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Preface

These are the lecture notes for Math 321, Manifolds and Differential Forms,
as taught at Cornell University since the Fall of 2001. The course covers mani-
folds and differential forms for an audience of undergraduates who have taken
a typical calculus sequenceat a North American university, including basic lin-
ear algebraand multivariable calculus up to the integral theorems of Green,Gaul}
and Stokes. With a view to the fact that vector spacesare nowadays a standard
item on the undergraduate menu, the text is not restricted to curves and surfaces
in three-dimensional space, but treats manifolds of arbitrary dimension. Some
prerequisites are briey reviewed within the text and in appendices. The selec-
tion of material is similar to that in Spivak's book [Spi65] and in Flanders' book
[Fla89], but the treatment is at a more elementary and informal level appropriate
for sophomoresand juniors.

A large portion of the text consists of problem setsplaced at the end of each
chapter. The exercisesrange from easy substitution drills to fairly involved but,
| hope, interesting computations, aswell as more theoretical or conceptual prob-
lems. Mor e than once the text makes use of results obtained in the exercises.

Becauseof its transitional nature between calculus and analysis, a text of this
kind hasto walk athin line between mathematical informality and rigour. | have
tended to err on the side of caution by providing fairly detailed de nitions and
proofs. In class,depending on the aptitudes and preferencesof the audience and
also on the available time, one can skip over many of the details without too much
loss of continuity . At any rate, most of the exercisesdo not require a great deal of
formal logical skill and throughout | have tried to minimize the use of point-set
topology.

This revised version of the notes is still a bit rough at the edges. Plans for
impr ovement include: more and better graphics, an appendix on linear algebra, a
chapter on uid mechanicsand one on curvatur e, perhapsincluding the theorems
of Poincaré-Hopf and Gauf3-Bonnet. These notes and eventual revisions can be
downloaded from the course website at

Corrections, suggestionsand comments will be received gratefully .

Ithaca, NY, 2006-08-26






CHAPTER 1

Introduction

We start with an informal, intuitive intr oduction to manifolds and how they
arise in mathematical nature. Most of this material will be examined more thor-
oughly in later chapters.

1.1. Manifolds

Recall that Euclidean n-spaceR" is the set of all column vectors with n real
entries
X1
X2

Xn
which we shall call pointsor n-vectorsand denote by lower caseboldface letters. In
R2 or R® we often write

X
X X resp X y
y ' ' 2

For reasonshaving to do with matrix multiplication, column vectors are not to be
confused with row vectors X; X, ... Xp . For clarity, we shall usually separate
the entries of arow vector by commas,asin Xq,Xo,...,Xn . Occasionally, to save
space,we shall representa column vector x asthe transposef arow vector,

X X1,X2,...,Xn '.

A manifoldis a certain type of subsetof R". A precisede nition will follow
in Chapter 6, but one important consequenceof the de nition is that a manifold
has a well-de ned tangent spaceat every point. This fact enablesus to apply the
methods of calculus and linear algebrato the study of manifolds. The dimensiorof
a manifold is by de nition the dimension of its tangent spaces.The dimension of
amanifold in R" can be no higher than n.

Dimension 1. A one-dimensional manifold is, loosely speaking, a curve with-
out kinks or self-intersections. Instead of the tangent “space” at a point one usu-
ally speaksof the tangent line. A curve in R? is called a planecurve and a curve in
RS is a spaceurve, but you can have curves in any R". Curves can be closed (as
in the rst pictur e below), unbounded (asindicated by the arrows in the second
pictur e), or have one or two endpoints (the third pictur e shows a curve with an
endpoint, indicated by a black dot; the white dot at the other end indicates that

1



2 1. INTRODUCTION

that point does not belong to the curve; the curve “peters out” without coming to
an endpoint). Endpoints are also called boundarypoints

)59

A circle with one point deleted is also an example of a manifold. Think of atorn
elastic band.

By straightening out the elastic band we seethat this manifold is really the same
asan open interval.

O O

The four plane curves below are not manifolds. The teardrop has a kink, where
two distinct tangent lines occur instead of a single well-de ned tangent line; the
ve-fold loop has ve points of self-intersection, at each of which there are two
distinct tangent lines. The bow tie and the ve-pointed star have well-de ned

tangent lines everywhere. Still they are not manifolds: the bow tie has a self-
intersection and the cuspsof the star have ajagged appearancewhich is proscribed
by the de nition of a manifold (which we have not yet given). The points where
these curves fail to be manifolds are called singularities The “good” points are

‘R
DO <1

Singularities can sometimes be “r esolved”. For instance, the self-intersections of
the Ar chimedean spiral, which is given in polar coordinates by r is aconstanttimes
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,wherer is allowed to be negative,

@

can be got rid of by uncoiling the spiral and wrapping it around a cone. You can
convince yourself that the resulting spacecurve hasno singularities by peeking at
it along the dir ection of the x-axis or the y-axis. What you will seeare the smooth
curves shown in the yz-plane and the xz-plane.

=

V]
N
%

@

(The three-dimensional models in these notes are drawn in central perspective.
They are bestviewed facing the origin, which is usually in the middle of the pic-
ture, from a distance of 30 cm with one eye shut.) Singularities are extremely
interesting, but in this coursewe shall focus on gaining athorough understanding
of the smooth points.
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Dimension 2. A two-dimensional manifold is a smooth surface without self-
intersections. It may have a boundary, which is always a one-dimensional mani-
fold. You can have two-dimensional manifolds in the plane R?, but they are rel-
atively boring. Examples are: an arbitrary open subset of R?, such as an open
square, or a closed subsetwith a smooth boundary.

A closed square is not a manifold, becausethe corners are not smooth.*

Two-dimensional manifolds in three-dimensional spaceinclude asphere, aparab-
oloid and atorus.

€3
€2

€1

The famous Mébiusbandis made by pasting together the two ends of arectangular
strip of paper giving one end a half twist. The boundary of the band consists of

o be strictly accurate,the closed square is atopologicamanifold with boundary, but not a smooth
manifold with boundary. In thesenotes we will consider only smooth manifolds.
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two boundary edgesof the rectangletied together and is therefore a single closed
curve.

N

Out of the Mébius band we can createin two dif ferent ways a manifold without
boundary by closing it up along the boundary edge. According to the dir ection in
which we glue the edge to itself, we obtain the Klein bottle or the projectiveplane
A simple way to representthesethreesurfacesis by the following diagrams. The

labels tell you which edgesto glue together and the arrows tell you in which di-
rection.

b b

ay a ay \a ay A
b b

Mobius band Klein bottle projective plane

Perhaps the easiestway to make a Klein bottle is rst to pastethe top and bottom
edges of the square together, which gives a tube, and then to join the resulting
boundary circles,making surethe arrows match up. You will notice this cannot be
done without passing one end through the wall of the tube. The resulting surface
intersectsitself along a circle and therefore is not a manifold.

A dif ferent model of the Klein bottle is found by folding over the edge of a Mdbius
band until it touches the central circle. This createsa Mobius type band with a
gur e eight cross-section. Equivalently, take a length of tube with a gur e eight
cross-sectionand weld the ends together giving one end a half twist. Again the
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resulting surface has a self-intersection, namely the central circle of the original
Mobius band. The self-intersection locus aswell asafew of the cross-sectionsare
shown in black in the following wir e mesh model.

To representthe Klein bottle without self-intersections you need to embed it in
four -dimensional space. The projective plane has the same peculiarity, and it too
hasself-intersecting models in three-dimensional space.Perhapsthe easiestmodel
is constructed by merging the edgesaand b shown in the gluing diagram for the
projective plane, which gives the following diagram.

ay ! ! a

First fold the lower right corner over to the upper left corner and seal the edges.
This createsa pouch like a cherry turnover with two seamslabelled awhich meet
at a corner. Now fuse the two seamsto createa single seamlabelled a. Below is a
wir e mesh model of the resulting surface. It is obtained by welding together two
piecesalong the dashed wir es. The lower half shaped like a bowl correspondsto
the dashed circular disc in the middle of the square. The upper half corresponds
to the complement of the disc and is known as a cross-cap The wir e shown in
black correspondsto the edge a. The interior points of the black wir e are ordinary
self-intersection points. Its two endpoints are qualitatively dif ferent singularities
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known aspinchpoints where the surface is crinkled up.

{ >/ W €3

.y €1

1.2. Equations

Very commonly manifolds are given “implicitly”, namely asthe solution set
of a system

1 X1y.++,Xn Cq,
2 X1,...,Xn Cp,
m X1,...,Xn Cm,
of m equations in n unknowns. Here 1, o,..., marefunctions, ¢, C,..., Cm
are constantsand x1, X», . .., Xp arevariables. By intr oducing the useful shorthand
X1 1 X C1
X2 2 X Co
X 1 X 1 C 1
Xn m X Cn

we canrepresentthis system asa single equation
X C

It isin general dif cult to nd explicit solutions of such a system. (On the positive
side, it is usually easyto decide whether any given point is a solution by plugging
it into the equations.) Manifolds de ned by linear equations (i.e. where is a
matrix) are called af ne subspacesf R" and are studied in linear algebra. More
interesting manifolds arise from nonlinear equations.

1.1 ExAMPLE. Consider the system of two equations in threeunknowns,
2 2

Xy 1,
y z 0.
Here 5 5
X oy and c 1
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The solution set of this system is the intersection of a cylinder of radius 1 about
the z-axis (given by the rst equation) and a plane cutting the x-axisata 45 angle
(given by the secondequation). Hencethe solution setis an ellipse. It is a manifold
of dimension 1.

1.2. EXAMPLE. The spheeof radius r about the origin in R" is the setof all x
in R" satisfying the single equation x r. Here

2 2
X X X X x5 x2
is the normor lengthof x and

X'y Xiyi1  X2Y¥2 XnYn

is the inner productor dot productof x and y. The sphere of radius risann  1-
dimensional manifold in R". The sphere of radius 1 is called the unit sphee and
is denoted by S" 1. What is a one-dimensional sphere? And a zero-dimensional
sphere?

The solution setof a system of equations may have singularities and is there-
fore not necessarilya manifold. A simple exampleis xy 0, the union of the two
coordinate axesin the plane, which hasa singularity at the origin. Other examples
of singularities canbe found in Exercise1.5.

Tangent spaces. Let us use the example of the sphere to intr oduce the notion
of atangent space.Let

M x R" x r

be the sphere of radius r about the origin in R" and let x be a point in M. There are
two reasonable,but inequivalent, views of how to de ne the tangent spaceto M
atx. The rst view is that the tangent spaceat x consistsof all vectorsy such that
y X X O0jiey x x x r2 Incoordinates: yix; YnXn  r2. This
is an inhomogeneous linear equation in y. In this view, the tangent spaceat x is an
af ne subspaceof R", given by the single equationy x  r2.

However, for most practical purposes it is easierto translate this af ne sub-
spaceto the origin, which turns it into a linear subspace.This leads to the second
view of the tangent spaceat x, namely asthe setof all y suchthaty x 0, and
this is the de nition that we shall espouse. The standard notation for the tangent
spaceto M at x is TxM. Thus

TxM y R"yx 0,

alinear subspaceof R". (In Exercise 1.6 you will be askedto nd a basisof TxM
for a particular x and you will seethat TyM isn 1-dimensional.)

Inequalities. Manifolds with boundary are often presented as solution sets
of a system of equations together with one or more inequalities. For instance,
the closedball of radius r about the origin in R" is given by the single inequality

X r. Its boundary is the sphere of radius r.
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1.3. Parametrizations

A dual method for describing manifolds is the “explicit” way, namely by par-
ametrizations. For instance,

X €0Ss , Yy sin
parametrizes the unit circlein R? and
X €cosS cos , Yy sin cos , z sin

parametrizes the unit spherein R3. (Here is the angle between a vector and the
xy-plane and is the polar angle in the xy-plane.) The explicit method hasvarious
merits and demerits, which are complementary to those of the implicit method.
One obvious advantage is that it is easyto nd points lying on a parametrized
manifold simply by plugging in values for the parameters. A disadvantage is that
it can be hard to decide if any given point is on the manifold or not, becausethis
involves solving for the parameters. Parametrizations are often harder to come by
than a system of equations, but are at times more useful, for example when one
wants to integrate over the manifold. Also, it is usually impossible to parame-
trize a manifold in such away that every point is covered exactly once. Suchis
the casefor the two-sphere. One commonly restricts the polar coordinates

to the rectangle 0,2 2, 2 to avoid counting points twice. Only the
meridian 0 is then hit twice, but this does not matter for many purposes, such
ascomputing the surfaceareaor integrating a continuous function.

We will use parametrizations to give a formal de nition of the notion of a
manifold in Chapter 6. Note however that not every parametrization describesa
manifold. Examples of parametrizations with singularities are given in Exercises
1l.1and 1.2.

1.4. Con guration spaces

Frequently manifolds arise in more abstractways that may be hard to capture
in terms of equations or parametrizations. Examples are solution curves of dif fer-
ential equations (seee.g.Exercise1.10)and con guration spaces.The con guration
of a mechanical system (such as a pendulum, a spinning top, the solar system, a
uid, or agasetc.) is its state or position at any given time. (The con guration
ignoresany motions that the system may be undergoing. Soacon guration is like
a snapshot or a movie still. When the system moves, its con guration changes.)
In practice one usually describesa con guration by specifying the coordinates of
suitably chosenparts of the system. The con guration spacer statespacef the sys-
tem is an abstract space,the points of which are in one-to-one correspondenceto
all physically possible con gurations of the system. Very often the con guration
spaceturns out to be a manifold. Its dimension is called the numberof degeesof
freedonof the system. The con guration spaceof even afairly small systemcanbe
quite complicated.
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1.3. ExAMPLE. A sphericalpendulumis a weight or bob attached to a xed
centre by arigid rod, freeto swing in any dir ection in three-space.

The state of the pendulum is entirely determined by the position of the bob. The
bob can move from any point at a xed distance (equal to the length of the rod)

from the centreto any other. The con guration spaceis thereforeatwo-dimensional
sphere.

Some believe that only spacesof dimension 3 (or 4, for those who have

heard of relativity) can have a basisin physical reality. The following two exam-
ples show that this is not true.

1.4 ExAMPLE. Take aspherical pendulum of length r and attach a secondone
of length sto the moving end of the rst by auniversal joint. The resulting system
is a doublesphericapendulum The state of this system can be speci ed by a pair of
vectors X,y , X being the vector pointing from the centreto the rst weight and y
the vector pointing from the rst to the secondweight.

The vector x is constrained to a sphere of radius r about the centreand y to asphere
of radius s about the head of x. Aside from this limitation, every pair of vectors
can occur (if we suppose the second rod is allowed to swing completely freely
and move “thr ough” the rst rod) and describes a distinct con guration. Thus
there are four degreesof freedom. The con guration spaceis a four-dimensional
manifold, known asthe (Cartesian)productof two two-dimensional spheres.

1.5 EXAMPLE. What is the number of degreesof freedom of arigid body mov-
ing in R3? Selectany triple of points A, B, Cin the solid that do not lie on one line.
The point A can move about freely and is determined by three coordinates, and
soit hasthreedegreesof freedom. But the position of A alone doesnot determine
the position of the whole solid. If A is kept xed, the point B can perform two
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independent swivelling motions. In other words, it moves on a sphere centred at
A, which gives two more degreesof freedom. If A and B are both kept xed, the
point C can rotate about the axis AB, which gives one further degreeof freedom.

The positions of A, B and C determine the position of the solid uniquely, so the
total number of degreesof freedomis3 2 1 6. Thus the con guration space
of arigid body is a six-dimensional manifold.

1.6. ExaAMPLE (the spaceof quadrilaterals) . Consider all quadrilaterals ABCD
in the plane with xed sidelengths a, b, c, d.

D

A a B
(Think of four rigid rods attached by hinges.) What are all the possibilities? For
simplicity let us disregard translations by keeping the rst edge AB xed in one
place. Edges are allowed to cross each other, so the short edge BC can spin full
circle about the point B. During this motion the point D moves back and forth on
acircle of radius d centred at A. A few possible positions are shown here.

(As C moves all the way around, where does the point D reachits greatestleft-
or rightwar d displacement?) Arrangements such as this are commonly used in
engines for converting a circular motion to a pumping motion, or vice versa. The
position of the “pump” D is wholly determined by that of the “wheel” C. This
means that the con gurations are in one-to-one correspondencewith the points
on the circle of radius b about the point B, i.e. the con guration spaceis acircle.
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Actually, this is not completely accurate: for every choice of C, there are two

choicesD and D for the fourth point! They are interchanged by re ection in the
diagonal AC.

D

Sothereisin fact another circle'sworth of possible con gurations. It is not possible
to move continuously from the rst setof con gurations to the second;in fact they
are eachother's mirr or images. Thus the con guration spaceis a disjoint union of

two circles.

This is an example of a disconnectednanifold consisting of two connectedompo-
nents

1.7. EXAMPLE (quadrilaterals, continued). Even this is not the full story: it is
possible to move from one circle to the other when b ¢ a d (and also when
a b c d.

D

A a B

In this case,when BC points straight to the left, the quadrilateral collapsesto aline
segment:
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and when C moves further down, there are two possible dir ections for D to go,
back up:

or further down:

This meansthatwhenb ¢ a dthetwo componentsof the con guration space
are merged at a point.

The junctur e representsthe collapsed quadrilateral. This con guration spaceis
not a manifold, but most con guration spacesoccurring in nature are (and an
engineer designing an engine wouldn't want to use this quadrilateral to make a
piston drive a ywheel). Mor e singularities appear in the caseof a parallelogram
(a candb d)andin the equilateral case(a b c¢ d).

Exercises

1.1 Theformulas x t sint,y 1 cost(t R)parametrize aplane curve. Graph
this curve as carefully asyou can. You may use software and turn in computer output.
Also include a few tangent lines at judiciously chosen points. (E.g. nd all tangent lines
with slope0, 1,and .) Tocompute tangent lines, recall that the tangent vector at a point

X,y of the curve hascomponents dx dt and dy dt. In your plot, identify all points where
the curve is not a manifold.

1.2. Samequestions asin Exercisel.1for thecurve x 3at 1 t3,y 3a? 1 t3.

1.3 Parametrize the spacecurve wrapped around the cone shown in Section1.1.
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1.4. Sketchthe surfacesde ned by the following gluing diagrams.

a
b4 Ab
a
ay b
by a» b 27
a by & b,
b2 a1 b2 a1

(Proceedin stages, rst gluing the as, then the b's, etc., and try to identify what you get
at every step. One of these surfaces cannot be embedded in R3, so use a self-intersection
where necessary)

1.5. For the values of n indicated below graph the surfacein R3 de ned by x"  y?z.
Determine all the points where the surface does not have a well-de ned tangent plane.
(Computer output is OK, but bearin mind that few drawing programs do an adequate job
of plotting thesesurfaces,soyou may be better off drawing them by hand. As apreliminary
step, determine the intersection of each surface with a general plane parallel to one of the
coordinate planes.)

()
(i)
(iii)
(iv)

0.

5 3 3 5

1.
2.
3

1.6. Let M be the sphere of radius n about the origin in R and let x be the point

1,1,...,1 on M. Find abasisof the tangent spaceto M at x. (Usethat TxM is the setof all

y suchthaty x 0. View this equation asa homogeneous linear equation in the entries
Y1, ¥2,..., Yn Of y and nd the general solution by meansof linear algebra.)

1.7. What is the number of degreesof freedom of a bicycle? (Imagine that it moves
freely through empty spaceand is not constrained to the surface of the earth.)

1.8, Choose two distinct positive real numbers a and b. What is the con guration
spaceof all parallelograms ABCD such that AB and CD have length a and BC and AD
have length b? What happensif a b? (As in Examples 1.6 and 1.7 assumethat the edge
ABis kept xed in place soasto rule out translations.)

1.9. What is the con guration spaceof all pentagons ABCDE in the plane with xed
sidelengths &, b, c, d, €? (As in the caseof quadrilaterals, for certain choicesof sidelengths
singularities may occur. You may ignor e these cases. To reduce the number of degreesof
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freedom you may also assumethe edge AB to be xed in place.)
E

d

1.10 The Lotka-Volterra system is an early (ca. 1925)predator-prey model. It is the
pair of dif ferential equations

dl rx SX
at Y.
dy

ot py  Oxy,

wherex t representsthe number of preyand y t the number of predators at time t, while
p, g, r, s are positive constants. In this problem we will consider the solution curves (also
called trajectories) x t ,y t of this system that are contained in the positive quadrant
(x 0,y 0) and derive an implicit equation satis ed by these solution curves. (The
Lotka-Volterra systemis exceptional in this regard. Usually it is impossible to write down
an equation for the solution curves of a dif ferential equation.)
(i) Show that the solutions of the system satisfy a single dif ferential equation of the
form dy dx f x gy ,where f x is afunction that depends only on x and
g y afunction that dependsonly ony.
(i) Solvethe dif ferential equation of part (i) by separating the variables, i.e. by writ-

ing ﬁ dy f x dxand integrating both sides. (Don't forget the integration

constant.)

(i) setp g r s 1 and plot a number of solution curves. Indicate the
dir ection in which the solutions move. Bewarned that solving the system may
give better results than solving the implicit equation! You may use computer
softwar e such asMaple, Mathematica or MATLAB. A useful Javaapplet, ,
can be found at






CHAPTER 2

Dif ferential forms on Euclidean space

The notion of a dif ferential form encompassessuch ideas as elements of sur-
faceareaand volume elements,the work exerted by aforce,the ow of a uid, and
the curvatur e of a surface, spaceor hyperspace. An important operation on dif fer-
ential forms is exterior dif ferentiation, which generalizes the operators div, grad
and curl of vector calculus. The study of dif ferential forms, which was initiated by
E. Cartan in the years around 1900,is often termed the exteriordifferential calculus
A mathematically rigorous study of dif ferential forms requiresthe machinery of
multilinear algebra,which is examined in Chapter 7. Fortunately, it is entirely pos-
sible to acquire a solid working knowledge of dif ferential forms without entering
into this formalism. That is the objective of this chapter.

2.1. Elementary properties
A differential form of degeek or a k-formon R" is an expression

é f| dX|.
|

(If you don't know the symbol , look up and memorize the Greek alphabet in
the back of the notes.) Here | standsfor a multi-index iq,i»,...,ix of degeek, that
is a “vector ” consisting of k integer entries ranging between 1 and n. The f, are
smooth functions on R" called the coef cientsof , and dx, is an abbreviation for

dXi1 dXi2 dXik.
(The notation dx;, dx;, dx;, is also often used to distinguish this kind of

product from another kind, called the tensor product.)
For instance the expressions

sin x; €4 dxqdxs xzxg> dxodxs 6dx,dxs cosXpdxsdXxs,
X1X3Xsg dx1 dxg dx3 dX»,

representa 2-form on R®, resp.a 4-form on R®. The form  consistsof four terms,
corresponding to the multi-indices 1,5, 2,3, 2,4 and 5,3 ,whereas con-
sistsof one term, corresponding to the multi-index 1,6,3,2 .

Note, however, that could equally well be regarded asa 2-form on R® that
does not involve the variable xg. To avoid such ambiguities it is good practice to
state explicitly the domain of de nition when writing a dif ferential form.

Another reasonfor being preciseabout the domain of a form is that the coef-
cients f; may not bede ned on all of R", but only on an open subsetU of R". In
such a casewe say is a k-form on U. Thus the expressionin x? y? zdzis not
a 1-form on R®, but on the open setU  R3 X,y,z x2 y2 0 ,ie.the
complement of the z-axis.

17
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You canthink of dx;j asan in nitesimal incrementin the variable x; and of dx,
asthe volume of an in nitesimal k-dimensional rectangular block with sides dx;,
dXi,, . .., dxj,. (A precisede nition will follow in Section7.2.) By volume we here
mean orientedvolume, which takesinto accountthe order of the variables. Thus,
if we interchangetwo variables, the sign changes:

dXi1 dXi2 dXiq dXip dXik dXil dXi2 dXip dXiq dXik, (2.1)

and so forth. This is called anticommutativity, gradedcommutativity, or the alternat-
ing property. In particular, this rule implies dx; dx; dx; dx;j, sodx; dx;  Ofor all
i

Let us consider k-forms for some special values of k.

A O-form on R" is simply a smooth function (no dx's).

A general 1-form looks like

fl Xm f2 dX2 fn dXp.

A general 2-form hasthe shape

a fijdxidx; frodxgdxy frpdxq dxo f1n dx1 dxn
i
f2,1 dX2 dX]_ fzyz dX2 dX2 f2,n dX2 dxn
fny]_ an dX]_ fn‘z an dX2 fn’n an an.

Becauseof the alternating property (2.1)the terms f; ; dx; dx; vanish, and a pair of
terms such as f1 2 dxs dxz and fa 1 dxp dx; can be grouped together: f1 5 dx; dx;
f2,1 dx2 dx4 f12 fa1 dxgdxz. Sowe canwrite any 2-form as

a  gijdxidxj g120xqdx; g1,n dxq dxn
10 jn
02,30x2 dx3 g2,n dX2 dXn On 1ndXp 10Xn.

Written like this, a 2-form has at most

n n 1 n 2 2 1 -nn 1

components.
Likewise, ageneraln 1-form canbe written asasum of n components,

fl dX2 dX3 dxpn f2 Xm dX3 dxn fn Xm dX2 an 1

n
& fidxidxy dx;  dxp,
i1

where dx; means“omit the factor dx;”.

Every n-form on R" can be written as f dx;dx>  dxn. The special n-form
dx;dx,  dxpis also known asthe volumeform.

Forms of degreek non R" are always 0, becauseat leastone variable hasto
repeatin any expressiondx;,  dx; . By convention forms of negative degreeare
0.

In general aform of degreek can be expressedasa sum

a fidxi,
|
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where the | are increasingmulti-indices, 1 i; 2 ix n. Weshall
almost always representforms in this manner. The maximum number of terms
occurring in is then the number of increasing multi-indices of degree k. An
increasing multi-index of degree k amounts to a choice of k numbers from among
the numbers 1, 2,..., n. The total number of increasing multi-indices of degreek
is therefore equal to the binomial coefcient “n choosek”,

n n!
k Kn k!

(Compare this to the number of all multi-indices of degree k, which is nX.) Two
k-forms a, fy dx, and &, g, dx; (with | ranging over the increasing multi-
indices of degree k) are considered equal if and only if f, g, for all I. The
collection of all k-forms on an open setU is denoted by X U . Sincek-forms can
be added together and multiplied by scalars, the collection K U constitutes a
vector space.

A form is constantif the coefcients f, are constant functions. The set of con-
stant k-forms is a linear subspaceof K U of dimension } . A basisof this sub-
spaceis given by the forms dx,;, where | ranges over all increasing multi-indices
of degreek. (The space K U itself is in nite-dimensional.)

The (exterior)productof a k-form a, f; dx, and an I-form a30;dx;is
de ned to bethe k I-form

é f|ngX| dXJ.
1,3

Usually many terms in a product cancelout or can be combined. For instance,
ydx xdy xdxdz ydydz y?dxdydz x?dydxdz y? x? dxdydz.

As an extreme example of such a cancellation, consider an arbitrary form  of
degreek. Its p-th power P is of degreekp, which is greaterthan nif k 0and
p n. Therefore
n 1 0
for any form on R" of positive degree.
The alternating property combineswith the multiplication rule to give the fol-
lowing result.

2.1 PROPOSITION (graded commutativity) .

1k|

for all k-forms andall [-forms .

PROOF. Let | i1,02,...,ix and J j1:J2,--.,J1 - Successivelyapplying
the alternating property we get

dX| dXJ dXildxi2 dxikdledszdxjs deI
1 kdeldXildXi2 dXikdedej3 dle

1 2kde1de2dXildXi2 dXikde3 dle

1 W dXJdX|.
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For general forms a, f; dx, and 4 ;g9;dxywe get from this
a g9sf dxydx 1K@ figydx dxy ik
1,d 1,
which establishesthe result. QED
A noteworthy special caseis . Thenwe get 2 1K 2 1k 2

This equality is vacuous if kis even, but tells usthat 2  0if kis odd.

2.2. COROLLARY. 2 0if isaformofodddegee.

2.2. The exterior derivative

If fis aO-form, that is a smooth function, we de ne df to bethe 1-form
n
o If
df a — dx;.
i1 IXi
Then we have the productor Leibnizrule:
d fg fdg gdf.

If 4, f, dx, is ak-form, eachof the coefcients f, is a smooth function and we
dene d tobethek 1-form

d § df dx.
[
The operation d is called exteriordifferentiation An operator of this sort is called a

rst-or der partial differential operator, becauseit involves the rst partial deriva-
tives of the coefcients of aform.

2.3. EXAMPLE. If fdx gdyisail-form on R?, then
d fydydx gxdxdy gx fy dxdy.

(Recallthat fy is an alternative notation for 1f {y.) More generally, for a 1-form
ai' ; fidx; on R" we have

g g Tfi
d a df; dx; a 7de dx;
i1 ij 102
o ﬂfi [°] ﬂfi
a = dx;dx; a —adxjdx
1ijnﬂxjjlljinﬂxjjl
o ﬂf| o] ﬂ j
— dx; de a — dx; de (2.2)
10 nTX 10 n X
o f; i
h ﬂ—fl dXide,
10 on X T

where in line (2.2)in the rst sum we used the alternating property and in the
second sum we interchangedthe rolesof i and j.
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2.4. EXAMPLE. If fdxdy gdxdz hdydzisa2-form onR3, then
d f,dzdxdy gydydxdz hydxdydz f, gy hx dxdydz.

For a general 2-form 41 i j nfijdxdxjonR" we have
o o g ﬂfi,j
d a dfi‘j dx; a a ka dx; de
19 jn 1 j nk 1 Xk
o fii o fii
b dx dx; de a b dx dx; de
1 kijn Xk 10 kjn Xk
o fi
M dx dx; de
10 kn Xk
° ik ° Tfi x
a —=dx; de dx a e de dx; dx
10 kn X 10 kn T
° 1fi,j
a T dxy dx; dx; (2.3)
19 j kn %k
o fi: f; fi
Whj o W Tk g dx; dxy. (2.4)
1ok e X T
Here in line (2.3) we rearranged the subscripts (for instance, in the rst term we
relabelled k i i jand j k) and in line (2.4)we applied the alternating
property.

An obvious but quite useful remark is that if is an n-form on R", thend is
of degreen landsod 0.
The operator dis linear and satis es a generalized Leibniz rule.

2.5. PROPOSITION. ()da b ad bd forall k-forms and
andall scalarsaandb.
(i) d d 1% d forall k-forms andl-forms .

PrRoOOF. The linearity property (i) follows from the linearity of partial differ-
entiation:
T af bg qf g

a_
fxi Xi xi
for al smooth functions f, g and constantsa, b.
Now let a, fdx, and 4 393dx,. The Leibniz rule for functions and
Proposition 2.1give
d adfigy dxdx; & fidgy gydfy dx dxy
1,J 1,
é df| dX| ngXJ 1 kf| dX| ngdXJ
1,J
d 1k d,
which proves part (ii). QED

Hereis one of the most curious properties of the exterior derivative.
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2.6. PROPOSITION. d d O0foranyform . In short,
d® o
PROOF. Let a, f dx,. Then
o o Tfy 1f)

n
dd d & & — dxjdx, aad_—
Lo X L1 i

dx; dx;.

Applying the formula of Example 2.3(replacing f; with Tf, 1x;) we nd

o . Tf o 121, 11,
d — dx;
A% P& g T

dXi de 0,

becausefor any smooth (indeed, C2) function f the mixed partials 72f ixifx; and
12 f ix;1x; are equal. Henced d 0. QED

2.3. Closed and exactforms

A form is closedf d 0. It is exactif d for someform (of degree
one less).

2.7. PROPOSITION. Everyexactformis closed.
PrRoOF. If d thend dd 0 by Proposition 2.6. QED

2.8. ExAMPLE. ydx xdy is not closed and therefore cannot be exact. On
the other hand ydx xdy is closed. It is also exact, becaused xy ydx xdy.
For a 0-form (function) f on R" to be closed all its partial derivatives must vanish,
which means it is constant. A nonzero constant function is not exact, because
forms of degree 1areO.

Is every closed form of positive degree exact? This question has interesting
rami cations, which we shall explore in Chapters 4, 5 and 10. Amazingly, the
answer depends strongly on the topology, that is the qualitative “shape”, of the
domain of de nition of the form.

Let us consider the simplest caseof a 1-form &' ; fidxj. Determining
whether is exact means solving the equation dg for the function g. This
amounts to q i i

9 g g
—  fq, —  fy, —  fp, 25
) Txa 2 Xn " 23)

a system of rst-order partial differential equations Finding a solution is sometimes
called integrating the system. By Proposition 2.7 this is not possible unless s
closed. By the formula in Example 2.3 is closedif and only if

AL U
x; X
forall1 i j n. Theseidentities must be satis ed for the system (2.5)to be

solvable and are therefore called the integrability conditionsfor the system.
2.9. EXAMPLE. Let ydx zcosyz x dy ycosyzdz. Then
d dydx z ysinyz cosyz dzdy dxdy
y zsinyz cosyz dydz O,
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so isclosed.Is exact?Let us solve the equations

fig fg fig
— , T ZCO0SYyZ X, — cosyz
x P dy Y 1z V%Y

by successiveintegration. The rst equation givesg yx cVy,z,wherecis
a function of y and z only. Substituting into the second equation gives fc 1y
zcosyz,soc sinyz Kk z . Substituting into the third equation givesk 0, so

kisaconstant. Sog yx sinyzisasolution and therefore is exact.

This method works always for a 1-form de ned on all of R". (SeeExercise2.6.)
Hence every closed 1-form on R" is exact.

2.10 ExAMPLE. The 1-form onR? 0 dened by

y X ydx xdy
2 2 dx y2 dy 2 y2
is called the angleformfor reasonsthat will becomeclearin Section4.3. From
1 X y2 XZ l y X2 y2

it follows that the angle form is closed. This example is continued in Examples 4.1
and 4.6,where we shall seethat this form is not exact.

For a 2-form &1 i j nfijdxdx;and a1-form ai' ;g dx; the equa-
tion d amounts to the system
g, g
1 =g 2.
T b (2.6)

By the formula in Example 2.4the integrability condition d 0 comesdown to
Wi Tk Tk
ixe X fixi

foralll i j k n. Weshall learn how to solve the system (2.6), and its
higher-degreeanalogues,in Example 10.18.

2.4. The Hodge star operator

The binomial coefcient § isthe number of ways of selecting k (unordered)
objectsfrom a collection of n objects. Equivalently, } is the number of ways of
partitioning a pile of n objectsinto a pile of k objectsand a pile of n  k objects.

Thus we seethat
n n

k n k

This meansthat in a certain sensethere are as many k-forms asn k-forms. In
fact, there is a natural way to turn k-forms into n  k-forms. This is the Hodgestar
operator Hodge star of is denoted by (or sometimes ) and is de ned as
follows. If 4, f, dx,, then

Eol fidx,

[
with

dX| " dX|c.
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Here, for any increasing multi-index I, 1° denotes the complementaryncreasing
multi-index, which consistsof all numbers between 1 and n that do not occurin |.
The factor ", is a sign,

1 ifdx;dxje  dxpdxy  dxp,
1 if dx; dxjec dxi1dx,  dXxp.

"

In other words, dx; is the product of all the dx;'s that do not occur in dx;, times a
factor 1which is chosenin suchaway that dx; dx; isthe volume form:

dx; dx dxidx,  dXp.

2.11 EXAMPLE. Letn 6 and | 2,6 . Then I 1,3,4,5, so dx
dxo dxg and dx;c  dxq dxzdx4 dxs. Therefore

dx; dx;c dx, dxg dx; dx3 dx4 dXsg
dxq dx, dxg dxg dx4 dxs dxq dxo dx3 dx4 dXs dXg,
which shows that 1. Hence dx,dxg dxq dx3 dx4 dXs.

2.12 EXAMPLE. OnR?we have dx dyand dy  dx. On R3we have

dx dydz, dxdy  dz,
dy dxdz dzdx, dx dz dy,
dz dxdy, dydz  dx.

(This is the reasonthat 2-forms on R3 are sometimeswritten as f dxdy gdzdx
hdy dz, in contravention of our usual rule to write the variables in increasingorder.
In higher dimensions it is better to stick to the rule.) On R* we have

dxq;  dxpdxszdxg, dxs  dxqdXo dxg,

dx, dxq dx3 dxy, dxs dxq dx, dxas,
and

dx dxo dxs dx4, dx, dxs dxq dxg,

dxq dxs dx, dxg, dx, dx4 dxq dxs,

dxq dx4 dx, dxs, dxs3 dx4 dx dxo.

OnR"we have 1 dxjdx, dx,, dxqdx, dxp 1, and
dx; 17 Ydxydx,  dx;  dxn forl i n,
dx; dx; 1770 Ydxgdx,  dxg  dx; dxn  forl i j n

2.5. div, grad and curl

A vector eld on an open subsetU of R" is a smooth map F: U R". We can
write Fin components as
F x
R X

F x
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or alternatively asF  &{' ; e, whereey, ey, ..., e, arethe standard basisvectors
of R". Vector elds in the plane can be plotted by placing the vector F x with
its tail at the point x. The diagrams below representthe vector elds ye; xes
and X Xxyey Yy Xy e (which you may recognizefrom Exercise1.10).The
arrows have been shortened so as not to clutter the pictur es. The black dots are
the zeloesof the vector elds (i.e.points x whereF x  0).

oy oy

We can turn Finto a 1-form by using the F as coefcients: ai | R dx.
For instance, the 1-form ydx xdy corresponds to the vector eld F
ye; Xey. Let usintr oduce the symbolic notation

dX]_
dXz
dx C
dxn
which we will think of as a vector-valued 1-form. Then we can write F dx.

Clearly, F is determined by and vice versa. Thus vector elds and 1-forms are
symbiotically associatedto one another.

vector eld F 1-form F dx.

Intuitively , the vector-valued 1-form dx representsan in nitesimal displacement.
If Frepresentsaforce eld, suchasgravity or an electric forceacting on a particle,
then F dx representsthe workdone by the forcewhen the particle is displaced
by an amount dx. (If the particle travels along a path, the total work done by the
forceis found by integrating along the path. We shall seehow to do this in Section
4.1)

The correspondencebetween vector elds and 1-forms behavesin an interest-
ing way with respectto exterior dif ferentiation and the Hodge star operator. For
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eachfunction f the 1-form df &' ; Tf x; dx; is associatedto the vector eld

Tt

W

n L

grad f g ﬂ—fei Tz
i1 T :

T
n

This vector eld is called the gradientof f. (Equivalently, we canview grad f as
the transpose of the Jacobimatrix of f.)

grad f df: df gradf dx.

Starting with avector eld F and letting F dx,we nd
n .
aFf d¢ &F 1" 'dxidx, dx; dxp,
i1 i1

=}

Using the vector-valued n  1-form

Xm dX2 dX3 dxn
dx, dxqdxs  dXp
dx .
dxn 1" ldxidx,  dx, 1
we can also write F dx. Intuitively , the vector-valued n  1-form dx

representsan in nitesimal n  1-dimensional hypersurface perpendicular to dx.
(This point of view will bejustied in Section8.3,after the proof of Theorem 8.14.)
In uid mechanics,the ow ofa uid or gasin R" isrepresentedby avector eld F.
Then 1-form then representsthe ux , that is the amount of material passing
through the hypersurface dx per unit time. (The total amount of uid passing
through a hypersurface Sis found by integrating over S. We shall seehow to do
this in Section5.1.) We have

o TR i1
d dF dx g — 1' “dxjdxydx, dx; dxp
i 1ﬂxi
o TR o TR
it'gll.”—)('idxldxz dx;  dxn ialﬂ—X: dx;dx,  dXp.

Thefunction divF & ; TR 1x; is the divergenceof F. Thus if F dx, then
d dF dx div Fdxydx,  dxp.

An alternative way of writing this identity is obtained by applying to both sides,

which gives

A very differentidentity is found by rst applying d and then to

3 o K
d EdedXi h E dXide,
i 11X 10 n ™ 9X
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and hence
d a 1!
19 jn

i /1R
1L 0 gy dx,  dxg dxj dxn.

x; ﬂXj 1HYA2 i j n
In threedimensions d is a1-form and sois associatedto a vector eld, namely
W IR, Ik TR TR IR
fixa  fixs fixs  fixs fixe  fixz
the curl of F. Thus,for n 3, if F dx, then

lcurlF dx  d .|

You need not memorize every detail of this discussion. The point is rather to
rememberthat exterior dif ferentiation in combination with the Hodge star uni es
and extends to arbitrary dimensions the classical dif ferential operators of vector
calculus.

curlF es,

Exercises

2.1 Compute the exterior derivative of the following forms. Recallthat a hat indicates
that aterm hasto be omitted.
(i) eYzdx.
(i) &M ;x2dx; dx;  dxn.
(i) x Pal, 17 xdx; dx; dxn, where pis areal constant. For what val-
uesof pis this form closed?

2.2. Consider the forms xdx ydy, zdxdy xdydzand zdy on RS,
Calculate
M .
(i) d ,d ,d .
2.3 Write the coordinates on RZ" as X1, Y1,X2,Y2,...,%n, Yn . Let
n
I dxpdy; dxpdys dxpdy, & dx; dy;.
i1
Compute I ™ 1! ! (n-fold product). First work out the casesn 1,2, 3.
2.4, Write the coordinates on R?" las xq,V1,X2,¥2,...,Xn, Yn, Z . Let
n
dz xidy; Xpdys xndyn dz & xdy;.
i1
Compute d " dd d . First work out the casesn 1, 2, 3.
2.5. Check that eachof the following forms 1 R3 isclosedand nd afunction
g suchthat dg
0} ye¥Y zsin xz dx xe¥ Z2 dy xsin xz = 2yz 3z2 dz

(ii) 2xy3z%dx  3x?y?z* ze¥sin z&¥ dy  4x%y3Z® &'sinze € dz
2.6. Let &'  fidx; beaclosedC 1-form on R". De ne afunction gby

X1 X2
g X f1 t,X2,X3,...,Xp dt fo 0,t,X3,X4,...,Xn dt
0 0
X3 Xn
f3 0,0,t,X4,X5,...,Xn dt fn 0,0,...,0,t dt.
0 0
Show that dg . (Apply the fundamental theorem of calculus, formula (B.3),dif ferentiate

under the integral sign and don't forgetto used 0.)
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2.7. Let a' ; fi dx; be a closedl-form whose coefcients f; are smooth functions
de ned on R" 0 that are all homogeneous of the samedegree p 1 Let
1 J
g X 51 xifi x .

i1

Show that dg . (Used 0 and apply the identity proved in ExerciseB.5to each f;.)
2.8 Let and beclosedforms. Prove that is also closed.
2.9, Let beclosedand exact.Provethat isexact.
2.10 Calculate , , , ,where , and areasin Exercise2.2.

2.11 Consider the form x3dx; X2 dxp on R2,

(i) Find and dd .
(i) Repeatthe calculation, regarding asaform on RS.
(i) Again repeatthe calculation, now regarding asaform on R*.

2.12 Prove that 1% k for every k-form on R".

2.13 Let 4, a dx; and &, by dx; be constantk-forms, i.e. with constant coef-
cients a and b;. (We also assume, as usual, that the multi-indices | are increasing.) The
inner productof and isthe number de ned by

, a aby.
|

Prove the following assertions.
(i) The dx, form an orthonormal basis of the spaceof constant k-forms.

(i) , Oforall and , 0if and only if 0.
(iii) ,  dxpdxy  dxp.
(iv) .

(v) The Hodge star operator is orthogonal, i.e. ,

2.14. The Laplacianof a smooth function on an open subsetof R" is de ned by

eroer LA
™ %3 >z
Prove the following formulas.
@ f d df.
(i) fg fg f g 2 df dg .(UseExercise2.13(iv).)

2.15 Let f: R" Rbeafunction and let f dx;.

(i) Calculated d

(ii) Calculate d d .

(i) Showthatd d 1"dd f dx;, where isthe Laplacian de ned in
Exercise2.14.

2.16 (i) Let U be an open subsetof R" and let f: U R be a function satis-
fying grad f x Ofor all xin U. On U de ne avector eld n,ann 1-form
and a 1-form by

n x gradf x lgradf x,
n dx,
grad f x  1df.
Prove that dx; dxo  dxp onU.
(i) Letr:R" R be the function r x x (distance to the origin). Deduce from

1

part (i) that dx; dxo  dxp d onR"™ 0 ,where X X  dx.
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2.17. The Minkowskior relativisticinner product on R" 1is given by

n
X,y é. Xi¥i  Xn 1¥Yn 1.
i1

Avectorx R" lis spacelikéf X, x 0, lightlike if x,x 0, and timelikeif x,x 0.
(i) Give examples of (nonzero) vectors of eachtype.
(i) Show that for every x  Othereisay suchthat x,y 0.
A Hodge star operator corresponding to this inner product is de ned as follows: if
é| f| dX| ,then
af dx,
I
with
"1dx;c if | containsn 1,

dx
! "1dx;c if | doesnot containn 1.

(Here", and I are asin the de nition of the ordinary Hodge star.)
(i) Find 1, dxjforl i n 1,and dx;dxs dxn .
(iv) Compute the “r elativistic Laplacian” (usually called the d'Alembertian or wave
operator) d df for any smooth function f on R" 1.
(v) Forn 3(ordinary space-time) nd  dxjdx; forl i | 4

2.18 One of the greatestadvancesin theoretical physics of the nineteenth century was
Maxwell's formulation of the equations of electromagnetism:

198 )
curlE = (Faraday's Law),
4 19D L,
curlH ?J ot (Ampére's Law),
divD 4 (GauR3' Law),
divB 0 (no magnetic monopoles).

Here cis the speed of light, E is the electric eld, H is the magnetic eld, Jis the density
of electric current, is the density of electric charge, B is the magnetic induction and D is
the dielectric displacement. E, H, J, B and D arevector elds and is afunction on R2 and
all depend on time t. The Maxwell equations look particularly simple in dif ferential form
notation, as we shall now see. In space-time R* with coordinates X1, X2, X3, X4 , where
X4  ct,introduce forms

Eq Xm Eo dX2 E3 dX3 dX4 B4 dX2 dX3 By dX3 Xm Bg dX]_ dX2,
HldX]_ H» dX2 Hja dX3 dX4 D1 dXz dX3 D>, dX3 dX]_ Dj3 Xm dXz,

1
" Jdxodxz Jbdxzdxy; JKdxidxy dxg dxq dxo dxs.
(i) Show that Maxwell's equations are equivalent to

d 0,
d 4 0.

(i) Conclude that isclosedandthatdivd T ft O.

(iii) In vacuum onehasE D and H B. Show that in vacuum , the
relativistic Hodge star of de ned in Exercise2.17.

(iv) Freespacés avacuum without chargesor currents. Show that the Maxwell equa-
tions in freespaceare equivalent to d d 0.
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(v) Let f,g: R R beany smooth functions and de ne

0 0
E x f X1 X4 , B x g X1 Xg4
gX1 Xz f X1 Xa
Show that the corresponding 2-form  satis es the freeMaxwell equationsd
d 0. Suchsolutions are called electomagnetiovaves Explain why. In what
dir ection do thesewaves travel?



CHAPTER 3

Pulling back forms

3.1. Determinants

The determinant of a square matrix is the oriented volume of the block (paral-
lelepiped) spanned by its column vectors. It is therefore not surprising that dif fer-
ential forms are closely related to determinants. This sectionis a review of some
fundamental facts concerning determinants. Let

al,l alyn
A : :
a1 ... ann
beann n-matrix with column vectorsa,, ay, ..., an. Its determinant is variously
denoted by
alyl al,n
detA det aj,ay,...,an det gj 1 ij n :
a1 --- @nn

Expansion on the rst column. You have probably seenthe following de ni-

tion of the determinant:

n

detA & 1 la;detAll

i1
Here Ali denotesthe n 1 n 1 -matrix obtained from A by striking out the
i-th row and the j-th column. This is arecursive de nition, which reducesthe cal-
culation of any determinant to that of determinants of smaller size. (The recursion
startsatn  1; the determinant of a1l 1-matrix a is simply de ned to bethe
number a) It is auseful rule, but it hastwo serious aws: rst, it is extremely inef-
cient computationally (exceptfor matrices containing lots of zeroes),and second,
it obscuresthe relationship with volumes of parallelepipeds.

Axioms. A far better de nition is available. The determinant can be com-
pletely characterized by three simple laws, which make good sensein view of its
geometrical signi cance and which comprise an ef cient algorithm for calculating
any determinant.

3.1. DEFINITION. A determinantis a function det which assignsto every or-
dered n-tuple of vectors a;,ap,...,a, anumber det a;,ay,...,a, Subjectto the
following axioms:

31
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(i) detis multilinear (i.e.linear in eachcolumn):

det a,ap,...,ca Ca,...,an
cdet aj,ap,...,&,...,an cdet a,ap,...,&,...,an

for all scalarsc, ¢ and all vectorsay, ay,...,&,d,..., an;
(ii)y detis alternatingor antisymmetric
det aj,...,&,...,8j,...,an det aj,...,aj,...,&,...,an
foranyi |;
(iii) normalization det ejp, ey, ..., €n 1, where ey, ey, ..., e, are the stan-

dard basisvectors of R".

We alsowrite det A instead of det a;,ay,...,a, ,where A isthe matrix whose
columns are ay, ay, ..., an. Axiom (iii) lays down the value of det|. Axioms (i)
and (ii) govern the behaviour of oriented volumes under the elementary column
operations on matrices. Recall that these operations comein threetypes: adding a
multiple of any column of A to any other column (type I); multiplying a column
by a nonzero constant (type Il); and interchanging any two columns (type III).
Type | does not affect the determinant, type Il multiplies it by the corresponding
constant, and type Il causesa sign change. This can be restatedasfollows.

3.2 LEMMA. If Eis an elementarycolumnoperationthendet E A kdet A,
where
1 if Eisoftypel,

k c if Eisoftypell (multiplication of acolumnby c),
1 if Eisoftypelll.

3.3. ExamPLE. Identify the column operations applied at eachstep in the fol-
lowing calculation.

1 1 1 1 00 1 00 1 00

4 10 9 4 6 5 4 1 5 31 2

1 5 4 1 4 3 113 010
1 00 1 00 1 00
23 11 2001 20 1 0 2.
010 010 0 01

As this example suggests, the axioms (i)—(iii) sufce to calculate anyn n-
determinant. In other words, there is at most one function det which obeysthese
axioms. Mor e precisely, we have the following result.

3.4. THEOREM (unigueness of determinants). Letdet anddet betwo functions
satisfyingAxioms (i)—(iii) . Thendet A det A foralln n-matricesA.

PROOF. Let a;, ay, ..., an be the column vectors of A. Suppose rst that A
is not invertible. Then the columns of A are linearly dependent. For simplicity
let us assumethat the rst column is a linear combination of the others: a;
Coay cnan. Applying axioms (i) and (ii) we get

n
det A écidetai,az,...,ai,...,an 0,
i 2
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and for the same reasondet A 0, so det A det A. Now assumethat A
is invertible. Then A is column equivalent to the identity matrix, i.e. it can be
transformed to | by successiveelementary column operations. Let E,, E,,..., En
be these elementary operations, so that EnEy, 1 EzE; A I. According to
Lemma 3.2, each operation E; has the effect of multiplying the determinant by a
certain factor k;j, so axiom (iii) yields

1 detl det EmEm 1 EoE, A Kmkm 1 kok, det A.

Applying the samereasoningto det A we getl knky 1 kokidet A. Hence
detA 1 Kkky km det A. QED

3.5. REMARK (change of normalization) . Supposethat det is a function that
satis es the multilinearity axiom (i) and the antisymmetry axiom (ii) but is normal-
ized differently: det | c. Then the proof of Theorem 3.4 shows that det A
cdet A for all N n-matrices A.

This result leavesan open question. We can calculate the determinant of any
matrix by column reducing it to the identity matrix, but there are many dif ferent
ways of performing this reduction. Do different column reductions lead to the
sameanswer for the determinant? In other words, are the axioms (i)—(iii) consis-
tent? We will answer this question by displaying an explicit formula for the deter-
minant of any n  n-matrix that does not involve any column reductions. Unlike
De nition 3.1,this formula is not very practical for the purpose of calculating large
determinants, but it has other uses,notably in the theory of dif ferential forms.

3.6. THEOREM (existence of determinants). Everyn n-matrix A hasa well-
de neddeterminant.lt is givenby theformula

detA § sign & 18 o &, n-
Sn

This requiresalittle explanation. Sy standsfor the collection of all permutations
oftheset 1,2,...,n . A permutation isaway of ordering the numbers 1,2,...,n.
Permutations are usually written asrow vectors containing eachof thesenumbers
exactly once. Thus for n 2 there are only two permutations: 1,2 and 2,1.
Forn 3all possible permutations are

1,2,3, 1,32, 2,1,3, 2,3,1, 3,12, 3,2,1.
For general n there are
nn 1 n 2 321 nl

permutations. An alternative way of thinking of a permutation is as a bijective
(i.e. one-to-one and onto) map from the set 1,2,...,n to itself. For example, for
n 5apossible permutation is

5131112!4 7

and we think of this as a shorthand notation for the map given by 1 5,
2 3 3 1, 4 2and 5 4. Thepermutation 1,2,3,...,n 1,n
then correspondsto the identity map ontheset 1,2,...,n .
If is the identity permutation, then clearly i j whenever i j-
However, if is not the identity permutation, it cannot preservethe order in this
way. An inversionin is any pair of numbersiand jsuchthatl i | nand
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[ j - Thelengthof ,denoted by | ,is the number of inversions in
A permutation is called evenor oddaccording to whether its length is even, resp.
odd. For instance, the permutation 5,3,1,2,4 haslength 6 and sois even. The
signof is
1 if iseven,
1 if isodd.

Thus sign 5,3,1,2,4 1. The permutations of 1,2 are 1,2 ,which hassign
1,and 2,1 ,which hassign 1, while forn 3 we have the table below.

sign 1!

I sign

1,2,3 0 1

1,32 1 1

2,1,3 1 1

2,31 2 1

3,1,2 2 1

3,2,1 3 1
Thinking of permutations in S, as bijective maps from 1,2,...,n to itself,
we can form the composition of any two permutations and in Sy. For
permutations we usually write instead of and call it the productof and
. This is the permutation produced by rst performing and then ! Forinstance,

if 53,1,2,4 and 5,4,3,2,1 ,then
1131514121 4,2,1,3,5.

A basicfact concerning signs, which we shall not prove here, is

sign sign  sign . (3.1)

In particular, the product of two even permutations is even and the product of an
even and an odd permutation is odd.

The determinant formula in Theorem 3.6 contains n! terms, one for each per-
mutation . Eachterm is a product which contains exactly one entry from each
row and eachcolumn of A. For instance,for n  5the permutation 5,3,1,2,4
contributes the term & sap3a31842854. FOr 2 2-and 3 3-determinants Theo-
rem 3.6gives the well-known formulae

a1 A2
ag 1822 12821,

1 A2

a1 a2 43

D1 B2 B3 A 1822833 ad1@23332 128213833 12823331

B1 B2 B33

Q13821832 1332283 1-

PrROOF OF THEOREM 3.6. We need to check that the right-hand side of the

determinant formula in Theorem 3.6 obeys axioms (i)—(iii) of De nition 3.1. Let

us for the moment denote the right-hand sideby f A .
Axiom (i) is checked asfollows: for every permutation the product

&, 13 2 & n
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contains exactly one entry from eachrow and eachcolumn in A. Soif we multiply
the i-th row of A by ¢, eachterm in f A is multiplied by c. Therefore

fa,a,...,Ca,...,an cf ag,ap,...,&,...,an .
Similarly,
fa,ap,....,ay &,...,an fa,ay,...,a,...,an fa,ap,....,a,...,an .

Axiom (ii) holds becauseif we interchangetwo columns in A, eachterm in f A
changessign. To seethis, let bethe permutation in S, that interchangesthe two
numbers i and j and leavesall others xed. Then

fa,...,q,...,&,...,an

Sn
a sign a, 18 2 e, n substitute
Sn
a sign  sign & 13 2 a, n byformula (3.1)
Sn
a sign & 18 2 @ q by Exercise3.4
Sn

fa,....g,...,8,. ..,a& .

Finally, rule (iii) is correctbecauseif A 1,

1 if identity ,

a ia i
1, 18, 2 &, n 0 otherwise,

and therefore f | 1. Sof satis es all threeaxioms for determinants. QED

Here are some further rules followed by determinants. Eachcan be deduced
from De nition 3.1or from Theorem 3.6. (Recall that the transposeof ann  n-
matrix A g,j Isthe matrix AT whose i, j-th entry is aj.)

3.7. THEOREM. LetA andBben n-matrices.
(i) det AB  detAdetB.

(i) detAT detA.

(i) (Expansioronthe j-th column)detA &, 1" lg det Al forall |
1,2,...,n. Here Al denoteghe n 1 n 1 -matrix obtainedfrom A
by striking out thei-th rowandthe j-th column.

(iv) detA aia2 annif Alisuppertriangular (i.e.g; Ofori j).

Volume change. We conclude this discussion with a slightly different geo-
metric view of determinants. A square matrix A can be regarded asa linear map
A:R" R". Theunit cubein R",

0,1" x R0 x 1 fori 1,2,....,n ,

has n-dimensional volume 1. (For n 1it is usually called the unit interval
and for n 2 the unit squae) Its image A 0,1" under the map A is a par-
allelepiped with edges Ae;, Ae,,..., Aen, the columns of A. Hence A 0,1"
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has n-dimensional volume vol A 0,1 " det A det A vol 0,1 ". This rule
generalizesasfollows: if X is a measurable subsetof R", then

vol A X det A vol X.

Ae;

So det A canbe interpr eted asa volumechangdactor. (A setis measurabld it has
awell-de ned, nite or innite, n-dimensional volume. Explaining exactly what
this means is rather hard, but it suf ces for our purposes to know that all open
and all closed subsetsof R" are measurable.)

3.2. Pulling back forms

By substituting new variables into a dif ferential form we obtain anew form of
the samedegreebut possibly in a dif ferent number of variables.

3.8. EXAMPLE. In Example 2.10we de ned the angle form onR? 0 to be
ydx xdy
X2 y2 )
By substituting x costandy sintinto the angle form we obtain the following
1-form on R:
sintdcost costdsint

: sint  sint  cos’t dt dt.
cos?t sin?t

We cantake any k-form and substitute any number of variables into it to obtain
a new k-form. This works as follows. Suppose is a k-form de ned on an open
subsetV of R™. Let us denote the coordinates on R™ by y1, y»,..., ym and let us
write, asusual,

Eol fi dyy,
[
where the functions f, are de ned on V. Supposewe want to substitute “new”
variables x4, X», ..., Xy and that the old variables are given in terms of the new by
functions
Y1 1 X1y--3Xn ,
y2 2 X1, Xn

ym le,...,Xn.
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As usual we write y X ,where
1 X
2 X

X
m X

We assumethat the functions ; are smooth and de ned on acommon domain U,
which is an open subsetof R". Weregard asamap from U to V. (In Example 3.8
wehaveU R,V R? 0 and t cost,sint .) The pullbackof along

is then the k-form on U obtained by substituting vy; i X1,...,Xn for alli
in the formula for . That s to say, is de ned by

a f dy .

[

Here f,isdened by

fi f
the composition of and f,. This means f; x fi  x ;inotherwords, f
is the function resulting from f, by substituting y X . The pullback  dy, is
de ned by replacing eachy; with ;. That is to say; if | i1,io,...,ix we put
dy, dyi,dyi, dy;, dd;, d;.
The pictur e below is a schematic representation of the substitution process. The
form 4, fy dy, isak-form in y1, y2,..., ym; its pullback 4 3g;dxjis a
k-form in X4, X2,..., Xn. In Theorem 3.12below we will give an explicit formula

for the coefcients g;in terms of f; and

o -~ T =<
.~ N - =~
s N e RN
/ \ - ~
y \ e AN
/ \ 7 N
! \ / \
i \ / \//’ T~ ' \
| \ | < > |
\ | » | S~ _- ,
3 -
\ ° ! N ° /
\ X | N ’
\ ] N Yy X i
\ ! oy -~
\ = -7
N / ~~_ -
N / Tt -7
N 7/
\\ //
m
R" R

3.9. EXAMPLE. The formula

X1 X3Xo
X2 In X1 X2
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denes amap :U R? whereU X R? X; xp 0 .Thecomponents
of aregivenby ;1 X3,X» xfxz and 5 Xq1,X» In X3 X2 . Accordingly,
dy; d 1 dxdxa  3Exadxy xS dxo,
dy2 d 2 dinx; X X1 X2 L dx; dxp ,
dy;dy, d 1d 2 33xedxy XBdxp x1 x2 ldxg dxp
3x2x, X3
#dxl dX2.
X1 X2

Observe that the pullback operation turns k-forms on the target spaceV into
k-forms on the sourcespaceU. Thus,while :U VisamapfromUtoV, is
amap

kv Ky,

the opposite way from what you might naively expect. (Recallthat ¥ U stands
for the collection of all k-forms on U.) The property that “turns the arrow
around” is called contravariancePulling back forms is nicely compatible with the
other operations that we learned about (exceptthe Hodge star).

3.10. PROPOSITION. Let :U  V beasmoothmap,wherU is openin R" and
V is openin R™. Thepullbackoperationis

@) linear: a b a b ;
(i) multiplicative: ;
(iii)y natural: ,whee :V W isasecondsmoothmap

with W openin RKand aformonWw.

The term “natural” in property (iii) is a mathematical catchword meaning that
acertain operation (in this casethe pullback) is well-behaved with respectto com-
position of maps.

ProoOF. If a, f,dy, and a, g, dy, aretwo forms of the samedegree,
thena b 4, af, bg, dy|,so

a b & aff bg,  dy, .
|

Now

af, bg, x af,  bg X af,  x bg, X
a fix b g x,

SO a b d, a f, b g dy, a b . This proves part
(i). For the proof of part (ii) consider two forms 4, f; dy, and a30;dy,
(not necessarily of the samedegree). Then a yfigsdy, dyj so

a fig; dy,dy; .
J

o
I,
Now

figg x  figg X fi x g5 x fi g X,
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SO fig; f| gy . Furthermore,
dy; dy, dyi, dy;, dy;dy;, dyj
djdi d;dj dj dy,  dyg,
S0
f) gy dy dy;

Z

a f dy & g5 dy; ,
| |

which establishespart (ii).
For the proof of property (iii) rst consider afunction f on W. Then

f x f X f X f X
f X f x,
SO f f. Next consider a 1-form dz; on W, where z4, 2,...,
z arethe variables on RX. Then di &P, %—y; dyj, so
m m
o 1 i o] 1 i
a . dy; a o d
ir Ty J i1 Ty J
m n . n m .
o 1 i o 1 j o o 1 i J
— ——dx — —  dx|.
jal Tyj |a1 x |a1 jal Ty; Tix !

By the chain rule, formula (B.6), the sum éjm 1 T iy T 7% is equal to
i i 9%. Therefore
n
o ﬂ i
|a1 fix,

dX| d i d i dZi
Becauseevery form on W is a sum of products of forms of type f and dz;, property

(iii) in general follows from the two special cases f and dz;. QED

Another application of the chain rule yields the following important result.

3.11 THEOREM. Let :U V beasmoothmap,wherU is openin R" andV is
openin R™. Then d d for K'V . In short

PRrRooOF. First let f beafunction. Then

o' 1f g ff g LI
df AL oy g Dy
ial ﬂyl i ial ﬂyl ! ial ﬂyl Jal T[X] !
N IET
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By the chain rule, formula (B.6), the quantity &{",  ff Ty; T ; Tx; is equal to
T f 1x;. Hence

n
o 1 f
df a dx; d f,

i1 X
sothe theorem is true for functions. Next let a, fydy,. Thend a, df| dy,
o)

d 4 dfidy dff dyy, &d fiddi, dj,
[

because df, d f,. On the other hand,

d ad f dy ad fidd;, d;
| |
ad fidgyd; d;, a fiddjd;, d;
| |
ad fidd; dj.
|

Here we have used the Leibniz rule for forms, Proposition 2.5(ii), plus the fact that

theformd ;,d j, d j isalways closed. (SeeExercise2.8.) Comparing the two
equations above we seethat d d . QED
We nish this sectionby giving anexplicit formula for the pullback , Which
establishesa connection between forms and determinants. Let us do this rst in
degreesl and 2. The pullback of a 1-form a", fidyiis
3 3
a fl in a fl d i
i1 i1
Now d ; 4f 1"1}—)(1_‘de and so
m ¢ a9 i g a J ; 1 i g a q
a i a g 9X; aa i T 9% a 9jax;,
i1 ERLS i 1i 1 Tx; i1
with o] é:’nl fi 11}—)(1'
For a 2-form a1 i j mfijdy;dy;we get
a fii dy; dy; a fi; did ;.
10 jm 1ijm
Observethat
n . .
o ﬂ iﬂ i o ﬂ iﬂ J ﬂ iﬂ J
did ; — — dxy dx —— —— dxydx,
T TR T e
where

T T
v v w oW

1T 1
Xi X x| X i T
™k T X Xk T
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is the determinant of the 2 2-submatrix obtained from the Jacobimatrix D by
extracting rows i and j and columns kand |. Sowe get

o o X ﬂT
a fij a q 'j 1 'j dxy dx;
10 jm 1 k1l n ™ X
R
o o X| X| 2
a a fij g% q° dxedx a Gk dxcdx
1 kIl nlijm ™ X 1 kIl n
with
. 1
] fix x
Ok a fig 0% 1)
1ijm ™ T
For an arbitrary k-form a, f; dy, we obtain

a f dyj,dyi, dy, a fiddj dj.
| |

To write the productd i, d d . in terms of the x-variables we use

g T
d . L
! m|alﬂxm|

i1Y iz

dxm,

forl 1,2,...,k This gives
3 T, T,

did; d; 3 dxm, dx dx
11 12 Ik ml,mZ?_,mk 1 ﬂxml ﬂxmz ﬂxmk mj my my
o T i, T4, T i,
M ﬂxml ﬂxmz ﬂxmk
in which the summation is over all nk multi-indices M mq, my,...,m . If a

multi-index M has repeating entries, then dxy 0. If the entries of M are all
distinct, we canrearrangethem in increasing order by meansof a permutation

In other words, we have M mq, My, ..., Mg j 1+] 2+-+-4] k »Wwhere
J j1:J2, -+, Jk is anincreasingmulti-index and Sk is a permutation. Thus
we canrewrite the sum over all multi-indices M asa double sum over all increas-
ing multi-indices Jand all permutations

. ] ] o o 1 i1 1 in il ik ] ] ]
d |1d 11 d Ik E} aSk ﬂXj . ﬂXj , ﬂXj ) dXJ 1 dXJ 2 dXJ k
o o . il i1 il i 1 ix
a a sign dxy (3.2)
Y iy T, WX,
§ detD | jdx,. (3.3)
J

In (3.2) used the result of Exercise 3.7 and in (3.3) we applied Theorem 3.6. The
notation D | jstandsfor the |, Jsubmatrixof D ,thatisthek k-matrix obtained
from the Jacobimatrix by extracting rows iy, io,..., ix and columns jq, jo,..., jk-
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To sum up, we nd

o

é_ f.édetD |ﬂ]dX\] é a fi detD 1, dx .
| J J

This provesthe following result.
3.12 THEOREM. Let :U V beasmoothmap,wherU is openin R" andV is

openin R™. Let a, f, dy, beak-formonV. Then is thek-formon U givenby
éJ [OF] dXJ with

o

gy a f| det D 1,
|

This formula is seldom used to calculate pullbacks in practice and you don't
need to memorize the details of the proof. It is almost always easierto apply the
de nition of pullback dir ectly. However, the formula hassomeimportant theoret-
ical uses,one of which we record here.

Assumethat k m n,thatis to say, the number of new variables is equal to
the number of old variables, and we are pulling back aform of top degree. Then

fdyidy, dyp, f detD dxidx,  dxp.

If f 1 (constant function) then  f 1, sowe seethat detD x can bein-
terpreted as the ratio between the oriented volumes of two in nitesimal blocks
positioned at x: one with edges dx,, dx,, ..., dX, and another with edgesd 1,
d o,...,d . Thus the Jacobideterminant is a measurement of how much the
map changesoriented volume from point to point.

3.13 THEOREM. Let :U V beasmoothmap,whereU andV areopenin R".
Thenthe pullbackof the volumeform on V is equalto the Jacobdeterminanttimesthe
volumeformonU,

dyi1dy, dyp detD dxidxy  dxp.

Exercises
3.1 Deduce Theorem 3.7(iv) from Theorem 3.6.

3.2, Calculate the following determinants using column and/or row operations and
Theorem 3.7(iv).

1 3 1 1 1 1 2 4
2 1 5 2 0 1 1 3
1 1 2 3’ 2 1 1 O
4 1 3 7 3 1 2 5

3.3 Tabulate all permutations in S4 with their lengths and signs.

3.4. Determine the length and the sign of the following permutations.

(i) A permutation of the form 1,2,...,i 1,j,...,j 1,i,...,n wherel i
j  n. (Sucha permutation is called a transposition It interchangesi and j and
leavesall other numbers xed.)

@i) n,n 1,n 2,...,3,2,1.

3.5. Find all permutations in Sy of length 1.
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3.6. Calculate 1, 1 and ,where

0] 3,6,1,2,5,4 and 52,4,6,3,1;
(ii) 2,1,3,4,5...,n 1,n and n,23,....,n 2,n 1,1 (i.e.the trans-
positions interchanging 1 and 2, resp.1 and n).
3.7. Show that

dXi 1 dXi ’ dXi K sign dXi1 dXi2 dXik

for any multi-index iq,i»,...,ix and any permutation in Sy. (First show that the identity
istrueif isatransposition. Then show it is true for an arbitrary permutation by writing
asaproduct 1 » | of transpositions and using formula (3.1)and Exercise3.4(i).)

3.8 Show that for n 2 the permutation group S, hasn! 2 even permutations and
n! 2odd permutations.

3.9 (i) Show that every permutation has the same length and sign as its in-
verse.
(ii) Deduce Theorem 3.7(ii) from Theorem 3.6.

3.10 The i-th simplepermutationis de ned by 1,2,...,1 L,i L1,i,i 2,...,n.
So j interchangesi and i 1 and leaves all other numbers xed. Sp hasn 1 simple
permutations, namely 1, 2,..., n 1. Provethe Coxeterrelations

@ 2 1forl i n,
@ ;1% 1for1 i n 1,
(i) ;2 1forl i,j nandi 1 Jj.

3.11 Let beapermutation of 1,2,...,n . The permutationmatrix corresponding to
isthen n-matrix A whose i-th column is the vector e ; . In other words, A ¢ e
(i) Write down the permutation matrices for all permutations in Ss.
(i) Show that A A A.
(i) Show that det A sign

3.12 (i) Supposethat A hasthe shape

a1 X2 ... An
0 2 ... n

A )
0 a1 ... ann

i.e. all entries below a;; are 0. Deduce from Theorem 3.6that
azvz e azyn
det A a1 : :

&2 ..o an

(ii) Deduce from this the expansion rule, Theorem 3.7(iii).
3.13 Show that

1 1 . 1
X1 X2 - Xn
2 2 2 ~
X X e X
1 2 n O Xj Xj
: : : i
n1l .1 n 1
X3 X5 .. Xp
for any numbers Xy, Xo, ..., Xn. (Starting at the bottom, from eachrow subtract x; times the

row aboveit. This createsanew determinant whose rst column is the standard basisvector

e;. Expand on the rst column and note that eachcolumn of the remaining determinant has
a common factor.)
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X1 X1X2
3.14 Let X2 X1X3 . Find
X3 X2X3

() dys, dyz dys
(i) yiy2ys ,  dypdys ;
(i) dy; dy, dys .

3
)2(1
X X4X )
315 Let ! 1”2 . Find
X2 X1X5
3
X2

() yi 3y2 3ys VYa;
(i) dy;, dyz, dys, dyg
(iii) dy2dys .
3.16 Compute  xdydz ydzdx zdxdy,bwhere isthemapR? RS dened
in ExerciseB.7.

r rcos cos
3.17. LetP3 rcos sin be spherical coordinates in RS.
rsin
(i) Calculate P; for the following forms
dx, dy, dz, dxdy, dxdz, dydz, dxdydz.
(i) Find the inverse of the matrix DPs3.

3.18(spherical coordinates in n dimensions). In this problem let us write a point in R"

as
r

1

no1

Let P, bethefunction P, r  r.Foreachn 1dene amapP, 1:R" 1 R" lby
r
1

r

1 cos n Py
Pn 1 .

n 1

n rsin n

(This is an example of arecursive de nition. If you know Py, you cancompute P,, and then
P3, etc.)
(i) Show that P, and P; are the usual polar, resp. spherical coordinates on R?, resp.
R3.
(i) Give an explicit formula for Py.
(i) Let p bethe rst column vector of the Jacobimatrix of P,. Showthat P, rp.
(iv) Show that the Jacobimatrix of P, 1isa n 1 n 1 -matrix of the form

A u
DPy 1 v ow

where Aisann n-matrix, u is a column vector, v is a row vector and w is a
function given respectively by

A cos nDPy, u sin n Pn,
v sin »,0,0,...,0, W  rcos p.
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(v) ShowthatdetDP, 1 rcos” 1 ,detDP,forn 1. (Expand detDP, 1 with
respectto the last row, using the formula in part (iv), and apply the result of part
(i) .)
(vi) Using the formula in part (v) calculate detDP, forn 1,2, 3, 4.
(vii) Find an explicit formula for det DP, for general n.
(viii) Showthat detDP, Oforr O.






CHAPTER 4

Integration of 1-forms

Like functions, forms can be integrated as well as dif ferentiated. Differenti-
ation and integration are related via a multivariable version of the fundamental
theorem of calculus, known as Stokes'theorem. In this chapter we investigate the
caseof 1-forms.

4.1. De nition and elementary properties of the integral

Let U be an open subsetof R". A parametrizeaturvein U is a smooth mapping
c: U from aninterval | into U. We want to integrate over |. To avoid problems
with impr oper integrals we assumel to be closed and bounded, | a,b. (Strictly
speaking we have not de ned what we mean by asmooth map c: a b U. The
easiestde nition is that ¢ should be the restriction of asmoothmap ¢: a "“,b
" U de ned on aslightly larger openinterval.) Let bea 1-form on U. The
pullback ¢ isal-form on a b, and canthereforebewritten asc gdt (where
t is the coordinate on R). The integralof over cis now de ned by

b
c gt dt.
c ab a
Mor e explicitly , writing  in components, ai' ; fi dx, we have
n n
d .
c A cfidg & cf g, (4.1)
i1 i1 dt
S0 .
[} dC|
fict —t dt
c Ial a ! dt
4.1. EXAMPLE. Let U bethe punctured planeR? 0 .Letc: 0,2 U be
the usual parametrization of the circle, c t cost,sint ,and let bethe angle
form,
ydx xdy
X2 y2 )

Thenc dt (seeExample 3.8),s0 02 da 2 .

A curve c: ab U can be reparametrizedy substituting a new variable,
t p s, wheresrangesover another interval ab. We shall assumep to be a
one-to-one mapping from ab onto ab satisfyingp s Ofora s b. Such
a pis called a reparametrizationThe parametrized curve
c p:ab U
has the same image as the original curve c, but it is traversed at a dif ferent rate.
Sincep s Oforalls ab wehaveeitherp s  Ofor all s(in which casepis

a7
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increasing)or p s  Ofor all s(in which casepis decreasing). If pis increasing,
we say that it preserveshe orientation of the curve (or that the curvescand ¢ p
have the sameorientation); if p is decreasing, we say that it reverseshe orientation
(orthat cand ¢ p have oppositerientations. In the orientation-r eversing case,c p
traversesthe curve in the opposite dir ection to c.

4.2. EXAMPLE. Thecurve c: 0,2 R%dened by ct cost,sint rep-
resentsthe unit circle in the plane, traversed at a constant rate (angular velocity)
of 1 radian per second. Let p s 2s. Thenpmaps 0, to 0,2 andc p,
regarded asa map O, R?, representsthe samecircle, but traversed at 2 ra-
dians per second. (It is important to restrict the domain of p to the interval 0,

If we allowed sto range over 0,2 ,then cos2s,sin2s would traverse the circle
twice. This is not considered a reparametrization of the original curve c.) Now
letps s. Thenc p: 0,2 R? traverses the unit circle in the clockwise
dir ection. This reparametrization reversesthe orientation; the angular velocity is
now 1 radian per second. Finally let p s 2 2. Thenpmaps 0,1 to 0,2
andc p: 0,1 R? runs once counterclockwise through the unit circle, but at a
variable rate. What is the angular velocity asa function of s?

It turns out that the integral of a form along a curve is almost completely in-
dependent of the parametrization.

4.3. THEOREM. Let beal-formonU andc: ab U acurvein U. Let
p: ab a, b beareparametrizationThen

¢ Iif ppreservesheorientation
cp ¢ if preversesheorientation

ProoF. It follows from the de nition of the integral and from the naturality
of pullbacks (Proposition 3.10(iii)) that

_cp _p c
cp ab ab
Now let us write ¢ gdtandt ps.Thenp c p gdt p gdp
p g dp ds ds,so

dp b
__pg—ds _gps p s ds.
cp ab ds a

abg t dt, soby the substitution formula, Theorem B.7,
,wherethe occursif p Oandthe ifp 0. QED

On the other hand,

we have . c

c

Interpretation of the integral. Integrals of 1-forms play an important role
in physics and engineering. A curve c: ab U models a particle travelling
through the region U. Recall from Section2.5that to a 1-form aj' | R dx; cor-
respondsavector eld F & ; Fej, which canbethought of asaforce eld acting
on the particle. Symbolically we write F dx, wherewe think of dx asanin n-
itesimal vector tangent to the curve. Thus representsthe work done by the force
eld along anin nitesimal vector dx. From (4.1)we seethat c Fct ct dt.
Accordingly, the total work done by the force F on the particle during its trip along

cis the integral
b
F dx Fct ct dt

Cc Cc a
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In particular, the work and the total work are nil if the forceis perpendicular to
the path, asin the pictur e on the left. The work done by the forcein the pictur eon
the right is negative.

Theorem 4.3can be translated into this language asfollows: the work done by the
force does not depend on the rate at which the particle speedsalong its path, but
only on the path itself and on the dir ection of travel.
The eld F is conservativef it can be written as the gradient of a function,
F gradg. Thefunction gis called a potentialfor the eld and is interpr eted as
the potential energy of the particle. In terms of forms this meansthat dg, i.e.
is exact.

4.2. Integration of exact 1-forms

Integrating an exact1-form dgis easyoncethe function gis known.

4.4, THEOREM (fundamental theorem of calculusin R"). Let dg beanexact
1-formonanopensubseU of R". Letc: a,b U beaparametrizecdturve.Then

gch gca

c

PrRooOF. By Theorem3.11we havec cdg dc g.Writing ht cgt
gct wehavec dh, so

b
c dh hb ha,

c ab a
where we used the (ordinary) fundamental theorem of calculus, formula (B.1).
Hence . gchb gca . QED

The physical interpr etation of this result is that when a particle moves in a
conservative force eld, its potential energy decreaseshy the amount of work done
by the eld. This claries what it meansfor a eld to be conservative: it means
that the work done is entirely converted into mechanical energy and that none is
dissipated by friction into heat, radiation, etc. Thus the fundamental theorem of
calculus “explains” the law of conservation of energy.
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It alsoyields a necessaryand suf cient criterion for a 1-form on U to be exact.
A curvec: ab Uiscalledclosedfca cb.

4.5 THEOREM. Let bea 1-formonanopensubsetU of R". Thenthe following
statementare equivalent.

(i) isexact.
(i) . 0 for all closecturvesc.
(i) . depend®nly ontheendpointsofc for everycurvecin U.

PrROOF. (i) (iiy : if dgand cis closed,then gch gca
0 by the fundamental theorem of calculus, Theorem 4.4.
(ii) (iii): assume | O for all closedcurves c. Let

C1: aq,bp U and Co: ap, by U

be two curves with the sameendpoints, i.e.c; a; C & andc by Co by .
We need to show that ¢ & - After reparametrizing ¢; and ¢, we may
assumethatay a Oandb; by, 1.Dene anew curve cby

c t forO t 1,
2 t forl t 2

ct

(First traverse ¢, then traverse ¢, backwards.) Then cis closed, so 0. But
Theorem 4.3implies o ¢ 150 ¢ 6 -

(iii) (i): assumethat, for all ¢, . depends only on the endpoints of c.
We must de ne afunction g such that dg. Fix a point Xg in U. For eachpoint

x in U chooseacurve ¢cx: 0,1 U which joins xg to x. De ne

c

g X

Cx

We assertthat dg is well-de ned and equalto . Write aj' ; fidx;. We must
show that g fx; fj. From the de nition of partial dif ferentiation,

19 . gx he gx .
— | |
X X hlmo h h 0

3
Sl

G he S

Now consider a curve € composed of two pieces: for 0t 1 travel from Xxg
to x along the curve cx and then for 1 t 2 travel from xto x he; along the
straight line given by | t x t 1 he. Then € has the same endpoints as

Cx he - Therefore o e ¢ »and hence

RV |
1x; h 0 ¢ ox h o

im% | . (4.2)
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Let ;;bethe Kroneckedelta which isdened by ;; 1land ;; Oifi j.Then
we canwrite Ij t  x; jjt 1h,andhencel; t i,jh. This shows that

=]

o

n
| afix t lhedj §fix t 1lheltdt
i1 i1
n
afix t lhe ;jhdt hfix t 1he dt. (4.3)
i1
Taking equations (4.2)and (4.3)together we nd
2 1
Y9 X Iim} hfix t 1he dt lim fi x she ds
% h oh 1 h 00
1 1
lim f; x she ds fix ds f; x.
oho 0

This provesthat g is smooth and that dg . QED

This theorem, and its proof, canbe used in many dif ferent ways. For example,
it tells us that oncewe know a 1-form to beexactwe can nd an “antiderivative”
g X by integrating along an arbitrary path running from a xed point xg to x.
(SeeExercises 4.3—4.5for an application.) On the other hand, the theorem also
enablesus to detect closed 1-forms that are not exact.

4.6. EXAMPLE. The angle form 1 R? 0 of Example 2.10is closed,
but not exact. Indeed, its integral around the circle is 2 0. Mark the con-
trast with closed 1-forms on R", which are always exact! (SeeExercise 2.6.) This
phenomenon underlines the importance of being careful about the domain of def-
inition of aform.

4.3. The global angle function and the winding number

In this section we will have a closer look at the angle form and seethat it
carries interesting information of a “topological” nature. Throughout this section
U will bethe punctured plane R? 0, will denote the angle form,

ydx xdy
X2 y2 !
and and will denote the functions
X y
x2 y2' X2 y2

Then is aclosed 1-form and and are smooth functions on U. In fact, and
are just the components of x  x , the unit vector pointing in the dir ection of x.
Thesefunctions satisfy
d d. (4.4)
(You will be askedto checkthis formula in Exercise4.6.) Now let : U 0,2
be the angle between a point and the positive x-axis, chosento lie in the interval
0,2 .Then cos and sin , soby equation (4.4)

cos dsin  sin dcos  cos? d sin 2d d.

This equation is not valid on all of U (it cannot be becausewe saw in Example 4.6
that is not exact),but only where is dif ferentiable, i.e. on the complement of the
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positive x-axis. Hence the nonexactnessof is closely related to the impossibility
of de ning a global differentiable angle function on U. (The precisemeaning of
this assertionwill becomeclearin Exercise4.6.)

However, along acurve c: ab U we cande ne acontinuous angle func-

tion, and the fact that d almost everywher e suggestshow: by integrating
along ¢! For simplicity assumethata Oandb 1. Startby xing any #g such
that cos #, c 0 andsin# ¢ 0 andthendene
# 1 #o c
0t

The following result saysthat # t measuresthe angle between c t and the posi-
tive x-axis (up to an integer multiple of 2 ) and that the function #: 0,1 Ris
smooth. In this sense# is a “dif ferentiable choice of angle” along the curve c.

4.7. THEOREM. Thefunction# is smoothandsatis es

#0  #y, cos#t ct and sin#t ct

PrROOF. To seethat # 0 #o, plug t  Ointo the de nition of # To prove
the other assertionswe rescalethe curve ct toanewcurvect ¢t moving
on the unit circle.Let f t and g t bethe x- and y-components of this new curve.
Then f t ct andgt ct and

ft? gt? 1

for all t. In otherwordsf ¢ andg c¢ ,soit follows from formula (4.4)that
c fdg gdf. Therefore

t
#t #o fsgs gsf s ds
0

By the fundamental theorem of calculus, formula (B.2), # is dif ferentiable and
# fg of. (4.5)

Sincethe right-hand side is smooth, # is smooth aswell. To prove that cos# t
ftandsin#t gt for all tit is enough to show that the dif ferencevector

ft Ccos# t
gt sin# t

haslength 0. Its length is equal to

f2 g2 2 fcos# gsin# cos’# sin’#

2 2 fcos# gsin#.

Hence we need to show that the function u  fcos# gsin#is aconstant equal
tol. Fort Owe have

f cos#? g sin # 2

uO f O cos# gO0 sin#, cos’#, sin’#, 1.
Furthermor e, the derivative of u is
u f cos# f#sin# gsin# g# cos#
f g’f fgg cos# g f?g fgf sin# by formula (4.5)
f2f fgg cos# g°g fgf sin# since f2 ¢® 1
f ff 9gg cos# gogg ff sin#
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Now f2 g¢g?> 1limplies ff gg 0O,sou t Oforall t. Henceuis aconstant

function, sou t 1 for all t. QED

It is useful to think ofthevector ft ,gt T ¢t ct asadial thatpoints
in the samedir ection asthe vectorc t .

As t increasesfrom 0to 1, the dial starts at the angle # 0 #o, it moves around
the meter, and endsup atthe nal angle# 1 . Thedifference# 1 # 0 measures
the total angle swept out by the dial.

4.8. COROLLARY. Ifc: 0,1 U is aclosedcurve,then# 1 #0 2 k
wheek is aninteger

PrRoOOF. By Theorem4.7,c 0 ¢ 1 implies

cos# 0 ,sin# 0 c0O, cO cl, c1
cos# 1 ,sin# 1

In other words cos# 0O cos# 1 andsin# 0 sin# 1 ,s0# 0 and # 1 differ
by an integer multiple of 2 . QED

Theintegerk 2 1 . iscalled the winding numberof the closed curve ¢
about the origin. It measureshow many times the curve loops around the origin.

o . 1
winding number of a closed curve about origin > . (4.6)
C

4.9. ExAMPLE. By Example 4.1,the winding number of the circlec t cost,sint T
(O t 2 )isequalto 1.

Exercises
4.1 Consider thecurvec: 0, 2 R2 de ned by ct acost,bsint T, where a
and b are positive constants. Let xydx x2ydy.

(i) Sketchthe curve cfora 2andb 1.
(i) Find . (for arbitrary aand b).

4.2. RestateTheorem 4.5in terms of force elds, potentials and energy. Explain why
the result is plausible on physical grounds.
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4.3. Consider the 1-form x 2a ;xjdxjonR" 0 ,whereais areal constant.
For every x  0Olet ¢« be the line segmentstarting at the origin and ending at x.

(i) Showthat is closed for any value of a

(i) Determine for which values of athe function g x is well-de ned and

Cx
compute it.
(iii) For the values of ayou found in part (ii) checkthat dg
4.4. Let 1R 0 be the 1-form of Exercise4.3. Now let cx be the hal ine
pointing from x radially outward to in nity . Parametrize cx by travelling from in nity
inwar d to x. (You can do this by using an in nite time interval ,0 in such away that
cx O X.)
(i) Determine for which values of athe function g x ¢ iswell-dened and
compute it.

(i) For the values of ayou found in part (i) checkthat dg
(i) Show how to recover from this computation the potential energy for Newton's
gravitational force.(SeeExerciseB.4.)

4.5. Let 1Rn 0 beasin Exercise4.3. Thereis one value of awhich is not
covered by Exercises4.3and 4.4. For this value of a nd asmooth function gon R" 0
such that dg

4.6. (i) Verify equation (4.4).
(i) LetU RZ? 0. Prove that there does not exist a smooth function : U
R satisfying cos x,y X x2 yZandsin X,y y x2 y2for all
X,y  U. (Argue by contradiction, by letting ydx xdy x2 y2
and showing that d if was suchafunction.)

4.7. Calculate dir ectly from the de nition the winding number about the origin of the
curve c: 0,2 R2 given by c t coskt,sinkt T.

4.8, Let xg be a point in R? and c a closed curve which does not pass through Xg.
How would you de ne the winding number of caround xg? Try to formulate two dif ferent
de nitions: a “geometric” de nition and a de nition in terms of an integral over c of a
certain 1-form analogousto formula (4.6).

49 Letc: 0,1 R2 0 beaclosedcurve with winding number k. Determine the
winding numbers of the following curves €: 0,1 R2 0 by using the formula, and
then explain the answer by appealing to geometric intuition.

@iy €t cl t;

(i) €t tct,where : 0,1 0, is afunction satisfying 0 1;
(i) &t ct lct;
(iv) &t ct ,where xy y,x T
~ 1 T
(v) €t ct ,where X,y W X,y .
4.10 For eachof the following closed curvesc: 0,2 R%2 0 setup the integral

de ning the winding number about the origin. Evaluate the integral if you can (but don't
give up too soon). If not, sketch the curve (the use of software is allowed) and obtain the
answer geometrically.

@) ct acost,bsint T,wherea Oandb 0
(i) ct cost 2,sint T;
(i) ct cos3t,sin3t T:

(iv) ct acost b cost b a 2 acost bsintT,whereO b a
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411 Letb Oanda Obeconstantswith a b. De ne aplanar curvec: 0,2
RZ 0 by

a b . .a b
ct a b cost acosTt,a b sint asmTt

(i) Sketchthe curve cfor a b 3.
(ii) Forwhat values of aand bis the curve closed?
(i) Assume cis closed. Setup the integral de ning the winding number of caround
the origin and evaluate it. If you get stuck, nd the answer geometrically.

4.12 Let U bean open subsetof R2and let F  Fie; Fey: U RZ beasmooth
vector eld. The dif ferential form

FdR,  RdR

2 2
Fl F2

is well-de ned at all points x of U whereF x 0. Let c be a parametrized circle contained
in U, traversed oncein the counterclockwise dir ection. Assume that F x Oforallx c
Theindexof Frelative to cis

1
index F,c —
| X 2

Prove the following assertions.

0] F ,where istheangleform ydx xdy x
(i)  isclosed;
(i) index F,c isthe winding number of the curve F cabout the origin;
(iv) index F,c isaninteger.

4.13 (i) Find the indices of the following vector elds around the indicated
circles.
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(i) Draw diagrams of three vector elds in the plane with respective indices 0, 2

and 4 around suitable circles.



CHAPTER 5

Integration and Stokes' theorem

5.1. Integration of forms over chains

In this chapter we generalize the theory of Chapter 4 to higher dimensions. In
the sameway that 1-forms are integrated over parametrized curves, k-forms can
be integrated over k-dimensional parametrized regions. Let U be an open subset
of R" and let be a k-form on U. The simplest k-dimensional analogue of an
interval is arectangulamlockin RK whose edgesare parallel to the coordinate axes.
This is a setof the form

R a,by  ab ay, by t RCg t by forl i k.,

where g bi. The k-dimensional analogue of a parametrized path is a smooth
map c: R U. Although the image ¢ R may look very dif ferent from the block
R, we think of the map c asa parametrization of the subsetc R of U: eachchoice
of a point t in R gives rise to apoint ct in ¢ R. The pullback ¢ is a k-form
on R and therefore looks like g t dt;dt,  dt, for somefunction g: R R. The
integralof over cisdened as
by by by
c gt dtidt, dty.
c R ay a»
Fork 1this reproducesthe de nition given in Chapter 4. (The de nition makes
senseif we replacethe rectangular block R by more general shapesin R, such as
skew blocks, k-dimensional balls, cylinders, etc. In fact any compact subsetof R¥
will do.)
The casek 0 is also worth examining. A zero-dimensional “block” R in
RO 0 is just the point 0. We can therefore think of a map c: R U asa
collection x consisting of asingle point x ¢ 0 in U. The integral of a O-form
(function) f over cis by de nition the value of f at x,

fofx.
C
As in the one-dimensional case,integrals of k-forms are almost wholly unaf-
fected by a change of variables. Let

R 51, bl a2! b2 ak! bk

be a second rectangular block. A reparametrizations a map p: R R satisfying
the following conditions: p is bijective (i.e. one-to-one and onto) and the k k-
matrix Dp s isinvertible for alls R.ThendetDp s Oforalls R, soeither
detDp s Ofor all sor detDp s 0 for all s. In these caseswe say that the
reparametrizion preservegespectively reverseshe orientation of c.

57
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5.1. THEOREM. Let beak-formonU andc: R U asmootimap.Letp: R R
beareparametrizationThen

¢ Iif ppreservesheorientation
cp ¢ If preversegheorientation

PrRoOF. Almost verbatim the sameproof asfor k 1 (Theorem 4.3). It follows
from the de nition of the integral and from the naturality of pullbacks, Proposition
3.10(iii), that

_cp _p ¢
cp R R
Now let us write ¢ gdt;dt, dtgandt ps.Then
p c p gdtidt, dty p g detDpds;ds,  dsg

by Theorem 3.13,s0

_gps detDps ds;ds, ds.
R

cp
On the other hand, ROt dtjdt, dty, soby the substitution formula,
Theorem B.7,we have . , ¢ »Wherethe occursif detDp 0and the
if detDp 0. QED
5.2 EXAMPLE. Theunit intervalis the interval 0,1 in the realline. Any curve
c: ab U can be reparametrized to a curve ¢ p: 0,1 U by means of
the reparametrization p s b as a Similarly, the unit cubein R¥ is the

rectangular block
o1k t RKt 01 forl i k.

Let R be any other block, given by 3 t; b. Dene p: 0,1% Rbyps
As a,where

b]_ a1 0 - 0 a1
0 b2 d ... 0 a

A . . _ . and a
0 0 oo b & a

(“Squeezethe unit cubeuntil it hasthe sameedgelengths asR and then move it to
the position of R.”) Then pisone-to-oneandontoand Dp s  A,sodetDp s
detA volR Ofor all s, sopis an orientation-pr eserving reparametrization.

Hence . , ¢ for any k-form onU.

5.3. REMARK. A useful fact you learned in calculus is that one may inter-
changethe order of integration in a multiple integral, asin the formula
by by b, by
f tq,tp dtpdty f tq,ty dtydts. (5.1)
Qq  &X QP
(This follows for instance from the substitution formula, Theorem B.7.) On the
other hand, we have also learned that f t{,t, dtodt; f tq,tp dtpdt,. How
can this be squared with formula (5.1)? The explanation is as follows. Let
f t1,to dtydto. Then the left-hand side of formula (5.1)is the integral of over
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c: a,b a, by R?, the parametrization of the rectanglegiven by c ty, to
t1,to . Theright-hand side is the integral of not over ¢, but over ¢ p, where
p: a,by  a,b a, by a,b

is the reparametrization p s;, S S, S, . Sincep reversesthe orientation, Theo-
rem 5.1saysthat ; in other words , which is exactly

cp c c cp
formula (5.1). Analogously we have
fty,to, ..., 1 dtydty dt, f ty,ty, ..., dtjdtydty dt; dty
0,1k 0,1k
for any i.

We seefrom Example 5.2 that an integral over any rectangular block can be
written as an integral over the unit cube. For this reason,from now on we shall
usually take R to be the unit cube. A smoothmap c: 0,1K U is called a k-cube
in U (or sometimes a singular k-cube, the word singular meaning that the map cis
not assumedto be one-to-one, so that the image can have self-intersections.)

It is often necessaryto integrate over regions that are made up of several
pieces. A k-chainin U is aformal linear combination of k-cubes,

C ¢ &G apCp,
where ay, a,..., ap are real coefcients and cy, Cy,..., Cp are k-cubes. For any
k-form  we then de ne
g
aag
C i1 G

(In the language of linear algebra, the k-chains form an abstract vector spacewith
a basis consisting of the k-cubes. Integration, which is a priori only de ned on
cubes,is extended to chainsin such away asto belinear.)

Recallthat a O-cubeis nothing but a singleton x consisting of a single point
x in U. Thus a 0-chain is a formal linear combination of points, ¢ 5ip 18 X .
A good way to think of cis as a collection of p point charges, with an electric
charge g placed atthe point x;. (You must carefully distinguish betweenthe formal

linear combination éip 18 X , which representsa distribution of point charges,

and the linear combination of vectors 5ip 1 &@Xi, which representsa vector in R".)

The integral of afunction f over the O-chain is by de nition
d d
f asa faafx.
¢ i1 Xi i1
Likewise, a k-chain éip 1 &G canbe pictur ed asa charge distribution, with an elec-
tric charge g spread along the k-dimensional “patch” ¢;.

5.2. The boundary of achain

Consider a curve (“1-cube”) c: 0,1 U. Its boundaryis by de nition the
0-chain de ned by fc cl cO

cl

cO ¢
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The boundary of a2-cubec: 0,12 U consistsof four piecescorresponding
to the edgesof the unit square: c; t ct,0,ct clt,cat ct,1 and
cy t ¢ 0,t . The pictur e below suggeststhat we should dene fc ¢ ©
C3 3.

/> c__.

(Alternatively we could dene flc ¢ C; C3 C4 With c3t cl t1 and
Cyt c 0,1 t ,which correspondsto the following pictur e:

/> c__.

This would work equally well, but is technically lessconvenient.)
A k-cubec: 0,1k U has 2k facesof dimension k 1, which are described
asfollows. Lett  ty,tp,...,tx ;1 0,1% landfori 1,2,...,kput

Got cCtyto,...,ti 1,04, 1,
Gait ctgto..t o, Lt t 1.

(“Insert O, resp.1in thei-th slot”.) Now de ne

k k
Tc & 1'¢o 6u & a 1' g
i1 i1 01
For an arbitrary k-chainc  &;ac we put c &, aYc. Then Y is alinear map
from k-chains to k 1-chains. You should check that for k 0Oand k 1 this
de nition is consistentwith the one-and two-dimensional casesconsidered above.
There are a number of curious similarities between the boundary operator
and the exterior derivative d, the most important of which is the following. (There
are also many dif ferences,such asthe fact that d raisesthe degree of aform by 1,
whereasq lowersthe dimension of a chain by 1.)

5.4. PROPOSITION. T fic  Oforeveryk-chaincin U. In short,
7? o

PROOF. By linearity of it suf ces to prove this for k-cubesc: 0,1k U. Let
t  tyty...,tk » 0,1% 2andlet and beOorl.Thenforl i | k 1
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we have
G, j, t1,to, ..., tk 2 G, '[1,'[2,...,tj 1 ,tj,...,tk 2
Cly,to,..hti 1, bty 1, et 2
On the other hand,
G 1, i ty,to, .tk 2 G 1, ti, to, o0t 1, Gtttk 2
Ctly,to,.. oyt 1, b sty 1, b, tk 2,
becausein the vector ty,tp,...,t 1, ,tj,...,tx 2 theentry tjoccupiesthe j 1st
slot! We conclude that ¢, Cj 1, i, forl i j k 1 Thereforethe

k 2-chain { fc is given by

k A I3 .
flc 78 a4 1'ca & & 1'fq

The double sum over i and j canberearrangedin asumoveri jand asum over

i ]togive
1 Tc a a 1"} G
1ijk1, 01
a a 11 g ;. 62
1 ik 0,1
In the rst term on the right in (5.2) we substitute ¢; Cj 1, i, andthen
rj 1,s i, , to get
a a '’ oaq a a 1'7 qa
1ijk1, 01 1ijk1, 01
é é 18T 1 G s
1sr k, 01
Eol Eol 18" G, s
1sr k, 01
Thus the two terms on the right in (5.2) cancelout. QED
5.3. Cycles and boundaries
A k-cubecis degenerati c tq,...,t, isindependent of t; for somei. A k-chain

cis degenerat# it is alinear combination of degenerate cubes. In particular, a de-
generatel-cubeis aconstantcurve. Thework done by aforce eld on amotionless
particle is 0. Mor e generally we have the following.

5.5 LEMMA. Let beak-formandcadegeneratk-chain.Then . 0.

PrROOF. By linearity we may assumethat cis a degenerate cube. Supposecis
constantasa function of tj. Then

Ctl,...,ti,...,tk ctl,...,O,...,tk gftl,...,ti,...,tk s
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wheref: 0,1% 0,1k Yandg: 0,1% 1 U aregiven respectively by
ftg ettt ot it
gSt,.--,S 1 CS,--»S 1,0, 1,...,tk 1 -

Now g isak-form on 0,1% land henceequalto 0, and soc f g 0.
We conclude 01kC 0. QED

Sodegenerate chains are irr elevant where integration is concerned. This mo-
tivates the following de nition. A k-chain cis closedor acycle if {icis a degenerate
k 1-chain. A k-chain cis a boundaryif ¢ b ¢ for somek 1-chain b and
some degeneratek-chain c .

5.6. EXAMPLE. If ¢; and cp are curves arranged head to tail asin the picture
below, then ¢; ¢, is al-cycle. Likewise, the closed curve cis a 1-cycle.

C2

G
5.7. LEMMA. Theboundaryofadegeneratk-chainis adegeneratk 1-chain.

PrROOF. By linearity it suf ces to consider the caseof a degenerate k-cube c.
Supposecis constantasafunction of t;. Thenc o ¢, S0

Tc é_ 11 Cjo GCj1 -
joi
Lett ti,ta,...,tx 1 . Forj ithecubescjot andc;; t areindependent of

tiand for j ithey areindependent of t; 1. Sofcis a combination of degenerate
k 1-cubesand henceis degenerate. QED

5.8. COROLLARY. Everyboundaryisacycle.

PrROOF. Supposec b c¢ with c degenerate. Then by Lemma 5.5 {c
T fc fic, where we used Proposition 5.4. Lemma 5.7 says that fc is
degenerate,and therefore sois qc. QED

5.9. ExAMPLE. Consider the unit circle in the plane c t cos2 t,sin2 t
with 0 t 1. This is a closed 1-cube. The circle is the boundary of the disc
of radius 1 and therefore it is reasonableto expect that c is a boundary of a 2-
cube. This is indeed true in the sensede ned above,thatc b ¢ wherec
is a constant 1-chain. (It is actually not possible to nd a b such that ¢ Tb;
seeExercise5.2.) The 2-cube bis de ned by “shrinking cto a point”, b tq,ts

1 t, cty for ty,to in the unit square. Then

btg,0 cty, b 0,t, b1t, 1 t,0, bty1 0,0,

sothat fb ¢ c,wherec isthe constant curve located at the origin. Therefore
¢ b c,aboundary plus a degeneratel-cube.

In the sameway that a closedform is not necessarilyexact,it may happen that
a 1l-cycleis not aboundary. SeeExample 5.11.
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5.4. Stokes' theorem

In the language of chains and boundaries we can rewrite the fundamental
theorem of calculus, Theorem 4.4, as follows:

dg gcl gcO g g g g,
c cl cO cl cO 9c

i.e. .dg 7c 9. This is the form in which the fundamental theorem of calculus
generalizesto higher dimensions. This generalization is perhaps the neatestrela-
tionship between the exterior derivative and the boundary operator. It contains
as special casesthe classicalintegration formulas of vector calculus (Green, Gaul3
and Stokes)and for that reasonhas Stokes' name attachedto it, although it would
perhaps be better to call it the “fundamental theorem of multivariable calculus”.

5.10 THEOREM (Stokes'theorem). Let beak 1-formonanopensubsetU of
R" andlet c beak-chainin U. Then

d

c 9c

PrROOF. By the de nition of the integral and by Theorem 3.11we have

d cd dc
c 0,1k 0,1k

Sincec isak 1-form on 0,1 X, it canbe written as

k
c & gidtydt, dt;  dty
i1

for certain functions gy, gz, ..., g de ned on 0,1 X. Therefore
k k _
d 2 . . 2 i1 ﬂgl
a ; d gjdtydty dt; dty a 1 — dt, dt, dty.

c i1 01 i1 01k Tt

Changing the order of integration (cf. Remark 5.3)and subsequently applying the
fundamental theorem of calculus in one variable, formula (B.1), gives

T9i T9i
— dt, dt dt — dt; dt, dt dt; dt
o1k g Crdtz k o1k g O dtadtz i k

o1k 1 O t,...,t 1, LG 1,..., 1t

g ti,....t 1,0t 1,...,t dtydty, dt;  dty.
The forms
g ti,...,ti Lt 1,...,t dtgdt, dt; dt, and
g ti,...,t 1,0t 1,...,t dtgdt,  dtj  dt,
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arenothing but ¢, ; ,resp.c , . Accordingly,

k i )
d & 1'1 Mo|tio|tlo|t2 dt;  dty

c i1 o1k Tt
£ i
1 G C
Ia.l 01k 1 i1 i,0
& g
1 C
|a1 aC.J,l 01k 1 "
&g
aa 1 ,
i1 01 G, fic
which provesthe result. QED
5.11 EXAMPLE. The unit circle c t cos2 t,sin2 t is a l-cycle in the

puncturedplaneU R? 0 . Considered asachain in R? it is also a boundary,
aswe saw in Example 5.9. However, we claim that it is not a boundary in U in
the sensethat there exist no 2-chain b and no degenerate 1-chain ¢ bothcontained
in U suchthatc qb c. Indeed, supposethatc b c. Let y dx
xdy x? y? bethe angle form. Then c 2 by Example 4.1.0nthe other
hand,

d 0,
c b ¢ b
wherewe have used Stokes'theorem, Lemma 5.5and the factthat is closed. This
is a contradiction. The moral of this example is that the presenceof the punctur e
in U is responsible both for the existence of the non-exact closed 1-form  (see
Example 4.6) and for the closed 1-chain ¢ which is not a boundary. We detected

both phenomena by using Stokes'theorem.

Exercises

5.1 Let U be an open subsetof R", V an open subsetof R™ and : U V a smooth
map. Let cbeak-cubein U and ak-form on V. Prove that . c -

5.2 Let U bean open subsetof R". Its boundary is alinear combination of k 1-cubes,
fc &;ag:.
(i) Let bbeak 1-chainin U. Its boundary is a linear combination of k-cubes,
b &;ac.Provethata;a O.
(i) Letcbeak-cubein U. Conclude that thereexistsno k 1-chain bin U satisfying
b c

53 Dene a2-cubec: 0,12 R3byctyty t2,t1t,t3 , and let X1 dX
X1 dX3 X2 dX3.
(i) Sketchthe image of c.
(i) Calculate both .d and . and checkthat they are equal.

5.4. Dene a3-cubec: 0,13 RS by cty,to,t3 tots, tyts, tity , and let
X1 dxz dx3. Calculate both .d and ¢, and checkthat they are equal.

5.5. Using polar coordinates in n dimensions (cf. Exercise3.18)write the n  1-dimen-
sional unit sphere S" 1in R" asthe image of ann 1-cubec.Forn 2, 3, 4, calculate
the boundary fc of this cube. (The domain of c will not be the unit cubein R" 1, but a
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rectangular block R dictated by the formula in Exercise3.18.ChooseR in such away asto
cover the sphere aseconomically aspossible.)

5.6. Deduce the following classicalintegration formulas from the generalized version
of Stokes'theorem. All functions, vector elds, chains etc. are smooth and arede ned in an
open subsetU of R". (Someformulas hold only for special values of n, asindicated.)

(i) gradg dx gc1l g c 0 for any function gand any curve c.
Cc

f
(i) Green's formula: g ot dx dy fdx gdy for any functions f, g
c Ix Ty fic

and any 2-chain c. (Heren 2.)

(i) GauR' formula: divFdxidx,  dxp F dx for any vector eld F and
[ fc

any n-chain c.

(iv) Stokes'formula: curlF dx F dxfor any vector eld Fand any 2-chain

fc

c. (Heren 3)
In parts (iii) and (iv) we use the notations dx and dx explained in Section 2.5. We shall
give a geometric interpr etation of the entity dx in terms of volume forms later on. (See
Corollary 8.15.)






CHAPTER 6

Manifolds

6.1. The de nition

Intuitively , an n-dimensional manifold in the Euclidean spaceRN is a subset
that in the neighbourhood of every point “looks like” R" up to “smooth distor -
tions”. The formal de nition is given below and is unfortunately abit long. It will
help to consider rst the basic example of the surface of the earth, which is a two-
dimensional sphere placed in three-dimensional space.A useful way to represent
the earth is by means of a world atlas, which is a collection of maps. Each map
depicts a portion of the world, such asa country or an ocean. The correspondence
between points on a map and points on the earth's surface is not entirely faithful,
becausecharting a curved surface on a at piece of paper inevitably distorts the
distancesbetween points. But the distortions are continuous, indeed dif ferentiable
(in most traditional cartographic projections). Maps of neighbouring areasover-
lap near their edgesand the totality of all mapsin aworld atlas covers the whole
world.

An arbitrary manifold is de ned similarly, asan n-dimensional “world” rep-
resented by an “atlas” consisting of “maps”. These maps are a special kind of
parametrizations known asembeddings.

6.1. DEFINITION. Let U be an open subsetof R". An embeddingf U into RN
isaC map :U RN satisfying the following conditions:

(i) isone-to-one(i.e.if t; to ,thenty to);
(i) D t isone-to-oneforallt U;
(i) theinverse of ,whichisamap 1: U U, is continuous.
The imageof the embedding is the set U t t U consisting

of all points of the form t with t U. Theinverse map !is called a chart
or coordinatemap You should think of U asan n-dimensional “patch” in RN
parametrized by the map . Condition (i) means that to distinct values of the
“parameter " t must correspond distinct points t in the patch U . Thus the
patch U hasno self-intersections. Condition (ii) meansthat for eachtin U all
n columns of the Jacobimatrix D t must be independent. This is imposed to
prevent the occurrence of cusps and other singularities in the image U . Since
D t has N rows, this condition also implies that N n: the target space RN
must have dimension greaterthan or equal to that of the source spaceU, or else
cannot be an embedding. The column spaceof D t is called the tangentspacdo
the patch at the point x t andisdenotedby Ty U ,

Tx U D t R".

67



68 6. MANIFOLDS

Thetangent spaceat eachpoint is an n-dimensional subspaceof RN becauseD t
hasn independent columns. Condition (iii) canbe restatedasthe requirement that
if tj is any sequenceof points in U suchthat lim; tj existsandisequalto t
for somet U, then lim; t; t. Thisis intended to avoid situations where the
image U doubles back on itself “at in nity”. (SeeExercise6.4for an example.)

6.2. ExAMPLE. The pictur e below shows an embedding of an open rectangle
in the plane into three-space,the image of which is a portion of a torus. Try to
write a formula for such an embedding! (If we choseU too big, the image would
self-intersect and the map would not be an embedding.) For one particular value
of t the column vectors of the Jacobimatrix are also shown. As you can see,they
span the tangent plane at the image point.

77777777 D t e
w |
[ |
[ |
[ |
[ |
l |
l | t
| | —————»
‘ ‘ D tle
U: : €3 2
: : Z
[ |
| ° |
[ |
A &1 u
e, |
|
|

6.3. EXAMPLE. Let U beanopen subsetof R"andlet f: U  R™ beasmooth
map. The graphof f is the collection

graph f ftt t U

Sincet is an n-vector and f t an m-vector, the graph is a subsetof RN with N
n m. Weclaim that the graph is the image of an embedding :U RN.Dene

¢ t

ft
Then by de nition graph f U . Furthermore is an embedding. Indeed,
t1 to implies t; ty, so is one-to-one. Also,
D t h

Df t
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soD t hasnindependent columns. Finally the inverse of is given by

1 t
fr b

which is continuous. Hence is an embedding.
A manifold is an object patched together out of the images of several embed-
dings. Mor e precisely,
6.4. DEFINITION. An n-dimensionamanifold' (or n-manifoldfor short) in RN is
asubsetM of RN suchthat for all x M there exist
an open subsetV RN containing x,
an opensubsetU R",
and anembedding :U RN satisfying U vV M.
The codimensiorof M in RN is N n. Chooset U suchthat t X. Then the
tangentspacdo M at x is the column spaceof D t ,

™ D t R”.‘

(Using the chain rule one can show that TxM is independent of the choice of the
embedding .) The elementsof TyM are tangentvectorsto M at x. A collection of
embeddings : Uj RN with U; openin R" and such that M is the union of all
the sets ; U; is anatlasfor M.

One-dimensional manifolds are called (smooth)urves two-dimensional man-
ifolds (smooth)surfacesand n-manifolds in R" 1 (smooth)hypersurfacesin these
casesthe tangent spacesare usually called tangentlines tangentplanesand tangent
hyperplanesrespectively.

The following pictur eillustrates the de nition. Here M is acurve in the plane,
sowe have N 2andn 1. U is anopeninterval in R and V is an open disc
in R2. Themap sendst to x and parametrizes the portion of the curve inside V.
Sincen 1, the Jacobimatrix D t consistsof a single column vector, which is
tangent to the curve at x t . Thetangent line TxM is the line spanned by this
vector.

Sometimesa manifold hasan atlas consisting of one single chart. In that event
we cantakeV RN, and chooseoneopenU R"and anembedding :U RN
such that M U . However, usually one needs more than one chart to cover
a manifold. (For instance, one chart is not enough for the curve M in the picture
above.)

in the literatur e this is usually called a submanifoldof Euclidean space. It is possible to de ne
manifolds more abstractly, without referenceto a surrounding vector space. However, it turns out
that practically all abstractmanifolds can be embedded into a vector spaceof suf ciently high dimen-
sion. Hence the abstract notion of a manifold is not substantially more general than the notion of a
submanifold of avector space.
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6.5. EXAMPLE. An open subsetU of R" can be regarded as a manifold of di-
mension n (hence of codimension 0). Indeed, U is the image of the map : U
RMgiven by x  x,theidentity map. The tangent spaceto U at any point is R"
itself.

6.6. EXAMPLE. Let N nanddene :R" RN by  X1,X2,...,Xn
X1,X2,...,Xn,0,0,...,0 . It is easyto checkthat is an embedding. Hence the
image R" is an n-manifold in RN. (Note that R" is just a linear subspace
isomorphic to R"; e.g.if N  3andn 2it is just the xy-plane. We shall usually
identify R" with its image in RN.) Combining this example with the previous
one, we seethat if U is any open subsetof R", then U is a manifold in RN of
codimension N  n. Its tangent spaceat any point is R".

6.7. EXAMPLE. Let M graph f, where f: U R™ is a smooth map. As
shown in Example 6.3, M is the image of a single embedding : U R"™ M so
M is an n-dimensional manifold in R" ™, covered by a single chart. At a point

x, f x in the graph the tangent spaceis spanned by the columns of D . For
instance,if n  m 1, M is one-dimensional and the tangent line to M at x, f x
is spanned by the vector 1,f x . This is equivalent to the well-known fact that
the slope of the tangent line to the graph atxis f x .

graph f y

Forn 2andm 1, M is asurfacein R3. The tangent plane to M at a point
x, ¥, f X,y isspannedby the columns of D X,y , namely

qf

w XY and ot
o XY
Ty ™

The diagram below showsthe graph of f x,y ~ x3 y3 3xyfrom two different
angles, together with a few points and tangent vectors. (To impr ove the scalethe
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z-coordinate and the tangent vectors have beencompressedby a factor of 2.)

Sl

6.8. EXAMPLE. Consider thepath :R RZgivenby t ¢ cost,sint .

Let us checkthat is an embedding. Observe rst that t €. Therefore

t1 t, implies €1 €2. The exponential function is one-to-one,sot; to.
This shows that is one-to-one. The velocity vector is

cost sint
cost sint

Therefore t 0if and only if cost sint 0, which is impossible because
cos?t sin’t 1.So t Ofor all t. Moreoverwe havet Inéd In t

Hencetheinverse of isgivenby 1 x In x for x R and sois continu-
ous. Therefore isanembedding and R isal-manifold. Theimage R isa
spiral, which for t convergesto the origin. It winds in nitely many times

around the origin, although that is hard to seein the pictur e.

y

Even though R is a manifold, the set R 0 is not: it has a very nasty
singularity at the origin!
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6.9. ExaAMPLE. An example of a manifold which cannot be covered by asingle
chart is the unit sphereM  S" 1inR". LetU R" landlet :U R"bethe
map

1 2

t <z 1 2t t
given in ExerciseB.7. As we saw in that exercise,the image of is the punctur ed
sphere M en , soif we let V bethe open setR" ey ,then U M V.

1eq

Also we sawthat hasatwo-sided inverse : U U, the stereographic pro-
jection from the north pole. Therefore is one-to-one and its inverse is continuous
(indeed, differentiable). Mor eover, t t implies D t D tv vfor

all vin R" by the chain rule. Therefore,if v is in the nullspace of Dt ,
v D t D tv D t 0 O

Thus we seethat is an embedding. To cover all of M we need a second map, for
example the inverse of the stereographic projection from the south pole. This is
also an embedding and its image is M en M V,whereV R" e .
This nishes the proof that M isann  1-manifold in R".

As this example shows, the de nition of a manifold can be a little awkwar d
to work with in practice, even for a very simple manifold. Aside from the above
examples, in practice it can be rather hard to decide whether a given subsetis a
manifold using the de nition alone. Fortunately there exists a more manageable
criterion for a setto be a manifold.

6.2. The regular value theorem

De nition 6.4is basedon the notion of an embedding, which can beregarded
asan “explicit” way of describing a manifold. However, embeddings can be hard
nd in practice. Instead, manifolds are often given “implicitly”, by a system of m
equations in N unknowns,

1 X1,--+» XN C1,
2 X1,..+, XN C2,
le,...,XN Cm.

Herethe 's aresmooth functions presumedto bede ned on somecommon open
subsetU of RN. Writing in the usual way

X1 1 X C1
X2 2 X (0}

X , X , C )
XN m X Cm

we can abbreviate this systemto a single equation
X C
Fora xed vectorc R™ we denote the solution setby

¢ x U x ¢
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and call it the levelsetor the breof atc. (Thenotation 1 ¢ for the solution set
is standard, but a bit unfortunate becauseit suggestsfalsely that is invertible,
which it is usually not.) If is a linear map, the system of equations is inho-
mogeneous linear and by linear algebra the solution setis an af ne subspace of
RN. The dimension of this af ne subspaceis N m, provided that hasrank m
(i.e. has m independent columns). We can generalize this idea to nonlinear equa-
tions as follows. We saythat ¢  R™ is aregularvalueof if the Jacobimatrix
D x:RN R™ has rank m for all x 1 ¢ . A vector that is not a regular
value is called a singularvalue. (As an extreme, though slightly silly, special case,
if 1 c isempty,then cis automatically aregular value.)

The following result is the most useful criterion for a setto be a manifold.
(Don't get carried away though, becauseit doesnot apply to every possible mani-
fold. In other words, it is a suf cient but not a necessarycriterion.) The proof uses
the following important fact from linear algebra,

nullity A rank A I,‘

valid for any k I-matrix A. Herethe rank is the number of independent columns
of A (in other words the dimension of the column space A R! ) and the nullity
is the number of independent solutions of the homogeneous equation Ax 0 (in
other wor ds the dimension of the nullspace ker A).

6.10. THEOREM (regular value theorem). LetU beopenin RN andlet : U
R™ bea smoothmap. Supposehat c is aregularvalueof andthat M lcis
nonempty ThenM is a manifoldin RN of codimensiomn. Its tangentspaceat x is the
nullspaceofD  x ,

‘TXM ker D x.‘

PROOF. Let x M. Then D x hasrank m and so has m independent
columns. After relabelling the coordinates on RN we may assume the last m
columns are independent and therefore constitute an invertible m  m-submatrix
AofD x.letusputn N m. Identify RN with R” R™ and correspond-
ingly write an N-vector asa pair u,v with u an-vector and v an m-vector. Also
write X Ug,Vo - Now refer to Appendix B.4 and observe that the submatrix
A is nothing but the “partial” JacobianDy ug, Vg . This matrix being invertible,
by the implicit function theorem, Theorem B.4, there exist open neighbourhoods
U of ugin R" and V of vg in R™ such that for eachu U there exists a unique
v fu Vsatisfying u,fu c. Themap f: U VisC .Inotherwords
M U V graph f is the graph of a smooth map. We conclude from Exam-
ple 6.7 that M U V is an n-manifold, namely the image of the embedding

:U  RNgivenby u u,f u .SinceU Visopenin RN and the above
argument is valid for every x M, we seethat M is an n-manifold. To compute
TxM note that u c,aconstant,forallu U.HenceD u D u 0

by the chain rule. Plugging in u  ug gives
D xD wug 0.

The tangent space TxM is by de nition the column spaceof D ug , so every
tangent vectorvto M atxisof theformv. D ug afor somea R". Therefore
D xv D xD wuga 0ie TxM kerD x . The tangent space TxM
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is n-dimensional (becausethe n columns of D ug are independent) and so is
the nullspace of D x (becausenullity D x N m n). Hence TxM
kerD x. QED

The caseof one single equation (m 1) is especially important. Then D is
a single row vector and its transpose is the gradient of : D T grad . It has
rank 1 at x if and only if it is nonzero, i.e. at least one of the partials of does
not vanish at x. The solution setof a scalarequation  x cis known asalevel
hypersurface Level hypersurfaces, especially level curves, occur frequently in all
kinds of applications. For example, isotherms in weathercharts and contour lines
in topographical maps are types of level curves.

6.11 COROLLARY (level hypersurfaces). LetU beopenin RN andlet : U R
bea smoothfunction. Supposehat M 1 ¢ isnonemptyandthat grad  x 0
forall x in M. ThenM is amanifoldin RN of codimensiori. Its tangentspaceat x is the
orthogonacomplemenbfgrad  x ,

TxM grad x

6.12 EXAMPLE. Let U R%?and x,y xy. The level curves of are
hyperbolas in the plane and the gradient is grad x y,X 1. The diagram
below shows a few level curves aswell asthe gradient vector eld, which asyou
can seeis perpendicular to the level curves.

The gradient vanishesonly at the origin, so 0  0is the only singular value of
. By Corollary 6.11this meansthat ! c¢ is a 1-manifold for c 0. The br e
10 isthe union of the two coordinate axes,which has a self-intersection and
sois not amanifold. However,theset 10 0 is al-manifold sincethe gra-
dient is nonzero outside the origin. Think of this diagram asa topographical map
representing the surface z X,y shown below. The level curves of arethe
contour lines of the surface, obtained by intersecting the surface with horizontal
planes at dif ferent heights. As explained in Appendix B.2,the gradient points in
the dir ection of steepestascent. Where the contour lines self-intersect the surface
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hasa “mountain pass” or saddle point.

€3
€2

€1

6.13 EXAMPLE. A more interesting example of an equation in two variables
is x,y x3 y3 3xy «c Heregrad x 3x® y,y? x T sograd
vanishes at the origin and at 1,1 T. The corresponding values of are 0, resp.

1, which are the singular values of

The level “curve” 1 1 is not acurve at all, but consists of the single point
1,1 7. Here hasaminimum and the surface z X,y hasa‘“valley”. The
level curve 1 0 has a self-intersection at the origin, which corresponds to a

saddle point on the surface. Thesefeaturesare also clearly visible in the surface
itself, which is shown in Example 6.7.

6.14 EXAMPLE. LetU RN and x x 2. Thengrad x  2x,soasin
Example 6.12grad  vanishes only at the origin 0, which is containedin 1 0.
Soagainany ¢ Ois aregular value of . Clearly, ! c isempty forc 0. For
¢ 0, lcisanN 1-manifold, the sphere of radius cin RN. The tangent
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spaceto the sphere at x is the set of all vectors perpendicular to grad  x 2X.
In other words,

M X y RV yx 0.
Finally, Ois asingular value (the absolute minimum) of and 10 0 isnot
an N 1-manifold. (It happensto be a 0-manifold, though, just like the singular
bre 1 1 in Example 6.13. Soif cis a singular value, you cannot be certain

that ! c is notamanifold. However, even if a singular br e happensto be a
manifold, it is often of the “wr ong” dimension.)

Hereis an example of a manifold given by two equations(m  2).

6.15 EXAMPLE. Dene :R* RZby

2 2
X1 X3

X1X3  X2Xg
Then
2xX1 2xp O 0
X3 X4 X1 X2

D x

If x; Othe rst and third columns of D x areindependent, and if x,  0the
secondand fourth columns are independent. On the other hand, if x; X 0,
D x hasrank 1and x 0. This shows that the origin 0in R? is the only
singular value of . Therefore, by the regular value theorem, for every nonzero

vector c the set 1 ¢ is atwo-manifold in R%. For instance, M 1 (1) is a

two-manifold. Note that M contains the point x 1,0,0,0 7. Letus nd abasis
of the tangent spaceTxM. Again by the regular value theorem, this tangent space
is equal to the nullspace of
2 000
D x 901 0"
which is equal the set of all vectorsy satisfying y; y3 0. A basisof TxM is
therefore given by the standard basisvectors e; and ey.

We now cometo a more sophisticated example of a manifold determined by a
large system of equations.

6.16. EXAMPLE. Recallthat ann n-matrix A is orthogonalif ATA 1. This
meansthat the columns (and also the rows) of A are perpendicular to one another
and have length 1. (In other words, they form an orthonormal basis of R"—note
the regrettable inconsistency in the terminology .) The collection of orthogonal ma-
trices form agroup under matrix multiplication, which is usually called the orthog-
onalgroupand denoted by O n . Let us prove using the regular value theorem that
O n isamanifold. Firstobservethatthat ATA T ATA soATA is asymmetric
matrix. In other words, if V.= R" "is the vector spaceof all n  n-matrices and
w C V C CT thelinear subspaceof all symmetric matrices, then

A ATA

denes amap :V W. Clearly O n 11, ,soto provethat O n is a
manifold it suf ces to show that | is aregular value of . The derivative of can
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be computed by using the formula derived in ExerciseB.3:

D AB |im1 A hB A
h oh
1
L'moﬁ ATA hA™B hBTA h?B'™B ATA
BAT ABT.

We need to show that for A° O n thelinear map D A :V W has rank
equal to the dimension of W. By linear algebra this amounts to showing that the
equation

BAT AB'T C (6.1)
is solvable for B, given any orthogonal A and any symmetric C. Hereis away of
guessing a solution: observethat C % C CT and rst try to solve BAT %C.
Left multiplying both sides by A and using ATA | gives B %CA. It is now
easyto checkthat B %CA is a solution of equation (6.1).

Exercises

6.1 This is acontinuation of Exercisel.1.Dene :R RZ?by t t sint,1
cost T. Showthat is one-to-one. Determine all t for which t 0. Provethat R is
not a manifold at thesepoints.

6.2 Leta 0,1 beaconstant. Provethatthemap :R RZgivenby t t
asint,1 acost T is an embedding. (This becomeseasierif you rst show thatt asint
is an increasing function of t.) Graph the curve de ned by

6.3 Provethatthemap :R RZ?givenby t 3¢& el!éd e!Tisanembed-
ding. Conclude that M R is a 1-manifold. Graph the curve M. Compute the tangent
lineto M at 1,0 andtry to nd anequation for M.

6.4. Let | bethe openinterval 1, andlet : | R%bethemap t 3a 1
t3,3at2 1 t3 T, where ais a nonzero constant. Show that is one-to-one and that
t Oforallt 1. Is anembedding andis | amanifold? (Observethat |

is aportion of the curve studied in Exercisel1.2.)
6.5 Dene :R RZby
fo,ft | ift o
ft,ft ' ift o

where f is the function given in Exercise B.6. Show that is smooth, one-to-one and that
itsinverse  1: R R is continuous. Sketchthe image of .Is R amanifold?

6.6. Dene amap :R%2 R%by

¢
t1 t2t,
t t1t2

5

(i) Showthat is one-to-one.

(i) ShowthatD t isone-to-oneforallt O.

(iii) LetU bethe puncturedplaneR2 0 .Showthat :U R%isanembedding.
Conclude that U is atwo-manifold in R*.
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(iv) Find abasisof the tangent planeto U atthe point 1,1 .

6.7. Let :R" 0 R be a homogeneous function of degree p asde ned in Ex-
ercise B.5. Assume that is smooth and that p 0. Show that 0 is the only possible
singular value of . (Usethe result of ExerciseB.5.) Conclude that, if nonempty, 1 c is
ann 1-manifold forc 0.

6.8 Let x  ayx? apx3 anx2, where the a are nonzero constants. Deter-

mine the regular and singular values of . Forn 3 sketchthe level surface 1 ¢ for a
regular value c. (You have to distinguish between a few dif ferent cases.)

6.9. Show that the trajectories of the Lotka-Volterra system of Exercise 1.10are one-
dimensional manifolds.

6.10. Compute the dimension of the orthogonal group O n and show that its tangent
spaceat the identity matrix | is the setof all antisymmetric n  n-matrices.

6.11 Let V be the vector spaceof n n-matrices and dene :V Rby A
det A.

(i) Show that
n
D AB Jdetaga....,a 1.b,a 1,....an ,
i1
where ay, ap,...,an and by, by, ..., b, denote the column vectors of A, resp. B.
(Apply the formula of ExerciseB.3for the derivative and use the multilinearity
of the determinant.)
(i) The specialineargroupis the subsetof V de ned by

SL n A V detA 1.

Show that SL n is a manifold. What is its dimension?

(i) Show that for A I, the identity matrix, we haveD A B & ;bj; trB,
the traceof B. Conclude that the tangent spaceto SL n at | is the setof traceless
matrices, i.e. matrices A satisfying tr A 0.

6.12 () Let W bepunctured 4-spaceR* 0 anddene :W Rby
X X1X4  X2X3.

Show that O is aregular value of

(i) Let Abeareal2 2-matrix. Showthat rank A 1if and only if detA Oand
A O

(i) Let M bethe setof 2 2-matrices of rank 1. Show that M is a three-dimensional
manifold.

(iv) Compute TAM,whereA 1.

6.13 Dene :R* R?by

X1 X2 X3Xg
X1X2X3 Xg

X

() Showthat D x hasrank 2 unless x is of the form t 2,t 2,t,t 3 for some
t 0. (Compute all 2 2-subdeterminants of D and setthem equal to 0.)
(ii) Show that M 10 isa2-manifold (whereOis the origin in R?).
(i) Find a basis of the tangent spaceTxM for all x M with x3 0. (The answer
depends on x.)
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6.14 Let U be an open subsetof R" and let : U R™ be a smooth map. Let M be
the manifold 1 ¢, wherecis aregular value of . Letf:U R be a smooth function.
A point x M is called a critical point for the restrictedfunction f M if Df x v 0 for all
tangent vectorsv ~ TyM. Prove that x M is critical for f M if and only if there exist
numbers 1, o,..., msuchthat

grad f x igrad 1 x sgrad » x mgrad m X .
(Usethe characterization of TxM given by the regular value theorem.)

6.15 Find the critical points of the function f x,y,z X 2y 3zoverthecircleC
given by

Where are the maxima and minima of f C?

6.16 (eigenvectorsvia calculus). Let A AT beasymmetric n  n-matrix and de ne
f:R"™ Rbyfx x Ax LetM betheunit sphere x R" X 1.

(i) Calculategrad f x .
(i) Showthat x M isacritical point of f M if and only if x is an eigenvector for A
of length 1.
(iii) Given an eigenvector x of length 1, show that f x is the corresponding eigen-
value of x.






CHAPTER 7

Dif ferential forms on manifolds

7.1. First de nition

There are several dif ferent ways to de ne dif ferential forms on manifolds. In
this section we presenta practical, workaday de nition. A more theoretical ap-
proachis taken in Section7.2.

Let M bean n-manifold in RN and let us rst consider what we might mean by
a 0-form or smooth function on M. A function f: M Ris simply an assignment
of aunique number f x to eachpoint xin M. For instance, M could be the surface
of the earth and f could representtemperatur e at agiven time, or height above sea
level. But how would we de ne suchafunction to be dif ferentiable? The dif culty
here is that if x is in M and e; is one of the standard basis vectors, the straight
line x he; may not be contained in M, so we cannot form the limit f {x;
limy o f x he; fx h

Hereis one way out of this dif culty . BecauseM is amanifold there exist open
setsU; in R" and embeddings ;: U; RN such that the images ; U; cover M:
M i i Uj . (Hereirangesover someunspeci ed, possibly in nite, index set.)
For eachi we de ne afunction fj: U; R by f; t foit ,ie f i . We
call f; the localrepresentativeof f relative to the embedding . (For instance,if M
is the earth's surface, f is temperature,and ; is amap of New York State,then f;
representsa temperatur e chart of NY.) Since f; is de ned on the open subsetU; of
R", it makes senseto ask whether its partial derivatives exist. We say that f is CX
if eachof the local representatives f; is CK. Now suppose that x is in the overlap
of two charts. Then we have two indices i and j and vectorst  Ujandu  U;
such that x it j U . Then we must have f x fot f ju ,so

fi t ffu.Also ;t j u implies t i 1 j u and therefore f; u

fi 1 j U . Thisidentity must hold for allu  Ujsuchthat ;u i Ui,

i.e.for all uin i 1, U; .Wecanabbreviate this by saying that

1
fi i i

1
on 1, U; .Thisisaconsistencycondition on the functions f; imposed by the
fact that they are pullbacks of a single function f de ned everywhereon M. The
map ! j is often called a changeof coordinatesind the consistency condition
is also known as the transformationlaw for the local representatives f;. (Pursuing
the weather chart analogy, it expressesothing but the obvious fact that wherethe
maps of New York and Pennsylvania overlap, the corresponding two temperature
charts must show the same temperatures.) Conversely, the collection of all local

representatives f; determines f, becausewe have f x fi Tx ifx i Uj.

81
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(That is to say; if we have a complete setof weather charts for the whole world, we
know the temperatur e everywhere.)
Following this cue we formulate the following de nition.

7.1. DEFINITION. A differential form of degeek, or simply a k-form, on M isa
collection of k-forms j on U; satisfying the transformation law

N B (7.1)

on 1 L Uj . Wecall ;the localrepesentativeof relative to the embedding
i and denote it by . The collection of all k-forms on M is denoted by
KM .

This de nition is rather indir ect, but it works really well if a speci c atlas for
the manifold M is known. De nition 7.1is particularly tractible if M is the image
of asingle embedding : U RN. In that casethe compatibility relation (7.1)is
vacuous and ak-form on M is determined by one single representative,a k-form

on U.

Sometimesit is useful to write the transformation law (7.1)in components. We
cando this by appealing to Theorem 3.12.If

é f| dt| and j éngtJ
| J

aretwo local representativesfor |, then

w a ;* ; fideb ;b g,
[
on i L i Ui
Justlike forms on R", forms on amanifold canbe added, multiplied, differen-
tiated and integrated. For example, suppose is ak-form and anl-form on M.
Suppose i, resp. i, isthelocal representativeof ,resp. ,relative to an embed-
ding :U; M. Then we de ne the product by setting i i. Tosee
that this de nition makes sense we checkthat the forms ; satisfy the transforma-
tion law (7.1):
. - 1 . . 1 . . 1 . - 1 . .
i i [ I i i i i [ i
Here we have used the multiplicative property of pullbacks, Proposition 3.10(ii).

Similarly, the exterior derivative of isde ned by setting d ; d ;. As before,
let us checkthat the forms d ; satisfy the transformation law (7.1).
1 1 1
dj dj d 7 5 g d o d

where we used Theorem 3.11.

7.2. Second de nition

This section presentssome of the algebraic underpinnings of the theory of
dif ferential forms. This branch of algebra, now called exterioror alternatingalgebra
was invented by Gra3mann in the mid-nineteenth century and is a prerequisite
for much of the more advanced literatur e on the subject.
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Covectors. Before giving arigor ous de nition of dif ferential forms on mani-
folds we need to be more preciseabout the de nition of a dif ferential form on R".
Recallthat R" is the collection of all column vectors

X1
X2

Xn
Let U be an open subsetof R". The de nition of a0-form on U requiresno further

clari cation: it is simply afunction on U. Formally, a1-form on U canbede ned
asarow vector

fl-fZ,---yfn

whose entries are functions on U. The form is called constantif the entries fq,...,
fn are constant. The set of constant row vectors is denoted by R" and is called
the dual of R". Constant 1-forms are also known as covariantvectorsor covectors
and arbitrary 1-forms ascovariantvector elds or covectorelds. By de nition dx; is
the constant 1-form

dx; e 0...,010,...,0,

the transpose of g;, the i-th standard basisvector of R". Every 1-form can thus be
written as

n
fi, for fn & fidx.
i1
Using this formalism we canwrite for any smooth function gon U

¢ Mg . g 19 g
dg Ialﬂ_xl X| ﬂ_xl’ﬂ_xz'”"ﬂ—xn

so dg is simply the Jacobimatrix Dg of g! (This is the reasonthat many authors
usethe notation dg for the Jacobimatrix.)

Wewould like to extend the notions of covectorsand 1-forms to vector spaces
other than R". To seehow, let us start by observing that a row vector y is nothing
butal n-matrix. We can multiply it by a column vector x to obtain a number,

X1
X2 g
yX Y1ay2:---:Yn . a ini-
: i1
Xn
Obviously we havey ci1X;  CXp C1yX1 CyyXo. Thus arow vector can be

viewed as a linear map which sends column vectors in R" to one-dimensional
vectors (scalars)in Rt R.

This motivates the following de nition. If V is any vector spaceover the real
numbers (for example R" or a subspaceof R"), then V , the dual of V, is the set
of linear maps from V to R. Elements of V are called dual vectorsor covectoror
linearfunctionals The dual is a vector spacein its own right: if ;and ,areinV
we dene 2 and c ; by setting 1 2V 1V ov forallv V
and c, VvV Cc V.
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7.2. EXAMPLE. Let V Cc® ab,R, the collection of all continuous real-
valued functions on a closed and bounded interval a,b. A linear combination
of continuous functions is continuous, so V is a vector space. De ne f

;’f x dx. Then «c¢if; cfy ¢ f c; fo,so s alinear functional
onV.

7.3. EXAMPLE. LetV R"and x v V.Dene x Vv X,where is the

standard inner product on R". Then is alinear functional on V.
Now supposethat V is avector spaceof nite dimension n and choosea basis

V1, Vo,..., vy Of V. Then every vector vV can be written in a unique way as
alinear combination §;c;v;. Dene acovector ; V by ;v G. In other
words, jis determined by the rule
1 ifi
i Vj i e
o ifi j.
We call ; the i-th coordinatdunction.
7.4. LEMMA. Thecoordinatdunctions 1, »,..., nconstituteabasisofV . Hence
dimV n dimV.
PROOF. Let V . Weneedto write asalinear combination al 16G i

Assuming for the moment that this is possible, we can apply both sides to the
vector v; to obtain

n n
Vj é G i Vj é G i Cj. (7.2)
i1 i1
Soc; vj is the only possible choice for the coefcient c;. To show that this
choice of coefcients works, let us de ne &' 1 Vi i. Then by equation
(7.2), v v; forall j,so ,i.e. &' 1 Vi i. Wehave proved that
every V canbewritten uniquely asalinear combination of the ;. QED
The basis 1, 2,..., n Of V issaidto be dualto the basis vi,vy,...,Vn
of V.
7.5. EXAMPLE. Consider R" with standard basis ey,...,e, . Then dx; g
e-Tej i.j» Sothe dual basisof R™ is dxj,dXs,...,dxn .

1
Dual basescome in handy when writing the matrix of a linear map. Let
L:V W be a linear map between abstract vector spacesV and W. To write
the matrix of L we need to start by picking a basisvy, vy,..., vy of V and a basis
W1, Wp,...,Wmof W. Thenfor eachj 1,2,...,nthe vector Lv; canbe expanded
uniquely in terms of the w's: Lv; a" 11i,jwi. The m  n numbers |; j make up
the matrix of L relative to the two basesof V and W.

7.6. LEMMA. Let 1, 5,..., n V bethedualbasisofvy, vy,...,vyhand g,
2,---» n W thedualbasisofwq, wy,..., wn. Thenthei, j-th matrix elemenbfa
linearmapL:V W isequaltol; ; i Lvj .

Coam g
PROOF. WehaveLv; &'l wy, so
g g
i Lvj alkjiwe alkik lij
k 1 k 1
that iS|i‘j i LVJ' . QED
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Multilinear algebra. Let V be a vector spaceand let VK denote the Carte-
sian product V V (k times). Thus an element of VK is an ordered k-tuple
V1,Vo,...,V oOf vectorsin V. A k-multilinear function onV is afunction : vk
R which is linear in eachvector, i.e.

V1,Vo,...,CVj CVj,...,Vg
C Vi1,Vo,...,Vk C Vi1,Vo,...,Vj, ..., Vg
for all scalarsc, ¢ and all vectors vy, va,..., Vi, V;,..., Vk.

7.7. EXAMPLE. LetV  R"andlet x,y X Y, the inner product of x and
y. Then is bilinear (i.e. 2-multilinear).

7.8. EXAMPLE. LetV R% k 2. Thefunction v,w ViWo  VoWj
VaWs4 V4Ww3is bilinear on R%.

7.9. EXAMPLE. LetV  R", k n. The determinant det vqivs,,...,vn isan
n-multilinear function on R".

A k-multilinear function is alternatingor antisymmetricif it has the alternating
property,

Vl,...,Vj,...,Vi,...,Vk Vl,...,Vi,...,Vj,...,Vk.
Mor e generally, if is alternating, then for any permutation Sk we have
V o1,..,V g sign Vi,...,Vk .

7.10. ExAMPLE. The inner product of Example 7.7 is bilinear, but it is not al-
ternating. Indeed it is symmetricy x x y. The bilinear function of Example 7.8
is alternating, and so s the determinant function of Example 7.9.

Here is a useful trick to generate alternating k-multilinear functions starting
from k covectors 1, »,..., ¢ V . The (wedge)productis the function

1 2 kZVk R
de ned by

12 k Vi,V2,...,Vg  det jv;

10 Kk

(The determinant on the right isak k-determinant.) It follows from the multi-
linearity and the alternating property of the determinant that ; » Kk Is an al-
ternating k-multilinear function. The wedge product is often denotedby 1 >
k to distinguish it from other products, such asthe tensor product de ned

in Exercise7.6.

The collection of all alternating k-multilinear functions is denoted by AKV.

For k 1the alternating property is vacuous, so an alternating 1-multilinear
function is nothing but alinear function. Thus AV V.

For k 0 a k-multilinear function is de ned to be a single number. Thus
A% R

For any k, k-multilinear functions canbe added and scalar-multiplied just like
ordinary linear functions, sothe set AKV forms avector space.

Thereis a nice way to construct a basis of the vector space AKV starting from
abasis vi,...,vy of V. Theideais to take wedge products of dual basisvectors.
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Let 4,..., n bethe corresponding dual basisof V . Let | i1,i0,...,ix be
an increasing multi-index, i.e.1 i; i, ik, n.Write

[ i iy i Akv,

V| Vigs Vigs e s Vi vk

7.11 EXAMPLE. LetV  R® with standard basis ej,e,, e; . The dual basis
of R® is dxj,dxp,dxs .Letk 2andl 1,2,J 2,3.Then

R TR
e dim Gmm 00
T T )
e Gre de 10,

This example generalizesasfollows.

7.12 LEMMA. Letl and Jbeincreasingmulti-indicesof degeek. Then

v 1 ifl g
e B S |
PROOF. Let|  ig,...,ix andJ  ji,...,jk . Then
injs oo ink
A det ir Vis 1rs k i e ik 1 ifl J
kit lklk
If 1 Jtheni, j for somel. Choosel assmall aspossible, sothat iy,  jm for
m |. Therearetwo cases:iy jyandi, . Ifi; j,theniy j i 1
jk becauselis increasing, so all entries j, ; in the determinant with m |
are0. Form | we have jm im i becausel is increasing,so j, O for
m |. In other words the I-th row in the determinant is 0 and hence | v; 0.
If iy, j,we nd that the I-th column in the determinant is O and therefore again
A 0. QED

We need one further technical result before showing that the functions | are
abasisof Akv.

7.13 LEMMA. Let AXV. Suppose v, 0 for all increasingmulti-indices|
ofdegeek. Then 0.

PROOF. The assumption implies
Vigr-- 1 Vi 0 (73)

k
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for all multi-indices iy, ...,ix , becauseof the alternating property. We need to
show that  wq,..., Wy 0 for arbitrary vectorswy,..., wy. We can expand the
w; using the basis:

Wi a1Vva AkVks
Wi &aVa AKkVk-
Therefore by multilinearity
& &
Wi1,...,Wg a a aj, akik Vigr oo Vi -
i 1 i 1
Eachterm in the right-hand side is 0 by equation (7.3). QED
7.14. THEOREM. LetV bean n-dimensionalectorspacewith basis vq,...,vp .
Let 4,..., n bethecorrespondinglualbasisofV . Thenthealternatingk-multilinear

functions i i,» where | rangesoverthe setof all increasingmulti-indices of
degeek, formabasisof AKV. Hencedim AV T .

PrROOF. The proof is closely analogous to that of Lemma 7.4. Let ARV,
Weneedto write asalinear combination &, ¢ . Assuming for the moment
that this is possible, we can apply both sidesto the k-tuple of vectors v ;. Using
Lemma 7.12we obtain

o o
vy ac vy ac 3 C
I I

Soc; v is the only possible choice for the coefcient cj To show that this
choice of coefcients works, let us de ne a4, V| . Thenfor all increasing
multi-indices | we have v, A A A 0. Applying Lemma
7.13to we nd 0. In other words, a, Vv, .Wehaveproved
that every V canbewritten uniquely asalinear combination of the ;. QED

7.15 EXAMPLE. LetV  R" with standard basis ej,...,e, . The dual basis
of R" is dxy,...,dxn . Therefore Akv hasa basisconsisting of all k-multilinear
functions of the form

dX| dXi1 dXi2 dXik,

with 1 g ik n. Hence a general alternating k-multilinear function
on R" looks like

[o

a a dx,

I
with @ constant. By Lemma 7.12, e; a,aqdx, e; ara 1y aysoais
equalto e .

An arbitary k-form  on aregion U in R" is now de ned as a choice of an
alternating k-multilinear function  for each x U; hence it looks like
a, f| x dx;, where the coefcients f, are functionson U. We shall abbreviate this
to

a fidxi,
|
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and we shall always assumethe coefcients f| to be smooth functions. By Example
7.15we can expressthe coefcients as f| e, (which is to be interpr eted as
fi x x € for all x).

Pullbacks re-examined. In the light of this new de nition we cangive afresh
interpr etation of a pullback. Thiswill beuseful in our study of forms on manifolds.
Let U and V be open subsetsof R", resp.R™,and :U V asmooth map. Fora
k-form K’V de ne the pullback KU by

x V1,V2, ..., Vg x D xXvy,D xvp,....,D Xvg.

Let us checkthat this formula agreeswith the old de nition. Suppose a, f, dy,
and 4 305dx;. What is the relationship between gjand f;? We use g;

ey, our new de nition of pullback and the de nition of the wedge product
to get

g X x €3 x D xejl,D xejz,...,D X €j,

afi x dy D xe,D xej....D xej
|

a fixdetdy, D xej
[
By Lemma 7.6the number dy;, D x ej; istheijs-matrix entry of the Jacobima-
trix D x (with respectto the standard basise, e,, ..., e, of R" and the standard
basisey, €y, ..., em of R™). In other words, g; X a, f, x detD ,;x.This
formula is identical to the one in Theorem 3.12and therefore our new de nition
agreeswith the old!

1rs k

Forms on manifolds. Let M be an n-dimensional manifold in RN. For each
point x in M the tangent space TyM is an n-dimensional linear subspaceof RN.
A differential form of degeek or a k-form on M is a choice of an alternating k-
multilinear map x on the vector spaceTxM, one for eachx M. This alternating
map  is required to depend smoothly on x in the following sense.According to
the de nition of amanifold, for eachx M thereexistsanembedding :U RN
suchthat U M V for some open setV in RN containing x. The tangent
spaceat x is then TxM D t R",wheret U ischosensuchthat t X.
The pullbackof under the local parametrization is de ned by

t V1,Vo, ..., Vg t D tvy,D tvy....,D tvg.
Then is a k-form on U, an open subset of R", so a, f, dt, for certain
functions f; dened on U. We will require the functions f,; to be smooth. (The
form a, f, dt, is the localrepresentativef relative to the embedding , as

intr oduced in Section7.1.) To recapitulate:

7.16. DEFINITION. A k-form on M is achoice,for eachx M, of an alternat-
ing k-multilinear map x on TxM, which depends smoothly on x.

The book [BT82] describesa k-form asan “animal” that inhabits a “world” M,
eatsordered k-tuples of tangent vectors, and spits out numbers.

7.17. EXAMPLE. Let M beaone-dimensional manifold in RN. Let us choosean
orientation (“dir ection”) on M. A tangent vector to M is positiveif it points in the
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samedir ection asthe orientation and negativef it points in the opposite dir ection.
Dene al-form on M asfollows. Forx M and atangentvectorv TxM put

v if vis positive,

x V . .
v if vis negative.

This form is the elemenbfarclengthof M. We shall seein Chapter 8 how to gener-
alize it to higher-dimensional manifolds and in Chapter 9 how to useit to calculate
arc lengths and volumes.

We can calculate the local representative of ak-form  for any embedding

v RN parametrizing a portion of M. Supposewe had two dif ferent such
embeddings ;: Uj Mand j:U; M, such that x is contained in both W;
i Up and W; i Uj. How do the local expressions i and

for compare’)To answer this questlon consider the coordlnate change map

i, which maps . 'WwW, W, to j bw, w; . From

i
1 .
i i and

we recoverthe transformation law (7.1)

j
j
) 1 . .
j i i
This shows that De nitions 7.1 and 7.16 of dif ferential forms on a manifold are
equivalent.

Exercises

7.1 Thevectorse; eyande; e,form abasisof RZ. What is the dual basisof R2 ?

7.2 Let vq,Vp,...,vn beabasisof R"andlet 4, 5,..., n bethe dual basis of

R" . Let A be aninvertible n n-matrix. Then by elementary linear algebra the set of

vectors Avq,...,Avp isalsoabasisof R". Show that the corresponding dual basisis the
setof row vectors A 1, oA 1 ... A L.

7.3. Supposethat is abilinear function on avector spaceV satisfying v,v 0 for
all vectorsv V. Prove that is alternating. Generalize this observation to k-multilinear
functions.

7.4. Show that the bilinear function of Example 7.8is equal to dx; dx,  dxz dx4.

7.5. Thewedge product is ageneralization of the crossproduct to arbitrary dimensions

in the sensethat

Xy xToyT T

for all x,y RS3. Prove this formula. (Interpr etation: x and y are column vectors, x' and y T

arerow vectors,x' yTisa2-form onR3, x" yT isal-form, i.e.arow vector. Soboth
sides of the formula representcolumn vectors.)

7.6. Let V be a vector spaceand let 1, o,..., ¢ V becovectors. Their tensor
productis the function
1 2 k- Vk R
de ned by
1 2 k V1,V2,...,Vk 1Vl 2V2 k Vk -

Showthat 2 « is ak-multilinear function.
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7.7. Let : VK Rbeak-multilinear function. De ne anew function Alt :VvK R
by
1 o .
Alt  vq,vo, ...,V W aSKS|gn V 1,V 5,...,V
Prove the following.

(i) Alt isan alternatingk-multilinear function.

(i) Alt if is alternating.
(i) AltAlt Alt for all k-multilinear
(iv) Let 1, 2,..., x V .Then
1
12 k EA“ 1 2 k -
7.8. Show that det vq,vo,...,Vp dxq dxo dxn v1,Vo,...,vy for all vectors vy,
Vo,...,Vn R" In short,

det dxpdxy, dxp.

7.9. LetV and W be vector spacesand L: V W alinear map. Show that L
L L for all covectors , W .



CHAPTER 8

Volume forms

8.1. n-Dimensional volume in RN

Letay, ap, ..., a, bevectorsin RN. The blockor parallelepipegpanned by these
vectors is the setof all vectors of the form &' , ¢ia;, where the coefcients c¢; range
over the unit interval 0,1.Forn 1thisisalsocalled aline segmenand forn 2
a parallelogram We will need a formula for the volume of ablock. If n N there
is no coherent way of de ning an orientation on all n-blocks in RN, sothis volume
will be not an oriented but an absolute volume. We approach this problem in a
similar way as the problem of de ning the determinant, namely by imposing a

few reasonableaxioms.
8.1. DEFINITION. An absoluten-dimensionaEuclideanvolumefunctionis a func-
tion
vol,: RN RN RN R

n times

with the following properties:
(i) homogeneity:
voly ag,a,...,Cq;,...,an cvol, a,ay,...,an

for all scalarscand all vectors ay, ay, ..., an;
(i) invariance under sheartransformations:

volp ag,...,8 Caj,...,@j,...,an volp ag,...,8,...,8,...,an

for all scalarscand anyi j;
(iii) invariance under Euclidean motions:

vol, Qay,...,Qap voln ag,...,an

for all orthogonal matrices Q;
(iv) normalization: vol, e, ey, ..., en 1.
We shall shortly seethat these axioms uniquely determine the n-dimensional
volume function.
8.2 LEMMA. (i) volp ag,@,...,an a; a ap ifag, ap,...,
ap areorthogonalvectors.
(i) voly ag,a@y,...,an 0 if thevectorsay, ay, . . ., a, aredependent.
PROOF. Supposeay, ay, ..., ap are orthogonal. First assumethey are nonzero.
Then we can de ne q; a la. The vectors qq, q,,..., g, are orthonormal
Complete them to an orthonormal basisqq, g,..., Ay, Ay 1,--., qy Of RN, Let

91
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Q be the matrix whose i-th column is g;. Then Q is orthogonal and Qe; q;.
Therefore

vol, a3, ap,...,an a; a an volp g4,05,...,0, by Axiom (i)
a3 a a, voly Qeq,Qey, ..., Qe
a3 a an voly e1,es,...,6n by Axiom (iii)
a; a an by Axiom (iv),

which provespart (i) if all & are nonzero. If one of the g is O, the vectors ay, ay, . . .,
a, are dependent, sothe statement follows from part (ii), which we prove next.

Assume ay, ay,..., a, are dependent. For simplicity suppose a; is a linear
combination of the other vectors,a; 4] ,Ga;. By repeatedly applying Axiom
(i) we get

n
volp a3,a,...,an  Vvolyn Q Ga,an...,an
i 2

=]

voln & ca,an,...,an voln 0,3z, ...,an .
i 3
Now by Axiom (i),
voly 0,ay,...,an vol, 00,ay,...,an Ovol, 0,ay,...,an 0,
which proves property (ii). QED

This brings us to the volume formula. We can form a matrix A out of the
column vectors a4, ay,..., an. It does not make senseto take det A becauseA is
not square, unlessn  N. However, the product ATA is square and we can take
its determinant.

8.3. THEOREM. Thef existsa unique n-dimensionalolumefunctionon RN. Let
aj, a,...,an RN andlet A betheN n-matrix whose-th columnis a;. Then

volp a3,ay,...,an det ATA .

PrROOF. We leave it to the reader to check that the function det ATA sat-
is es the axioms for a n-dimensional volume function on RN. (SeeExercise 8.2.)
Here we prove only the uniqueness part of the theorem.

Casel. First assumethat ay, ay, . . ., a, are orthogonal. Then ATA is adiagonal

matrix. Itsi-th diagonal entry is a 2,so det ATA a; a an ,which
is equal to vol, a;,ay,...,a, by Lemma 8.2(i).
Case2. Next assumethat aj, ay, ..., ap are dependent. Then the matrix A

has a nontrivial nullspace, i.e. there exists a nonzero n-vector v such that Av
0. But then ATAv 0, so the columns of ATA are dependent as well. Since
ATA is square, this implies det ATA  0,so det ATA 0, which is equal to

volp, a3,ay,...,a, by Lemma 8.2(ii).
Case3. Finally consider an arbitrary sequenceof independent vectors a;,
ay, ..., an. This sequencecan be transformed into an orthogonal sequencevy,

Vy,...,Vp by the Gram-Schmidt process.This works asfollows: letb;  0and for
i 1lletbj bethe orthogonal projection of g onto the spanof aj, as,...,a 1;then
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Vi & bj. (Secillustration below.) LetV bethe N n-matrix whose i-th column
is vi. Then by repeated applications of Axiom (ii),

volp a1,a,...,an volp vi,a,...,8n volp Vi,Vo,...,an
voly Vq,Va,...,Vn det VTV , (8.1)

wherethe last equality follows from Casel. Sincev; & bj, whereb;isalinear
combination of a;, ap,...,a 1,wehaveV AU,whereUisan n-matrix of the
form

1

01

U 0 0 1
00 0 1

Note that U has determinant 1. This implies that VTV~ UTATAU and
det ATA  detUTdet ATA detU det UTATAU  det VTV .
Using formula (8.1)we getvol, a3,8y,...,an det ATA | QED

The Gram-Schmidt processtransforms a sequenceof n independent vectors
ai, ap, ..., ap into an orthogonal sequencevy, Vy,..., V. (The horizontal “ oor ”
representsthe plane spanned by a; and a,.) The block spanned by the a's hasthe
samevolume asthe rectangular block spanned by the v's.

a3

az

a

Vi

Forn N Theorem 8.3gives the following result.

8.4. COROLLARY. Letay, ay, ..., a, bevectorsin R" andlet A bethen n-matrix
whosé-th columnis . Thenvol, aj,ay,...,an detA .
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PROOF. A is square, so det ATA det AT det A det A 2 by Theorem
3.7(ii) and therefore vol, a3, a,...,an detA 2 det A by Theorem 8.3.
QED

8.2. Orientations

Oriented vector spaces. You are probably familiar with orientations on vec-
tor spacesof dimension 3. An orientation of a line is an assignment of a di-
rection. An orientation of a plane is a choice of a dir ection of rotation, clockwise
versus counterclockwise. An orientation of a three-dimensional spaceis a choice
of “handedness”, i.e. a choice of aright-hand rule versus aleft-hand rule.

Thesenotions can be generalized as follows. Let V be an n-dimensional vec-
tor space over the real numbers. Suppose that V1,Vo,...,Vp and
Vq,Vy,...,V, aretwo ordered basesof V. Then we canwrite v; &3 vjand
Vi a; bi,jvj for suitable coefcients g j and bj ;. The n  n-matrices A &
and B by satisfy AB  BA | and aretherefore invertible. We say that the
bases and dene the sameorientationof V if det A 0. If det A 0, the two
basesde ne oppositerientations

Forinstance,if vq,v,,...,v, V2,V1,...,Vn , then
010 ...0
100 ... 0
A 001 ..0
0 00 ... 1
sodet A 1. Hencethe ordered bases v,,vy,...,vqh and vq,vp,...,vy dene

opposite orientations.

We know now what it meansfor two basesto have the same orientation, but
how do we de ne the conceptof an orientation itself? In typical mathematician's
fashion we de ne the orientation of V determined by the basis to be the collec-
tion of all ordered basesthat have the same orientation as . (Thereis an anal-
ogous de nition of the number 1, namely asthe collection of all setsthat contain

one element.) The orientation determined by V1,Vo,...,Vn is denoted by
or vi,Vp,...,vp.Soif and de ne the sameorientation then .
If they de ne opposite orientations we write . Becausethe determi-

nant of an invertible matrix is either positive or negative, there are two possible
orientations of V. An orientedvectorspaces a vector spacetogether with a choice
of an orientation. This preferred orientation is then called positive

Forn 0 we needto make a special de nition, becausea zero-dimensional
spacehas an empty basis. In this casewe de ne an orientation of V to be a choice
of sign, or

8.5. EXAMPLE. The standardorientationon R" is the orientation ey,...,e, de-
ned by the standard ordered basis es,...,e, . We shall always usethis orienta-
tion on R".

Maps and orientations. Let V and W be oriented vector spacesof the same
dimension and let L: V W be an invertible linear map. Choose a positively
oriented basis vi,va,...,vq of V. Becausel is invertible, the ordered n-tuple
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Lvy, Lvy,...,Lvy is an ordered basisof W. If this basisis positively, resp. neg-
atively, oriented we say that L is orientation-peserving resp. orientation-eversing
This de nition does not depend on the choice of the basis, for if v,,v,,...,v, is
another positively oriented basisof V,thenv;  &; & jvjwith det g; 0. There-
foreLv; L &ja,vj a;ja,jLvj, and hencethe two bases Lvy,Lvy,...,Lvy
and Lv,,Lv,,...,Lv, of W determine the sameorientation.

Oriented manifolds. Now let M be a manifold. We de ne an orientation of
M to be a choice of an orientation for eachtangent space TxM which varies con-
tinuously over M. “Continuous” meansthat for every x M there exists a lo-
cal parametrization : W M, with W open in R" and x W , such that
D y:R" TyM preservesthe orientation for all y ~ W. (Here R" is equipped
with its standard orientation.) A manifold is orientableif it possessesan orienta-
tion; it is orientedif a speci c orientation hasbeenchosen.

Hypersurfaces. The caseof a hypersurface, a manifold of codimension 1, is
particularly instructive. A unit normalvector eld on amanifold M in R" is asmooth
function n: M R" suchthat n x TxM and n x 1forallx M.

8.6. PROPOSITION. A hypersurfacén R" is orientableif andonly if it possesses
unit normalvector eld.

PrROOF. Let M be a hypersurface in R". Suppose M possessesa unit normal

vector eld. Let vi,vo,...,v, 1 bean ordered basis of TyM for somex M.
Then n x ,vq,Vo,...,V, 1 isabasisof R",becausen x  v;for alli. Wesaythat
V1,Vo,...,Vn 1 ispositively oriented if n x ,vq,vp,...,Vvy, 1 iSapositively ori-

ented basisof R". This de nes an orientation on M, called the orientation induced
by the normal vector eld n.

Conversely, let us suppose that M is an oriented hypersurface in R". For each
X M the tangent spaceTxM isn 1-dimensional, soits orthogonal complement
TxM is aline. There are therefore precisely two vectors of length 1 which are
perpendicular to TxM. We can pick a preferred unit normal vector asfollows. Let
V1,Vo,...,Vn 1 be a positively oriented basis of TyM. The positiveunit normal
vector is that unit normal vector n x that makes n x ,vi,Vp,...,Vy 1 @ poSi-
tively oriented basis of R". In Exercise 8.8 you will be asked to check that n x
depends smoothly on x. In this way we have produced a unit normal vector eld
on M. QED

8.7. EXAMPLE. Letusregard R" ! asthe subspaceof R" spanned by the rst
n 1 standard basis vectors eq, es,..., €, 1. The standard orientation on R" is
e1,€,...,en ,and the standard orientation on R" lis e;,e,,...,e, 1. Since

€1,€,...,en 1" Yeyene...060 1
by Exercise8.5,the positive unit normal to R" 1in R"is 1" le,.

The positive unit normal on an oriented hypersurface M in R" canberegarded
asamap n from M into the unit sphere S" 1, which is often called the GauRmapof
M. The unit normal enablesone to distinguish between two sidesof M: the dir ec-
tion of n is “out” or “up”; the opposite dir ectionis “in” or “down”. For this reason
orientable hypersurfaces are often called two-sidedwher easthe nonorientable ones
are called one-sidedLet us show that a hypersurface given by a single equation is
always orientable.
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8.8. PROPOSITION. LetU beopenin R" andlet : U R bea smoothfunction.
Let c bearegularvalueof . Thenthemanifold * ¢ hasa unit normalvector eld
givenbyn x grad x grad x andistherefoeorientable.

PrROOF. The regular value theorem tells us that M 1 ¢ is ahypersurface

in R" (if nonempty), and alsothat kM kerD x grad x . Thefunction
n x grad x grad x thereforede nes aunit normal vector eld on M.
Appealing to Proposition 8.6we conclude that M is orientable. QED

8.9. EXAMPLE. Taking  x x 2and ¢ r? we obtain thatthe n 1 -
sphere of radius r about the origin is orientable. The unit normal is

n x grad x grad x X X .

8.3. Volume forms

Now let M be an orientedn-manifold in RN. Choose a collection of embed-
dings : U;j RN with U; open in R" such that M i i Uj and such that
D ;t:R" TxM is orientation-pr eserving for all t  U;. The volumeform ,
also denoted by , is the n-form on M whose local representative relative to the
embedding jisde ned by

i i det D ;t TD ;t dtydty dty.

By Theorem 8.3the square-root factor measuresthe volume of the n-dimensional
block in the tangent spaceTxM spanned by the columns of D ; t , the Jacobima-
trix of jatt. Henceyou should think of asmeasuring the volume of in nitesi-

mal blocks inside M.

8.10. THEOREM. For any orientedn-manifoldM in RN the volumeform y is a
well-de nedn-form.

PrRooOF. To show that is well-de ned we need to checkthat its local repre-
sentatives satisfy the transformation law (7.1). Solet us put i ! j and sub-
stitute t u into . Sinceeachof the embeddings j is orientation-pr eserving,
we have det D 0. Hence by Theorem 3.13we have

dt; dt, dty detD u dujdu, dup detD u dujdu, dup.
Therefore

det Dy u ™D u detD u dujdu, dup

detD uTdetD ; u ™D ; u detD u dujduy, duy

det D; uD u ™ ,; u D u dujduy duy

det D ju ™D ju dupduy duy i

wherein the secondto last identity we applied the chain rule. QED

Forn 1the volume form is usually called the elemenbfarclength for n 2,
the elemenbfsurfaceareg and for n 3, the volumeelement Traditionally theseare
denoted by ds, dA, and dV, respectively. Don't be misled by this old-fashioned no-
tation: volume forms are seldom exact! The volume form , is highly dependent
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on the embedding of M into RN. It changesif we dilate or shrink or otherwise
deform M.

8.11 EXAMPLE. Let U be an open subset of R". Recall from Example 6.5

that U is a manifold covered by a single embedding, namely the identity map

U U, x x.ThendetD D 1, sothe volume form on U is simply
dt;dt,  dtp, the ordinary volume form on R".

8.12 EXAMPLE. Let | be aninterval in the real line and f: | R a smooth
function. Let M R? be the graph of f. By Example 6.7 M is a 1-manifold in R?.
Indeed, M is the image of the embedding : | R2givenby t t,f t .Let
us give M the orientation induced by the embedding , i.e. “fr om left to right”.
What is the element of arc length of M? Let us compute the pullback , al-form
on |. We have

1 T 1 2

D t ft,DtDtlft]ct 1 ft9

so detD t™D t dt 1 f t2dt.

The next result canbe regarded asan alternative de nition of . It is perhaps
more intuitive, but it requiresfamiliarity with Section7.2.

8.13 PROPOSITION. Let M bean orientedn-manifoldin RN. Letx M andvy,
Vo,...,Vp  TxM. Thenthevolumeformof M is givenby

M ,x V1,V2,---yVn

volp V1,Vo,...,vn if vy, Vo,..., v, arepositivelyoriented
volp v1,Vo,...,vn if vy, Vo,..., v, arenegativelyoriented
0 if vi,Vo,..., vy arelinearly dependent

i.e. Mx V1,V2,...,Vn is the orientedvolume of the n-dimensionalparallelepipedn
TxM spannedyvq, Vo, ..., Vp.

PrRooOF. For eachxin M and n-tuple of tangent vectors vy, vo,..., vy at X let

! x V1,V2,...,Vn bethe oriented volume of the block spanned by thesen vectors.

This de nes an n-form ! on M and we must show that ! m. Let U be an

open subsetof R" and : U RN an orientation-pr eserving embedding with

U M and t x for sometin U. Let us calculate the n-form ! on U.

Wehave ! gdt,dt,  dt, for somefunction g. By Lemma 7.12this function
is given by

gt 'y e, ...,€n I'yD te,D tey...,.D te,,

where in the second equality we used the de nition of pullback. The vectors
D te,D tep...,D te,areapositively oriented basisof TyM and, more-
over, arethe columns of the matrix D t , soby Theorem 8.3they span a positive
volume of magnitude det D t TD t . Thisshowsthatg det D "D
and therefore

! det D TD dtidt, dty.

Thus ! isequalto the local representativeof (\, with respectto the embedding
. Sincethis holds for all embeddings , we have! M- QED
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Volume form of ahypersurface. For oriented hypersurfaces M in R" thereis
a more convenient expressionfor the volume form ;. Recall the vector-valued
forms
Xm Xm
dx : and dx :
dxn dxn

intr oduced in Section 2.5. Let n be the positive unit normal vector eld on M
and let F be any vector eld on M, i.e. a smooth map F: M R". Then the
inner product F n is a function de ned on M. It measuresthe component of F
orthogonal to M. Theproduct F n isann 1-form on M. On the other hand
we havethen 1-form F dx F dx

8.14. THEOREM. On thehypersurfacéM wehave

F dx Fn wm.

FIRST PROOF. This proof is short but requiresfamiliarity with the material in
Section7.2.Letx M. Let us changethe coordinates on R" in such away that the
rst n 1standard basisvectors ej,e>...,e, 1 form apositively oriented basis
of TxM. Then, according to Example 8.7,the positive unit normal at x is given by
n x 1 " lg, and the volume form satis es Mx €1,...,€n 1 1. Writing
F éian,ei,wehaveFx n X 1" 1R, x . On the other hand

o

F odx & 1" '/dxy dx dxn,

and therefore F dx eq,...,e, 1 1" 1R, This provesthat

F dxxeq...,en 1 FX nx wme€,...,ey 1,
which implies F dx Fx nx . Sincethis equality holds for every
X M,we nd F dx Fn um. QED

SECOND PROOF. Chooseanembedding :U  R",whereUisopenin R" 1,
suchthat U M, x U . Lett U bethe point satisfying t X. As
a preliminary stepin the proof we are going to replacethe embedding with a
new one enjoying a particularly nice property. Let us change the coordinates on
R" in such away that the rst n 1 standard basisvectors e;,e,...,e, 1 form
a positively oriented basisof TyM. Then at x the positive unit normal is given by
n x 1 " lg,. Sincethe columns of the Jacobimatrix Dt are independent,
there exist unique vectorsay, ay,...,an 1in R" ‘suchthatD ta efori 1,
2,...,n 1. Thesevectors g; are independent, becausethe e; are independent.
Thereforethe n 1 n 1 -matrix A with i-th column vector equal to g is
invertible. PutU A *U .t A tand ~ A. Then U is openin R" 1,
"t x, :U R"isanembedding with ~ U U ,and

DT Dt DAT Dt A
by the chain rule. Thereforethe i-th column vectorof D ™~ f is

D'fe D tAg D ta e (8.2)
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for i 1, 2,...,n 1 (On the left e denotesthe i-th standard basis vector in
R" 1 on the right it denotesthe i-th standard basisvector in R".) In other words,
the Jacobimatrix of attisthe n 1  n-matrix
D™ { n 1
0 1

wherel, 1isthe n 1 n 1 identity matrix and O denotesarow consisting
of n 1 zeros. . .

Let us now calculate Fn y and F dx atthe point t. Writing
F n & ;FRn;and using the de nition of y we get

n
~ o ~

Fn wm a ~ Fn det D TD "~ df;df, di, 1.
i1
From formula (8.2)we havedet D~ T TD ™ 1. Soevaluating this expression
at the point t and using n x 1" le, we get
B Fn wm i 1" 1Fn X dfldfz dfn 1.

FromF dx &', 1" Rdxgdxy dx; dx,we get

n . - - -
F dx & 1''" Rdid, d dn

i1
Fromformula (8.2)weseef ; T fi; jforl1 i,j n landf % T, O
ford j n 1 Therefore

F dx i 1" an X dfl dfz dfn 1.
Weconcludethat =~ Fn y; ~ F dx jinotherwords F n y
F dx x. Sincethis holds for all x M we haveF dx Fn m. QED

This theorem gives insight into the physical interpr etation of n  1-forms.
Think of the vector eld F asrepresentingthe ow of a uid or gas. The direc-
tion of the vector F indicates the dir ection of the ow and its magnitude measures
the strength of the ow . Then Theorem 8.14saysthat then 1-form F  dx mea-
sures, for any unit vector n in R", the amount of uid per unit of time passing
through a hyperplane of unit volume perpendicular to n. We call F  dx the ux
of the vector eld F.

Another application of the theorem is the following formula for the volume
form on a hypersurface. The formula provides a heuristic interpr etation of the
vector-valued form dx: if n is a unit vector in R", then the scalarvalued n  1-
form n  dx measures the volume of an in nitesimal n 1-dimensional paral-
lelepiped perpendicular to n.

8.15 COROLLARY. Letn betheunit normalvector eld and \; thevolumeform of
anorientedhypersurfacé in R". Then

MmN dx.

PROOF. SetF nin Proposition 8.14.ThenF n 1because n 1. QED
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8.16. EXAMPLE. Supposethe hypersurface M is given by an equation  x
c, wherecis aregular value of afunction :U  R,with U openin R". Then by
Proposition 8.8 M has a unit normal n  grad grad . The volume form is
therefore grad lgrad dx. In particular, if M is the sphere of radius
R about the origin in R",thenn x x R,so m R 1x dx

Exercises

8.1 Deduce from Theorem 8.3that the areaof the parallelogram spanned by a pair of
vectorsa, bin R"isgivenby a b sin ,where isthe angle betweenaand b (which is

taken to lie betweenOand ). Showthat a b sin a b inRS
8.2 Checkthat the function vol, aj,ay,...,an det ATA satis es the axioms of
De nition 8.1.
8.3 Letuj,up,...,ugand vy, Vo, ...,V bevectorsin RN satisfying u; v; Ofori 1,
2,....,kandj 1,2,...,I.(“The u's are perpendicular to the v's.”) Prove that
V0|k | Ug,Up,..., UL, V1, Vo,...,V| V0|k Ug,Uo,...,Ug VO|| V1,V2,...,V| .
8.4. Letay, &,..., a, berealnumbers, let ¢ 1 &P ,aandlet
1 0 0 ay
0 1 0 a
) ) ) 1
uz : , U2 : y  eeen Up : v Un 1 E :
0 0 1 an
a a an 1

bevectorsin R" 1.
(i) Deduce from Exercise8.3that

voly uUjq,Us,...,Up vol, 1 Ug,Up,...,Un, U 1 .
(ii) Prove that
1 & aa &ad ... &dn
ay 1 a aa ... &an .
aga aa®, 1 & ... agén 1 4a&
. . . . i1
1 2
anag anay 8hag ... a

8.5. Justify the following identities concerning orientations of a vector spaceV. Here
the v's form a basis of V (which in part (i) is n-dimensional and in parts (ii)—(iii) two-
dimensional).

@i If Sh is any permutation, then

V 1,V 5,...,V | sigh V1,V2,...,Vp .

(i) vi,va V1,V2 .
(III) 3V1,5V2 V1,Vo .

8.6. LetU beopenin R"andlet f: U  Rbeasmooth function. Let :U R" lbe

the embedding x x,f x andletM U ,the graph of f. De ne an orientation on
M by requiring  to be orientation-pr eserving. Deduce from Exercise 8.4 that the volume
form of M is given by M 1 gradf x 2dxidxo  dxp.

8.7. Let M  graph f bethe oriented hypersurface of Exercise8.6.
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(i) Show that the positive unit normal vector eld on M is given by

Tf Txa
101 Tf Tx2
n _ :
1 gradfx 2 :
1 ixn
1
(i) Derive the formula M 1 gradf x 2dxydx, dxn from Corollary

8.15 by substituting xn 1 f X1,X2,...,Xn . (Caution: for consistency you
must replacen with n  1in Corollary 8.15.)

8.8. Show that the unit normal vector eld n: M R" de ned in the proof of Propo-
sition 8.6 is smooth. (Compute n in terms of an orientation-pr eserving parametrization
: U M of an open subsetof M.)

89 Let : ab R" be an embedding. Let be the element of arc length on the
embedded curve M a, b . Show that is the 1-form on ab given by t dt

2 2 2
Lt )t o t2dt.







CHAPTER 9

Integration and Stokes' theorem on manifolds

In this chapter we will seehow to integrate an n-form over an oriented n-
manifold. In particular, by integrating the volume form we nd the volume of the
manifold. We will also discuss a version of Stokes'theorem for manifolds. This
requiresthe slightly more general notion of a manifold with boundary.

9.1. Manifolds with boundary

The notion of a spherical earth developed in classical Greecearound the time
of Plato and Aristotle. Older cultur es (and also Western cultur e until the redis-
covery of Greek astronomy in the late Middle Ages) visualized the earth asa at
disc surrounded by an oceanor avoid. A closed disc is not a manifold, because
no neighbourhood of a point on the edge is the image of an open subsetof R? un-
der an embedding. Rather, it is a manifold with boundary, a notion which canbe
de ned asfollows. The n-dimensionahalfspacés

H" x R" x, 0.

The boundaryof H" is H" x R" xp 0 R" 1 and its interior is
intH" x R"™ x, O.

9.1. DEFINITION. An n-dimensionaimanifoldwith boundary(or n-manifoldwith
boundary in RN is a subsetM of RN suchthat for all x M there exist

anopen subsetV RN containing x,
an opensubsetU R",
and anembedding :U RNsatisfying U H" V M.

You should compare this de nition carefully with De nition 6.4 of a manifold. If
X t with t qH", then x is a boundarypoint of M. The boundaryof M is the
set of all boundary points and is denoted by M. Its complement M M is the
interior of M and is denoted by int M.

Somewhat confusingly, the boundary of a manifold with boundary is allowed
to be empty. If nonempty, the boundary M is an n  1-dimensional manifold.
Likewise the interior int M is an n-manifold.

The most obvious example of an n-manifold with boundary is the halfspace
H" itself, which hasboundary fH" R" ! and interior the open halfspace x
R" xn, O . Hereis amore interesting type of example, which generalizesthe
graph of afunction.

9.2. EXAMPLE. Let U be an open subsetof R" 1 and let f: U R be a

smooth function. PutU U R and write elementsof U as  with xin U and

103
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y in R. The regionbelowthe graphof f is the set consisting of all § in U such that
y fx.

y
M  graphf

We assertthat the region below the graph is an n-manifold whose boundary is
exactly the graph of f. We will prove this by describing it asthe image of a single
embedding. Dene :U R"by

t t
u ft wu

As in Example 6.3one veries that is an embedding, using the fact that

t In 1 0
D Dft 1 °
where 0 is the origin in R" 1. By de nition therefore, the set M U H" is
an n-manifold in R" with boundary M U JH" . What are M and IM? A
point y isin M if and only if it is of the form
X t t
y u ft wu

for some ! in U H". SinceH" is given by u 0, this is equivalent to x U
andy f x. Thus M is exactly the region below the graph. On H" we have

u 0,sofM isgiven by the equality y f x ,i.e. M is the graph.

9.3 EXAMPLE. If f: U R™M is a vector-valued map one cannot speak about
the region “below” the graph, but one cando the following. Again put U U
R.LetN n m 1andthink of RN asthe setof vectors } with xin R" !and

yinR™. Dene :U RNby

t t

u ft uem
This time we have

In 1 0
Dt Dft €em
and again is an embedding. Therefore M U H" isann-manifold in RN
with boundary 1M U fH" .Thistime M is the setof points § of the form
X t

y ft uem
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witht U andu 0.Hence M is the setof points j wherexisin U and where
y satises m 1 equalities and one inequality:

yi fax, y2 fax, .oy Ym1 fma1X, ym fmXx.
Again M isgiven byy f x ,sofM isthe graph of f.

Hereis an extension of the regular value theorem, Theorem 6.10,to manifolds
with boundary. The proof, which we will not spell out, is similar to that of Theo-
rem6.10.

9.4. THEOREM (regular value theorem for manifolds with boundary). LetU be
openin RN andlet : U R™ beasmoothmap.LetM bethesetofx in RN satisfying

1X Clv 2X 021 ey m 1X CI'T] 1, mX Cm
Supposehat ¢ C1,Cy,...,Cm isaregularvalueof andthat M is nonempty Then

M is amanifoldin RN of codimensiom 1 andwith boundaryfM lc.
9.5. EXAMPLE. Let U R"m 1land x x 2. The setgiven by the
inequality  x 1is then the closed unit ball x R" X 1 . Since

grad x 2x, any nonzero value is aregular value of . Hence the ball is an
n-manifold in R", whose boundary is ! 1 ,the unit sphere S" 1

If more than one inequality is involved, singularities often arise. A simple
example is the closed quadrant in R? given by the pair of inequalities x 0 and
y 0. This is not amanifold with boundary becauseits edge has a sharp angle at
the origin. Similarly, a closed square is hot a manifold with boundary.

However, one can show that a set given by a pair of inequalities of the form
a fx b, where aand b are both regular values of a function f, is a manifold
with boundary. For instance, the spherical shell

x R" R1 X Ry

is an n-manifold whose boundary is a union of two concentric spheres.
Other examples of manifolds with boundary arethe pair of pants a 2-manifold
whose boundary consistsof threeclosed curves,

and the Mébius band shown in Chapter 1. The Mdbius band is a nonorientable
manifold with boundary. Wewill not give a proof of this fact, but you canconvince
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yourself that it is true by trying to paint the two sidesof aM6bius band in dif ferent
colours.

An n-manifold with boundary contained in R" (i.e. of codimension 0) is often
called adomain For instance, a closed ball is a domain in R".

To de ne the tangentspacdo a manifold with boundary M at a point x choose
U and asin the de nition and put

<M D t R".

As in the caseof a manifold, this doesnot depend on the choice of the embedding
. Now suppose x is a boundary point of M and letv  TxM be atangent vector.

Thenv D tufor someu R". We saythat v points inwardsif u, 0 and

outwardsif u, 0. If uy, 0, then v is tangent to the boundary. In other wor ds,

M D t R" 1.

The above pictur e of the pair of pants shows some tangent vectors at boundary
points that are tangent to the boundary or outwar d-pointing.

Orienting the boundary. Let M be an oriented manifold with boundary. The
orientation on M induces an orientation on M by a method very similar to the
proof of Proposition 8.6. Namely, for x M dene n x  TxM to bethe unique
outwar d-pointing tangent vector of length 1 which is orthogonal to TxM. This de-
nes the unit outward-pointingnormalvector eld on M. A basis v1,Vy,...,Vh 1
of TxfM is called positively oriented if n x ,vq,Vp,...,vy, 1 IS apositively ori-
ented basisof TyM. This de nes an orientation of M, called the inducedorientation

For instance, let M H" with the standard orientation ey, ..., e, . At eachpoint
of 1M R" 1 the outward pointing normal is e,. This implies that induced
orientation on M is 1 "ej,e,,...,e, 1 ,because

€n,€1,€2,...,€y 1 1"ej,e....,6n0 1,€n.

9.2. Integration over orientable manifolds

As we saw in Chapter 5, a form of degree n can be integrated over a chain
of dimension n. The integral does not change if we reparametrize the chain in
an orientation-pr eserving manner. This opens up the possibility of integrating an
n-form over an oriented n-manifold.

Let M be an n-dimensional oriented manifold (possibly with boundary) in RN
and let be an n-form on M. To de ne the integral of over M let us assume
that M is compact. (A subsetof RN is called compacif it is closed and bounded:;
seeAppendix A.2. This assumption is made to ensure that the integral is a proper
integral and therefore converges.) For a start, let us also make the assumption that
there existsasmoothmap c: 0,1" RN suchthat

c 01" M and
the restriction of cto 0,1 "is an orientation-pr eserving embedding.
For instance, this assumption is satis ed for the n-sphere S" (seeExercise5.5)and

thetorus St S! (seeExercise9.4). The pullback ¢ is then an n-form on the cube
0,1". Wede ne
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Supposec: 0,1" RN isasmooth map with the sameproperties asc. To ensure
that ,, iswell-dened we needto checkthe following equality.

9.6. LEMMA. c c
01" 0,1n
SKETCH OF PROOF. Let us denote the closed cube 0,1" by R and let U be
the open cube 0,1". LetV U c'cU andV U clcU . The
complement of V and of V in R are negligeable in the sensethat

c c and c _C . (9.1)
R % R %
By assumption the restriction of cto U is an embedding. This implies thatc: V.
M is a bijection onto its image, and so we seethat ¢ 1 Cis a bijection from V
onto V. It is orientation-pr eserving, becausec and c are orientation-pr eserving.
Therefore, by Theorem 5.1,

c ¢l c ¢ cclc c

% % % v
Combining this with the equalities (9.1)we get the result. QED

Not every manifold can be covered with one single n-cube. However, it can
be shown that there always existsa nite collection of n-cubesc;: 0,1" M for
i 1,2,...,k suchthat

i) K, 01" M,
(¢ 01" ¢ 01" isemptyfori j,
(iii) for eachi the restriction of ¢; to 0,1 " is an orientation-pr eserving em-
bedding.

We canthen de ne
k

a G

M i, o1n
and check asin Lemma 9.6 that the result does not depend on the maps ¢;. (The
condition (ii) on the maps is imposed to avoid “double counting” in the integral.)

9.7. DEFINITION. Let M acompact oriented manifold in RN. The volumeof M
is vol M M »where is the volume form on M. (If dim M 1, resp. 2, we
speak of the arc length, resp. surfaceareaof M.) The integral of a function f on M
isdened as j, f . The meanor averagef f is the number f  volM 1, f .
The centwid or barycente of M is the point x in R" whose i-th coordinate is the
mean value of x; over M, i.e.

The volume form depends on the embedding of M into RN, so the notions
de ned above depend on the embedding aswell.

The most important property of the integral is the following version of Stokes
theorem, which can be viewed as a parametrization-independent version of The-
orem 5.10and is proved in a similar way.
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9.8. THEOREM (Stokes' theorem for manifolds). Let beann 1-formona
compacbrientedn-manifoldwith boundaryM. Give the boundaryfM the inducedori-
entation. Then

d
M Y

9.3. Gaul3 and Stokes

Stokes'theorem, Theorem 9.8, contains as special casesthe integral theorems
of vector calculus. Theseclassicalresults involve avector eld F & | Re; de-
ned on an open subsetU of R". As discussedin Section 2.5, to this vector eld
corresponds a 1-form F dx &' ; Fdx, which we canthink of asthe work
done by the force F along an in nitesimal line segment dx. We will now derive
the classicalintegral theorems by applying Theorem 9.8to one-dimensional, resp.
n-dimensional, resp.two-dimensional manifolds M contained in U.

Fundamental theorem of calculus. If Fis conservative,F grad gfor afunc-
tion g, then gradg dx dg. If M is a compact oriented 1-manifold with
boundary in R", then ,, dg gm 9 by Theorem 9.8. The boundary consists of
two points a and b (if M is connected). If the orientation of M is “fr om ato b”,
then a acquiresa minus and b a plus. Stokes'theorem therefore gives the funda-
mental theorem of calculus in R",

Fdx gb ga.
M

If we interpr et F asaforceacting on a particle travelling along M, then g stands
for the potential energy of the particle in the force eld. Thus the potential energy
of the particle decreasesby the amount of work done.

Gaul3' divergence theorem. We have
F dx and d divFdx;dx,  dxp.

If N is a oriented hypersurface in R" with positive unit normal n, then F
n N on N by Theorem 8.14. In this situation it is bestto think of F asthe ow
vector eld of a uid, wherethe direction of F x gives the dir ection of the ow at
apoint x and the magnitude F x gives the massof the amount of uid passing
per unit time through a hypersurface of unit areaplaced at x perpendicular to the
vector F x . Then  describesthe amount of uid passing per unit time and per
unit areathrough the hypersurface N. For this reasonthe n  1-form is also
called the ux of F, and its integral over N the total ux through N.

Applying Stokes' theorem to a compact domain M in R" we get ,, d
gm - Written in terms of the vector eld Fthis is Gaul' diver gencetheorem,

divFdx;dx,  dxp Fn qu.
M ™

Thus the total ux out of the hypersurface M is the integral of div F over M. If
the uid isincompressible (e.g. most liquids) then this formula leads to the inter-
pretation of the diver genceof F (or equivalently d ) asa measure of the sources
or sinks of the ow . Thus divF 0 for anincompressible uid without sources
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or sinks. If the uid is a gasand if there are no sourcesor sinks then div F x 0
(resp. 0)indicates that the gasis expanding (resp.being compressed)at x.

Classical version of Stokes' theorem. Now let M be a compact two-dimen-
sional oriented surface with boundary and let us rewrite Stokes'theorem , d
gu in terms of the vector eld F. The right-hand side representsthe work of
F done around the boundary curve(s) of M, which is not necessarily O if F is not
conservative. The left-hand side has a nice interpr etation if n 3. Then d
curl F dx, sod curl F dx. Henceif n is the positive unit normal of the surface
M in R3, then d curlF n y on M. In this way we get the classicalformula
of Stokes,

curlF n F dx.
M ™M
In other words, the total ux of curl Fthrough the surface M is equal to the work
done by F around the boundary curves of M. This formula shows that curl F, or
equivalently d , canberegarded asa measure of the vorticity of the vector eld.

Exercises

9.1 Let U be an open subsetof R" and let f, g: U R be two smooth functions
satisfying f x g x for all xin U. Let M be the setof all pairs X,y suchthat xin U and
f x y gx.

() Draw apictureof M if U is the openunit discgiven by x2 y2 1and f x,y
1 x2 y2andgx,y 2 x2 y2
(i) Show directly from the de nition that M is a manifold with boundary. (Use
two embeddings to cover M.) What is the dimension of M and what are the
boundary and the interior?
(iii) Give an example showing that M is not necessarilya manifold with boundary if
the condition f x y g x falils.

9.2 () Let xdy ydx and let M be a compact domain in the plane R2.
Showthat ¢y istwice the surfaceareaof M.
(i) Apply the observation of part (i) to nd the areaenclosed by the astroid x
cosit,y sin3t.
(iii) Let x dx and let M be a compact domain in R". Show that M isa
constant times the volume of M. What is the value of the constant?

9.3. Write the diver gencetheorem for the vector eld F cXnen on R", where cis
a positive constant. Deduce Archimedes' Law: the buoyant force exerted on a submerged
body is equal to the weight of the displaced uid. E’ !

9.4. LetRy Ry O0beconstants. De ne a3-cubec: 0,R» 0,2 0,2 R3
by
r R1 rcos , cos ;
c 1 Ry rcos , sin 1
2 rsin ,

(i) Sketchthe image of c.
(i) Let x4, X2, X3 be the standard coordinates on R3. Compute ¢ dxy, ¢ dxs, ¢ dx3
and ¢ dxj dxp dx3 .
(iii) Find the volume of the solid parametrized by c.
(iv) Find the surface areaof the boundary of this solid.
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9.5. Let M be a compact domain in R". Let f and g be smooth functions on M. The
Dirichlet integralof f and gisD f,g m grad f gradg ,where dx1dx,  dxpis
the volume form on M.

(i) Showthat df dg grad f gradg
(i) Showthat d dg g ,where g &l T%g Tx2
(iii) Deduce from parts (i)—(ii) thatd f dg gradf gradg f g
(iv) Let n bethe outwar d-pointing unit normal vector eld on M. Write g {n for
the dir ectional derivative Dg n gradg n. Show that

19
f d f—= .
™ g v o ™
(v) Deduce from parts (iii) and (iv) Green'sformula,
fig
f—= D f, f
g gn ™ g " g

(vi) Deduce Green'ssymmetric formula,

g 1f
f= — f f
v 9n gﬂn ™ M g g
9.6. In this problem we will calculate the volume of a ball and a sphere in Euclidean
space. Let B R be the closed ball of radius R about the origin in R". Then its boundary
SR B R isthe sphereof radius R. PutVy R voln,B R and A, R vol, 1SR.

AlsoputV, Vp, 1 andA, Ap1l.

(i) Deduce from Corollary 8.15that the volume form on S R s the restriction of
to S R ,where isasin Exercise2.16.Conclude that A, R SR

(i) Show that Vp R R"V, and Ap R R" 1A,. (Substitutey  Rxin the
volume forms of BR and SR )

(iii)y Let f: O, R be a continuous function. Dene g: R" R by g x
f x .UseExercise2.16(ii) to prove that

R R
gdxidx,  dxn frAprd A, frr
BR 0 0

(iv) Show that
n
e "dr An e " g,
0
(Take f r e ™ in part (iii) and let R )
(v) Using ExercisesB.10and B.11conclude that
2 2 2 m om 1 m
= Wwhence Apny and Aom 1 135 om 1

n m 1!
(vi) Bytaking f r lin part (ii) show that A, nVpand Ah R Vo, R TR
(vii) Deduce that

2 m om 1 m

R h \% d Vv .
% 1 , wnhence 2m an 2m 1 135 m 1

(viii) Complete the following table. (Conventions: a spaceof negative dimension is
empty; the volume of a zero-dimensional manifold is its number of points.)

An

Vi

m

n 0 1 2 3 4 5

Vh R R2 R3
A, R 2 R

Wl
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(ix) Find limp An, limp Vn and limy, An 1 Ap . Use Stirling's formula,

. x 1l¢

X XXE

2.






CHAPTER 10

Applications to topology

10.1. Brouwer 's xed point theorem

Let M be a manifold, possibly with boundary. A retractionof M onto a subset
Alisasmoothmap : M A suchthat x x for all x in A. For instance, let
M be the punctur ed unit ball in n-space,

M x R"™ 0 x 1.

Then the normalization map  x X X isaretraction of M onto its boundary
A 1M, the unit sphere. The following theorem saysthat a retraction onto the
boundary is impossible if M is compact and orientable.

10.1 THEOREM. LetM beacompacbrientablemanifoldwith nonemptyboundary
Thentheredoesot existaretractionfromM onto M.

PROOF. Suppose : M M was a retraction. Let us choosean orientation

of M and equip M with the induced orientation. Let qm bethe volume form
on the boundary (relative to some embedding of M into RNV). Let be its
pullback to M. Let n denote the dimension of M. Note that isann 1-form
on the n 1-manifold M, sod 0. Therefore d d d 0 and
henceby Stokes'theorem0  ,, d qv - But isaretraction onto M, sothe
restriction of to M is the identity map and therefore on M. Thus
0 vol M 0,
™ ™
which is a contradiction. Therefore doesnot exist. QED

This brings us to one of the oldest resultsin topology. Suppose f is amap from
aset X into itself. An element x of X isa xed pointof fif f x  x.

10.2 THEOREM (Brouwer's xed point theorem). Every smoothmap from the
closedunit ballinto itself hasat leastone xed point.

PROOF. Let M x R" X 1 be the closed unit ball. Suppose
f: M M was a smooth map without xed points. Then f x x for all x. For
eachx in the ball consider the hal ine starting at f x and pointing in the dir ection
of x. This hal ine intersectsthe unit sphere M in a unique point that we shall call

113
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X , asin the following picture.

This de nes asmoothmap : M M. If xis in the unit sphere,then X X,
so is aretraction of the ball onto its boundary, which contradicts Theorem 10.1.
Therefore f must have a xed point. QED

This theorem can be stated impr ecisely as saying that after you stir a cup of
coffee, at least one molecule must return to its original position. Brouwer origi-
nally stated his result for arbitrary continuous maps. This more general statement
can be derived from Theorem 10.2by an argument from analysis which shows
that every continuous map is homotopic to a smooth map. (SeeSection 10.2 for
the de nition of homotopy.) The theorem also remains valid if the closed ball is
replacedby a closed cube or a similar shape.

10.2. Homotopy

De nition and rst examples. Supposethat gand 1 aretwo mapsfrom a
manifold M to a manifold N and that is aform on N. What is the relationship
betweenthe pullbacks , and ; ?Thereis areasonableanswer to this question
if o canbe smoothly deformed into 1. More formally, we saythat gand 1
are homotopidf there existsasmoothmap : M 0,1 N suchthat x,0

ox and x,1 1 x forall xin M. Themap is called ahomotopyInstead of

x,t we oftenwrite { x . Theneach isamap from M to N and we canthink
of { asafamily of maps parametrized by t in the unit interval that interpolates
between gand i, or asaone-second“movie” that at time O startsat ¢ and at
time lendsup at ;.

10.3 EXAMPLE. LetM N R"and ¢ x  x(identity map)and { x O
(constantmap). Then gand 1 arehomotopic. A homotopy is given by  Xx,t
1 t x. This homotopy collapses Euclidean space onto the origin by moving
eachpoint radially inwar d. There are other ways to accomplish this. For instance
1 t2xand 1 t2 xaretwo other homotopies between the samemaps. We can
alsointerchange gand q:if gx Oand ; x Xx,thenwe nd ahomotopy
by reversing time (playing the movie backwards), x,t tx.

10.4 EXAMPLE. Let M N be the punctur ed Euclidean spaceR" 0 and
let ¢ x X (identity map) and 1 X X X (normalization map). Then g
and 1 are homotopic. A homotopy is given for instanceby  x,t x x tor
by x,t 1 tx tx x . Either of these homotopies collapses punctur ed
Euclidean spaceonto the unit sphere about the origin by smoothly stretching or
shrinking eachvector until it haslength 1.
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10.5 ExaMPLE. A manifold M is said to be contractibleif there exists a point
Xo in M such that the constant map ¢ X Xg is homotopic to the identity map
X  X.Aspecic homotopy : M 0,1 M from gto 1 isacontractionof
M onto xq. (Perhaps “expansion” would be a more accurateterm, a “contraction”
being the result of replacing t with 1 t.) Example 10.3 shows that R" is con-
tractible onto the origin. (In factit is contractible onto any point xg. Can you write
acontraction of R" onto xp?) The sameformula shows that an open or closed balll
around the origin is contractible. We shall seein Theorem 10.19that punctur ed
n-spaceR" 0 is not contractible.

Homotopy of curves. If M isaninterval a b and N any manifold, then maps
from M to N are nothing but parametrized curvesin N. A homotopy of curves can
be visualized asa piece of string moving through the manifold N.

Homotopy of loops. A loopin a manifold N is a smooth map from the unit
circle St into N. This can be visualized as a thin rubber band sitting in N. A
homotopy of loops : St 0,1 N can be pictur ed as a rubber band oating
through N from time O until time 1.

10.6. EXAMPLE. Consider the two loops o, 1: St R? in the plane given
by ¢ x xand 1 X X (2) . A homotopy of loops is given by shifting

o to the right, ¢ x X %t . What if we regard ¢ and 1 asloops in the
punctur ed plane R? 0 ? Clearly the homotopy  does not work, becauseit
moves the loop through the forbidden point 0. (E.g.  x 0 for x (1) and

t 1 2)In fact, however you try to move gto ;you getstuck atthe origin, so
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it seemsintuitively clear that there exists no homotopy of loops from gto 1in
the punctur ed plane. This is indeed the case,aswe shall seein Example 10.13.

The homotopy formula. The product M 0,1 is often called the cylinder
with baseM. The two maps de ned by g X x,0 and ; X X,1 send M to
the bottom, resp.the top of the cylinder. A homotopy : M 0,1 M 0,1
betweenthesemapsis given by the identity map x,t x,t . (“Slide the bottom
to the top at speed1.”)

1

4/10'
0 »

»>

base cylinder

If M is an open subsetof R", ak 1-form on the cylinder canbe written as

é fi x,t dx, é_gJ X, t dtdxy,
[ J

with | running over multi-indices of degreek 1 and Jover multi-indices of de-
greek. (Herewe write the dt in front of the dx's becausethat is more convenient in
what follows.) The cylinderoperatorturns forms on the cylinder into forms on the
baselowering the degreeby 1,

k1M 01 kKM,
by taking the piece of involving dt and integrating it over the unit interval,

1
a gy X, t dt dx.
J 0

(In particular 0 for any that doesnot involve dt.) For a general manifold
M we canwrite ak 1-form on the cylinder as dt ,where and are
formson M 0,1 (of degreek 1 and krespectively) that do not involve dt. We
then de ne o dt.

The following result will enable us to compare pullbacks of forms under ho-
motopic maps. It can be regarded as an application of Stokes' theorem, but we
shall give a dir ect proof.

10.7. LEMMA (cylinder formula) . LetM beamanifold. Then ; 0 d
d forallk 1-forms onM 0,1. In short,
|1 o d d.

PrRoOOF. We write out the proof for an open subsetof R". The proof for ar-
bitrary manifolds is similar. It suf ces to consider two cases: f dx, and
g dt dx.
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Casel. If f dx,, then Oandd 0. Also
Tf o Tf Tf . .
d — dtdx — dx; dx — dtdx, terms not involving dt,
Tt I aI x I Tt I g
So
1
d d d ﬂ—f X, t dt dx

o Tt

fx,1 fx0 dx;, 1 0 -
Case2. If gdtdx, then 1 Oand

o 19 o Y9
d — dx; dt dx — dt dx; dx,
ai_ T[Xi i J al_ q i i J
S0
¢ 11g
d — x,t dt dx;dx,.
ial o fixi o
1
Also g x,t dt dxy so
0
d én al 1g x,t dt dx;dx; én " 19 Xt dt dx;dx,.
X o i1 0 Tx
Hence d d 0 0 - QED

Now suppose we have a pair of maps o and ; going from a manifold M
to amanifold N andthat : M 0,1 N is a homotopy between gand ;.

For x in M we have o X x,0 o X, in other words g 0-
Similarly 4 1. Hencefor any k  1-form on N we have o and
1 1 - Applying the cylinder formula to we seethat the pullbacks

o and , arerelatedin the following manner.

10.8 THEOREM (homotopy formula) . Let o, 1: M N besmoothmapsfrom
amanifoldM to amanifoldN andlet : M 0,1 N beahomotopyfrom gto 1.
Then 0 d d forallk 1-forms onN. In short,

1 o0 d d

In particular, if d Owe get 0 d

10.9 COROLLARY. If o, 1:' M N arehomotopianapsbetweermmanifoldsand
isaclosedormonN,then , and , differbyanexactform.

This implies that if the degreeof is equal to the dimension of M, , and
1 have the sameintegral.

10.10 THEOREM. Let M and N bemanifoldsandlet bea closedn-formon N,
wheren dim M. SupposeéM is compactndorientedandhasnoboundary Let g and
1 behomotopianapsfromM to N. Then

l .
M 0 M



118 10. APPLICATIONS TO TOPOLOGY

PrRooF. By Corollary 10.9, ; 0 d forann 1-form on M. Hence
by Stokes'theorem
d 0,
Mmoot 0 M m
becausefM is empty. QED

ALTERNATIVE PROOF. Hereis aproof basedon Stokes'theorem for the mani-
fold with boundary M 0,1 . The boundary of M 0,1 consistsof two copies
of M, namely M 1 and M 0 , the rst of which is counted with a plus
sign and the secondwith aminus. Therefore,if : M 0,1 N is a homotopy
between gand 4,

0 M 01 d |\/|o,1d M o1 mo L m 0

QED

If M is the circle St, N the punctur ed plane R? 0 and the angle form

ydx xdy x2 y2? of Example 3.8,then amap from M to N is aloop in N

and the integral of is2 times the winding number of the loop. Thus Theorem
10.10gives the following result.

10.11 COROLLARY. Homotopidoopsin R?> 0 havethe samewinding number
abouttheorigin.

10.12 ExaAMPLE. Unfolding the three self-intersections in the curve pictur ed
below does not affectits winding number.

AN

=

10.13 EXAMPLE. The two circles ¢ and ; of Example 10.6 have winding
number 1, resp. 0 and therefore are not homotopic (as loops in the punctur ed
plane).

10.3. Closed and exactforms re-examined

The homotopy formula throws light on our old problem of when aclosedform
is exact, which we looked into in Section2.3. The answer turns out to depend on
the “shape” of the manifold on which the forms are de ned. On some manifolds
all closedforms (of positive degree)are exact,on others this is true only in certain
degrees. Failure of exactnessis typically detected by integrating over a submani-
fold of the correctdimension and nding anonzero answer. In a certain senseall
obstructions to exactnessare of this nature. We shall not attempt to say the last
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word on this problem, but study afew representative special cases.The matter is
exploredin [Fla89] and at a more advanced level in [BT82].

O-forms. A closed O-form on a manifold is a smooth function f satisfying
df 0. This meansthat f is constant (on each connected component of M). If
this constant is nonzero, then f is not exact (becauseforms of degree 1 are by
de nition 0). Soa closed O0-form is never exact (unlessit is 0) for arather uninter -
esting reason.

1-forms and simple connectivity. Let usnow consider 1-forms on a manifold
M. Theorem 4.5 saysthat the integral of an exact 1-form along a loop is 0. With
a stronger assumption on the loop the sameis true for arbitrary closedl-forms. A
loop ¢: St M is null-homotopidf it is homotopic to a constantloop. The integral
of a 1-form along a constantloop is 0, sofrom Theorem 10.10(where we setthe M
of the theorem equal to S') we get the following.

10.14 PROPOSITION. Letc bea null-homotopicloopin M. Then 0 for all

closedorms onM.

c

A manifold is simply connectedf every loop in it is null-homotopic.
10.15 THEOREM. All closedl-formson asimply connecteananifoldare exact.

PROOF. Let beaclosed1-form and caloop in M. Then cis null-homotopic,
SO . 0 by Proposition 10.14.The result now follows from Theorem4.5. QED
10.16 EXAMPLE. The punctured plane R2 0 is not simply connected, be-
causeit possesses nonexactclosed 1-form. (SeeExample 4.6.) In contrast it canbe
proved that for n  3the sphere S” ! and punctur ed n-spaceR" 0 aresimply
connected. Intuitively , the reasonis that in two dimensions a loop that encloses
the punctur e at the origin cannot be crumpled up to a point without getting stuck
at the punctur e, whereasin higher dimensions there is enough room to slide any
loop away from the punctur e and then squeezeit to a point.

The Poincaré lemma. On a contractible manifold all closed forms of positive
degreeare exact.

10.17. THEOREM (Poincarélemma). All closeck-formson a contractiblemanifold
areexactfork 1.

PROOF. Let M beamanifold andlet : M 0,1 M be a contraction onto
apoint xgin M, i.e.asmooth map satisfying x,0 Xxpand x,1  xfor all x.
Let Dbeaclosedk-form on M with k 1. Then and 0, so putting

we get

d d . o d

Herewe usedthe homotopy formula, Theorem 10.8,and the assumption that d
0. Henced . QED

The proof provides us with a formula for the “antiderivative”, namely
, which can be made quite explicit in certain cases.
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10.18 EXAMPLE. Let M be R" and let  x,t tx be the radial contraction.
Let 4 g; dx; bea 1-form. Then

Qogtxdtx; Qg tx xdt tdx,
i i

SO 1
é Xi g tx dt.
; 0
|

According to the proof of the Poincarélemma, the function satises d pro-
vided that d 0. It is instructive to compare with the function f constructed
in the proof of Theorem 4.5. (SeeExercise 10.5.)

Another typical application of the Poincarélemma is showing that a manifold
is not contractible by exhibiting a closed form that is not exact. For example, the
puncturedplane R?2 0 is not contractible becauseit possesses:nonexactclosed
1-form, namely the angle form. (SeeExample 4.6.) The angle form generalizesto
ann 1-form on punctur ed n-spaceR" 0,

X dx
x n’

10.19 THEOREM. s aclosedbut non-exactn  1-form on punctured n-space.
Hencepuncturedn-spaces not contractible.

PrROOF. d 0 follows from Exercise2.1(ii). Then 1-sphereM S" lhas

unit normal vector eld x, soby Corollary 8.150n M we have , the volume
form. Hence , vol M 0. On the other hand, suppose was exact, d
forann 1-form . Then
d 0
M M ™M

by Stokes'theorem, Theorem 9.8. This is a contradiction, so is not exact. It now
follows from the Poincarélemma, Theorem 10.17 that R" 0 is not contractible.
QED

Using the sameform , but restricting it to the unit sphere S 1, we seethat
S" lis not contractible. But how about forms of degreenot equalto n  1? With-
out proof we state the following fact.

10.20 THEOREM. On R" 0 andon S" ! everyclosedorm of degeek 1,
n 1lisexact.

For a compact oriented hypersurface without boundary M contained in in
R" 0 theintegral

1 X dx
vol, 1S"1 m xnN

is the winding numberof M about the origin. It generalizes the winding number
of aclosedcurve in R 0 around the origin. It can be shown that the winding
number in any dimension is always an integer. It provides a measure of how
many times the hypersurface wraps around the origin. For instance, the proof
of Theorem 10.19shows that the winding number of the n  1-sphere about the
origin is 1.
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Contractibility versus simple connectivity . Theorems 10.15and 10.17 sug-

gest that the notions of contractibility and simple connectivity are not indepen-
dent.

10.21 PrROPOSITION. A contractiblemanifoldis simply connected.

PROOF. Usea contraction to collapse any loop onto a point.

Formally,letc;: St M bealoop, : M 0,1 M acontraction of M onto Xg.
Put c st c1 S,t . Then cis a homotopy between c; and the constant loop
Cot c1 S,0  Xgpositioned at Xg. QED

As mentioned in Example 10.16,the sphere S” 1 and punctur ed n-spaceR"
0 aresimply connectedfor n 3, although it follows from Theorem 10.19that
they are not contractible. Thus simple connectivity is weaker than contractibility .

The Poincaré conjecture. Not long after inventing the fundamental group
Poincaré posed the following question. Let M be a compact three-dimensional
manifold without boundary. Suppose M is simply connected. Is M homeomor-
phic to the three-dimensional sphere? (This means: does there exist a bijective
map M S3 which is continuous and has a continuous inverse?) This question
became(inaccurately) known asthe Poincaréonjectue It is famously dif cult and
was the forcethat drove many of the developments in twentieth-century topology.
It hasan n-dimensional analogue, called the generalizedPoincaré conjecture, which
askswhether every compact n-dimensional manifold without boundary which is
homotopy equivalent to S" is homeomorphic to S". We cannot here go into this
fascinating problem in any serious way, other than to report that it has now been
completely solved. Strangely, the casen 5 of the generalized Poincaré conjec-
tur e conjecture was the easiestand was con rmed by S.Smalein 1960. The case
n 4was done by M. Freedmanin 1982.The casen 3, the original version of
the conjecture,turned out to be the hardest, but was nally conrmed by G. Perel-
man in 2002-03.For a discussion and references seethe paper TowardsthePoincaré
conjectue and the classi cation of 3-manifoldsby J. Milnor , which appeared in the
November 2003issue of the Notices of the American Mathematical Society and
canbereadonline at
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Exercises

10.1 Write a formula for the map  guring in the proof of Brouwer's xed point
theorem and prove that it is smooth.

10.2 Let xg be any point in R". By analogy with the radial contraction onto the origin,
write a formula for radial contraction onto the point xo. Deduce that any open or closed
ball centred at Xg is contractible.

10.3 A subset M of R" is star-shapedelative to a point x M if for all x M the
straight line segment joining xg to x is entirely contained in M. Show that if M is star-
shaped relative to xg, then it is contractible onto xg. Give an example of a contractible set
that is not star-shaped.

10.4 A subsetM of R" is convexif for all x and 'y in M the straight line segmentjoining
xtoy is entirely contained in M. Prove the following assertions.
(i) M is convexif and only if it is star-shaped relative to eachof its points. Give an
example of a star-shaped setthat is not convex.
(i) Theclosedball B ",x of radius " centred at x is convex.
(iii) Samefor the openball B ", x .

10.5 Letx R" and let ¢ be the straight line connecting the origin to x. Let bea
1-form on R" and let bethe function de ned in Example 10.18.Show that X o

10.6 Let bethe k-form fdx; fdx;dx;, dx,onR"andlet :R" 0,1 R"
bethe radial contraction x,t tx. Verify that
k

o

1
a 1m1 faxth Tdt x dxi, dx, dx  dx,,
0

m 1
and checkdir ectly that d d fork 1.
10.7. Let fdxdy gdzdx hdydz bea2-form on R® and let  x,y,zt

t x,y,z bethe radial contraction of R® onto the origin. Verify that

1 1
f tx,ty,tz tdt xdy ydx g tx,ty,tz tdt zdx xdz
0 0

1
h tx,ty,tztdt ydz zdy.
0

10.8 Let 4, f; dx, be a closedk-form whose coefcients f| are smooth functions
de ned onR" 0 that are all homogeneous of the samedegree p k. Let
L2 & 1! fdgdq, o d
p—kal. Ia Xj, Ty ax;, dxj, X;, Xi-
1
Showthat d . (Used 0 and apply the identity proved in ExerciseB.5to each f|; see

also Exercise2.7.)

10.9 Let M and N be manifolds and o, 1: M N homotopic maps. Show that

c 0 ¢ 1 forall closedk-chainscin M and all closed k-forms on N.

10.1Q Prove that any two maps ¢ and 1 from M to N are homotopic if M or N is
contractible. (First show that every map M N is homotopic to a constantmap X

yO-)

10.11 Let xp 2,0 and let M be the twice-punctur ed plane RZ  0,%g . Let ¢y, ¢y,
c3: 0,2 M be the loops de ned by c; t cost,sint ,cp t 2 cost,sint and
c3t 1 2cost,2sint . Show that cg, ¢, and c3 are not homotopic. (Construct a 1-form

on M suchthat the integrals o , ., and . aredistinct)
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10.12 A function g: R Ris2 -periodicif g x 2 g x for all x.
(i) Letg: R R be a smooth 2 -periodic function and let gdt, wheretis

(ii)

the coordinate on R. Prove that there is a unique number k such that kdt

dh for some smooth 2 -periodic function h. (To nd k, integrate the equation
kdt dhover 0,2 . Then checkthat this value of k works.)

Let beany 1-form on the unit circle St and let be the element of arc length

of SI. (You canthink of asthe restriction to S! of the angle form.) Prove that

there is a unique number k such that k is exact. (Use the parametrization

ct cost,sint and apply the result of part (i).)






APPENDIX A

Setsand functions

A.l. Glossary

We start with alist of set-theoretical notations that are frequently used in the
text. Let X and Y be sets.

X X: xis anelement of X.

a, b, c : the setcontaining the elementsa, band c.

X Y: Xisasubsetof Y, i.e. every element of X is an elementof Y.

X Y: the intersection of X and Y. This is de ned asthe setof all x such
that x X andx Y.

X Y: the union of X and Y. This is de ned asthe setof all x such that
X Xorx Y.

X Y: the complement of Y in X. This is de ned asthe setof x in X such
that x isnot in Y.

X Y: the Cartesian product of X and Y. This is by de nition the set of
all ordered pairs x,y with x X andy Y. Examples: R R is
the Euclidean plane, usually written R%; S! 0,1 is acylinder wall of
height 1; S  Slis atorus.

st 01 st 4

x X Px :thesetofall x X which have the property P x . Exam-
ples:

x R 1 x is the interval 1,3,

3
x x Xandx Y istheintersection X Y,
X X Xorx Y istheunion X Y,
Y

X X X is the complement X Y.

f: X Y: fisafunction (alsocalled a map) from X to Y. This meansthat
f assignsto eachx X aunique element f x Y. The setX is called
the domainor souiceof f, and Y is called the codomairor targetof f.

125
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f A : theimage of a A under the map f. If A is asubsetof X, then its image
under f is by de nition the set

fA y Y y fx forsomex A

f 1 B : the preimage of B under the map f. If Bis a subsetof Y, this is by
de nition the set

f1lB x X fx B.

(This is a somewhat confusing notation. It is notmeant to imply that f is
required to have aninverse.)
f 1 c: anabbreviation for f 1 ¢ ,ie.theset x X fx c .This
is often called the breor levelsetof f at c.
f A: therestriction of f to A. If A isasubsetof X, f A isthe function de ned
by
f x if x A,
notdened ifx A.

fA

In other words, f A is equal to f on A, but “for gets” the values of f at
points outside A.

g f: thecomposition of fandg.If f: X Yandg:Y  Z arefunctions,
theng f: X Zisdened by g f x g f x . We often say that
the function g f is obtained by “substituting y f x intogy ".

A function f: X  Yisinjectiveor one-to-onéf x; X, implies f x; f x5 .
(Equivalently, f is injective if f x; f xo implies x;  xy.) It is called surjective

or ontoif f X Y,ie.if y Ytheny f x for somex  X. It is called
bijectiveif it is both injective and surjective. The function f is bijective if and only
if it has a two-sided inverse f 1:Y X satisfying f 1 f x xforall x X

andf f 1y yforally Y.

If X isa nite setand f: X R areal-valued function, the sum of all the
numbers f x , where x rangesthrough X, is denoted by &, x f x . ThesetX is
called the index set for the sum. This notation is often abbreviated or abused in
various ways. For instance, if X is the collection 1,2,...,n ,one usesthe familiar
notation &' ; f i . In thesenotes we will often deal with indices which are pairs
or k-tuples of integers, also known as multi-indices As a simple example, let n be
a xed nonnegative integer, let X be the setof all pairs of integers i, satisfying
0O i j n,andletfi,j i j.Forn 3we candisplay X and f in atableau
asfollows.
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Thesum &, x f x of all thesenumbers is written as
o . .
a U
0ijn
You will be askedto evaluate it explicitly in ExerciseA.2.

A.2. General topology of Euclidean space

Let x be a point in Euclidean spaceR". The openball of radius " about a point
x is the collection of all points y whose distance to x is lessthan ",

n

B "X y R" y x

/
Lo
\ /
A subsetO of R" is openif for every x O thereexistsan"” OsuchthatB ", x

is contained in O. Intuitively this meansthat at every point in O thereis alittle bit
of room inside O to move around in any dir ection you like. An openneighbouhood
of X is any open setcontaining x.

A subset C of R" is closedf its complement R" C is open. This de nition
is equivalent to the following: C is closed if and only if for every sequence of
points Xy, X2,..., Xn, ... that convergesto a point x in R", the limit x is contained
in C. Loosely speaking, closed means “closed under taking limits”. An example
of a closed setis the closeddall of radius " about a point x, which is de ned asthe
collection of all points y whose distance to x is lessthan or equal to ",

"

B " x y R" y x

Closed is not the opposite of open! There exist lots of subsetsof R" that are
neither open nor closed, for example the interval 0,1 in R. (On the other hand,
there are not somany subsetsthat are both open and closed, namely just the empty
setand R" itself.)

A subset A of R" is boundedif there exists some R 0 such that x R
for all xin A. (That is, A is contained in the ball B R,0 for somevalue of R.) A
compacsubsetof R" is one that is both closed and bounded. The importance of the
notion of compactness,asfar asthese notes are concerned, is that the integral of
acontinuous function over a compact subsetof R" is always a well-de ned, nite
number.

Exercises

A.1. Parts (iii) and (iv) of this problem require the use of an atlas (or the Web; seee.g.
). Let X bethe surface of the earth, let Y be the real line and let
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f: X Y bethe function which assignsto eachx X its geographical latitude measured
in degrees.
(i) Find f X .

(i) Findf T0,f 190,f 1 90.

(iii) Let A bethe contiguous United States.Find f A . Round the numbers to whole
degrees.

(iv) LetB f A ,where A is asin part (ii). Find (a) a country other than A that
is contained in f 1 B ; (b) acountry that intersects f 1 B but is not contained
in f 1 B ;and (c)acountry in the northern hemisphere that does not intersect
f1B.

A2. LetSn &0 i j ni | .Provethe following assertions.

() SO OandSn 1 Sn 3n 1 n 2.
(i) Sn %nn 1 n 2. (Useinduction onn.)

A.3. Prove that the open ball B ",x is open. (This is not a tautology! State your
reasonsasprecisely asyou can, using the de nition of opennessstated in the text. You will
needthe triangle inequality y x y z zZ X.)

A.4. Provethat the closedball is B “,x is closed. (Samecomments asfor ExerciseA.3.)
A.5. Show that the two de nitions of closednessgiven in the text are equivalent.

A.6. Complete the following table. Here S” 1 denotesthe unit sphere about the origin
in R", that is the setof vectors of length 1.

closed? bounded? compact?

3,5 yes yes yes
3,5
3
3
B ", x
B ", x
gh 1
xy-plane in R®
unit cube 0,1 "




APPENDIX B

Calculus review

This appendix is a brief review of some single- and multi-variable calculus
neededin the study of manifolds. Referencesfor this material are[Edw94], [HHO02]
and [MTO3].

B.1. The fundamental theorem of calculus

Supposethat F is a dif ferentiable function of a single variable x and that the
derivative f F is continuous. Let a b bean interval contained in the domain
of F. The fundamental theorem of calculus saysthat

b
ftdd Fb Fa. (B.1)

a

There aretwo useful alternative ways of writing this theorem. Replacing b with x
and dif ferentiating with respectto x we nd

dXfd f 2
&att X . (B.2)

Writing ginstead of Fand g instead of f and adding g a to both sidesin formula
(B.1)we get

X
g X ga gt dt. (B.3)
a

Formulas (B.1)-(B.3) are equivalent, but they emphasize dif ferent aspectsof the
fundamental theorem of calculus. Formula (B.1)is aformula for ade nite integral:
it tells you how to nd the (signed) surface areabetween the graph of the function
f and the x-axis. Formula (B.2) saysthat the integral of a continuous function is
a dif ferentiable function of the upper limit; and the derivative is the integrand.
Formula (B.3)is an “integral formula”, which expressesthe function gin terms of
the value g a and the derivative g . (SeeExerciseB.1for an application.)

B.2. Derivatives

Let 1, 2,..., mbefunctions of nvariables x1, X5, ..., Xn. As usual we write
X1 1 X
X2 2 X
X 1 X 1
Xn m X

andview x asasingle map from R" to R™. (In calculus the word “map” is often
used for vector-valued functions, while the word “function” is generally reserved

129
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for real-valued functions.) We say that is continuouslydifferentiableif the partial
derivatives

Tig im 22 he, X (B.4)
1% h o h '
are well-de ned and continuous functions of x for all i 1,2,...,nand j 1,
2,...,m. Here
1 0 0
0 1 0
0 0 0
€1 i , €2 . yoeey  ©n
0 0 0
0 0 1

are the standard basis vectors of R". The (total) derivativeor Jacobimatrix of  at x
isthenthe m n-matrix

T[Tl X e m X
D x :

Im Im

X, X - =n X

If v is any vector in R", the directionalderivativeof along v is de ned to be the
vector D x vin R™, obtained by multiplying the matrix D x by the vector v.

Forn 1 isavector-valued function of one variable x, often called a path
or (parametrizedcurvein R™. In this casethe matrix D x consists of a single
column vector, called the velocityvector and is usually denoted simply by  x .

Form 1 is ascalarvalued function of n variablesand D x is asingle
row vector. The transpose matrix of D x is therefore a column vector, usually
called the gradientof

D x' grad x.

The dir ectional derivative of along v can then be written asan inner product,
D xv grad x v. Thereis animportant characterization of the gradient,
which is basedon the identity a b a b cos .Here0 is the angle
subtended by aand b. If v is a unit vector ( v 1), then

D xv grad x v grad x cos ,

where is the angle betweengrad x andv. SoD x v takeson its maximal
value if cos 1, i.e. 0. This meansthat v points in the same dir ection as
grad x . Thus the directionof the vector grad x is the direction of steepest
ascenti.e. in which  increasesfastest, and the magnitudeof grad x is equal
to the directional derivative D x v, where v is the unit vector pointing along
grad Xx.

Frequently a function is not de ned on all of R", but only on a subsetU. We
must be a little careful in de ning the derivative of such afunction. Let us assume
that U is an openset. Let : U R™ be a function dened on U and let x U.
BecauseU is open, there exists ” 0 such that the points x te; are contained
inUfor " 't " Therefore ; x te; iswell-dened for " t "and
thus it makes senseto ask whether the partial derivatives (B.4) exist. If they do,
for all x U and all i and j, and if they are continuous, the function is called
continuouslydifferentiableor C1.
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If the second partial derivatives
17 .
1% Xk
existand are continuous for all x U andforalli 1,2,...,nandj,k 1,2,...,

m, then is called twice continuously differentiableor C2. Likewise, if all r-fold
partial derivatives

T

— X

xj, T, Txj,
exist and are continuous, then is r timescontinuouslydifferentiableor C". If is C'
forallr 1,then we saythat isin nitely manytimesdifferentiable C , or smooth
This meansthat canbe dif ferentiated arbitrarily many times with respectto any
of the variables.

Let us now review some of the most important facts concerning derivatives.

B.3. The chain rule

Recallthat if A, Band C aresetsand : A Band :B C are functions,

we canapply after to obtain the composite function X X
B.1. THEOREM (chainrule). LetU R"andV R™beopenandlet :U V
and :V  RXbeC'. Then isC" and
‘ D X D x D x
forallx U.
Here D x D x denotesthe composition or the product of the two ma-
trices D x andD x.

B.2. EXAMPLE. In the one-variablecasen m k 1thederivatives D and
D arel 1-matrices X and y ,and matrix multiplication is ordinary
multiplication, sowe get the usual chain rule

X X X .
B.3. ExamMPLE. If n k 1,then is areal-valued function of one vari-
ablex,soD isal 1-matrix containing the single entry . Mor eover,
93 x
D x : and D vy 1']"—y1 y ... %—m y
o X
so by the chain rule
d a1 d
— X D x D X — X — X. B.5
dx ial 1vi dx (B-5)

This is perhaps the most important special caseof the chain rule. Sometimeswe
are sloppy and abbreviate this identity to
d & T d
T AWy o
i1 i
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An even sloppier, but neverthelessquite common, notation is

d 390 d
a2y
i1 Wi
In thesenoteswe frequently usethe so-called “pullback” notation. Instead of
we often write , sothat X stands for X . Similarly, T Ty x
standsfor § 9fy; X . In this notation we have
d 3 T d;
—_— — —. B.6
dx ial Tyi dx (8.6)

B.4. The implicit function theorem

Let :W R™beacontinuously differentiable function de ned on an open
subsetW of R" ™. Let us think of avector in R" ™ asan ordered pair of vectors
u,v with u R"andv R™. Consider the equation

u,v 0.

Under what circumstancesis it possible to solve for v as a function of u? The
answer is given by the implicit function theorem. We form the Jacobimatrices of
with respectto the u- and v-variables separately,

bl 14 bl I
fup " un Tvi 7 vm
Dy s .. Dy ; ;
Im Im Im ITm
fugr " fun vi 7 vm

Observe that the matrix Dy is square. We are in businessif we have a point
Ug,vVp atwhich isOand Dy isinvertible.

B.4. THEOREM (implicit function theorem). Let : W R™ beC', where W
is openin R" M. Supposéhat ug, Vg W is a point suchthat ug,Vvg 0 and
Dy ug,vg Iis invertible. Then there are openneighbouhoodsU R" of ug and
V R™ of vg suchthat for eachu U there existsa unique v fu V satis-
fying wu,fu 0. Thefunction f: U V is C" with derivativegiven by implicit
differentiation:

Df u Dy uv Dy uyv .

forallu U.

This is well-known form n 1,when isafunction of two realvariables
u,v.Iff qv  Oatacertain point ug, Vg ,then for u closeto ug and v closeto
Vo we cansolve the equation u,v  Ofor vasafunction v f u of u,and

T Tu
T W

Now let ustake to beoftheform u,v gv u,whereg:W R"isa
given function with W openin R". Solving u,v 0 here amounts to inverting
the function g. Moreover, Dy Dg, sothe implicit function theorem yields the
following result.
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B.5. THEOREM (inverse function theorem). Letg: W R" be continuously
differentiable whereW is openin R". Supposehatvy W is apoint suchthat Dg vg
is invertible. Thenthereis an openneighbouhoodU R" of vg suchthatg U is an
openneighbouhoodof g vg andthe function g: U g U isinvertible. Theinverse
g 1V U iscontinuouslydifferentiablewith derivativegivenby

1
v glu

Dg 'u Dgv

forallv V.

Again let us spell out the one-variable casen 1. Invertibility of Dg vg
simply meansthat g vg 0. This implies that near vg the function g is strictly
monotone increasing (if g vg 0) or decreasing (if g vq 0). Thereforeif 1 is
a suf ciently small open interval around ug, then g | is an open interval around
g ug and the restricted function g: | g | isinvertible. The inverse function
has derivative

withv g tu.

B.6. EXAMPLE (squareroots). Letg v v2. Theng vq 0 whenever vg

0. Forvg 0 we cantake | 0, .Thengl 00 ,glu u, and
gl u 1 2 u.Forvg Owe cantake | ,0.Theng | o, ,
glu u,and g1 u 1 2 u. In aneighbourhood of 0t is not

possible to invert g.

B.5. The substitution formula for integrals

Let V be an open subsetof R" and let f: V R be a function. Supposewe
want to changethe variables in the integral , f y dy. (This is shorthand for an
n-fold integral over yi, yo,..., ¥n.) This means we substitute y p X , where
p: U Visamap fromanopenU R"to V. Under asuitable hypothesis we
can changethe integral over y to an integral over x.

B.7. THEOREM (changeof variables formula) . LetU andV beopensubset®fR"
andlet p: U V beamap. Supposeéhat p is bijectiveand that p andits inverseare
continuouslydifferentiable.Thenfor any integrablefunction f wehave

fydy f px detDpx dx
% u

Again this should look familiar from one-variable calculus: if p: ab c,d
is C! and hasa C! inverse, then

df q abf pXx p x dx if pisincreasing,
c y o abf px p x dx if pisdecreasing

This can be written succinctly as Cdf y dy abf px p x dx, which looks
more similar to the multidimensional case.
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Exercises

B.1L Letg: ab R beaC" lfunction, wheren 0. Supposea x band put
h x a

(i) By changing variables in the fundamental theorem of calculus (B.3) show that

1
g X ga h g a thdt
0

(i) Show that
1
gx ga ht 1gathéh2 1 tg a thdt
0

1
ga hga h®> 1 tg a thdt.
0

(Integrate the formula in part (i) by parts and don't forgetto usethe chain rule.)

(iii) By induction on n deduce from part (i) that
n k n 1l 1
gx /L 3p h 1 t"g" ! a thdt.
Ko k! nl o

This is Taylor's formulawith integralremaindeterm.

B.2. Letx and v be constantvectorsin R". Dene ct X tv.Findc t.

. X tv X
m-————-
0 t

B.4. According to Newton's law of gravitation, a particle of mass m; placed at the
origin in R3 exertsa forceon a particle of massmy placedatx R3 0 equalto
Gmymy
x 3

B.3. Deduce from the chainrulethatD x v It

F

where G is a constant of nature. Show that F is the gradient of f x Gmimy X .

B.5. A function f: R" 0 R is homogeneousf degree p if f tx tPf x for all
x RN 0 andt 0. Herepisarealconstant.

(i) Show that the functions f x,y X2 xy x2 y?2, fxy X3 y3,

f XY,z x2z8  3x%2z2 2 arehomogeneous. What are their degrees?
(ii) Assume that f is de ned at O and continuous everywhere. Show that p 0.
Show that f is constantif p 0.
(i) Show that if f is homogeneous of degree p and smooth, then
g 9f
ialx, ™ X pf x .
(Dif ferentiate the relation f tx  tPf x with respecttot.)

B.6. Dene afunction f:R Rbyf 0O Oandf x e 1¥forx 0.
(i) Showthat f is differentiableatOandthat f 0 0.
(i) Show that f is smooth andthat f " 0  Ofor all n.

(iii) Plot the function f over theinterval 5 x 5. Using software or a graphing
calculator is ne, but pay special attention to the behaviour nearx 0.

B.7. Dene amap fromR" 1to R" by
1 2

() Showthat t lieson the unit sphere S" 1 about the origin.
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(i) Show that t is the intersection point of the sphere and the line through the
points ep and t. (Herewe regard t ty,to,...,tn 1 asapoint in R" by identi-
fylng it with t1,to, ..., th 1,0 )

(i) Compute D t .

(iv) Let X be the sphere punctur ed at the “north pole”, X sh1 en . Stero-
graphicprojectionfrom the north poleis the map : X R" lgiven by x

Xn 1 1X9,%X2,...,%Xp 1 .Showthat isatwo-sided inverse of

(v) Draw diagrams illustrating the maps and forn 2andn 3.

(vi) Now let y be any point on the sphere and let P the hyperplane which passes
through the origin and is perpendicular to y. The sterographigrojectionfromy
of any point x in the sphere distinct from y is de ned as the unique intersec-
tion point of the line joining y to x and the hyperplane P. This de nes a map

sn 1oy P. The point y is called the centr of the projection. Write a
formula for the stereographic projection from the south pole e, and for its
inverse :R" 1 g0 1

B.8. Amap :R" RMis called evenif X x forall xin R". Find D 0 if
is evenand CL.

B.9. Let ag, a1, ap, ..., a, be vectorsin R". A linear combination ai' (Ga; is convexif
al' oG 1. The simplex spanned by the g;'s is the collection of all their convex linear
combinations,

g g
aca ac 1

i 0 i 0
The standardsimplexin R" is the simplex spanned by the vectors 0, eq, €5,. .., en.
(i) Forn 1,2,3draw pictur esof the standard n-simplex aswell asa nonstandard

n-simplex.
(i) Thevolumeof aregion Rin R"isdened as dx;dx,  dx,. Show that
R

1
vol — detA ,
n!

where A is the n  n-matrix with columns a; ag,a ag,...,an ag. (First
compute the volume of the standard simplex by repeatedintegration. Then map

to the standard simplex by an appropriate substitution and apply the substi-
tution formula for integrals.)

The following two calculus problems are not review problems, but the results are
neededin Chapter 9.

B.10. Forx 0Odene
X e 't* ldt
0
and prove the following assertions.
@ x 1 x x forallx O.
@i) n n 1 !for positive integers n.
w2 a 1 a 1
d - — .
(iii) o e " u®du 5 5
B.11 Calculate n % (where isthe function de ned in ExerciseB.10)by establish-

ing the following identities. For brevity write % .
[0 e Sds.

i) 2 e ¥ Y dxdy.
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2
(i) 2 re “drd .
0 o0
(iv) .
1 135 _
(v) n > on forn 1.
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The Greek alphabet

upper case lower case name

A alpha
B beta
gamma
delta
E " epsilon
Z zeta
H eta
# theta
| iota
K kappa
lambda
M mu
N nu
Xi
(@] o] omicron
, pi
P rho
sigma
T tau
upsilon
v phi
X chi
psi

! omega
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Notation Index

, Hodge star operator, 24
relativistic, 29
0,1k, unit cubein R¥, 58
, orientation de ned by abasis ,94
, Euclidean inner product (dot product), 8
, composition of maps, 37,126,131
, integral of aform
over achain, 57
over a manifold, 106
,integral of aform over a chain, 47
, Euclidean norm (length), 8
, tensor multiplication, 89
TET' partial derivative, 130
, orthogonal complement, 74
, exterior multiplication, 17,85

AT, transpose of amatrix A, 35
AKXV, setof alternating k-multilinear functions
onV,85
A , permutation matrix, 43
Ay 3 1, Jsubmatrix of A, 42
,Hodge starof ,24
relativistic, 29
m . integral of over amanifold M, 106
¢ .integral of over achainc, 47,57
Alt ,alternating form associatedto , 90

B ",x ,closedball in R", 127
B ",x ,openballin R", 127
, orientation de ned by abasis ,94

C', r times continuously dif ferentiable, 131
curl, curl of avector eld, 27

D ,Jacobimatrix of
1, boundary
of achain, 59
of a manifold, 103
d, exterior derivative, 20
, Laplacian of a function, 28
1,3 Kronecker delta, 86
i.j» Kronecker delta, 51
det A, determinant of amatrix A, 31
div, diver genceof avector eld, 26

, 130
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dx, in nitesimal hypersurface, 26
dx, in nitesimal displacement, 25
dxy, short for dx;, dx;,  dx;, 17
dx;, covector (“in nitesimal increment”), 17,
83
dx;, omit dx;, 18

e, i-th standard basisvector of R", 130
f A, restriction of f to A, 126

g f,composition of f and g, 37,126,131
, Gamma function, 110,135

grad, gradient of a function, 26

graph, graph of afunction, 68

H", upper halfspacein R", 103

I, multi-index
ing), 17

int M, interior of a manifold with boundary,
103

i1,12,...,ik (usually increas-

ker A, kernel (nullspace) of amatrix A, 73
I, length of a permutation , 34
M, volume form of a manifold M, 96

% » binomial coefcient, 19,23
n, unit normal vector eld, 95
nullity A, dimension of the kernel of A, 73

O n , orthogonal group, 76
kK'M , vector spaceof k-forms on M, 19,82

, pullback
of aform, 37,88
of afunction, 37,132

R", Euclidean n-space,1
rank A, dimension of the column spaceof A,
73

S", unit sphere about the origin in R" 1, 8,64
Sn, permutation group, 33
sign ,sign of a permutation , 34
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SL n , speciallinear group, 78
TxM, tangent spaceto M atx, 8,69,73,74

V , dual of avector spaceV, 83

VK, k-fold Cartesian product of a vector space
V, 85

voly, n-dimensional Euclidean volume, 91

X , Euclidean norm (length) of a vector x, 8
X 'y, Euclidean inner product (dot product) of
vectorsxandy, 8
xT, transpose of a vector x, 1
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Page numbers in boldface refer to de nitions or theorems; italic
page numbers refer to examples or applications. In a few cases

italic boldface is in order.

afne space,7,8,73
alternating
algebra, 82
multilinear function, 32,85, 87-90
property, 18,19,21
Amper e, André Marie (1775-1836)29
Ampere's Law, 29
angle
form, 23, 36,47,51,64,118,120,123
function along a curve, 52-53
anticommutativity , 18
antisymmetric
matrix, 78
multilinear function, seealternating multi-
linear function
arc length, 89,96,101,107
Ar chimedes of Syracuse(287-212BC), 3, 109
Archimedes' Law, 109
atlas, 67,69, 82
average of a function, 107

ball, seeclosed ball, open ball
barycentre, 107
bilinear, 85,89
block, 31,42,91, 93,96

rectangular, seerectangular block
Bonnet, Pierre (1819-1892)137
boundary

of achain, 60, 62-65

of a manifold, 2-7, 103 104-111118
bounded, 47,106,127
Brouwer, Luitzen Egbertus Jan(1881-1966)113,

122

Brouwer's xed point theorem, 113,122

Cartan, Elie (1869-1951)17

Cartesian product, 10, 85,116,125
Cartesius, Renatus, seeDescartes,René
centroid, 107

chain, 59, 60-65

chart, 67, 69,72
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circle, 9, 47, 48,51-53,55, 62, 64, 72,115,118,
123
closed
ball, 8,105,106,110,115,122,127
chain, 62, 64, 122
curve, 1, 50, 53,62
form, 22, 27-29 40, 51, 54,55, 117-123
set, 4, 36,47,84,103,106,107,127, 128
codimension, 69, 73,74,105
cohomology, 137
column
operation, 32, 42
vector, 1, 31,45,69,83,89,92,130
compact, 57,106-110117,120,127
complementary, 24
con guration space,9, 14
connected component, 12, 119
conservative, 49, 108,109
constant form, 19, 28,83
continuously dif ferentiable, 130
contractible, 115 119-122
contraction, 115 120 121-122
contravariance, 38
convex, 122
linear combination, 135
coordinate map, seechart
covariant vector, seecovector
covector, 83, 84, 85,89, 90
eld, 83
Coxeter, Harold ScottMacDonald (1907-2003),
43
Coxeter relations, 43
critical point, 79
cross-cap,7
cubein an open set, 59, 60-62,64—65
curl, 27, 29,65,109
curvature, 17
curve, 1, 69
cycle, 62, 64
cylinder
formula, 116
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with baseM, 116

d'Alembert, JeanLe Rond (1717-1783)29
d'Alembertian, 29
de Rham, Georges(1903-1990)137
degeneratechain, 61, 64
degree

of aform, 17

of ahomogeneousfunction, 134

of amulti-index, 17
degreesof freedom, 9, 14
Descartes,René(1596-1650)10, 85,125
determinant, 31, 32-35,40-42,43, 78, 85, 86,

91-94

dif ferential

equation, 15

form, sedform
dimension, 1-11, 69
Dirichlet, Lejeune (1805-1859)110
Dirichlet integral, 110
disconnected, 12, 108
diver gence, 26, 29, 65,108,109
domain, 106 108,109

of afunction, 125
dot product, seenner product
dual

basis, 84, 86,87,89

vector, seecovector

space,83

electromagnetic wave, 29
electromagnetism, 29
element
of arc length, 89, 96, 101,123
of surface area, 96
embedding, 67, 68, 70,71, 77-78 81,88,96-98,
100,101,103,104, 106,107
Euclid of Alexandria (ca.325-265BC), 1, 67,
69,91,110,114,125,127
Euclidean
motion, 91
plane, 125
space,l1, 67,69,110,114,127
volume, 91
" ,109
even
map, 135
permutation, 34, 43
exactform, 22, 28,49-52,64, 117-120123
exterior
algebra, 82
derivative, 20, 21,25,27, 60,63
on amanifold, 82
dif ferential calculus, 17
product, seeproduct of forms

Faraday, Michael (1791-1867)29
Faraday's Law, 29
br e, sedevel set

INDEX

xed point, 113
ux, 26,99,108,109
form
asavector-eating animal, 88
closed, seeclosed form
exact, seeexactform
on amanifold, 82, 88
on Euclidean space,17, 18-30,88
volume, seevolume form
freespace,29
Freedman, Michael (1951-),121
function, 125 130
functional, seecovector
fundamental theorem of calculus, 27, 47, 49,
52,64,129 134
in R", 49, 63,108

Gamma function, 110-111135

GaulR, Carl Friedrich (1777-1855)y, 29,63, 65,
95,108,137

Gaull map, 95

Gaul' Law, 29

graded commutativity , 18,19

gradient, 26,28,49,65,74-79,96,100,101,108,
110,130

Gram, Jorgen (1850-1916)92

Gram-Schmidt process,92

graph, 68, 70,73,97,100,103,129

Gralimann, Hermann (1809-1877)82

gravitation, 54,134

Greekalphabet, 139

Green,George (1793-1841)y, 63,65,110

Green'stheorem, 65,110

halfspace, 103
Hodge, William (1903-1975)23, 25,28,29, 38
Hodge star operator, 23, 25, 28, 38, seealsorel-
ativity

homogeneousfunction, 28,78,122,134
homotopy, 114

formula, 117

of curves, 115

of loops, 115,119,121
hypersurface, 26,69, 95-101,106,108,120

increasing multi-index, 19, 24, 28, 41, 86, 87,
seealsocomplementary
index of avector eld, 55
inner product, 8, 84,85,98,130
of forms, 28
integrability condition, 22
integral
of a 1-form over acurve, 47, 48,49,51
of aform
over achain, 57, 58-59,63-65,106
over a manifold, 106 107, 108,117,119,
120,122
inversion, 34
inwar d pointing, 106



k-chain, seechain

k-cube, seecube

k-form, sedorm

k-multilinear function, seamultilinear function
Klein, Felix (1849-1925)5

Klein bottle, 5

Kronecker, Leopold (1823-1891)51
Kronecker delta, 51

Laplace, Pierre-Simon (1749-1827)28
Laplacian, 28
Leibniz, Gottfried Wilhelm von (1646-1716)20,
21,40

Leibniz rule

for forms, 21, 40

for functions, 20
length

of apermutation, 34, 42-43

of avector, 8, 76,79,95,106,114,128
level

curve, 74

hypersurface, 74

set, 73,126

surface, 74
lightlike, 29
line segment, 91
local representative, 82, 88,89, 96
Lotka, Alfr ed (1880-1949)15,78
Lotka-Volterra model, 15, 78

manifold, 1-15 69, 70-79

abstract, 9-13,69

given explicitly , 9,72

given implicitly , 7,72

with boundary, 2—7, 103 104-111118
map, 125 130
Maxwell, JamesClerk (1831-1879)29
mean of afunction, 107
measurable set, 36
Milnor , John(1931-),121
minimum, 75
Minkowski, Hermann (1864-1909)29
Minkowski

inner product, 29

space,29
Mobius, August (1790-1868)4, 105
Mobius band, 4,105
multi-index, 17, 126, seealsoincreasing multi-

index

multilinear

algebra, 17

function, 85,89

n-manifold, seemanifold

naturality of pullbacks, 38,48,58

Newton, Isaac(1643-1727)54,134,137

norm of avector, 8

normal vector eld, seeaunit normal vector eld
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odd permutation, 34,43
open

ball, 127

neighbourhood, 127

set, 127,128

is a manifold, 70

orientation

of aboundary, 106 108

of a hypersurface, 95,100

of a manifold, 88,95, 108

of avector space,91,94, 100

preserving, 48, 57, 95-97,101,106,107

reversing, 48, 57, 95
orthogonal

complement, 74,95

group, 76,78

matrix, 76, 91,92

operator, 28

projection, 93
orthonormal, 28,91
outward pointing, 106
outwar d-pointing, 110

pair of pants, 105
paraboloid, 4
parallelepiped, seeblock
parallelogram, 13,14,91,100
parametrization, 9, 57,67
parametrized curve, 13, 47, 49, 53-55 77-78
130

partial dif ferential

equation, 22

operator, 20
path, seeparametrized curve
pentagon, 14
Perelman, Grigori (1966-),121
periodic function, 123
permutation, 33, 34,35,41,42-43 85,100

group, 33,43

matrix, 43
pinch point, 7
plane curve, 1, 13, 69
Poincaré, JulesHenri (1854-1912)119,121
Poincaré

conjecture, 121

lemma, 119
potential, 49, 53,54,108
predator, 15
prey, 15
product

of forms, 19, 27

on a manifold, 82

of permutations, 34, 43

of sets,seeCartesian product
product rule, sed_eibniz rule
projective plane, 5
pullback

of aform
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on amanifold, 88,97,106,114,116,117
on Euclidean space,37, 40-42,47, 48,57,
58,82,88
of afunction, 132
punctur ed
Euclidean space, 78,114, 119-121
plane, 47, 51,64,77,115,119,120

quadrilateral, 11

rectangular block, 18,57, 65
regular value, 73, 74-79 96,100,105
relativity , 10, 29,137
reparametrization

of acurve, 47, 48,50,58

of arectangular block, 57, 58
restriction of amap, 47,106,107,110,126
retraction, 113
Riemann, Bernhard (1826-1866)137
rigid body, 10
row

operation, 42

vector, 1, 33,45,74,83,89,130

saddle point, 75
Schmidt, Erhard (1876-1959)92
sign of a permutation, 34, 42-43
simple permutation, 43
simplex, 135
simply connected,119 121
singular
cube, seecube
value, 73, 74-76 78
singularity , 2, 8,13,14,67,71,105
Smale, Stephen(1930-),121
smooth
curve, 69
function or map, 131, 134
hypersurface, 69
manifold, 4
point, 2
surface, 69
solution curve, 9, 15
spacecurve, 1
space-time, 29
spacelike, 29
special linear group, 78
sphere, 4, 8, 10, 11, 14, 64, 67, 75, 79, 96, 100,
105,106,110,113,114,119-121128,134
spherical
coordinates, 44
pendulum, 9
standard
basisof R", 130
orientation, 94
simplex, 135
star-shaped, 122
state space,seecon guration space
steepestascent,75, 130

stereographic projection, 72,135
Stirling, James(1692-1770)111
Stirling's formula, 111
Stokes, George (1819-1903)y, 47, 63, 65, 107,
109

Stokes'theorem

classicalversion, 65, 109

for chains, 47,63, 64

for manifolds, 103,108 116,118 120
submanifold, 69
surface, 4, 14, 69, 81,109

area,9,17,96,107, 109 129
symmetric

bilinear function, 85

matrix, 76,79

tangent
hyperplane, 69
line, 1,13,69, 70, 77
plane, 14,69, 78
space, 1, 8, 14, 69, 70, 73—76 78, 88, 95, 96,
106
vector, 48,69, 79, 88,106
Taylor, Brook (1685-1731)134
Taylor's formula, 134
tensor product, 17,85,89
timelike, 29
topological manifold, 4
torus, 4, 68,106
trace, 78
trajectory, 15,78
transformation law, 82
transpose of a matrix or a vector, 1, 26, 35, 74,
83,130
transposition, 42

unit
circle, seecircle
cube, 35, 58,65,128
interval, 35,58,91,114,116
normal vector eld, 95, 98,99,101 106,108—
110,120
sphere, seesphere
square, 35, 60,62
vector, 51,130

vector, seealsocolumn, length, row, unit, tan-
gent
eld, 24, 28,29, 48, 55, 65, 98, 108, 109, see
alsoconservative, curl, divergence,gradi-
ent, index, potential, unit normal
Volterra, Vito (1860-1940)15,78
volume
change, 36,42
element, 17,96
Euclidean, seeEuclidean volume
form, 65,96, 97,103
of a hypersurface, 99
on R", 18, 24,42
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on a hypersurface, 100, 110 120
of ablock, 18,31,91, 92,93
of amanifold, 89,107, 109
of asimplex, 135

wave operator, 29

wedge product, 17,85, 89

winding number
of closed curve, 53 54-55 118,120
of hypersurface, 120

work, 17, 25,48,49,61,108,109

zero of avector eld, 25
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