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CHAPTER 1

Introduction

1.1. Plots such as the following can be produced with Maple, Matlab, Mathemat-
ica, etc. I used the following code in Maple version 8,)+*�,�-�.�/'0�1
,'2�354/'0�1
,&.'67,�8�2�*:9;.<,�3>=@?
8�A�1%2>.�,B3C=D,�E�F�G�G�H%I:J�*LK&=M2�A�N�0%*:9�O�E%A�1�9'2L,�P�N%*:9%Q�RB3>S
and exported the result to LATEX. But you may use any software you like, or draw
the curve by hand.
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The tangent vector to the curve at time t has components x TDU t VXW 1 Y cos t and
y TZU t V[W sin t.

When x T U t V]\W 0 and y T U t V^W 0, the tangent line is horizontal. This happens for
t W_U 2k ` 1 V π with k integer, i.e. for x WaU 2k ` 1 V π and y W 2.

When x T7U t VbW y T7U t Vc\W 0, the slope of the tangent line is 1. Since cos t ` sin t Wd
2 cos U t Y 1

4π V , the slope is 1 when t WeU 2k ` 1
2 V π , i.e. when x WfU 2k ` 1

2 V π Y 1
and y W 1.

Similarly, the slope of the tangent line is Y 1 for t WfU 2k ` 3
2 V π , i.e. for x WfU 2k `

3
2 V π Y 1 and y W 1.

When x TDU t VgW 0 and y TZU t Vh\W 0, the tangent line is vertical. But x T7U t VgW 0 and
y TZU t Vi\W 0 never happens for this curve.

However, it may happen that x T7U t V and y T7U t V are both 0, namely for t W 2kπ (k
integer), i.e. x W 2kπ and y W 0. At such points the tangent vector is 0, in which
case we say that the parametrization has a singularity. In general, at such points,
a parametrized curve may or may not have a well-defined tangent line and it may
or may not be a manifold. In the case at hand we have

lim
t j 2kπ

kkkk y U t VlY y U 2kπ V
x U t V5Y x U 2kπ V kkkk Wnm ,

so the curve has slope m for t W 2kπ and there is a well-defined (vertical) tangent
line. However, it is not a manifold for t W 2kπ because of the sharp cusps shown
in the picture.

1.2. This parametrization is a little tricky, because it blows up for t WoY 1. ForYpmrq t qsY 1 the curve traverses the leg in the lower right quadrant, and for
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2 1. INTRODUCTIONt 1 u t uwv it traverses the loop in the upper two quadrants. In the plot I took
a x 1.
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We have

x y7z t {[x 3a z 1 t 2t2 {z 1 | t3 { 2 , y y7z t {;x 3at z 2 t t3 {z 1 | t3 { 2 .

Horizontal tangent lines: t x 0 (x x y x 0) and t x 21 } 3 (x x 21 } 3, y x 22 } 3).
Vertical tangent lines: t x�~ 2 (x x 22 } 3, y x 21 } 3), and t xw��v (x x y x 0). At
the origin the curve has a selfintersection with two distinct tangent lines, so it is
not a manifold there.

1.3. The projection onto the xy-plane is the Archimedean spiral given by r x k1θ

for some constant k1. The cone is given by z2 x c2r2 for some constant c. Therefore
the curve on the cone satisfies z2 x k2

2θ
2 (where k2 x ck1). So we can use θ as a

parameter and present the curve in cylindrical coordinates by r x k1θ, z x k2θ

(θ � R). In cartesian coordinates we get (replacing θ with t for “time”)

x x k1t cos t, y x k1t sin t, z x k2t z t v�u t u�v�{ .
1.4. I don’t have software for sketching these surfaces, but I will describe them in
words.

Top left: gluing the two copies of a together gives a cylinder with top and bottom
labelled b with arrows going in the same direction. Gluing the b’s therefore gives
a torus.

Top right: gluing the a’s gives a surface that can be deformed to a cylinder with one
end labelled b and the other end bdcd. Gluing the b’s gives a torus with a circular
hole or puncture. The edge of the puncture has labels dcd. Finally, gluing the d’s
creates a seam labelled d, but still leaves a circular hole with boundary labelled c.
So we end up with a torus with a single puncture in it, like a bicycle tube with a
valve.

Bottom left: gluing the a1’s and the a2’s creates a torus with two punctures, like a
bicycle tube with two valves. The boundary of each of the punctures is labelled
b1b2. Gluing the two copies of b1 and the two copies of b2 amounts to welding
together the two punctures, which creates a “pretzel” with two handles. (Imagine
each of the two punctures sprouting a little tube with a circular end, and then glue
these two circles together.)
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Bottom right: as in the bottom left diagram, gluing the a1’s and the a2’s creates
a torus with two boundary components labelled b1b2. Again, let us imagine that
each of the two boundary components sprouts a little tube with a circular end.
This time, however, when we try to glue the two circles together, we notice that
the orientations of the two boundary edges don’t match. But if we pass one of the
little tubes through the wall of the other (which creates a self-intersection along
a circle), we can glue them together. The resulting surface can be described as
follows: take a torus and a Klein bottle; punch a circular hole in each and glue
them together along their boundary circles.

1.5. (i) n � 0. This is a smooth surface, consisting of two connected com-
ponents.
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(ii) n � 1. Another smooth surface.
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(iii) n � 2. The surface has a selfintersection along the positive z-axis; the
two sheets are “pinched” together at the origin. The negative z-axis is
part of the surface, but does not show in the Maple plot. The surface is
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singular along the z-axis.
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(iv) n � 3. The horizontal cross-sections of this surface are V-shaped. The V
flips around as you travel downwards through the xy-plane. The entire
z-axis is singular.
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1.6.

1.7.

1.8. If a �� b we may just as well assume that a � b. AB being fixed, C can move
full circle around B, and for each position of C there are two possible positions
for D, as in the case of an arbitrary quadrilateral. This gives two circles’ worth
of configurations. However, these two circles intersect at two points. These two
points are the two configurations where the quadrilateral degenerates to a line
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segment, ADBC or DACB.

Now let a � b. Starting from a square ABCD we can rotate C full circle around B
and let D move smoothly along. This is one circle’s worth of configurations, which
we will call c1. But we could also start from a position where the segment BC is
perpendicular to AB and where D coincides with B, and then turn C around while
D stays fixed. This is another circle’s worth of configurations, say c2. Finally, we
can start with the segment AD perpendicular to AB and C coinciding with A, and
then turn D around while C stays fixed. This gives a third circle, c3. The circles c1
and c2 intersect at one point, the configuration where ABDC are placed on a line
(which forces B � D). Likewise c1 and c3 intersect at one point, the configuration
with ABDC placed on a line (which forces A � C). Finally, c2 and c3 intersect at
the configuration where A � C and B � D: the quadrilateral is “folded up”.





CHAPTER 2

Differential forms on Euclidean space

2.1. (i) dα � xzexyz dy dx � xyexyz dz dx �a� xzexyz dx dy � xyexyz dx dz.
(ii)

dα � n

∑
i � 1

2xi dxi dx1 �L�L���dxi �L�L� dxn � n

∑
i � 1

� � 1 � i � 12xi dx1 �L�L� dxi �L�L� dxn� 2
�
x1 � x2 � x3 � �L�L� � dx1 dx2 �L�L� dxn.

(iii)
∂

∂xi

�
x2

1 � x2
2 � �L�L� � x2

n � p � 2 � pxi � x � p � 2,

so d � x � p � p � x � p � 2 ∑n
i � 1 xi dxi and

dα � d � x � p
n

∑
i � 1

� � 1 � i � 1xi dx1 �L�L���dxi �L�L� dxn� � x � pd
n

∑
i � 1

� � 1 � i � 1xi dx1 �L�L� �dxi �L�L� dxn� p � x � p � 2
n

∑
j � 1

x j dx j

n

∑
i � 1

� � 1 � i � 1xi dx1 �L�L� �dxi �L�L� dxn� � x � p
n

∑
i � 1

� � 1 � i � 1dxi dx1 �L�L���dxi �L�L� dxn� p � x � p � 2
n

∑
i � 1

x2
i dx1 dx2 �L�L� dxn � n � x � p dx1 dx2 �L�L� dxn� �

n � p � � x � p dx1 dx2 �L�L� dxn.

In particular,α is closed for p ��� n.

2.2. (i) αβ � x2 dx dy dz,αβγ � 0;
(ii) dα � dx dx � dy dy � 0, dβ � dz dx dy � dx dy dz � 2 dx dy dz, dγ �

dz dy ��� dy dz.

2.3. Letωm � ∑m
i � 1 dxi dyi.

m � 1:
�
ω1 � 1 � ω1 � dx1 dy1.

m � 2:
�
ω2 � 2 � �

dx1 dy1 � dx2 dy2 � 2 � 2 dx1 dy1 dx2 dy2.

m � 3:
�
ω3 � 3 � �

dx1 dy1 � dx2 dy2 � dx3 dy3 � 3 � 6 dx1 dy1 dx2 dy2 dx3 dy3.

For general m � 0:�
ωm � m � �

dx1 dy1 � dx2 dy2 � �L�L� � dxm dym � m � m! dx1 dy1 dx2 dy2 �L�L� dxm dym.

7



8 2. DIFFERENTIAL FORMS ON EUCLIDEAN SPACE

PROOF. The formula is correct for m � 0 (with the obvious convention that
ω0 � 1 and thatα0 � 1 for any differential form α �� 0). Assuming it’s correct for
a certain m we get�

ωm � 1 � m � 1 � � ωm   dxm � 1 dym � 1 � m � 1� m � 1

∑
k ¡ 0

¢
m   1

k £ � ωm � m � 1 ¤ k � dxm � 1 dym � 1 � k (2.1)� � ωm � m � 1   � m   1 � ωm
mdxm � 1 dym � 1 (2.2)� 0   � m   1 � m! dx1 dy1 dx2 dy2 ¥L¥L¥ dxm dym dxm � 1 dym � 1 (2.3)� � m   1 � ! dx1 dy1 dx2 dy2 ¥L¥L¥ dxm dym dxm � 1 dym � 1,

so the statement is true for m   1. Hence by induction it’s true for all m ¦ 0.
(In line (2.1) we used the binomial theorem

�
α   β � n � ∑n

k ¡ 0 § nk ¨ αkβn ¤ k. This
works for any forms α and β of even degree. The reason is that then αβ � βα,
so the usual proof of the binomial theorem goes through. In line (2.2) we used�
dxm � 1 dym � 1 � k � 0 for k ¦ 2, and in line (2.3) we used the induction hypothesis.)

QED

2.4. Letαm � dz   ∑m
i ¡ 1 xi dyi. Then dαm � ωm, so by Exercise (2.3)

αm
�
dαm � m � αm

�
ωm � m� �

dz   x1 dy1   x2 dy2   ¥L¥L¥   xm dym � m! dx1 dy1 dx2 dy2 ¥L¥L¥ dxm dym� m! dz dx1 dy1 dx2 dy2 ¥L¥L¥ dxm dym � m! dx1 dy1 dx2 dy2 ¥L¥L¥ dxm dym dz.

2.5. (i) g
�
x, y, z � � exy   cos xz   yz2   z3 satisfies dg � α. (You can find

this function by successive integration as in Example 2.9, or guess the
solution and check it by plugging in.) In particular,α is closed.

(ii) Here g
�
x, y, z � � x2y3z4   cos

�
zey �   ez works.

2.6. By definition dg � ∑n
i ¡ 1
�
∂g © ∂xi � dxi, so we must check that ∂g © ∂xi � fi for

all i. From

g
�
x � � n

∑
j ¡ 1 ª x j

0
f j
�
0, . . . , 0, t, x j � 1, . . . , xn � dt

we get

∂g
∂xi

�
x � � n

∑
j ¡ 1

∂
∂xi ª x j

0
f j
�
0, . . . , 0, t, x j � 1, . . . , xn � dt

� i

∑
j ¡ 1

∂
∂xi ª x j

0
f j
�
0, . . . , 0, t, x j � 1, . . . , xn � dt,

since only the first i terms in g involve the variable xi. For j « i we have

∂
∂xi ª x j

0
f j
�
0, . . . , 0, t, x j � 1, . . . , xn � dt � ª x j

0

∂ f j

∂xi

�
0, . . . , 0, t, x j � 1, . . . , xn � dt (2.4)� ª x j

0

∂ fi
∂x j

�
0, . . . , 0, t, x j � 1, . . . , xn � dt (2.5)� fi

�
0, . . . , 0, x j, x j � 1, . . . , xn �­¬ fi

�
0, . . . , 0, x j, x j � 1, . . . , xn � . (2.6)
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Here in (2.4) we interchanged differentiation and integration, in (2.5) we used
∂ f j ® ∂xi ¯ ∂ fi ® ∂x j (because α is closed!) and in (2.6) we used the FTC. Also by
the FTC,

∂
∂xi ° xi

0
fi ± 0, . . . , 0, t, xi ² 1, . . . , xn ³ dt ¯ fi ± 0, . . . , 0, xi, xi ² 1, . . . , xn ³ .

Therefore

∂g
∂xi

± x ³ ¯ i ´ 1

∑
j µ 1 ¶ fi ± 0, . . . , 0, x j, x j ² 1, . . . , xn ³­· fi ± 0, . . . , 0, x j, x j ² 1, . . . , xn ³M¸¹ fi ± 0, . . . , 0, xi, xi ² 1, . . . , xn ³¯ fi ± x ³­· fi ± 0, x2, . . . , xn ³ ¹ fi ± 0, x2, . . . , xn ³5· fi ± 0, 0, x3, . . . , xn ³ ¹»ºLºLº¹ fi ± 0, . . . , xi ´ 1, . . . , xn ³&· fi ± 0, . . . , 0, xi, xi ² 1, . . . , xn ³¹ fi ± 0, . . . , 0, xi, xi ² 1, . . . , xn ³¯ fi ± x ³ ,

which was to be proved.

2.7.

dg ¯ 1
p ¹ 1

n

∑
i µ 1
±¼± dxi ³ fi

¹ xi dfi ³¯ 1
p ¹ 1

n

∑
i µ 1

fi dxi
¹ 1

p ¹ 1

n

∑
i µ 1

n

∑
j µ 1

xi
∂ fi
∂x j

dx j

¯ 1
p ¹ 1

n

∑
i µ 1

fi dxi
¹ 1

p ¹ 1

n

∑
j µ 1

n

∑
i µ 1

xi
∂ f j

∂xi
dx j

¯ 1
p ¹ 1

n

∑
i µ 1

fi dxi
¹ p

p ¹ 1

n

∑
j µ 1

p f j dx j

¯ p ¹ 1
p ¹ 1

n

∑
i µ 1

fi dxi ¯ α.

2.8. If dα ¯ dβ ¯ 0, then d ± αβ ³ ¯½± dα ³ β ¾ α dβ ¯ 0 by the Leibniz rule, so αβ is
closed.

2.9. If dα ¯ 0 and β ¯ dγ, then αβ ¯ α dγ ¯ d ± αγ ³ ¾ ± dα ³ γ ¯ d ± αγ ³ by the
Leibniz rule, soαβ is exact.

2.10. ¿ α ¯ x dy dz ¹ y dx dz, ¿ β ¯ z dz ¹ x dx, ¿ γ ¯ · z dx dz, ¿ ± αβ ³ ¯ x2.

2.11. (i) ¿ α ¯ · x2
1 dx1 · x2

2 dx2. dα ¯ 2 ± x1
¹ x2 ³ dx1 dx2, so ¿ dα ¯ 2 ± x1

¹
x2 ³ , so d ¿ dα ¯ 2 dx1

¹ 2 dx2, so ¿ d ¿ dα ¯ · 2 dx1
¹ 2 dx2.

(ii) ¿ α ¯ · x2
1 dx1 dx3 · x2

2 dx2 dx3. dα ¯ 2 ± x1
¹ x2 ³ dx1 dx2, so ¿ dα ¯

2 ± x1
¹ x2 ³ dx3, so d ¿ dα ¯ 2 dx1 dx3

¹ 2 dx2 dx3, so ¿ d ¿ dα ¯ 2 dx1 ·
2 dx2.

(iii) ¿ α ¯ · x2
1 dx1 dx3 dx4 · x2

2 dx2 dx3 dx4. dα ¯ 2 ± x1
¹ x2 ³ dx1 dx2, so¿ dα ¯ 2 ± x1

¹ x2 ³ dx3 dx4, so d ¿ dα ¯ 2 dx1 dx3 dx4
¹ 2 dx2 dx3 dx4, so¿ d ¿ dα ¯ · 2 dx1

¹ 2 dx2.
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2.12. Recall À dxI Á εI dxIc , where εI ÁÃÂ 1 is chosen so that

dxI dxIc Á εI dx1 dx2 ÄLÄLÄ dxn.

Similarly, À dxIc Á εIc dxI , where εIc is chosen so that

dxIc dxI Á εIc dx1 dx2 ÄLÄLÄ dxn.

Using

dxIc dxI Á_Å¼Æ 1 Ç k È n É k Ê dxI dxIc Á_ÅMÆ 1 Ç kn Ë kdxI dxIc

(where k is the degree of I) we get ÅMÆ 1 Ç kn Ë kεI dx1 dx2 ÄLÄLÄ dxn Á εIc dx1 dx2 ÄLÄLÄ dxn,
so εIc ÁaÅ¼Æ 1 Ç kn Ë kεI . ConsequentlyÀ�À dxI Á À Å εI dxIc Ç Á εIcεIdxI ÁaÅ¼Æ 1 Ç kn Ë kε2

I dxI ÁaÅ¼Æ 1 Ç kn Ë k dxI .

Hence À�À α ÁaÅ¼Æ 1 Ç kn Ë kα for every k-formα on Rn.

2.13. (i) By definition, Å dxI , dxJ Ç Á 1 if I Á J and Å dxI , dxJ Ç Á 0 if I ÌÁ J, so
the dxI form an orthonormal basis.

(ii) Ifα Á ∑I aI dxI , then Å α,α Ç Á ∑I a2
I Í 0, with equality only when aI Á 0

for all I, i.e. forα Á 0.
(iii) If α Á ∑I aI dxI and β Á ∑J bJ dxJ are two constant coefficient k-forms,

then

α Å À β Ç Á ∑
I

aI dxI ∑
J

bJεJ dxJc Á ∑
I,J
εJaIbJ dxI dxJc .

If I ÌÁ J, then I and Jc have entries in common, so dxI dxJc Á 0. If
I Á J, then dxI dxJc Á dxI dxIc Á εI dx1 dx2 ÄLÄLÄ dxn. Hence α Å À β Ç Á
∑I ε

2
I aIbI dx1 dx2 ÄLÄLÄ dxn ÁaÅ α,β Ç dx1 dx2 ÄLÄLÄ dxn.

(iv) α Å À β Ç Á β Å À α Ç follows fromα Å À β Ç Á_Å α,β Ç dx1 dx2 ÄLÄLÄ dxn and Å α,β Ç ÁÅ β,α Ç .
(v) Å α,β Ç ÁaÅ À α, À β Ç follows from the fact that À maps the orthogonal basisÎ

dxI Ï to itself.

2.14. (i) df Á ∑n
i Ð 1

∂ f
∂xi

dxi, soÀ df Á n

∑
i Ð 1

∂ f
∂xi

À dxi Á n

∑
i Ð 1
ÅMÆ 1 Ç i Ë 1 ∂ f

∂xi
dx1 dx2 ÄLÄLÄ�Ñdxi ÄLÄLÄ dxn,

so

d À df Á n

∑
i Ð 1
ÅMÆ 1 Ç i Ë 1d

∂ f
∂xi

dx1 dx2 ÄLÄLÄ�Ñdxi ÄLÄLÄ dxnÁ n

∑
i Ð 1
ÅMÆ 1 Ç i Ë 1 ∂2 f

∂x2
i

dxi dx1 dx2 ÄLÄLÄ%Ñdxi ÄLÄLÄ dxnÁ n

∑
i Ð 1

∂2 f
∂x2

i
dx1 dx2 ÄLÄLÄ dxn Á_ÅDÒ f Ç dx1 dx2 ÄLÄLÄ dxn,

so À d À df Á_ÅDÒ f Ç¼À Å dx1 dx2 ÄLÄLÄ dxn Ç Á�Ò f .
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(ii) ÓÕÔ
f g Ö"×ÙØ d Ø d Ô f g Ö×ÙØ d Ø Ô g df Ú f dg Ö×ÙØ d Ô g Ø df Ú f Ø dg Ö×ÙØ Ô dg Ø df Ú g d Ø df Ú df Ø dg Ú f d Ø dg Ö× g Ø d Ø df Ú f Ø d Ø dg Ö+ÚÛØ Ô dg Ø df Ú df Ø dg Ö× Ô�Ó f Ö g Ú f

Ó
g Ú 2 Ø Ô df

Ô Ø dg ÖÜÖ
by the Leibniz rule and Exercise 2.13(iv).

2.15. (i) Ø α × f Ø dxi × ÔMÝ 1 Ö i Þ 1 f dx1 ßLßLß�àdxi ßLßLß dxn, so

d Ø α × ∂ f
∂xi

dx1 ßLßLß dxn,

so Ø d Ø α × ∂ f
∂xi

, so

d Ø d Ø α × n

∑
j á 1

∂2 f
∂x j∂xi

dx j.

(ii)

dα × n

∑
j á 1

∂ f
∂x j

dx j dxi × i â 1

∑
j á 1

∂ f
∂x j

dx j dxi

Ý
n

∑
j á i Þ 1

∂ f
∂x j

dxi dx j,

soØ dα × i â 1

∑
j á 1

ÔMÝ
1 Ö i Þ j Þ 1 ∂ f

∂x j
dx1 ßLßLßBàdx j ßLßLß�àdxi ßLßLß dxnÝ

n

∑
j á i Þ 1

ÔMÝ
1 Ö i Þ j Þ 1 ∂ f

∂x j
dx1 ßLßLß àdxi ßLßLß àdx j ßLßLß dxn.

Hence

d Ø dα × i â 1

∑
j á 1

ÔMÝ
1 Ö j Þ 1 ∂2 f

∂xi∂x j
dx1 ßLßLß àdx j ßLßLß dxn Ú i â 1

∑
j á 1

ÔMÝ
1 Ö i ∂2 f

∂x2
j

dx1 ßLßLß àdxi ßLßLß dxnÝ
n

∑
j á i Þ 1

Ô¼Ý
1 Ö j ∂2 f

∂xi∂x j
dx1 ßLßLß àdx j ßLßLß dxn

Ý
n

∑
j á i Þ 1

Ô¼Ý
1 Ö i Þ 1 ∂2 f

∂x2
j
dx1 ßLßLß àdxi ßLßLß dxn,

and thereforeØ d Ø dα × i â 1

∑
j á 1

ÔMÝ
1 Ö j Þ 1

ÔMÝ
1 Ö n â j ∂2 f

∂xi∂x j
dx j Ú i â 1

∑
j á 1

ÔMÝ
1 Ö i ÔMÝ 1 Ö n â i ∂2 f

∂x2
j

dxiÝ
n

∑
j á i Þ 1

ÔMÝ
1 Ö j

Ô¼Ý
1 Ö n â j ∂2 f

∂xi∂x j
dx j

Ý
n

∑
j á i Þ 1

ÔMÝ
1 Ö i Þ 1

ÔMÝ
1 Ö n â i ∂2 f

∂x2
j
dxi× ÔMÝ

1 Ö n Þ 1 ∑
j ãá i

∂2 f
∂xi∂x j

dx j Ú ÔMÝ 1 Ö n ∑
j ãá i

∂2 f
∂x2

j
dxi.
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(iii)

d ä d ä α åçæMè 1 é n ä d ä dα ê n

∑
j ë 1

∂2 f
∂x j∂xi

dx j è ∑
j ìë i

∂2 f
∂xi∂x j

dx j å ∑
j ìë i

∂2 f
∂x2

j
dxiê ∂2 f

∂x2
i

dxi å ∑
j ìë i

∂2 f
∂x2

j
dxi êaæDí f é dxi.

2.16. (i)

α ê 1î
grad f æ x é î n

∑
i ë 1

∂ f
∂xi

dxi, ν ê 1î
grad f æ x é î n

∑
j ë 1

∂ f
∂x j

ä dx j,

so

αν ê 1î
grad f æ x é î 2

n

∑
i, j ë 1

∂ f
∂xi

∂ f
∂x j

dxi ä dx j

ê 1î
grad f æ x é î 2

n

∑
i ë 1 ï ∂ f

∂xi ð 2

dx1 dx2 ñLñLñ dxn ê dx1 dx2 ñLñLñ dxn.

(ii) Use ∂r
∂xi
ê xi ò r to get grad r ê x ò r and hence

î
grad r

î ê 1. Now apply
part (i) to f ê r.



CHAPTER 3

Pulling back forms

3.1.

3.2.

3.3.

3.4. (i) In the transposition σ ó ô 1, 2, . . . , i õ 1, j, . . . , j õ 1, i, . . . , n ö the
pairs ô i, i ÷ 1 ö , . . . , ô i, j ö are inversions, as well as the pairs ô i ÷ 1, j ö , . . . ,ô j õ 1, j ö . This makes for a total of 2 ô j õ i ö[õ 1 inversions. So l ô σ öXó
2 ô j õ i ö&õ 1 and sign ô σ ö[ó_ôMõ 1 ö 2 ø j ù i úûù 1 óaõ 1.

(ii) In the permutation ô n, n õ 1, n õ 2, . . . , 3, 2, 1 ö all pairs ô i, j ö are inver-
sions, so its length is 1

2 n ô n õ 1 ö and its sign is ôMõ 1 ö 1
2 n ø n ù 1 ú .

3.5.

3.6. (i) σ ù 1 ósô 3, 4, 1, 6, 5, 2 ö , τ ù 1 óüô 6, 2, 5, 3, 1, 4 ö , στ óüô 5, 6, 2, 4, 1, 3 ö ,
τσ ó_ô 4, 1, 5, 2, 3, 6 ö .

(ii) σ ù 1 ó σ , τ ù 1 ó τ , στ ó½ô n, 1, 3, 4, . . . , n õ 1, 2 ö , τσ ó_ô 2, n, 3, 4, . . . , n õ
1, 1 ö .

3.7.

3.8.

3.9. (i) Let I ô σ ö denote the set of inversions of a permutation σ ý Sn.
So ô i, j öhý I ô σ ö means 1 þ i ÿ j þ n and σ ô i ö�� σ ô j ö . But thenô σ ô j ö ,σ ô i ö¼ö�ý I ô σ ù 1 ö , so for each σ we can define a map

fσ : I ô σ ö�� I ô σ ù 1 ö
by fσ ô¼ô i, j öÜöbó�ô σ ô j ö ,σ ô i ö¼ö . Note that fσ � 1 ô fσ ô¼ô i, j öÜö¼ö�ó�ô i, j ö , so fσ is
bijective. This implies that I ô σ ö and I ô σ ù 1 ö have the same number of
elements, so l ô σ ö�ó l ô σ ù 1 ö and sign ô σ ö�ó sign ô σ ù 1 ö .

(ii)

det AT ó ∑
σ � Sn

sign ô σ ö aσ ø 1 ú ,1aσ ø 2 ú ,2 ����� aσ ø n ú ,nó ∑
σ � Sn

sign ô σ ö a1,σ � 1 ø 1 ú a2,σ � 1 ø 2 ú ����� an,σ � 1 ø n úó ∑
σ � Sn

sign ô σ ù 1 ö a1,σ � 1 ø 1 ú a2,σ � 1 ø 2 ú ����� an,σ � 1 ø n úó ∑
τ � Sn

sign ô τ ö a1,τ ø 1 ú a2,τ ø 2 ú ����� an,τ ø n úó det A.

13



14 3. PULLING BACK FORMS

3.10.

3.11.

3.12. (i)

det A � 									
a1,1 a1,2 . . . a1,n
0 a2,2 . . . a2,n
...

...
...

0 an,2 . . . an,n

									� ∑
σ 
 Sn

sign � σ � a1,σ 
 1 � a2,σ 
 2 ������� an,σ 
 n �� ∑
σ 
 Sn,σ 
 1 ��� 1

sign � σ � a1,1a2,σ 
 2 � ����� an,σ 
 n �� a1,1 ∑
σ 
 Sn,σ 
 1 ��� 1

sign � σ � a2,σ 
 2 � ����� an,σ 
 n �
� a1,1

							 a2,2 . . . a2,n
...

...
an,2 . . . an,n

							 .
(ii) For an arbitrary n � n-matrix A with columns a1, . . . , an, we can write

a1 � ∑n
i � 1 ai,1ei, so by multilinearity

det A � det � a1, . . . , an �� det
� n

∑
i � 1

ai,1ei, . . . , an �� n

∑
i � 1

ai,1 det � ei, . . . , an � .
After performing the permutation σ ��� i, 1, 2, . . . , i � 1, i � 1, . . . , n � on
the rows of the matrix � ei, . . . , an � , we obtain a matrix that has all zeroes
below the top left entry, as in part (i). Therefore, sinceσ has length i � 1,

det � ei, . . . , an ������� 1 � i � 1 det � a2, . . . , an � .
Hence det A � ∑n

i � 1 ��� 1 � i � 1ai,1 det � a2, . . . , an � , which is the expansion
rule for the first column. The expansion rule for the ith column follows
from this by applying the permutation σ to the columns of A.

3.13.

3.14.

3.15.

3.16.
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3.17. (i)

dx  cosφ cosθ dr ! r sinφ cosθ dφ ! r cosφ sinθ dθ
dy  cosφ sinθ dr ! r sinφ sinθ dφ ! r cosφ cosθ dθ
dz  sinφ dr " r cosφ dφ

dx dy  2r cosφ sinφ cosθ sinθ dr dφ " r cos2φ dr dθ " r2 cosφ sinφ dθ dφ

dx dy dz  r2 cosφ dr dθ dφ





CHAPTER 4

Integration of 1-forms

4.1. (i) The curve is an ellipsis with horizontal axis of length 4 and vertical
axis of length 2.

(ii) c # α $�%�& a2b cos t sin2 t ' a2b2 cos3 t sin t ( dt, so)
c
α $ ) π * 2

0
c # α$ ) π * 2

0
%�& a2b cos t sin2 t ' a2b2 cos3 t sin t ( dt$,+-& 1

3
a2b sin3 t & 1

4
a2b2 cos4 t . π * 2

t / 0$ 1
3

a2b & 1
4

a2b2.

4.2.

4.3. (i) dα $ d 0 x 0 a ∑n
i / 1 xi dxi '10 x 0 a ∑n

i / 1 dxi dxi $ d 0 x 0 a ∑n
i / 1 xi dxi. From

d 0 x 0 a $ d % x2
1 '32�2�24' x2

n ( a * 2 $ n

∑
j / 1

ax j % x2
1 '52�2�26' x2

n ( a * 2 7 1 dx j$ a 0 x 0 a 7 2
n

∑
j / 1

x j dx j

we get dα $ a 0 x 0 a 7 2 8 ∑n
j / 1 x j dx j 9 8 ∑n

i / 1 xi dxi 9 $ 0. (Use β2 $ 0 for any
1-form β.)

(ii) Since cx % t (:$ tx, we have

c #xα $;0 tx 0 a n

∑
i / 1

txi d % txi (:$;0 x 0 a n

∑
i / 1

x2
i ta < 1 dt $;0 x 0 a < 2ta < 1 dt.

Therefore

g % x (�$ )
cx
α $ ) 1

0
c #xα $ ) 1

0
0 x 0 a < 2ta < 1 dt $;0 x 0 a < 2

) 1

0
ta < 1 dt.

This integral is finite only for a =>& 2, and in that case it has the value
g % x (�$?0 x 0 a < 2 @ % a ' 2 ( .

(iii) From the computation in part (i) we get

d 0 x 0 a < 2 $�% a ' 2 (A0 x 0 a n

∑
j / 1

x j dx j,

so dg $ α.

17



18 4. INTEGRATION OF 1-FORMS

4.4. (i) The path is cx B t C:D B 1 E t C x with FHG t G 0. This time we have

c Ixα DKJ B 1 E t C x J a n

∑
i L 1
B 1 E t C xi d B�B 1 E t C xi C:DMENJ x J a O 2 B 1 E t C a O 1 dt.

Therefore

g B x C�DQP
cx
α DRP 1

0
c Ixα D�ESP 0TVU J x J a O 2 B 1 E t C a O 1 dt DWENJ x J a O 2 P 0TVU B 1 E t C a O 1 dt.

This integral is finite only for a X>E 2, and in that case it has the value
g B x C�D?J x J a O 2 Y B a Z 2 C .

(ii)
(iii) For Newton’s force we have a DWE 3, so g B x C�D�ENJ x J T 1.

4.5. For a DWE 2 we have

α D;J x J T 2 ∑
i

xi dxi D 1
2 d ∑i x2

i

∑i x2
i
D 1

2
d ln f B x C ,

where f B x C:D ∑i x2
i D?J x J 2. So g B x C�D 1

2 ln J x J 2 D ln J x J .
4.6.

4.7.

4.8. Geometrically, the winding number of a curve c in R2 E5[ x0 \ measures the
number of times it loops around the point x0. Analytically, you can find it as
1 Y B 2π C times the integral of the angle form α D]J x J T 2x ^�_ dx over the translated
curve c B t C`E x0. Alternatively, the winding number about x0 is 1

2π a cα0, where

α0 D 1J x E x0 J 2 B x E x0 Cb^6_ d B x E x0 C�D E B y E y0 C dx Z B x E x0 C dy
x2 Z y2 .

4.9. (i) c̃ I α DcE c I α, so c̃ has winding number E k. Geometric reason: c̃ is
the curve c traversed in the opposite direction.

(ii) c̃ I α D c I α, so c̃ has winding number k. Geometric reason: c̃ can be
deformed into c by a continuous rescaling, so it loops around the origin
the same number of times.

(iii) Here ρ B t C�D?J c B t CAJ T 1, so again c̃ has winding number k.
(iv) c̃ I α D]E c I α, so c̃ has winding number E k. Geometric reason: c̃ is the

reflection of the curve c in the diagonal x D y.
(v) Again c̃ I α DdE c I α, so c̃ has winding number E k. Geometric reason:

c̃ is obtained by reflection of the curve c in the vertical axis and then
normalizing it.

4.10.

4.11.

4.12. (i) F I α is obtained by substituting x D F1 and y D F2 inα, so

F I α D F1dF2 E F2dF1

F2
1 Z F2

2
D β.

(ii) dβ D dF I α D F I dα D 0, becauseα is closed.
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(iii)

index e F, c f:g 1
2π h c

β g 1
2π h c

F i α g 1
2π h F j cα,

which is the winding number of F k c about the origin.
(iv) index e F, c f is an integer by Corollary 4.8.

4.13. (i) Indices are 1, l 1, l 2, 3.
(ii) Index 0: e.g. a constant vector field. For i m 2, a vector field with 2 e i l

1 f “whorls” (as in the fourth picture in problem 4.13, which has four
whorls) has index i. Index 2: a field with two whorls like a magnetic
dipole. Index 4: a field with six whorls.





CHAPTER 5

Integration and Stokes’ theorem

5.1. n cφ o α pQn c o φ o α pQnrq φ s c t�o α pQn φ u cα.

5.2. (i) Write b as a linear combination of k v 1-cubes, b p ∑ j l jb j, with
l j w R. Then ∂b p ∑ j l j∂b j and ∂b j p ∑k

i x 1 ∑ρ x 0,1 q�y 1 t i z ρ q b j t i,ρ. The
sum of the coefficients in the expression for ∂b j is

k

∑
i x 1

∑
ρ x 0,1

q�y 1 t i z ρ p k

∑
i x 1 { q�y 1 t i y1q�y 1 t i | p 0,

and therefore the sum of the coefficients of ∂b is also 0.
(ii) A single k-cube c can of course be viewed as a linear combination of

k-cubes consisting of one term, with coefficient 1. But then ∂b p c is
impossible, because we saw in the previous part that the sum of the
coefficients of ∂b is 0, not 1.

5.3. (i)

x1

x2

x3

(ii) dα p dx1 dx2 v dx1 dx3 v dx2 dx3, so

c o q dα t�p dt2
1 d q t1t2 t}v dt2

1 dt2
2 v d q t1t2 t dt2

2 p 2 q t1 v t2 t 2 dt1 dt2

and~
c

dα p ~ 1

0

~ 1

0
c o q dα t�p ~ 1

0

2
3 � q t1 v t2 t 3 � 1t1 x 0 dt2 p 2

3

~ 1

0 { q t2 v 1 t 3 y t3
2
| dt2p 2

3 � 14 q t2 v 1 t 4 y 1
4

t4
2 � 1

0
p 7

3
.
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22 5. INTEGRATION AND STOKES’ THEOREM

By Stokes, � c dα ��� ∂cα. Here ∂c � c1 � c2 � c3 � c4 with c1 � t ���� t2, 0, 0 � , c2 � t ��� � 1, t, t2 � , c3 � t ��� � t2, t, 1 � , c4 � t ��� � 0, 0, t2 � . Hence�
∂c
α � � 1

0
0 dt � � 1

0
� dt � 2t dt � 2t2 dt � � � 1

0
t2 dt � � 1

0
0 dt� � 1

0
� t2 � 2t � 1 � dt ��� 1

3
t3 � t2 � t � 1

0
� 7

3
.

5.4.

5.5. The issue here is to define a correct domain for the map Pn studied in Exercise
3.18. On the unit sphere the radius r is equal to 1, and to cover the sphere once you
need to let the first angle θ1 range from 0 to 2π and all the other angles from � 1

2π

to 1
2π . So the cube c is given by c � θ1, . . . ,θn � 1 ��� Pn � 1,θ1, . . . ,θn � 1 � , with domain

the rectangular block

R �M� 0, 2π �V�Q� � 1
2
π ,

1
2
π �����������Q� � 1

2
π ,

1
2
π � .

Boundary of c for n � 2: ∂c � c � 2π � � c � 0 ��� � 1, 0 � T �1� 1, 0 � T � 0.

For n � 3: ∂c � c2, � π � 2 � c1,2π � c2,π � 2 � c1,0. Now c2, � π � 2 � θ �:� � 0, 0, � 1 � T (south
pole), c2,π � 2 � θ ��� � 0, 0, 1 � T (north pole), c1,2π � θ ��� c1,0 � θ ��� � cosθ, 0, sinθ �
(Greenwich meridian), so ∂c ��� south pole � � � north pole � .
Don’t make the mistake of simplifying

∂c �W� south pole � � � north pole ��� 2 � south pole ��� � 0, 0, � 2 � T!

∂c is not the difference of the two vectors � 0, 0, � 1 � T and � 0, 0, 1 � T, but a for-
mal difference of two zero-dimensional cubes. The expression � south pole � �� north pole � is to be thought of as two electric charges: an electron placed at the
north pole and a positron at the south pole.

For n � 4: ∂c � � c1,0 � c1,2π � c2, � π � 2 � c2,π � 2 � c3, � π � 2 � c3,π � 2. Here

c1,0 � c1,2π ,

c2, � π � 2 � θ1,θ3 ��� � 0, 0, � cosθ3, sinθ3 � T,

c2,π � 2 � θ1,θ3 ��� � 0, 0, cosθ3, sinθ3 � T,

c3, � π � 2 � θ1,θ2 ��� � 0, 0, 0, � 1 � T (south pole),

c3,π � 2 � θ1,θ2 ��� � 0, 0, 0, 1 � T (north pole),

so ∂c � c2, � π � 2 � c2,π � 2 � � north pole � � � south pole � : two “line charges” plus
two “point charges”.



CHAPTER 6

Manifolds

6.1. The first component ψ1 � t  �¡ t ¢ sin t satisfiesψ £1 � t  �¡ 1 ¢ cos t, which is ¤ 0
(except for t ¡ 2kπ , where it is 0). This implies ψ1 is a strictly increasing function
and therefore one-to-one. Hence ψ is one-to-one. Similarly ψ £ � t  ¥¡ 0 for t ¡ 2kπ .
Here the curve has cusps (see picture) so is not a manifold.

6.2. Since ψ £1 � t  �¡ 1 ¢ a cos t ¤ 0, we have ψ £ � t  §¦¡ 0 for all t. Moreover, ψ1 is
increasing and therefore injective. Hence ψ itself is injective (because if ψ � t1  ¨¡
ψ � t2   , then in particular ψ1 � t1  ©¡ ψ1 � t2   , so t1 ¡ t2.) Moreover, by one-variable
calculus, the inverse ψ ª 1

1 of the increasing continuous function is continuous, so
ψ ª 1 � x  �¡ ψ ª 1

1 � x1   is continuous. Henceψ is an embedding.

6.3. The curve M is a hyperbola. Tangent line at � 1, 0   T: find ψ £ � t  S¡ 1
2 � et ¢

e ª t, et « e ª t   T at t ¡ 0: ψ £ � 0  ¬¡ � 0, 2   T. Vertical line through � 1, 0   T is given
by equation x ¡ 1. Equation for M: x « y ¡ et and x ¢ y ¡ e ª t, so 1 ¡ � x «
y   � x ¢ y  ­¡ x2 ¢ y2. However, this is also the equation for the left branch of the
hyperbola, so we need to impose in addition the inequality x ® 0.

6.4. This curve is the portion of the folium obtained by cutting off the part con-
tained in the quadrant x ® 0, y ¯ 0. Althoughψ is injective and the tangent vector
ψ £ is never 0, ψ ª 1 is not continuous: if x ° 0 along the portion of the loop that is
tangent to the y-axis, then t °d± , but if x ° 0 along the portion of the loop that is
tangent to the x-axis, then t ° 0. Hence ψ is not an embedding. The curve loops
back onto itself and is not a manifold.

6.5. This curve looks like the graph of x ² ° ³ x ³ for ¢ 1 ¯ x ¯ 1, hence is not a
manifold.

6.6. (i) If ψ � s  ´¡ ψ � t   , then s3
1 ¡ t3

1 and s3
2 ¡ t3

2, so s1 ¡ t1 and s2 ¡ t2, so
s ¡ t.

(ii)

Dψ � t  �¡Hµ¶¶· 3t2
1 0

2t1t2 t2
1

t2
2 2t1t2
0 3t2

2

¸º¹¹» .

The determinant of the upper half is 3t4
1, which is nonzero if t1 ¦¡ 0. The

determinant of the lower half is 3t4
2, which is nonzero if t2 ¦¡ 0. Hence

the columns of Dψ are independent for all t ¦¡ 0.
(iii) ψ ª 1 : ψ � U  N° U is given by ψ ª 1 � x  ¼¡¾½ 3

¿
x1, 3
¿

x4 À , which is contin-
uous. Hence ψ is an embedding and, by definition, ψ � U   is a two-
manifold in R4.

23



24 6. MANIFOLDS

(iv) For t Á�Â 1, 1 Ã T the column vectors of Dψ Â t Ã areÂ 3, 2, 1, 0 Ã T and Â 0, 1, 2, 3 Ã T,

which form a basis of the tangent plane atψ Â 1, 1 Ã .
6.7.

6.8.

6.9.

6.10. In the notation of Example 6.16, dim O Â n Ã:Á dim V Ä dim W Á n2 Ä 1
2 n Â n Å

1 Ã�Á 1
2 n Â n Ä 1 Ã . The tangent space to O Â n Ã at A consists of all B Æ V such that

Dφ Â A Ã B Á 0, i.e. ATB Å BT A Á 0. Letting A Á I we find B Å BT Á 0, i.e. TIO Â n Ã
consists of all B satisfying BT Á�Ä B.

6.11. (i) Note that

φ Â A Å hB Ã�Á det Â a1 Å hb1, a2 Å hb2, . . . , an Å hbn ÃÁ det Â a1, a2, an Ã}Å h
n

∑
i Ç 1

det Â a1, a2, . . . , ai È 1, bi, ai É 1, . . . , an Ã}Å h2 Â . . . ÃÁ φ Â A Ã}Å h
n

∑
i Ç 1

det Â a1, a2, . . . , ai È 1, bi, ai É 1, . . . , an Ã}Å h2 Â . . . Ã .
Now use

Dφ Â A Ã B Á lim
h Ê 0

1
h
Â φ Â A Å hB ÃËÄ φ Â A ÃºÃ

to get

Dφ Â A Ã B Á n

∑
i Ç 1

det Â a1, a2, . . . , ai È 1, bi, ai É 1, . . . , an Ã .
(ii) SL Â n ÃÌÁ φ È 1 Â 1 Ã , so to show it is a manifold it is enough to show that

1 is a regular value of φ. Note that Dφ Â A Ã A Á n det A Á nφ Â A Ã by
the first part, so whenever A Æ SL Â n Ã there exists a B Æ V such that
Dφ Â A Ã B ÍÁ 0 (namely B Á A). Hence 1 is a regular value of φ. By the
regular value theorem, the dimension of SL Â n Ã is dim V Ä 1 Á n2 Ä 1.

(iii) If A Á I,

Dφ Â A Ã B Á n

∑
i Ç 1

det Â e1, e2, . . . , ei È 1, bi, ei É 1, . . . , en Ã�Á n

∑
i Ç 1

bi,i Á tr B.

Hence the tangent space to SL Â n Ã at I, being the kernel of Dφ Â I Ã , is the
set of traceless matrices.



CHAPTER 7

Differential forms on manifolds

7.1. Set v1 Î e1 Ï e2 and v2 Î e1 Ð e2 form a basis of R2. Let λ1 ÎÒÑ a1, a2 Ó ,
λ2 Î]Ñ b1, b2 Ó be the dual basis vectors. Solving the equations λi Ñ v j Ó�Î δi, j gives
a1 Ï a2 Î 1, a1 Ð a2 Î 0 and b1 Ï b2 Î 0, b1 Ð b2 Î 1, so λ1 ÎMÑ 1

2 , 1
2 Ó , λ2 Î�Ñ 1

2 , Ð 1
2 Ó .

7.2.

7.3.

7.4. If v, w are arbitrary vectors in R4, thenÑ dx1 dx2 Ï dx3 dx4 Ó�Ñ v, w Ó:Î dx1 dx2 Ñ v, w Ó`Ï dx3 dx4 Ñ v, w Ó�ÎÔÔÔÔ dx1 Ñ v Ó dx2 Ñ v Ó
dx1 Ñ w Ó dx2 Ñ w Ó ÔÔÔÔ Ï ÔÔÔÔ dx3 Ñ v Ó dx4 Ñ v Ó

dx3 Ñ w Ó dx4 Ñ w Ó ÔÔÔÔ Î ÔÔÔÔ v1 v2
w1 w2

ÔÔÔÔ Ï ÔÔÔÔ v3 v4
w3 w4

ÔÔÔÔÎ v1w2 Ð v2w1 Ï v3w4 Ð v4w3.

25





CHAPTER 8

Volume forms

8.1. Let A be the n Õ 2-matrix with columns a and b. Then

AT A Ö]×ÙØ a Ø 2 a Ú b
a Ú b Ø b Ø 2 Û ,

so the parallelogram has areaÜ
det Ý AT A Þ�Ö�ß Ø a Ø 2 Ø b Ø 2 à Ý a Ú b Þ 2 á 1 â 2.

Using a Ú b Ö Ø a ØãØ b Ø cosφ we get

det Ý AT A Þ�Ö Ø a Ø 2 Ø b Ø 2 Ý 1 à cos2φ Þ�Ö Ø a Ø 2 Ø b Ø 2 sin2φ,

so the area is Ø a ØãØ b Ø sinφ.

For n Ö 3 we have a Õ b ÖäÝ a2b3
à b2a3 Þ e1

à Ý a1b3
à b1a3 Þ e2 å Ý a1b2

à b1a2 Þ e3
and it is easy to check that Ø a Õ b Ø 2 Ö det Ý AT A Þ .
8.2.

8.3.

8.4.

8.5.

8.6. By definition of pullbacks and of the volume form, Ý ψ æ µM Þ x Ý e1, . . . , en Þ¼Ö
µM,ψ ç x è Ý Dψ Ý x Þ e1, . . . , Dψ Ý x Þ en Þ�Ö voln Ý A Þ , where

A Ö Dψ Ý x Þ�Ö,× In
D f Ý x Þ Û .

By Theorem 8.3,

voln Ý A Þ 2 Ö Ü det Ý AT A Þ�Ö
ééééééééééé
1 å a2

1 a1a2 a1a3 . . . a1an
a2a1 1 å a2

2 a2a3 . . . a2an
a3a1 a3a2 1 å a2

3 . . . a3an
...

...
...

. . .
...

ana1 ana2 ana3 . . . 1 å a2
n

ééééééééééé Ö 1 å n

∑
i ê 1

a2
i ,

where ai Ö ∂ f
∂xi
Ý x Þ and we used Exercise 8.4. HenceÝ ψ æ µM Þ x Ý e1, . . . , en Þ�Ö Ü 1 å Ø grad f Ý x Þ Ø 2,

which implies ψ æ µM Ö�ë 1 å Ø grad f Ý x Þ Ø 2 dx1 dx2 Ú�Ú�Ú dxn.
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CHAPTER 9

Integration and Stokes’ theorem on manifolds

9.1.

9.2.

9.3.

9.4.

9.5.

9.6. (i) In the notation of Exercise 2.16, let f ì x í�î]ï x ï 2; then grad f ì x íÌî
2x, so n î x ðñï x ï , which is the unit vector field normal to all concentric
spheres about the origin. Hence, by Corollary 8.15,ν ò S ì R í:î µS ó R ô , and
therefore An ì R í�î voln õ 1 S ì R í�î÷ö S ó R ô ν.

(ii) Define φ : Rn ø Rn by φ ì x í´î Rx. Then Dφ ì x íùî RIn for all x. Also φ
maps B ì 1 í to B ì R í and S ì 1 í to S ì R í . Thus, for any positively oriented
n ú 1-tuple of vectors v1, . . . , vn õ 1 tangent to S ì 1 í at x,ì φ û µS ó R ô í x ì v1, . . . , vn õ 1 í�î µS ó R ô ,φ ó xô ì Dφ ì x í v1, . . . , Dφ ì x í vn õ 1 í
µS ó R ô ,Rx ì Rv1, . . . , Rvn õ 1 í�î Rn õ 1µS ó R ô ,Rx ì v1, . . . , vn õ 1 íî Rn õ 1 voln õ 1 ì v1, . . . , vn õ 1 í�î Rn õ 1µS ó 1 ô ,x ì v1, . . . , vn õ 1 í .

Hence φ û µS ó R ô î Rn õ 1µS ó 1 ô , so

An ì R í�î voln õ 1 S ì R í�îQü
S ó R ô µS ó R ô îQü

S ó 1 ô φ û µS ó R ôî Rn õ 1 ü
S ó 1 ô µS ó 1 ô î Rn õ 1An.

Similarly Vn ì R í�î RnVn.
(iii) Using dx1 dx2 ý�ý�ý dxn î αν and first integrating over S ì r í and then over

r þ ÿ 0, R
�

we getü
B ó R ô g ì x í dx1 dx2 ý�ý�ý dxn î ü

B ó R ô f ì ï x ï�íbì dr í ν î ü R

0
ü

S ó R ô f ì r í ν drî ü R

0
f ì r í ü

S ó R ô ν dr î ü R

0
f ì r í An ì r í dr î An ü R

0
f ì r í rn õ 1 dr.

Here we used An ì r í�î rn õ 1An and ν î µS ó r ô .
29
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(iv) Applying the previous part to f � r ��� e � r2
we get�	��
� 
 e � r2

dr � n � ��
� 
 e � x2
1 dx1 . . .

��
� 
 e � x2
n dxn � �

Rn
e ��
 x 
 2 dx1 ����� dxn� lim

R � 
 � B � R � e ��
 x 
 2 dx1 ����� dxn � An lim
R � 
 � R

0
e � r2

rn � 1 dr � An

� 

0

e � r2
rn � 1 dr.

(v) The previous part says that γ � 1
2 � n � An

1
2 � � n � 2 � , so

An � 2π
n
2��� n

2 � .

Now use the expressions for � � 2m � and � � 2m � 1 � to find

A2m � 2πm� m � 1 � ! and A2m � 1 � 2m � 1πm

1 � 3 � 5 ����� � 2m � 1 � .

(vi) Taking f � r ��� 1 in part (iii) gives Vn � R ��� AnRn � n. Setting R � 1 gives
An � nVn. Hence, since Vn � R ��� RnVn, ∂Vn � R ��� ∂R � nRn � 1Vn �
Rn � 1An � An � R � .

(vii)

Vn � An � n � π
n
2

n
2 � � n

2 � � π
n
2� � n

2 � 1 � ,

which immediately gives

V2m � πm

m!
and V2m � 1 � 2m � 1πm

1 � 3 � 5 ����� � 2m � 1 � .

(viii)
n 0 1 2 3 4 5

Vn � R � 1 2R πR2 4
3πR3 1

2π
2R4 8

15π
2R5

An � R � 0 2 2πR 4πR2 2π2R3 8
3π

2R4

(ix) Let

L � x � � � � x � 1 � ex

xx � 1
2

.

By Stirling’s formula,!
2π lim

n � 
 An � lim
n � 
 L " 1

2
n � 1 # An � lim

n � 
 2π
n
2 e

n
2 � 1� n

2 � 1 � n $ 1
2
� 0,

so limn � 
 An � 0. Similarly limn � 
 Vn � 0 and

lim
n � 
 An � 1

An
� lim

n � 
 L � n � 1
2 � An � 1

L � 1
2 n � 1 � An

� ����� � lim
n � 
&% 2πe

n � 1
" 1 � 1

n � 1
# n $ 1

2 � 0.



APPENDIX A

Sets and functions

A.1.
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APPENDIX B

Calculus review

B.1.

B.2. c ' t ( h ) * x (+' t ( h ) v * x ( tv ( hv * c ' t ),( hv, so c ' t ( h ).- c ' t )�* hv, so

c /0' t )�* lim
h 1 0

c ' t ( h )�- c ' t )
h

* lim
h 1 0

hv
h
* v.

This is of course a reasonable answer, because the curve c represents uniform mo-
tion with velocity vector v. Different method:

c ' t )2*3' x1, x2, . . . , xn ) T ( t ' v1, v2, . . . , vn ) T *3' x1 ( tv1, x2 ( tv2, . . . , xn ( tvn ) T,

so the i-th component of c is ci ' t )�* xi ( tvi, so c /i ' t )�* vi, so

c / ' t )�*4' v1, v2, . . . , vn ) T * v.

B.3. Let f ' t )�* φ ' c ' t )�) , where c ' t )�* x ( tv. Then f is a function from R to R and,
by the definition of derivative,

f /5' 0 )�* lim
t 1 0

f ' t )�- f ' 0 )
t

* lim
t 1 0

φ ' x ( tv )�- φ ' x )
t

.

On the other hand, f * φ 6 c, so by the chain rule D f ' 0 )7* Dφ ' c ' 0 )�) Dc ' 0 ) . The
Jacobi matrix of f is a 1 8 1-matrix containing the single entry df 9 dt and the Jacobi
matrix of c is a single column, namely c / ' t )�* v. Hence f / ' 0 )�* Dφ ' x ) v, and so

Dφ ' x ) v * lim
t 1 0

φ ' x ( tv )�- φ ' x )
t

.

B.4. From f ' x ) * Gm1m2 9;: x :7* Gm1m2 <>= x2
1 ( x2

2 ( x2
3 we get

∂ f
∂xi

' x ) *?- Gm1m2xi' x2
1 ( x2

2 ( x2
3 ) 3 @ 2 *3- Gm1m2xi: x : 3 ,

so

grad f ' x )�*3- Gm1m2: x : 3 x * F ' x ) .
B.5. (i) f1 ' tx, ty )A*B'�' tx ) 2 - t2xy )�9C'D' tx ) 2 (E' ty ) 2 )F* f ' x, y ) , f2 ' tx, ty )G*H ' tx ) 3 (+' ty ) 3 * t3 @ 2 f2 ' x, y ) , and

f3 ' tx, ty, tz )�*4'D' tx ) 2 ' tz ) 6 ( 3 ' tx ) 4 ' ty ) 2 ' tz ) 2 )�IKJ 2 * t I 8 J 2 f3 ' x, y, z ) ,
so f1, f2 and f3 are homogeneous of degree 0, 3

2 and - 8 L 2, respectively.
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34 B. CALCULUS REVIEW

(ii) Let x MN 0. Then by continuity

f O 0 P N lim
t Q 0

f O tx P N lim
t Q 0

tp f O x P .
In particular, this limit must exist. But if f O x PGMN 0 this limit cannot exist,
unless p R 0. If p N 0, we get f O 0 P N limt Q 0 t0 f O x P N f O x P for all x, so f
is constant.

(iii) Differentiating f O tx P N tp f O x P with respect to t and using the chain rule
as in formula (B.5) gives

n

∑
i S 1

xi
∂ f
∂xi

O tx P N ptp T 1 f O x P .
This holds for all t U 0, so we may substitute t N 1, which gives the
desired result.

B.6. (i)

f V0O 0 P N lim
x Q 0

f O x P.W f O 0 P
x

N lim
x Q 0

e T 1 X x2

x
N lim

s QZY\[ s
es2

N 0.

Here we substituted s N 1 ] x and used the standard limit

lim
s QZY\[_^ g O s P�` es2 a N 0

for any polynomial g O s P .
(ii) It suffices to prove by induction on n that for each n R 0 there exists a

polynomial gn O 1 ] x P in 1 ] x such that

f b n c O x P Ned 0 if x N 0,
gn O 1 ] x P e T 1 X x2

if x MN 0.

This is true for n N 0, because f b 0 c N f , so we can take g0 O 1 ] x P N 1.
Suppose it’s true for some n R 0. Then for x MN 0, by the usual rules of
differentiation,

f b n f 1 c O x P N df b n c
dx

O x P N W 1
x2 g Vn g 1

x h e T 1 X x2 i 2
x3 gn g 1

x h e T 1 X x2NBj 2
x3 gn g 1

x h W 1
x2 g Vn g 1

x h,k e T 1 X x2 N gn f 1 g 1
x h e T 1 X x2

,

where gn f 1 O 1 ] x P is a polynomial in 1 ] x. Also, the n
i

1-st derivative at
0 is

f b n f 1 c O 0 P N lim
x Q 0

f b n c O x P�W f b n c O 0 P
x

N lim
x Q 0

gn O 1 ] x P e T 1 X x2 W 0
x

N lim
s QZYK[ sgn O s P

es2
N 0.

So the statement is true for n
i

1, and hence for all n R 0.
(iii) Notice how flat the graph is near x N 0: that’s because all the derivatives

vanish at 0.

–4 –2 2 4
x



B. CALCULUS REVIEW 35

B.7. (i) l
ψ m t n l 2 o 1p l

t

l
2 q 1 r 2 ss 2t q m l t l 2 t 1 n en ss 2o 1p l

t

l
2 q 1 r 2

p
4

l
t

l
2 q m l t l 2 t 1 n 2 r (B.1)o 1p l

t

l
2 q 1 r 2

p l
t

l
2 q 1 r 2o 1,

where in (B.1) we used t u en and Pythagoras’ Theorem, so ψ m t n lies on
the unit sphere.

(ii) Every point on the line joining two points x and y in Rn is of the form
y q λ m x t y n o λx q m 1 t λ n y o λx q µy, where λ q µ o 1. Let

λ o 2
l
t

l
2 q 1

, µ o l
t

l
2 t 1

l
t

l
2 q 1

.

Then λ q µ o 1 andψ m t n o λt q µen, soψ m t n lies on the line through the
points en and t. Hence, by part (i), ψ m t n is the intersection point of the
unit sphere and this line.

(iii) For i v n t 1 we haveψi m t n o 2ti w m l t l 2 q 1 n , so

∂ψi
∂t j

o 2δi, j
t 4tit jm l t l 2 q 1 n 2 for 1 v j v n t 1.

Also ψn m t n o m l t l 2 t 1 n w m l t l 2 q 1 n , so

∂ψn

∂t j

o 4t jm l t l 2 q 1 n 2 for 1 v j v n t 1.

This describes all entries of the n xym n t 1 n -matrix Dψ m t n . A slick way of
writing the Jacobi matrix (not required) is

Dψ m t n o 2
l
t

l
2 q 1 z In { 1

0T | q 4m l t l 2 q 1 n 2 m t t q en n tT ,

where 0 is the origin in Rn { 1 (so 0T is the row vector with n t 1 zeroes)
and tT o m t1, t2, . . . , tn { 1 n .

(iv) The formulas forψ andφ are

ψ m t n o 1
l
t

l
2 q 1 }~~~�

2t1
...

2tn { 1
l
t

l
2 t 1

�D���� , φ m x n o 1
1 t xn }~� x1

...
xn { 1

� �� .

Using x � X (which implies

l
x

l o 1) we getl
φ m x n l 2 o x2

1
q�������q x2

n { 1m 1 t xn n 2 o 1 t x2
nm 1 t xn n 2 .

Thereforel
φ m x n l 2 q 1 o 2

1 t xn
,

l
φ m x n l 2 t 1 o 2xn

1 t xn
.
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This gives

ψ � φ � x ��� � 1 � xn

2 ��� 2x1 � � 1 � xn �
...

2xn � � 1 � xn �
�D�� � x.

Similarly,

1 ��� t � 2 � 1� t � 2 � 1
� 2� t � 2 � 1

, � 1 ��� t � 2 � 1� t � 2 � 1 �G� 1 ��� t � 2 � 1
2

,

which gives

φ j � ψ � t ����� 2t j� t � 2 � 1
� 1 � � t � 2 � 1� t � 2 � 1 ��� 1 � t j

for j � n � 1, and so φ � ψ � t �D��� t.
(v)

t t

e_n

–1

–0.5

0

0.5

1

–2 –1 1 2 3

–2

–1

0

1

2

x

–2

–1

0

1

2

y

–1

0

1

z

(vi) In the formula forψ replace en with � en and in the formula forφ replace
xn with � xn to get

ψ � t ��� 1� t � 2 � 1
����� 2t1

...
2tn � 1

1 � � t � 2

�D���� , φ � x � � 1
1 � xn ��� x1

...
xn � 1

�D�� .

B.8. Define ψ : Rn � Rn by ψ � x ���3� x, i.e.

ψ � x1, . . . , xn ���3��� x1, . . . , � xn � T.

Then Dψ � x ����� I, where I is the n � n-identity matrix. φ : Rn � Rm is even
means φ � ψ � φ, so by the chain rule Dφ � ψ � x ��� Dψ � x � � Dφ � x � for all x, in
other words Dφ ��� x �¡��� I ��� Dφ � x � , so � Dφ ��� x �G� Dφ � x � . Taking x � 0 gives
Dφ � 0 � � 0, the m � n-zero matrix.


