
consider the following diagram.

AR S A rf)
.

f! (o ddf
d d

This shows that if f is a O-form then the vector eld corresponding todd is
r (r f). But ddf =0, so we conclude
r (rf)=0

For the second identity, consider this diagram.

curl

E ¥ 7F!?‘V r F)
? ? 25
y y ?
Er o odiE dd! &

This shows that if dd! § is written as g dx” dy” dz then the function g is equal
tor (r F).But dd!'l =0, sowe conclude

r (r F)=0

In vector calculus we also learn how to integrate vector eklover parameterized
curves (1-chains) and surfaces (2-chains). Suppose rstah is some parameterized
curve. Then we can integrate the component & which points in the direction of
the tangent vectors to . This integral is usually denoted F ds, and its de nition

R
is precisely the same as the de nition we learned here forl 1. A special case of this

integral arisng wherF = r f, for som& function,f . In this case,! ! is just df , so the
de nition of r f dsis the same as d .

We also learn to integrate vector elds over parameterizedusfaces. In this case,
the quantity we integrate is the comp%nent of the vector eldwhich is normal to the
surface. This integral is often denoted F dS. Its de nition is precisely the same as

R s
that of ! 2 (see Exercises 2.20 and 2.21). A special case of thisiswRear G,
S
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R
for some vector eld,G. Then! 2 is just d!}l, so we see that (r G) dS must
R s
be the same as d!}.

S
The most basic thing to integrate over a 3-dimensional regio(i.eR a 3-chain),
, in R%is a function f (x;y;x). In calculus we denote this integral as f dV . Note

R
that this is precisely the same as ! 2. A special case is whefi = r F, for some
R
vector eld F. Inthiscase fdVv = (r F)dV. But we can write this integral

R
with di erential forms as ~ d! 2.

We summarize the equivalence between the integrals devetolpin vector calculus
and various integrals of di erential forms in the followingtable:

Vector Calculus| Di erential Forms

R R

F ds 1l
R R

rf ds of
R R

F dS | 2
R R

(r F) dS dr i
S S

f dv 13

R R
(r F)dv d! 2

Let us now apply the Generalized Stokes' Theorem to variougtisations. First,

we start with a parameterization, : [a;Q ! R3, of a curve inR3, and a
function, f : R®! R. Then we have
Z Z Z
rf ds d= f=F1((M) f((a)

@
This shows the independence of path of line integrals of giadt elds. We can

use this to prove that a line integral of a gradient eld over ay simple closed curve is
0, but for us there is an easier, direct proof, which again us¢he Generalized Stokes'
Theorem. Suppose is a simple closed loop ilR® (i.e. @ = ;). Then = @D for
some 2-chainD. We now have
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Z Z Z
rf ds d= ddf =0
D
Now, suppose we have a vector eldfF, and a parameterized surfaceS. Yet
another application of the Generalized Stokes' Theorem Yyuks

z z z z
F ds = di (r F) dS
@s @s S S
In vector calculus we call this equality \Stokes' Theorem".In some sense, F
measures the \twisting" of F at points of S. So Stokes' Theorem says that the net
twisting of F over all of S is the same as the amounE circulates around@ S

Example 5.12 Suppose w& are faced with a problem phrased thusly: \Use
Stokes' Theorem to calculate F ds, whereC is the curve of intersection of

C
the cylinderx? + y?> = 1 and the planez = x + 1, and F is the vector eld
h x%y;xy?; z%."
We will solve this problem by translating to the language efehtial f‘__?rms, and

using the Generalized Stokes' Theorem instead. To begte,that F ds =
C

Il and!t = x2y dx+ xy? dy+ z% dz.
C
Now, to use the Generalized Stokes' Theorem we will needdolate

d' i =(x%+ y?) dx” dy:

Let D denote the subset of the plaze= x + 1 bounded byC. Then@D= C.

Hence, by the Generalized Stokes' Theorem we have
Z Z Z

1= dil= (x*+y?)dx~"dy
C D D
The regionD is parameterized by r; ) = (rcos;r sin ;r cos +1), where
r landO 2 . Using this one can (and should!) show that
(x2+y?) dx"dy=8 .

D
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Exercise 5.17 Let C be the square with sidgx; 1;1), where 1 x 1 and
( Ly;1), where 1 'y 1, with th%indicated orientation (see Figure 3). LFetbe

the vector eldhxy;x?;y%zi. Compute F ds. Answer: 0
C

A

1 — Y
_]/ 1
X

Figure 3.

Suppose now that is some volume inR3. Then we have
Z Z Z Z
F dS 2= dI? (r F)dv

@ @
This last equality is called \Gauss' Divergence Theorem".r F is a measure

of how much F \spreads out" at a point. So Gauss' Theorem says that the tofa
spreading out ofF inside is the same as the net amount ofF \escaping" through

Q@

Exercise 5.18 Let bel_\;he cubd (x;y;2)j0  x;y;z 19. LetF be the vector eld

hxy?; y3; x2y?i. Compute@ F dS. Answer: 3



CHAPTER 6

Applications

1. Maxwell's Equations

As a brief application we show how the language of di erentidorms can greatly
simplify the classical vector equations of Maxwell. Thesegeations describe the
relationship between electric and magnetic elds. Classally both electricity and
magnetism are described as a 3-dimensional vector eld whiwaries with time:

E = hEs; Ey; Eji

B = By;By;B,i

Where Ey; E;; E;; By; By, and B, are all functions ofx;y;z and t.
Maxwell's equations are then:

r B =0
@
= + E =
@t '

r E = 4
@
— B = 41
@t '

The quantity is called thecharge densityand the vectorJ = hly;Jy; J;i is called
the current density.

We can make all of this look much simpler by making the followg de nitions.
First we de ne a 2-form called theFaraday, which simultaneously describes both the
electric and magnetic elds:

F = Exdx~dt+ E,dy”dt+ E, dz” dt

+By dy” dz+ By dz” dx+ B, dx” dy
81
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Next we de ne the \dual" 2-form, called the Maxwelt
F = Exdy®dz+ E,dz” dx+ E, dx”" dy
+By dt”" dx+ By dt™ dy+ B, dt” dz
We also de ne the4-current, J, and it's \dual", J:
J h;J x;Jdy; Iz
J = dx~dy~dz
Jy dt™ dy” dz
Jy dt” dz” dx
J, dt” dx ™ dy

Maxwell's four vector equations now reduce to:
d= = 0
dF = 4 J

Exercise 6.1 Show that the equatiordF = 0 implies the rst two of Maxwell's
equations.

Exercise 6.2 Show that the equatiod F =4 J implies the second two of Maxwell's
equations.

The di erential form version of Maxwell's equation has a hug advantage over the
vector formulation: it is coordinate free! A 2-form such ag- is an operator that \eats"
pairs of vectors and \spits out" numbers. The way it acts is cmpletely geometric...
that is, it can be de ned without any reference to the coordiate system ; x;y; z).
This is especially poignant when one realizes that Maxwedl'equations are laws of
nature that should not depend on a man-made construction sa@s coordinates.

2. Foliations and Contact Structures

Everyone has seen tree rings and layers in sedimentary rodiese are examples
of foliations. Intuitively, a foliation is when some region of space has be \ lled up”
with lower dimensional surfaces. A full treatment of foliabns is a topic for a much
larger textbook than this one. Here we will only be discusginfoliations of R3.
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Let U be an open subset oR3. We sayU has beenfoliated if there is a family
':Ry! U of parameterizations (where for each the domainR; R?) such that
every point ofU is in the image of exactly one such parameterization. In othevords,
the images of the parameterizations! are surfaces that Il up U, and no two overlap.

Supposep is a point of U and U has been foliated as above. Then there is a
unique value oft such that p is a point in '(R;). The partial derivatives, %tx(p) and
%(p) are then two vectors that span a plane inf,R3. Let's call this plane ,. In
other words, if U is foliated then at every pointp of U we get a plane , in T,R®.

The family f g is an example of gplane eld. In general a plane eld is just a
choice of a plane in each tangent space which varies smootfriym point to point in
R3. We say a plane eld isintegrableif it consists of the tangent planes to a foliation.

This should remind you a little of rst-term calculus. If f : R ! Rlis a
di erentiable function then at every point p on its graph we get a line inT,R? (see
Figure 2). If we just know the lines and want the original funtton then we are
integrating.

There is a theorem that says that everyine eld on R? is integrable. The question
we would like to answer in this section is whether or not thissitrue of plane elds
on R3. The rst step is to gure out how to specify a plane eld in some reasonably
nice way. This is where di erential forms come in. Suppose g is a plane eld. At
each pointp we can de ne a line inT,R3 (i.e. aline eld) by looking at the set of all
vectors that are perpendicular to ,. We can then de ne a 1-form! by projecting
vectors onto these lines. So, in particular, i¥/, is a vector in , then ! (V) = 0.
Another way to say this is that the plane | is the set of all vectors which yield zero
when plugged into! . As shorthand we write this set as Kelt (\Ker" comes from
the word \Kernel", a term from linear algebra). So all we are @ying is that! is a
1-form such that , = Ker !. This is very convenient. To specify a plane eld all
we have to do now is write down a 1-form!

Example 6.1 Suppose = dx. Then at each poinp of R® the vectors of
T,R?3 that yield zero when plugged intoare all those in thely-dz plane. Hence,
Ker! is the plane eld consisting of all of thay-dz planes (one for every point
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of R3). It is obvious that this plane eld is integrable; at eachimq we just
have the tangent plane to the plane parallel to yhe plane throughp.

In the above example note that any 1-form that looks liké (X; y; z)dx de nes the
same plane eld, as long a$ is non-zero everywhere. So, knowing something about
a plane eld (like the assumption that it is integrable) seerm like it might not say
much about the 1-form! , since so many di erent 1-forms give the same plane eld.
Let's investigate this further.

First, let's see if there's anything special about the derative of a 1-form that
looks like! = f (x;y;z)dx. This is easy:d! = %{ﬂy" dx + %fzdz" dx. Nothing too
special so far. How about combining this witH ? Let's compute:

' Ad =f(xy;z)dx” %&y" dx + %fzdz" dx =0

Now that's special! In fact, recall our emphasis earlier tiidorms are coordinate
free. In other words, any computation one can perform with forms iV give the same
answer regardless of what coordinates are chosen. The watdething about folia-
tions is that near every point you can always choose coordies so that your foliation
looks like planes parallel to they-z plane. In other words, the above computation is
not as special as you might think:

Theorem 6.1 If Ker ! is an integrable plane eld then! ~ d! = 0 at every
point of R3.

It should be noted that we have only chosen to work iR3 for ease of visualization.
There are higher dimensional de nitions of foliations and lane elds. In general, if
the kernel of a 1-form! de nes an integrable plane eld then! ~ d!' " = 0.

Our search for a plane eld that isnot integrable (.e. not the tangent planes to
a foliation) has now been reduced to the search for a 1-formfor which! ~ d! 6 0
somewhere There are many such forms. An easy one xsdy + dz. We compute:

(xdy+ dz)» d(x dy + dz) = (x dy + dz) » (dx” dy) = dz” dx” dy

Our answer is quite special. All we needed was a 1-form suchati ~ d! 6 0
somewhere. What we found was a 1-form for which” d! 6 0 everywhere This
means that there is not a single point oR® which has a neighborhood in which the



2. FOLIATIONS AND CONTACT STRUCTURES 85

planes given by Kerx dy + dz are tangent to a foliation. Such a plane eld is called
a contact structure

At this point you're probably wondering, \What could Ker x dy + dz possibly
look like?!" It's not so easy to visualize this, but we have ted to give you some
indication in Figure 1. A good exercise is to stare at this picture long enough to
convince yourself that the planes pictured cannot be the tayent planes to a foliation.

X

Figure 1. The plane eld Ker x dy + dz.

We have just seen how we can use dierential forms to tell if algne eld is
integrable. But one may still wonder if there is more we can gaabout a 1-form,
assuming its kernel is integrable. Let's go back to the exmsion! ~ d! . Recall that
I is a 1-form, which makesl! a 2-form, and hence * d! a 3-form.

Figure drawn by Stephan Schoenenberger. Taken fronntroductory Lectures on Contact Ge-
ometry by John B. Etnyre



86 6. APPLICATIONS

A 3-form on T,R® measures the volume of the parallelepiped spanned by three
vectors, multiplied by a constant. For example, if = ~ ~ is a 3-form then the
constant it scales volume by is given by the volume of the pdlalepiped spanned by
the vectorsh i, h i, andh i (where \h i" refers to the vector dual to the 1-form
introduced in Section 3 of Chapter 3). If it turns out that is the zero 3-form then
the vector h i must be in the plane spanned by the vectors i and h i.

On R® the results of Section 3 of Chapter 3 tell us that a 2-form suchsd! can
always be written as ~ , for some 1-forms and . If ! is a 1-form with integrable
kernel then we have already seen thdt~ d! = ! ~ ~ =0. But this tells us that
R i must be in the plane spanned by the vectorl i and h i. Now we can invoke
Lemma 2.1 of Chapter 3, which says that we can rewri®! as! ~ , for some 1-form

If we start with a foliation and choose a 1-forml whose kernel consists of planes
tangent to the foliation then the 1-form that we have just found is in no way
canonical. We made lots of choices to get to, and di erent choices will end up
with di erent 1-forms. But here's the amazing fact: the intggral of the 3-form ~ d
doesnot depend on any of our choices! It is completely determined byé original
foliation. Whenever a mathematician runs into a situation ike this they usually

row up their hands and say, \Eureka! I've discovered amvariant." The quantity

N d is referred to as theGobillion-Vey invariant of the foliation. It is a topic of
current research to identify exactly what information thisnumber tells us about the
foliation.

Two special cases are worth noting. First, it may turn outtha ~d =0
everywhere. This tells us that the plane eld given by Ker is integrable, so we get
another foliation. The other interesting case is when ~ d is nowhere zero. Then
we get a contact structure.

3. How not to visualize a di erential 1-form

There are several contemporary physics texts that attemptat give a visual in-
terpretation of di erential forms that seems quite di erent from the one presented
here. As this alternate interpretation is much simpler thananything described in
these notes, one may wonder why we have not taken this apprbac
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Let's look again at the 1-formdx on R3. Given a vectorV, at a point p the value
of dx(V,) is just the projection of V, onto the dx axis in T,R®. Now, let C be some
E{arameterized curve inR3 for which the x-coordinate is always increasing. Then

dx is just the length of the projection ofC onto the x-axis. To the nearest integer,

(t:his is just the number of evenly spaced planes thal punctures that are parallel to
the y-z plane. So one way that you might visualize the forndx is by picturing these
planes.

This view is very appealing. After all, every 1-form , at every point p, projects
vectors onto some lind,. So can't we integrate! along a curveC (at least to the
nearest integer) by counting the number of surfaces puncted by C whose tangent
planes are perpendicular to the line§, (see Figure 2)? If you've read the previous
section you might guess that the answer is a categoriddO!

Figure 2. \Surfaces" of! ?

Recall that the planes perpendicular to the lines, are precisely Ker! . To say
that there are surfaces whose tangent planes are perpendiésuo the lines |, is the
same thing as saying that Ker! is an integrable plane eld. But we have seen in
the previous section that there are 1-forms as simple asdy + dz whose kernels are
nowhereintegrable.
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Can we at least use this interpretation for a 1-form whose keel is integrable?
Unfortunately, the answer is still no. Let! be the 1-form on the solid torus whose
kernel consists of the planes tangent to the foliation picted in Figure 3 (This is
called the Reeb foliation of the solid torus). The surfaces of this foliation spiral
continually outward. So if we try to pick some number of \sam[e" surfaces then
they will \bunch up” near the boundary torus. This would seemto indicate that
if we wanted to integrate! over any path that cut through the solid torus then we
should get an in nite answer, since such a path would interseour \sample" surfaces
an in nite number of times. However, we can certainly nd a 1form ! for which
this is not the case.

Figure 3. The Reeb foliation of the solid torus.

We don't want to end this section on such a down note. Althouglit is not in
general valid to visualize a 1-form as a sample collection @irfaces from a foliation,
we canvisualize it as a plane eld. For example, Figure 1 is a prettgood depiction of
the 1-formx dy + dz. All that we have pictured there is a few evenly spaced elenten
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R
of it's kernel, but this is enough. To get a rough idea of the yae of x dy + dz we

C
can just count the number of (transverse) intersections othe planes pictured with
C. So, for example, ifC is a curve whose tan%ents are always contained in one of
these planes (a so calledegendriancurve) then x dy + dz will be zero. Inspection

C
of the picture reveals that examples of such curves are thedis parallel to thex-axis.

R
Exercise 6.3 Show that ifC is a line parallel to th&-axis then x dy + dz=0.
C






CHAPTER 7

Manifolds

1. Forms on subsets of R"

The goal of this chapter is to slowly work up to de ning formsm a much more
general setting than just onR". One reason for this is because Stokes' Theorem
actually tells us that forms on R" just aren't very interesting. For example, let's
examine how a 1-form! , on R?, for which d! =0 (i.e. ! is closed, integrates over
an 1-chain,C, such that @C= ; (i.e. C is closed. ét is ahbasic result of Topology
that any such 1-chain bounds a 2-chair). Hence, ! = d! =0!

Fortunately, there is no reason to restrict ourgelves Dto derential forms which
are de ned on all ofR". Instead, we can simply consider forms which are de ned on
subsets,U, of R". For technical reasons, we will always assume such subsetsa@pen
(i.e. for eachp 2 U, there is an such thatfg2 R"jd(p;g < g U). In this case,
TU, = TRy. Since a di erential n-form is nothing more than a choice ofi-form on
TRy, for eachp (with some condition about di erentiability), it makes sense to talk
about a di erential form on U.

Example 7.1

is a di erential 1-form onR?  (0; 0).

Exercise 7.1 Show thatd! , = 0.

R
Exercise 7.2 Let C be the unit circle, oriented counter-clockwise. Show thag =
C
2 . Hint: Let!°= vy dx+ x dy. Note that onC, ! =19

91
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R
If C is any closed 1-chain irR?> (0;0), then the quantity zi I o is called the

C
winding numberof C, since it computes the number of time<C winds around the
origin.

Exercise 7.3. Letx* denote the positivg-axis inR? (0;0), and letC be any closed

1-chain. Suppos¥, is a basis vector df C, which agrees with the orientation Gfat p.

A positive (resp. negativg intersection ofC with x* is one wheré/, has a component

which points \up" (resp. \down"). Assume all intersection$ C with x* are either

positive or negative. Ld® genote the number of positive ones, dddthe number of

negative ones. Show thét o= P N. Hint: Use the Generalized Stokes' Theorem.
C

2. Forms on Parameterized Subsets

Recall that at each point a di erential from is simply an alternating, multilinear
map on a tangent plane. So all we need to de ne a di erential fon on a more general
space is a well de ned tangent space. One case in which thispp&ns is when we
have a parameterized subset ®™. Let :U R"! M R™ be a (one-to-one)
parameterization ofM . Then recall that TM, is de ned to be the span of the partial
derivatives of at (p), and is ann-dimensional Euclidean space, regardless of the
point, p. Hence, we say thelimensionof M is n.

A di erential k-form onM is simply an alternating, multilinear, real-valued func-
tion on TM,, for eachp 2 M, which varies di erentiably with p. In other words, a
di erential k-form on M is a whole family ofk-forms, each one acting ol M,, for
di erent points, p. It is not so easy to say precisely what we mean when we say the
form varies in a di erentiable way with p. Fortunately, we have already introduced
the tools necessary to do this. Let's say that is a family of k-forms, de ned on
TMp, for eachp 2 M. Then ! is a family of k-forms, de ned on TR" 1(p)? for
eachp2 M. We say that! is adierentiable k-formon M, if ! is a di erentiable
family on U.

This de nition illustrates an important technique which is used often when deal-
ing with di erential forms on manifolds. Rather than working in M directly we use
the map to translate problems about forms orM into problems about forms onu.
These are nice because we already know how to work with formaigh are de ned
on open subsets oR". We will have much more to say about this later.
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Example 7.2 The innitely long cylinder,L, of radius 1, centered along the
z-axis, is given by the parameterizatiorfa; ) = = pﬁ; In" a2+ b2 ,
whose domain i®?> (0;0). We can use to solve any problem about forms

on L, by translating it back to a problem about forms 0n

Exercise 7.4 Consider the 1-form,°= y dx+ x dy, onR3. In particular, this form
acts on vectors il L,, whereL is the cylinder of the previous example, gng any
pointinL. Let be the restriction of °to vectors inTL,. So, is a 1-form onL.

Compute . What does this tell you that measures?

If I is ak-form on M, then what do we mean byd! ? Whatever the de nition,
we clearly wantd ! = d!. So why don't we use this to de ned! ? After all, we
know whatd ! is, since ! is aformonR". Recall thatD , is a map fromTR}
to TRy'. However, if we restrict the range tol My, then D is 1-1, so it makes sense
to refertoD ,*. We now de ne

dl (Vs Vet =d (D V)i D (V™)

Exercise 7.5 If ®and are the 1-forms orR® and L, respectively, de ned in the
previous section, computk ®andd . Answer: d °=2 dx” dy andd =0.

3. Forms on quotients of R" (optional)

This section requires some knowledge of Topology and Algabiit is not essential
for the ow of the text.

While we are on the subject of di erential forms on subsets d®", there is a very
common construction of a topological space for which it is meeasy to de ne what
we mean by a di erential form. Let's look again at the cylinde, L, of the previous
section. One way to construcL is to start with the plane, R?, and \roll it up." More
technically, we can consider the map, (;z) = (cos ; sin ;z). In general this is a
many-to-one map, so it is not a parameterization, in the stcit sense. To remedy this,
one might try and restrict the domain of to f(;z) 2 R?0 < 2 g, however this
set is not open.
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Note that for each point, (;z) 2 R?2, D is a 1-1 map fromTR( 2y 10 TL (7).
This is all we need in order for  to make sense, where is the form onL de ned
in the previous section.

Exercise 7.6. Show that =d.

In this case, we say that is acovering map R? is acoverof L, andd is the lift
of to RZ

Exercise 7.7. Supposd g is the 1-form onR? which we used to de ne the winding
number. Let (r; ) = (rcos;r sin ). LetU = f(r; )jr > 0g. Then :U!
fR? (0;0)gis a covering map. Hence, there is a 1-1 correspondenceenesgiotient
of U andR? (0;0). Compute the lift ofl ; to U.

Let's go back to the cylinder,L. Another way to look at things is to ask: How
can we recovelL from the -z plane? The answer is to view. as a quotient space.
Let's put an equivalence relation,R, on the points of R?: ( 1;z1) ( 2;2) if and
only if z; = zp, and ; > =2n , for somen 2 Z. We will denote the quotient of
R? under this relation asR?>=R.  now induces a 1-1 map, , from R?>=R onto L.
Hence, these two spaces are homeomorphic.

Let's suppose now that we have a form otJ, an open subset oR", and we
would like to know when it descendgo a form on a quotient of U. Clearly, if we
begin with the lift of a form, then it will descend. Let's try and see why. In general, if

U R"! M R™isamany-to-one map, di erentiable at each point ofJ, then
the sets,f  1(p)g, partition U. Hence, we can form the quotient spac&l= 1, under
this partition. For eachx 2 %(p), D  is a 1-1 map fromT U, to TM,, and hence,
D ,'iswell de ned. If x andy are bothin ~ *(p),thenD ,* D ,isa1-1map from
TU, to TU,. We will denote this map asD y. We say ak-form, ! , on R" descends
to a k-form on U= 1 if and only if ! (V15 V) = 1 (D (V) 25D« (VY), for
all x;y 2 U such that (x) = (y).

Exercise 7.8 If is a dierentialk-form onM, then (the lift of ) is a di erential
k-form onU which descends to a di erenti&t-form onU= 1,

Now suppose that we have &-form, +, on U which descends to &-form on
U= ! where :U R"! M R"™is a covering map. How can we get k-form
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on M? As we have already remarked, : U= 1! M is a 1-1 map. Hence, we can
use it to push forwardthe form, ! . In other words, we can de ne &-form on M as
follows: Givenk vectors inTMp, we rst choose a point,x 2 *(p). We then de ne

LV V) = +(D MDD HVY)

It follows from the fact that + descends to a form otJ= ! that it did not matter
which point, x, we chose in  1(p). Note that although is not 1-1,D  is, soD ,?
makes sense.

If we begin with a form onU, there is a slightly more general construction of a
form on a quotient of U, which does not require the use of a covering map. Let
be a group of transformations ofJ. We say acts discretelyif for eachp 2 U, there
exists an > 0 such thatN (p) does not contain (p), for any non-identity element,

2 . If acts discretely, then we can form the quotient of U by , denoted U=,
as follows: p  qif there exists 2 such that (p) = g (The fact that acts
discretely is what guarantees a \nice" topology otJ=).

Now, suppose ~s ak-form on U. We say!~descends to &-form, !, on U=, if
and only if ~(V'; 5 VE) = +(D (V)); =D (V)), forall 2 .

Now that we have decided what a form on a quotient of) is, we still have to
de ne n-chains, and what we mean by integration of-forms overn-chains. We say
an n-chain, C U, descends to am-chain, C U=,if (C)= C,forall 2 .
The n-chains ofU= are simply those which are descendants afi-chains inU.

Integration is a little more subtle. For this we need the corept of afundamental
domain for . This is nothing more than a closed subset otJ, whose interior does
not contain two equivalent points. Furthermore, for each egjvalence class, there is
at least one representative in a fundamental domain. Here @e way to construct a
fundamental domain: First, choose a pointp 2 U. Now, let D = fq2 Ujd(p; 9)

d( (p);q);forall 2 g.

Now, let C be ann-chain onU which descends to am-chain, C, on U=, and let
k be ann-form that descends to am-form, ! . Let D be a fundamental domain for

in U. Then we de ne
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Technical note: In general, this de nition is invariant of which point was chosen
in the construction of the fundamental domainD. However, a VERY unlucky choice
will resultin C\ D @D which could give a di erent answer for the above integral.
Fortunately, it can be shown that the set of such \unlucky" pants has measure zero
That is, if we were to choose the point at random, then the oddsf picking an
\unlucky" point are 0%. Very unlucky indeed!

Example 7.3 Suppose is the group of transformations of the plane generated
by (x;y)! (x+1;y),and(x;y)! (x;y+1). The spaceR?= is often denoted
T2, and referred to as ®rus. Topologists often visualize the torus as the surface
of a donut. A fundamental domain for is the unit square irR?. The 1-form,

dx, on R? descends to a 1-form ofi?. Integration of this form over a closed
1-chain,C T2, counts the number of time§ wraps around the \hole" of the
donut.

4. De ning Manifolds

As we have already remarked, a di erentiain-form on R™ is just an n-form on
T,R™, for each pointp 2 R™, along with some condition about how the form varies
in a di erentiable way as p varies. All we need to de ne a form on a space other
than R™ is some notion of a tangent space at every point. We call suchspace a
manifold. In addition, we insist that at each point of a manifold the tangent space
has the same dimensiom, which we then say is the dimension of the manifold.

How do we guarantee that a given subset @™ is a manifold? Recall that we
de ned the tangent space to be the span of some partial deritvges of a parameteri-
zation. However, insisting that the whole manifold is capdb of being parameterized
is very restrictive. Instead, we only insist that every poihof a manifold lies in a
subset that can be parameterized. Hence, M is ann-manifold in R™ then there is
a set of open subsetsf,U;,g R", and a set of di erentiable maps,f ; : Ui! Mg,
such that f {(U;)g is a coverof M. (That is, for each point, p 2 M, there is ani,
and a point, q2 U;, such that (q) = p).



5. DIFFERENTIAL FORMS ON MANIFOLDS 97

Example 7.4 S, the %nit circle inR?, is a 1-6nanifold. Let, = ﬂ) 1;1), for
1=1:234 )= (671 B), )=(t "1 T) O)=(1 ),
and 4(t) = ( 1 t2t). Thenf ;(U;)gis certainly a cover o' with the

desired properties.

Exercise 7.9. Show thatS?, the unit sphere iR, is a 2-manifold.

5. Di erential Forms on Manifolds

Basically, the de nition of a di erential n-form on anm-manifold is the same as
the de nition of an n-form on a subset ofR™ which was given by a single parame-
terization. First and foremost it is just an n-form on T,M, for eachp2 M.

Let's say M is an m-manifold. Then we know there is a set of open setsl;g
R™, and a set of di erentiable maps,f ; : Ui! Mg, such thatf ;(U;)g coversM.
Now, let's say that! is a family of n-forms, de ned onT,M, for eachp2 M. Then
we say that the family, ! , is a di erentiable n-form on M if ;! is a dierentiable
n-form on U;, for eachi.

Example 7.5. In the previous section we saw h®&#, the unit circle inR?, is

a 1-manifold. If(x;y) is a point ofS*, then TS}, is given by the equation
dy = Jdx, in TRf.,), aslong agy 6 0. If y = 0, then TS}, is given by
dx =0. We de ne a 1-form or8, ! = y dx+ x dy. (Actually,! is a 1-form
on all ofR?. To get a 1-form on justS!, we restrict the domain of to the
tangent lines toS'.) To check that this is really a di erential form, we must
compute all pull-backs:

1 t2 1 t2
| = 1 . | = 1
d Pt AP d

Since all of these are di erentiable d#
di erential form onS*.

( 1;1), we can say that is a

We now move on to integration ofn-chains on manifolds. The de nition of an
n-chain is no di erent than before; it is just a formal linear @mbination of n-cells in
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M. Le&s suppose thatC is ann-chain in M, and! is ann-form. Then how do we
dene !? If C lies entirely in ;(U;), for somei, then we could de ne the value of
this intcc:agral to be the value of R i1 . But it may be that part of C lies in both
5 (C

i(U)and ;(Y;). If we dene RE )to be the sum of the two integrals we get when
we pull-back! under ; and | ,Cthen we end up \double counting" the integral of!
onC\ (U)\ ;(Y;). Somehow, as we move from;(U;) into ;(U;), we want the
e ect of the pull-back of ! under ; to \fade out", and the e ect of the pull back
under ; to \fade in". This is accomplished by apartition of unity .

The technical de nition of a partition of unity subordinate to the coverf ;(Uj)g
is a set of di erentiable functions,f; : M I [0; 1], such thatf;(p)=0if p2 ;(U;),
and fi(p) =1, forall p2 M. We refer the reader to any book on di erential
topolcl)gy for a proof of the existence of partitions of unity.

We are now ready to give the full de nition of the integral of an n-form on an
n-chain in an m-manifold.

! i (Fi!)
C i o

We start with a very simple example to illustrate the use of a @rtition of unity.

Example 7.6. Let M be the manifold which is the intervél;10) R. Let
U =(i;i +2),fori =1;:::;8 Let ; : U ! M be the identity map. Letf;g
be a partition of unity, subordinate to the covér,;(U;)g. Let! be a 1-form on
M. Finally, letC be the 1-chain which consists of the single 1-¢&IB]. Then
we have
Z e Z VA Z s Z & Z

! ((fil) = fil = (fit) = fi 1= 1

c =g i=1 o c =l c =l c

as one would expect!
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Example 7.7. LetS!, U;, i, and! be de ned as in Examples 7.4 and 7.5. A
partition of unity subordinate to the covér ;(U;)g is as follows:

2 0 0 y>0
fa(xy) = é’ §<o  fa(xy)= o z 0
x> x 0 0 x>0

fssy)= 5 <o fax¥)= o2 o o

(Check this!) Let :[0; ]! S!bedenedby ()=(cos ;sin ). Then the
image of is a 1-cell, , in S. Let's integrate! over :

Z ¥4 Z
! ((Fil)
i=1
71 )p z z

= 1 t2dt+ 0 + 1 t2dt+ 1 t?2dt
(LY [0:1) [0:1)
Z1 V4

= 1 t2dt+2 1 t2dt
1 0

CAUTION: Beware of orientations!

6. Application: DeRham cohomology

One of the predominant uses of di erential forms is to giveglobalinformation
about manifolds. Consider the spac®? (0;0), as in Example 7.1. Near every point
of this space we can nd an open set which is identical to an ope&et around a point
of R?. This means that all of thelocal information in R>  (0;0) is the same as the
local information in R2. The fact that the origin is missing is a global property.

For the purposes of detecting global properties certain fars are interesting, and
certain forms are completely uninteresting. We will spendosne time discussing both.
The interesting forms are the ones whose derivative is zer8uch forms are said to
be closed An example of a closed 1-form walks,, from Example 7.1 of the previous
chapter. For now let's just focus on closed 1-forms so that yacan keep this example
in mind.
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Let's look at what happens when we integrate a closed 1-forhg over a 1-chain
C such that @C=0 (i.e. C is aclosedl-chain). If C bounds a diskD then Stokes'

theorem says ~ ~ =

In a su ciently small region of every manifold every closed ihain bounds a disk.
So integrating closed 1-forms on \small" 1-chains gives u®nnformation. In other
words, closed 1-forms give no local information.
Suppose now that we have a closed 1-forhp and a closed 1-chairC such that
I 0 6 0. Then we know C does not bound a disk. The fact that there exists such a

i-chain is global information. This is why we say that the cleed forms are the ones
that are interesting, from the point of view of detecting ony global information.

Now let's suppose that we have a 1-forrh; that is the derivative of a O-formf
(i.e. 'y = dof). We say such a form isexact Again, let C be a closed 1-chain. Let's
pick two points, pand g, onC. Then C = C, + C,, where C, goes fromp to g and
C, goes fromq back to p. Now let's do a quick computation:

Z Z
!1= !1
A
= |l+ 'l
yia Z
= d+ o
VAR
= f+ f
pq qp
=0

So integrating an exact form over a closed 1-chain always gs/zero. This is why
we say the exact forms are completely uninteresting. Unfamhately, in Exercise 4.8
we learned that every exact form is also closed. This is a pieln, since this would
say that all of the completely uninteresting forms are alsoteresting! To remedy
this we de ne anequivalence relation
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We pause here for a moment to explain what this means. An eqgalence relation
is just a way of taking one set and creating a new set by declag certain objects
in the original set to be \the same"”. You do this kind of thing erery time you tell
time. To construct the clock numbers you start with the inte@rs and declare two to
be \the same" if they di er by a multiple of 12. So 10 + 3 = 13, but 13 is the same
as 1, so if it's now 10 o'clock then in 3 hours it will 1 o'clock.

We play the same trick for di erential forms. We will restrict ourselves to the
closed forms, but we will consider two of them to be \the sameif their di erence
is an exact form. The set which we end up with is called theohomologyof the
manifold in question. For example, if we start with the closg 1-forms then, after
our equivalence relation, we end up with the set which we widall H?, or the rst
cohomology (see Figure 1).

exact closed
(n 1)-forms (n + 1)-forms

Figure 1. Dening H".

Note that the di erence between an exact form and the form wich always returns
the number zero is an exact form. Hence, every exact form isudealent to O in H",
as in the gure.

For eachn the setH" contains a lot of information about the manifold in question
For example, ifH! = R?! (as it turns out is the case forR?> (0;0)) then this tells
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us that the manifold has one \hole" in it. Studying manifoldsvia cohomology is the
topic of a eld of mathematics calledAlgebraic Topology



APPENDIX A

Non-linear forms

1. Surface area and arc length

Now that we have developed some pro ciency with di erentialforms, let's see
what elsewe can integrate. A basic assumption that we used to come upthvithe
de nition of an n-form was the fact that at every point it is alinear function which
\eats" n vectors and returns a number. But what about the non-linearunctions?

Let's go all the way back to Section 5 of Chapter 1. There we dded that the
integral of a functionf over a surfaceR in R? should look something like:

z
© (6 DArea S ;2 ) drd

R

At the heart of the integrand is the Area function, which takes two vectors and
returns the area of the parallelogram that it spans. The 2-fon dx” dy does this for
two vectors in T,R?. In T,R? the right function is the following:

p
Area(V,; V7)) = (dy” dz)2+(dx” dz)2+ (dx " dy)?

(The reader may recognize this as the magnitude of the crossoduct between
Vp1 and sz.) This is clearly non-linear!

Example A.l. The area of the parallelogram spannedhbyl; Oi and hi; 2; 3i
can be computed as follows:
103
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S
2 2 2
Area(hl; 1;0i;hl; 2;3i) = ; g * i g * i ;
- Paigree
- P15

The thing that makes (linear) di erential forms so useful igshe Generalized Stokes
theorem. We don't have anything like this for non-linear foms, but that's not to say
that they don't have their uses. For example, there is no di eential 2-form on R3
that one can integrate over arbitrary surfaces to nd their sirfface area. For that we
would need to compute the following:

Z
Area(R) = P (dy” dz)2+ (dx” dz)2+ (dx " dy)2
S
For relatively simple surfaces this integrand can be evalted by hand. Integrals
such as this play a particularly important role in certain aplied problems. For
example, if one were to dip a loop of bent wire into a soap Im e resulting surface
would be the one of minimal area. Before one can even begin tgure out what
surface this is for a given piece of wire, one must be able todwm how to compute
the area of an arbitrary surface, as above.

Example A.2. We compute the surface area of a sphere of radiisR3. A
parameterization is given by

(; )=(rsin cos;r sin sin;r cos )

where0 2 andO

Now we compute:

Area &G

= Area(h rsin sin;r sin cos; Oi;hrcos cos;r cos sin; rsin i)
= ( r2sin® cos )2+ (r2sin® sin )2+ ( r2sin cos )2

= rIO sin* +sin? cog
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= rsin
And so the desired area is given by

Z

@ @
Area —;— d d

@ @

S

Z 2

= rsin d d

0 0

= 4r

Exercise A.1. Compute the surface area of a sphere of radiirs R® using the pa-

rameterizations o
(;)=( cos; sin; rz 2

for the top and bottom halves, whete r andO 2.

Let's now go back to Equation 6. Classically this is called aurface integral It
might be a little clearer how to compute such an integral if wevrite it as follows:

Z Z
f(xy;z) dS= f(x;y;Z)IO (dy” d2) + (dx” dz)?+ (dx” dy)?
R R
Lengths are very similar to areas. In calculus you learn that you have a curve
C in the plane, for example, parameterized by the function(t) = ( x(t); y(t)), where
a t Db then its length is given by

z0S
Length(C) =

a
We can write this without making reference to the parameteziation by employing

a non-linear 1-form:

dx 2+ dy2

z p
Length(C) = dx2 + dy?
C
Finally, we can de ne what is classically called dine integral as follows:
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I Z P
f(x;y)ds= f(x;y) dx2+ dy?
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