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CHAPTER 1

Introduction

1.1. Plots such as the following can be produced with Maple, Matlab, Mathemat-
ica, etc. I used the following code in Maple version 8,

with(plots):
plot([t-sin(t),1-cos(t),t=0..6%Pi],scaling=constrained);

and exported the result to IATEX. But you may use any software you like, or draw
the curve by hand.
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The tangent vector to the curve at time t has components x/(f) = 1 — cost and
y'(t) = sint.

When x'(t) # 0 and y'(t) = 0, the tangent line is horizontal. This happens for
t = (2k + 1) with k integer, i.e. for x = (2k + 1)mand y = 2.

When x/'(t) = y'(t) # 0, the slope of the tangent line is 1. Since cost + sint =
V2 cos(t — ), the slope is 1 when t = (2k + 3)7, i.e. when x = (2k+ ) — 1
andy = 1.

Similarly, the slope of the tangent line is —1 for t = (2k+ 3), ie. for x = (2k+
3)r—landy=1.

When x/(t) = 0 and y/'(t) # 0, the tangent line is vertical. But x/(t) = 0 and
y'(t) # 0 never happens for this curve.

However, it may happen that x'(¢) and y'(t) are both 0, namely for t = 2k (k
integer), i.e. x = 2k7r and y = 0. At such points the tangent vector is 0, in which
case we say that the parametrization has a singularity. In general, at such points,
a parametrized curve may or may not have a well-defined tangent line and it may
or may not be a manifold. In the case at hand we have

y(t) = y(2km) | _
x(t) — x(2km) ’
so the curve has slope oo for t = 2k7r and there is a well-defined (vertical) tangent

line. However, it is not a manifold for ¢+ = 2k7 because of the sharp cusps shown
in the picture.

t—2km

1.2. This parametrization is a little tricky, because it blows up for t = —1. For
—o0o < t < —1 the curve traverses the leg in the lower right quadrant, and for
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2 1. INTRODUCTION

—1 < t < oo it traverses the loop in the upper two quadrants. In the plot I took
a=1.

We have
, 3a(1— 22 , 3at(2—t3
x(t) = (§+t3)t2)’ y(t) = (i(-l-t3;2)'

Horizontal tangent lines: t = 0 (x = y = 0) and t = 21/3 (x = 2173, y = 22/3).
Vertical tangent lines: ¢ = V2 (x = 22/3, y= 21/3) and t = +o00 (x = y =0). At
the origin the curve has a selfintersection with two distinct tangent lines, so it is
not a manifold there.

1.3. The projection onto the xy-plane is the Archimedean spiral given by r = k16
for some constant k1. The cone is given by z2 = ¢?r? for some constant c. Therefore
the curve on the cone satisfies z> = k%@2 (where ky = cky). So we can use 0 as a
parameter and present the curve in cylindrical coordinates by r = k16, z = k0
(8 € R). In cartesian coordinates we get (replacing 6 with t for “time”)

x = kytcost, y = kytsint, z = kot (—o0 <t < 00).

1.4. Idon’t have software for sketching these surfaces, but I will describe them in
words.

Top left: gluing the two copies of a together gives a cylinder with top and bottom
labelled b with arrows going in the same direction. Gluing the b’s therefore gives
a torus.

Top right: gluing the a’s gives a surface that can be deformed to a cylinder with one
end labelled b and the other end bdcd. Gluing the b’s gives a torus with a circular
hole or puncture. The edge of the puncture has labels dcd. Finally, gluing the d’s
creates a seam labelled d, but still leaves a circular hole with boundary labelled c.
So we end up with a torus with a single puncture in it, like a bicycle tube with a
valve.

Bottom left: gluing the a1’s and the a,’s creates a torus with two punctures, like a
bicycle tube with two valves. The boundary of each of the punctures is labelled
b1by. Gluing the two copies of by and the two copies of b, amounts to welding
together the two punctures, which creates a “pretzel” with two handles. (Imagine
each of the two punctures sprouting a little tube with a circular end, and then glue
these two circles together.)
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Bottom right: as in the bottom left diagram, gluing the a;’s and the a,’s creates
a torus with two boundary components labelled b1b,. Again, let us imagine that
each of the two boundary components sprouts a little tube with a circular end.
This time, however, when we try to glue the two circles together, we notice that
the orientations of the two boundary edges don’t match. But if we pass one of the
little tubes through the wall of the other (which creates a self-intersection along
a circle), we can glue them together. The resulting surface can be described as
follows: take a torus and a Klein bottle; punch a circular hole in each and glue
them together along their boundary circles.

1.5. (i) n = 0. This is a smooth surface, consisting of two connected com-
ponents.

(iif) n = 2. The surface has a selfintersection along the positive z-axis; the
two sheets are “pinched” together at the origin. The negative z-axis is
part of the surface, but does not show in the Maple plot. The surface is
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singular along the z-axis.

(iv) n = 3. The horizontal cross-sections of this surface are V-shaped. The V
flips around as you travel downwards through the xy-plane. The entire
z-axis is singular.

1.6.
1.7.

1.8. If a # b we may just as well assume that a > b. AB being fixed, C can move
full circle around B, and for each position of C there are two possible positions
for D, as in the case of an arbitrary quadrilateral. This gives two circles” worth
of configurations. However, these two circles intersect at two points. These two
points are the two configurations where the quadrilateral degenerates to a line
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segment, ADBC or DACB.

/%\

\\ X /

Now let a = b. Starting from a square ABCD we can rotate C full circle around B
and let D move smoothly along. This is one circle’s worth of configurations, which
we will call ¢;. But we could also start from a position where the segment BC is
perpendicular to AB and where D coincides with B, and then turn C around while
D stays fixed. This is another circle’s worth of configurations, say c;. Finally, we
can start with the segment AD perpendicular to AB and C coinciding with A, and
then turn D around while C stays fixed. This gives a third circle, c3. The circles cq
and c; intersect at one point, the configuration where ABDC are placed on a line
(which forces B = D). Likewise ¢ and c3 intersect at one point, the configuration
with ABDC placed on a line (which forces A = C). Finally, ¢, and c3 intersect at
the configuration where A = C and B = D: the quadrilateral is “folded up”.

/\/ \
\/







CHAPTER 2

Differential forms on Euclidean space

2.1. (i) da = xze™V*dy dx + xye*¥*dzdx = —xze™V* dx dy — xye*¥* dx dz.
(ii)
n — n .
da = Z 2x;dx;dxy - --dx; - - dxy, = Z (=) 12w dy - - - dxj - - - doxy
i=1 i=1
=2(x1 —xp+x3—---)dxydxy---dxy.
(ii)

p/2

; _
D (BBt ) = i,

axi
so d||x||P = plx||P~2 31 x;dx; and
n ‘ .
da = d||x||P Z (_1)z+1xi dxq---dx;---dxy
i=1

n . e
DY (1) x;dxy - - - da; - - - dacy
=1

n n ) e
= plXIP=2 Y xjpdx; 3 (=1) xidx - dxie - d
J=1 i=1
n . -
+ ||x||P Z (—1)1+1dxidx1 coedxjee - dxy
i=1

n
= p||x||P~2 > X2 dxy dxy - - - dxy + n||x||P dxq dxo - - - dxy
i=1
= (n+ p)||x||P dx1 dxy - - - dx.

In particular, « is closed for p = —n.
2.2. (i) af = x?dxdydz, afy = 0;
(if) da = dxdx —dydy = 0,df3 = dzdxdy+dxdydz = 2dxdydz, dy =
dzdy = —dydz.

23. Letwy = YL, dx;dy;.

m=1: (wy)! = wy = dx; dy;.

m = 2: (wy)? = (dxy dyy + dxp dyz)? = 2dx; dyy dx, dys.

m = 3: (w3)® = (dxy dyy + dxp dys + dx3 dys)® = 6 dxy dyy dxo dy, dxs dys.

For general m > 0:

(wm)™ = (dx1dy1 +dxadys + - - + dxp dyy)™ = mldxy dyy dxp dyy - - - dxm dyom.

7



8 2. DIFFERENTIAL FORMS ON EUCLIDEAN SPACE

PROOF. The formula is correct for m = 0 (with the obvious convention that
wp = 1 and that a = 1 for any differential form & # 0). Assuming it’s correct for
a certain m we get

(Wia1)"™ ™ = (W + A1 AYpgr)™
m+1
m+1 _
= Z ( k ) (wm)m—H k(dxm+1 dym—i—l)k (2.1)
k=0
= (wm)m+1 + (m+ D) wpdx 1 dYm+1 (2.2)

=0+ (Wl + 1)111! dx1 dyl dX2 dy2 te dxm dym dxm+1 dym+1 (2.3)
= (m + 1)! dx1 dyl dXQ dy2 T dxm dym dme dym+1,
so the statement is true for m + 1. Hence by induction it’s true for all m > 0.
(In line (2.1) we used the binomial theorem (a + )" = y7_(})akp" k. This
works for any forms « and f3 of even degree. The reason is that then af = f«,
so the usual proof of the binomial theorem goes through. In line (2.2) we used

(dXy41dYmi1)* = 0 for k > 2, and in line (2.3) we used the induction hypothesis.)
QED

24. Letoy, = dz+ 3[* x;dy;. Then doy, = wy, so by Exercise (2.3)

= (dz+x1dyr +x2dys + -+ + xpdym) mtdxy dyy dxp dyy - - - dxy dym
=mldzdx;dyidxydyy -+ - dxpy dy, = mdx dyy dxp dyy - - dxy, dyy dz.

25. (i) g(x,y,z) = eV + cos xz + yz2 + 23 satisfies dg = a. (You can find
this function by successive integration as in Example 2.9, or guess the
solution and check it by plugging in.) In particular, « is closed.

(ii) Here g(x,v,z) = x2y3z* + cos(ze¥) + % works.

2.6. By definition dg = Y ,(0g/0x;) dx;, so we must check that dg/dx; = f; for
all i. From

n X
g(x) = Z /0 ]f]-(O,...,O,t,x]-+1,...,xn)dt
=1

we get

d L0 [y
a—i(x) = Zla_xi/o fj(O,...,O,t,xjH,...,xn)dt
]:

Lo
= ZE/O f]‘(o,...,O,t,x]‘+1,...,x;/l)dt,
=1 0%

since only the first i terms in g involve the variable x;. For j < i we have

0 X xi 9f;
E/O]fj(O,...,O,t,x]-H,...,xn)dt:/0]O—Q(O,...,O,t,xj+1,...,xn)dt (2.4)
1 1

Xj a i
:/(; gflj(o,...,O,t,x]‘+1,~--/xn)dt (2.5)

= fl-(O,...,O,x]-,x]-H,...,xn) —fl-(O,...,O,x]-,x]-H,...,xn). (2.6)
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Here in (2.4) we interchanged differentiation and integration, in (2.5) we used
0f;/0x; = df;/0x; (because « is closed!) and in (2.6) we used the FTC. Also by
the FTC,

0 [Xi
E/O £i(0,...,0,t,xi41,...,xn)dt = f;(0,...,0,%;, Xj11,..., Xn).
1

Therefore
i—1

0
a—i(x) =Y (fil0, -, 0, X410, Xn) = fi 0,0, 0,2, X1, X))
=

+ £i(0,...,0,x;, Xix1,---, Xn)
= fi(x) — fi(0,x2, ..., x0) + fi(0,x2, ..., xn) — £i(0,0,x3,..., %) + -~
+ (0., xiq, .., xn) — fi(0,...,0, x5, Xix1, o, Xn)
+ £i(0,...,0,x;, Xjq1, ..., Xn)

fidx; = a.

:fi(x)/
which was to be proved.
2.7.
3 ()i + xdf)
ag = —— dx;) fi + x; df;
P‘i‘li; i)Ji i4fi
1 n 1 n n afl
= — jdx; + —— xj5— dx
P+1i;fl l p+1ig1];1 toxj
1 n 1 n o n af]
— dx g
pri ] x1+p+1];l;xlaxi *
1 n d p n d
= —— jdx; + — x
P‘i‘li;fl i P+1];pf] j
p+1§
=

=
+
—_

28. Ifda =dp =0, then d(af3) = (da)B £ adp = 0 by the Leibniz rule, so a3 is
closed.

29. If da = 0 and B = dy, then af3 = ady = d(ay) £ (da)y = d(ay) by the
Leibniz rule, so af3 is exact.

2.10. *a = xdydz+ ydxdz, *3 = zdz + xdx, ¥y = —zdxdz, x(a«f) = x%.

2.11. (i) *a = —x3dxy — x5 dxa. da = 2(x1 + x) dx1 dxa, s0 *da = 2(x1 +

x3), 80 dxdoc = 2dx1 + 2dxy, so xdxdo = —2dx1 + 2dx,.

(i) *a = —x?dxydxz — x3dxpdxs. da = 2(x1 + xp) dxq dxa, so *da =
2(xq1 + xp) dxs, so dxda = 2dxydxs + 2dxpdxs, so xdxda = 2dxq —
2 dXQ.

(iii) *a = —x?dxydxzdxs — x5dxpdxzdxs. da = 2(x1 + xp) dxy dxa, so
sdo = 2(x1 + x) dxzdxy, so dxda = 2dxydxsdxy + 2dx, dxsdxy, so
sdxdoe = —2dxq + 2 dx,.
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2.12. Recall *dx; = ¢; dxc, where ¢ = %1 is chosen so that
dxrdxpe = erdxidxy - - - dxy.
Similarly, *dxjc = ejc dxj, where ¢c is chosen so that
dxpedx; = epe dx1dxy - - - dxy.
Using
dxpe dx; = (=) 0 =Rdx; dxje = (=1)"*dx; dxe

(where k is the degree of I) we get (—1)¥*ke;dxy dxy -+ - dxy = epc dxq dxo - - - dxy,
so erc = (—1)¥*ke;. Consequently

**de = *(51 dx[c) = EICEIdX[ ( 1)kn+k de = (—1)k”+kdx1.
Hence #+a = (—1)"*kq for every k-form a on R".

2.13. (i) By definition, (dx,dx;) = 1if I = J and (dxj,dx;) = 0if I # ], so
the dx; form an orthonormal basis.
(ii) If o = yyardxy, then (o, ) = y7a2 > 0, with equality only whena; = 0
forall I, i.e. for « = 0.
(iii) If « = yja;dx; and B = 3 bjdx; are two constant coefficient k-forms,
then

a(xB) = ardx; y brejdxye =y ejarbydxydxye.
I ] T]

If I # ], then I and J¢ have entries in common, so dx;dxjc = 0. If
I = ], then dx;dxje = dxjdxje = epdxydxy---dx,. Hence a(*f) =
Sie2arbydxydxy - - -dx, = (a, B) dxydxy - - - dxy.

(iv) a(*p) = B(*a) follows from a(*f3) = («, ) dx1dxy - - - dxy and («, B) =
(B, «)

(v) (a, B) = (*a, ) follows from the fact that * maps the orthogonal basis

{dx} to itself.

2.14. G) df = 37, g dx;, 50

0 —
*df = Zla—i*dxl— Z( 1)i+1 fdxldxz dx; - - dxy,

SO

dedf = 5 (—1 )l+1dgfdx1dx2 cdx; - dxy

(_1)1+1a f

I 2dxldx1dx2 c?;i---dxn

(o))
N
—

Il
M= TM = l‘M:

dx1 dxy---dx, = (Af)dxydxy - - - dxy,

(3]
=
=N

so xdxdf = (Af)*(dxydxy---dx,) = Af.
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(ii)
A(fg) = »dxd(fg)
*dx(gdf + fdg)
xd(g*df + f xdg)
x(dg*df + gd+df + df xdg + f d+dg)
g *dxdf + f xdxdg) + x(dg *df + df *dg)
= (Af)g + fAg + 2 x(df (xdg))
by the Leibniz rule and Exercise 2.13(iv).

2.15. (i) *a = fxdx; = (=1)+1fdxy - dx; - - - dxy, S0
0
dxo = a—i:dxl -eodxy,

_ of
SO *d*xa = 3x;/ 5O

n 62f
dsxdxo = ];1 axjaxidxj

(ii)
- 9f < 9f c Of
da = Zl aTjdxjdxi = Z a—dx] Zr S—dx;dxj,
]:

Y —_ —
*da = Z(—l)lﬂﬂgfldxl---dxj---dxi---dxn

Hence

i—1
_ _ i+1
dxdo = ;1( 1)/ o0 X;

n 92 — n ) 2 —~
— z (_1)] f‘dxl...dx]-...dxn_‘ (_1)1+1del...dxi..

i Oxiax]

and therefore

= ]+1 n— ] zf n—iazf

_ i (_1)f(_1)71—f 2f dx]- Z ( 1 1+1 n za2f

= 0x;0x L

— (- 1)n+l§aaZf dx;+ ( §a2fdxz

— Z (_1)i+j+1%dxl...g;i...dx ..
j ]

— i—1 .02 —
fdxl -dx --dxn+Z(—1)za—fdx1---dxi--

11

* dx;q.

~dxy

~dxy,
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(iii)

n 62 02 02
dxdxoc+ (—1)"xdxdo = Z 3 gx Xj— ; ax‘aj;dxﬁ ; @dxi
; 4. £ x>

62f dx; + ; azfdxl = (Af) dx;.

a 2
2.16. (i)
1 of 1
dx, v = *dx,
= Terad FOT Z Y Tgrad f@ Z j
SO
n
av = Z 9f of dx; xdx;

IIgradf Terad FI &, ox; dx;

1 n

_ af \? ~
_W;(a_x) dxydxy - - dxn = dx1dxp - - - dtn.

(i) Use aa_;,» = x;/r to get gradr = x/r and hence ||gradr|| = 1. Now apply
part (i) to f =r.



3.1.
3.2.
3.3.
34.

3.5.
3.6.

3.7.
3.8.
3.9.

CHAPTER 3

Pulling back forms

(i) In the transposition 0 = (1,2,...,i—1,j,...,j—1,i,...,n) the
pairs (i,i+1),..., (i, j) are inversions, as well as the pairs (i + 1, j), ...,
(j—1,j). This makes for a total of 2(j — i) — 1 inversions. So [(0) =
2(j —i) — 1 and sign(o) = (—1)20-9-1 = -1,

(i) In the permutation (n,n—1,n—2,...,3,2,1) all pairs (i, j) are inver-
sions, so its length is 2n(n — 1) and its sign is (—1)%”(”_1).

(i) o' = (3,4,1,6,5,2), 7! = (6,2,5,3,1,4), 0t = (5,6,2,4,1,3),
0 = (4,1,5,2,3,6).
() o '=o,v'=1,01r=(1n1,3,4,....n—1,2),70 = (2,1n,3,4,...,n—
1,1).

(i) Let I(0) denote the set of inversions of a permutation o € S,.
So (i,j) € I(c) means 1 < i < j < nand o(i) > o(j). But then
(a(j), a(i)) € I(c~1), so for each o we can define a map

fo: I(o) = I(c™})
by fo((i, j)) = (a(j),0(i)). Note that f,-1(fo((i, /))) = (i, j), so fo is
bijective. This implies that I(0) and I(c~!) have the same number of
elements, so /(o) = I(0~!) and sign(o) = sign(c™!).
(ii)

detA" = Y sign(0)as(1)19(2)2" * * Go(n)n
0ES),

= % sign(0)ay o-1(1)2,6-1(2) "+ An,o-1(n)
oESy,

= z Sign(o_l)al,a—l(l)QZ,a—l(Z) Cly,e-1(n)
0ES,

= 3 S (2

TES,
= det A.

13
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3.10.
3.11.
3.12. (i)
al,l 611,2 e al,n
0 azp ... 4p
detA=| . . .
0 an/2 B an,n
= % sign(0)ay,6(1)82,0(2) " * An,o(n)
0€3,
= Z Sign(o)al,laz,a(Z) ©An,g(n)
o€Sy,o(1)=1
=an Yy sign(0)aye2)c Ane(n)
0€S,,0(1)=1
612,2 e azln
=4a1,1
an’2 “ve an,n
(ii) For an arbitrary n x n-matrix A with columns ay, ..., a,, we can write
a; = Y|, a;1e;, so by multilinearity
det A = det(ay,...,a,)
n
= det(Z aj1€;,. .. ,an>
i=1
n
= Z a;1det(e;, ..., a).
i=1
After performing the permutation o = (7,1,2,...,i—1,i+1,...,n) on
the rows of the matrix (e;, ..., a,), we obtain a matrix that has all zeroes
below the top left entry, as in part (i). Therefore, since o has length i — 1,
det(e;,...,a,) = (=1)"'det(ay, ..., a,).
Hence detA = 3" ,(—1)"*1a;; det(ay, ..., a,), which is the expansion
rule for the first column. The expansion rule for the ith column follows
from this by applying the permutation ¢ to the columns of A.
3.13.
3.14.
3.15.

3.16.
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3.17. 1)
dx = cos ¢ cosOdr — rsin¢dcosOd¢p — rcos ¢psin 840
dy = cos ¢sinBdr — rsin ¢psin8d¢ — r cos ¢ cos 0dO
dz =sin¢dr+rcospdd
dxdy = 2r cos ¢ sin ¢ cos Osin O dr d + r cos® p dr d6 + 1> cos p sin p dOd¢p
dxdydz = 1* cos pdrd0de

15






CHAPTER 4

Integration of 1-forms

4.1. (i) The curve is an ellipsis with horizontal axis of length 4 and vertical
axis of length 2.
(ii) c*o = (—a®bcostsin’t +a

/Coc:/()ﬂﬂc*oc

/2
/ (—a*bcos tsin® t + a®b? cos® tsin t) dt
0

2b? cos® t sin t) dt, so

1 1 /2
= |—Za?bsin’t — Za2b2 cos? t]

3 t=0
= %azb - ia2b2.
4.2.
4.3. (i) da = d||x||* 37 xidx; +||x]|? 7 dxidx; = d||x||* 31 xj dx;. From

n
A = A+ 2) T = 3 a4 a) 2

=1
2 n
= al|x||*~ xidx;
];1 177
we get da = a||x||“’2(z;-’:1 xjdx;j) (3, xidx;) = 0. (Use B = 0 for any

1-form f3.)
(ii) Since cx(t) = tx, we have

n n
cxo = ||#x]|” z tx;d(tx;) = |[x||* Z 2t = ||x||* 20 gt
i=1 i=1
Therefore
1 1 1
g(x) = / o= / Cla= / x| 249+ 4 = ||x||ﬂ+2/ $+1 g,
Cx 0 0 0
This integral is finite only for 2 > —2, and in that case it has the value
§(x) = IIx[I"*?/(a + 2).
(iif) From the computation in part (i) we get
n
d||x||"+? = (a +2)||x||* Z xjdx;j,
j=1
sodg = a.

17
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4.4, (i) The pathis cx(t) = (1 — t)x with co < t < 0. This time we have
n
Ga=[l(1=tx" 5 (1= x;d((1 = t)x;) = =|Ix]|"*(1 = 1) dt.
i=1

Therefore

1 0 0
9= [ a= [ ca=— [ Ix"a—n = -2 [ a-ntar
Cx 0 [es) —00

This integral is finite only for 2 < —2, and in that case it has the value
§() = IIx[I"*?/(a +2).
(ii)
(iii) For Newton's force we have a = —3, 50 g(x) = —||x|| L.
4.5. Fora = —2 we have

= I 3 = % = Zdinf(x),
where f(x) = 3;x7 = [|x]|*. So g(x) = 3 In||x||* = In||x]|.
4.6.
4.7.

4.8. Geometrically, the winding number of a curve ¢ in R? — {xo} measures the
number of times it loops around the point xg. Analytically, you can find it as
1/(27) times the integral of the angle form o = ||x|| ~2x - *dx over the translated
curve c(t) — xg. Alternatively, the winding number about xg is 2%1 J. &g, where

1 —
m(x —x0) - *#d(x —xg) =

(¥ — yo) dx + (x — xo) dy
x2 +y2 '

xpg =

4.9, (i) ¢*ax = —c*a, so ¢ has winding number —k. Geometric reason: ¢ is
the curve c traversed in the opposite direction.

(ii) ¢*x = c*a, so ¢ has winding number k. Geometric reason: ¢ can be
deformed into ¢ by a continuous rescaling, so it loops around the origin
the same number of times.

(iii) Here p(t) = ||c(t)||~!, so again ¢ has winding number k.

(iv) ¢*a = —c*a, so ¢ has winding number —k. Geometric reason: ¢ is the
reflection of the curve c in the diagonal x = y.
(v) Again *a = —c*a, so ¢ has winding number —k. Geometric reason:

¢ is obtained by reflection of the curve ¢ in the vertical axis and then
normalizing it.

4.10.
4.11.
4.12. (i) F*ais obtained by substituting x = F; and y = F, in «, so
Fi1dF, — F,dF
Fo= Al -hdh_ g
Ff + F;

(ii) dB = dF*a = F*da = 0, because « is closed.
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(ii)

1 1 1
index(F,c) = — [ B=— F*=—/ )
index(F, c) ZN/CB 27r/c a=oof @

which is the winding number of F o c about the origin.
(iv) index(F,c) is an integer by Corollary 4.8.

4.13. (i) Indices arel1, —1, —2, 3.
(ii) Index 0: e.g. a constant vector field. For i > 2, a vector field with 2(i —
1) “whorls” (as in the fourth picture in problem 4.13, which has four
whorls) has index i. Index 2: a field with two whorls like a magnetic
dipole. Index 4: a field with six whorls.






CHAPTER 5

Integration and Stokes’ theorem

51. [,¢*a= [c*d*a= [(poc) a= [y,

5.2. (i) Write b as a linear combination of k + 1-cubes, b = ¥ ;1;b;, with
l] € R. Then 0b = z]l]ab] and ab] = 2?21 ZpZO,l(_l)H_p(bj)i,p' The
sum of the coefficients in the expression for db; is

. k . .
S (D=3 () - (1) =0,

p=0,1 i=1

M~

and therefore the sum of the coefficients of db is also 0.

(ii) A single k-cube ¢ can of course be viewed as a linear combination of
k-cubes consisting of one term, with coefficient 1. But then db = c is
impossible, because we saw in the previous part that the sum of the
coefficients of 0b is 0, not 1.

5.3. (i)
X3

X2

X1
(i) da = dx1dxy + dxq dxs + dxp dxs, so
c*(da) = dt3 d(tity) + dt5 di5 + d(tity) dis = 2(ty + tp)? dty dty

and

/cda:/()l /01 c*(der) =/01§[(t1+t2)3]21:0dt2 = %/01((tz+1)3—t%) dt,

1
1 1 7
[Z(tz +1)% - Zt%] =

0_3'

21



22 5. INTEGRATION AND STOKES” THEOREM

By Stokes, [.da = [;.a. Here 0c = c1 + ¢y — c3 — ¢g with ¢1(t) =
(t2,0,0), co(t) = (1,t,12), c3(t) = (t2,t,1), ca(t) = (0,0, >). Hence

1 1 1 1
/oc:/ Odt-l—/ (dt-l—2tdt+2t2dt)—/ tZdt—/ 0dt
dc 0 0 0 0

T2 s o, ] 7
:/ (2 +2t+1)dt = [—t +t —i—t] _
0 3 o 3

54.

5.5. The issue here is to define a correct domain for the map P, studied in Exercise

3.18. On the unit sphere the radius r is equal to 1, and to cover the sphere once you

need to let the first angle 8; range from 0 to 27t and all the other angles from — % us

to %71. So the cube c is given by ¢(61,...,6,-1) = Pu(1,64,...,0,_1), with domain
the rectangular block

1 1 1 1
R =10,27] x [—57'[,57'[] X o X [—En,in].
Boundary of ¢ for n = 2: dc = c¢(27) — ¢(0) = (1,0)T — (1,0)T = 0.

Forn =3:9c = ¢y 2+ €120 = Co /2= €1,0- NoW €3 _25(60) = (0,0, 1) (south
pole), ¢ ~/2(6) = (0,0,1)" (north pole), ¢12(6) = c1,0(6) = (cos6,0,sin6)
(Greenwich meridian), so dc = {south pole} — {north pole}.

Don’t make the mistake of simplifying
dc = {south pole} — {north pole} = 2{south pole} = (0,0, —2)!

dc is not the difference of the two vectors (0,0, —1)T and (0,0,1)7, but a for-
mal difference of two zero-dimensional cubes. The expression {south pole} —
{north pole} is to be thought of as two electric charges: an electron placed at the
north pole and a positron at the south pole.

Forn=4:0c=—ci0+c12-+ Co— /2= Conj2 = C3—n/2 + C3 /- Here
€1,0 = €1,27/
€2,—/2(61,63) = (0,0, — cos 03, sin 63)7,
C2,/2(61,63) = (0,0, cos63,sin63)",
¢3,—n/2(01,02) = (0,0,0, —1)T  (south pole),
c3,7/2(61,62) = (0,0,0, )T (north pole),

80 0c = € _ /3 = €372 + {north pole} — {south pole}: two “line charges” plus
two “point charges”.



CHAPTER 6

Manifolds

6.1. The first component 1 (t) = t — sin t satisfies Y| (t) = 1 — cos t, which is > 0
(except for t = 2k7r, where it is 0). This implies 11 is a strictly increasing function
and therefore one-to-one. Hence 1 is one-to-one. Similarly 1/(t) = 0 for t = 2k.
Here the curve has cusps (see picture) so is not a manifold.

6.2. Since Y} (t) = 1 —acost > 0, we have 1/(t) # 0 for all t. Moreover, 1; is
increasing and therefore injective. Hence 1 itself is injective (because if ¢(t1) =
Y(ty), then in particular 1 (t1) = 1(t2), so t; = tp.) Moreover, by one-variable
calculus, the inverse 1l)1_1 of the increasing continuous function is continuous, so
Y~ 1(x) = ¢ (x1) is continuous. Hence 1 is an embedding.

6.3. The curve M is a hyperbola. Tangent line at (1,0)T: find ¢/(t) = J(ef —
e~fet +e )T att = 0: ¢¥'(0) = (0,2)T. Vertical line through (1,0)7 is given
by equation x = 1. Equation for M: x+y = e andx—y =¢ !, s01 = (x +
y)(x —y) = x? — y%. However, this is also the equation for the left branch of the
hyperbola, so we need to impose in addition the inequality x > 0.

6.4. This curve is the portion of the folium obtained by cutting off the part con-
tained in the quadrant x > 0, y < 0. Although 1) is injective and the tangent vector
Y/ is never 0, ! is not continuous: if x — 0 along the portion of the loop that is
tangent to the y-axis, then t — oo, but if x — 0 along the portion of the loop that is
tangent to the x-axis, then t — 0. Hence 1 is not an embedding. The curve loops
back onto itself and is not a manifold.

6.5. This curve looks like the graph of x — |x| for —1 < x < 1, hence is not a
manifold.

6.6. (i) If Y(s) = YP(t), then s% = t% and s; = t%, so sy = t; and sy, = ty, so
s=t.
(ii)
32 0
201ty 2
Dy(t) = 1
w(t) 2 24ty
0 3t

The determinant of the upper half is 3¢, which is nonzero if t; # 0. The
determinant of the lower half is 3t5, which is nonzero if t, # 0. Hence
the columns of D1 are independent for all t # 0.

(iii) ¥~ 1: Y(U) — U is given by 1~ 1(x) = ({/x1, ¢/x1), which is contin-
uous. Hence 1 is an embedding and, by definition, {(U) is a two-
manifold in R*.

23



24 6. MANIFOLDS

(iv) Fort = (1,1)T the column vectors of Di(t) are
(3,2,1,007  and  (0,1,2,3)7,
which form a basis of the tangent plane at ¢(1,1).
6.7.
6.8.
6.9.

6.10. In the notation of Example 6.16, dim O(n) = dim V —dim W = n? — In(n +
1) = In(n—1). The tangent space to O(n) at A consists of all B € V such that
D¢(A)B=0,i.e. ATB+ BTA = 0. Letting A = I we find B+ BT = 0, i.e. T;O(n)
consists of all B satisfying BT = —B.

6.11. (i) Note that
¢(A+ hB) = det(ay + hby,ap + hby, ..., a, + hby,)

n
= det(al,az, an) +h Z det(al,az, .e.,ai1,bjai41, .. .,an) + hz(. . )
i=1

=¢p(A)+h i det(ay, ap,...,a;_1,b;,a;11,...,a,) +h2(. o).
=1
Now use
D(A)B = lim + ($(A + 1B) — p(A))
h—0h

to get

n
D¢(A)B = z det(ay,ap,...,a;_1,b;,a;01,...,a,).
i=1

(ii) SL(n) = ¢~1(1), so to show it is a manifold it is enough to show that
1 is a regular value of ¢. Note that Dp(A)A = ndetA = n¢p(A) by
the first part, so whenever A € SL(n) there exists a B € V such that
D¢(A)B # 0 (namely B = A). Hence 1 is a regular value of ¢. By the
regular value theorem, the dimension of SL(n) is dim V — 1 = n? — 1.

(i) IfA = I,

n
D¢(A)B = Z det(ej, ey, ..., ei_1,bj,€i41,...,e4) = Y bj; =trB.

i=1 i
Hence the tangent space to SL(n) at I, being the kernel of D(I), is the
set of traceless matrices.

M=



CHAPTER 7

Differential forms on manifolds

7.1. Set vi = e; + e, and v, = e; — e, form a basis of R%. Let Ay = (ay,a3),
A2 = (b1, b2) be the dual basis vectors. Solving the equations A;(v;) = §; ; gives
ay+ay=1,a1—a;=0and b1 +b, =0,b1 — by =1,5s0 Ay = (%,%),7\2 = (%,—%)
7.2.
7.3.
7.4. If v, w are arbitrary vectors in R*, then

(dx1dxy + dxsdxy)(v,w) = dxydxo (v, w) + dxz dxy(v,w) =

dx(v) dxa(v) | |dxs(v)  dxs(v)
dx1(w) dxa(w)| * |dxs(w) dxg(w)

01 02
w1 Wy

U3 U4
W3 Wy

= V1Wy — VW1 + U3Wy4 — V4W3.

25






CHAPTER 8

Volume forms

8.1. Let A be the n x 2-matrix with columns a and b. Then

2 -b
ata= (I an),
a-b b

so the parallelogram has area
V/det(ATA) = (lall[b]* ~ (a- b))
Using a-b = ||a]|||b|| cos ¢ we get
det(ATA) = [la]*[[b]I*(1 - cos® ¢) = [la]l?[Ib]|* sin® &,
so the area is ||al|||b|| sin ¢.

Forn = 3wehaveaxb = (agbg — b2a3)e1 — (a1b3 — b1ﬂ3)62 + (ﬂ]bg - b]ﬂQ)Eg
and it is easy to check that ||a x b||? = det(ATA).

8.2.
8.3.
8.4.
8.5.

8.6. By definition of pullbacks and of the volume form, (*up)x(e, ..., e,) =
Ha, ) (DW¥(x)eq, ..., DP(x)en) = vol,(A), where

4= 0w = (ff)-

By Theorem 8.3,
1+ a% aiap aias ... a14n
aa; 1+ a% aras ... axdp ;
2
VOln(A)z = \/det(ATA) = | 43t azay l+4+az ... dzan | =1 4 Z 1112,
: : : B : =1
anaq anay apaz ... 1+ad3

where a; = % (x) and we used Exercise 8.4. Hence

(W ua)x(er, - en) = /1+ [lgrad f()|2,
which implies Y*up = /1 + ||grad f(x)||2dxq dx; - - - dxp.

27






9.1.
9.2.
9.3.
94.
9.5.
9.6.

CHAPTER 9

Integration and Stokes’ theorem on manifolds

(i) In the notation of Exercise 2.16, let f(x) = ||x||?; then grad f(x) =
2x, so n = x/||x||, which is the unit vector field normal to all concentric
spheres about the origin. Hence, by Corollary 8.15,v | S(R) = HS(R)/ and
therefore A, (R) = vol,_1 S(R) = [g(z) V-

(ii) Define ¢: R" — R" by ¢(x) = Rx. Then Dp(x) = RI, for all x. Also ¢
maps B(1) to B(R) and 5(1) to S(R). Thus, for any positively oriented
n — 1-tuple of vectors vy, ..., v,_1 tangent to S(1) atx,

(@ usr)x(V1, -, Vi-1) = Hs(R),p(0 (PP(X)V1, - .., DP(X) V1)

“S(R),RX(RVL ey Rvn—l) = Rn_lHS(R)’RX(Vl, .. -/Vn—l)

= Rnil VOln_l(Vl, .. -/vn—l) = Rnilus(l),x(vl, .. -/vn—l)'

Hence ¢™pgry = R”‘lus(l), SO

An(R) =vol,—1 S(R) = /S(R) Hs(R) = /5(1) " us(r)

— -1 _ -1

Similarly V,(R) = R"V,.

(iii) Using dx1dx;---dx, = av and first integrating over S(r) and then over

r € [0, R] we get

R
/B(R)g(x) dx, dx2---dxn:/B(R)f(||x||)(dr)v:/0 /S(R)f(r)vdr

= /ORf(r) /S(R)vdr = /ORf(r)An(r) dr = Ay /ORf(r)r”_ldr.

Here we used A,(r) ="~ 1A, and v = Hs(r)-

29



30 9. INTEGRATION AND STOKES’ THEOREM ON MANIFOLDS

(iv) Applying the previous part to f(r) = e~ we get

00 n 00 00
—00 —00 —o0 R"

2 R 2 0 2
= lim e~ lIxll dxq---dx, = A, lim el gy = An/ e~ 1 gy,
R—o0 B(R) R—00 JO 0
(v) The previous part says that ()" = A,3(n/2), so
273
An - =7
r(s)
Now use the expressions for I'(2m) and I'(2m + 1) to find
2 om+1,m
Apy = ——— d A = .
= =1y NG A T T s om - 1)

(vi) Taking f(r) = 1 in part (iii) gives V,,(R) = A,R"/n. Setting R = 1 gives
A, = nVy. Hence, since V,(R) = R"V,, aV,(R)/dR = nR* 1V, =
R" 1A, = Ay(R).
(vii)
3 %3
n = An/n = = ’
5T(3) TG+

which immediately gives
M om+1,m
Vo = — d V = .
2= Sy AN V2l = R Om 1 1)

(viii)
n 0 1 2 3 4 5
Va(R) 1 2R nR* 3aR® 1mx?R* LnA2R°
Au(R) 0 2 27R 47R®> 27°R®  §x°R
(ix) Let
X
L(x) = F(x+ll)e
xx+§
By Stirling’s formula,
1 non_q
V27 lim A, = lim L(—n — 1)An — lim 22C
n—00 n—oo \2 n—00 (% _ 1)”7

so limy o0 Ay = 0. Similarly lim, o V;; = 0 and

A L(%5)A it
lim At = gy DA [ 27 (1- L )" =0

n—oo Ay _”—WOL(%H—l)An_ n—oo \ n—1
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APPENDIX A

Sets and functions
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APPENDIX B

Calculus review

B.1.

B2. c(t+h) =x+ (t+h)v=x+tv+hv=c(t)+hv,soc(t+h)—c(t) =hv,so
) — i SEE) =) v
c(t) = fim h = hm =V

This is of course a reasonable answer, because the curve c represents uniform mo-
tion with velocity vector v. Different method:

c(t) = (x1,x2, ..., x0) T +H(v1,02,...,00)T = (x1 + toy, X0 + tvo, ..., xn + to,) T,
so the i-th component of ¢ is ¢;(t) = x; + tv;, so ci(t) = v;, s0
c(t) = (vy,00,...,00) = w.

B.3. Let f(t) = ¢(c(t)), where c(t) = x + tv. Then f is a function from R to R and,
by the definition of derivative,

0) = im LSO _ g 9t ) —00)

t—0 t—0 t

On the other hand, f = ¢ o ¢, so by the chain rule Df(0) = D¢(c(0))Dc(0). The
Jacobi matrix of fisa 1 x 1-matrix containing the single entry df /dt and the Jacobi
matrix of ¢ is a single column, namely ¢’(¢) = v. Hence f'(0) = D¢(x)v, and so

d(x+tv) — d(x)

Dp(x)v = lim t .
BA. From f(x) = Gmymy /x| = Gmima / /5 + 23 + x3 we get
ﬂ(x) ___ Gmymox; _ _Gmlmzxi,
ox; (x2 4+ x3 + x3)3/2 [Ix]°
S0
grad f(x) = —%x = F(x).
B.5. M) filtx, ty) = ((tx)* = Pxy)/((tx)* + (ty)?) = f(x,y), fa(tx, ty) =

V()3 + (ty)? = 32 f5(x, y), and
faltx, by, t2) = ((80)2(82)° + 3(t2)* (ty)2(12)2) V2 = 5V f(x, y, 2),
so f1, f> and f3 are homogeneous of degree 0, % and —8+/2, respectively.
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34 B. CALCULUS REVIEW

(ii) Letx # 0. Then by continuity
£(0) = lim f(tx) = lim ¥ f(x).
t—=0 t—=0

In particular, this limit must exist. But if f(x) # 0 this limit cannot exist,
unless p > 0. If p = 0, we get £(0) = lim;_,q t°f(x) = f(x) forall x, so f
is constant.

(iii) Differentiating f(tx) = t¥ f(x) with respect to t and using the chain rule
as in formula (B.5) gives

n af B _
3 g (= PP,

This holds for all t > 0, so we may substitute t = 1, which gives the
desired result.

B.6. ()
fl(o) = lim f(x) —f(O) e

= lim = 5
x—0 X x—0 X s—+o00 p8

Here we substituted s = 1/x and used the standard limit
. 2\ _
lim (5(5)/¢) =0

for any polynomial g(s).
(ii) It suffices to prove by induction on 7 that for each n > 0 there exists a
polynomial ¢, (1/x) in 1/x such that

(n) _ 0 if x = 0,
f) = {gn(l/x)e_l/xz ifx #0.

This is true for n = 0, because f(0) = f, so we can take go(1/x) = 1.
Suppose it’s true for some n > 0. Then for x # 0, by the usual rules of
differentiation,

df(”) 1 1\ /2 2 1\ _q1/2
(n+1) _ 4 e 1/x “ - 1/x
fr dx %) ng”(x)e +x3g"(x>e
2 1 1 1 _1/2 1\ _q1/,2
— (Fo(3) — 2 (5) ) =g (5)
where g,,+1(1/x) is a polynomial in 1/x. Also, the n + 1-st derivative at
Ois

() = tim LD = SO _ @/ Z0 L seals)

x—0 X x—0 x s—too  eS?

So the statement is true for n + 1, and hence for all n > 0.
(iii) Notice how flat the graph is near x = 0: that’s because all the derivatives
vanish at 0.
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B.J. ()
nwam2=(mmngum+umF—1k4F
::HHF%;F(MMF+UMF—1Y) (B.1)
::Zﬂzﬁé%pisi(”tnz_kl)2
=1

7

where in (B.1) we used t L e, and Pythagoras’ Theorem, so ¥(t) lies on
the unit sphere.
(ii) Every point on the line joining two points x and y in R" is of the form
y+A(x—y) =Ax+ (1—A)y = Ax+ py, where A + u = 1. Let
2 -1
e 2l
[4]1* +1 [[¢]1* +1
Then A+ p =1 and (t) = At+ pe,, so YP(t) lies on the line through the
points e, and t. Hence, by part (i), 1(t) is the intersection point of the
unit sphere and this line.
(iii) Fori < n— 1we have 1;(t) = 2t;/(||t||> + 1), so
% _ 251‘,]‘ — 4titj
oty (lleIP+1)?
Also 1y (t) = (J[t]| = 1)/([Itl|* + 1), s0
W _ A

otj — (It +1)

This describes all entries of the n x (1 — 1)-matrix Di(t). A slick way of
writing the Jacobi matrix (not required) is

L2 (), 4 e
0o = ey (o) + g et e

where 0 is the origin in R" ! (so 07 is the row vector with 1 — 1 zeroes)
and t” = (t,t2,...,ty_1).
(iv) The formulas for ¢ and ¢ are

fori1<j<n-1

for1<j<n-1

2t x
pH)=—1 | o) = ——|
MZ+1 | 2, 1—x,

g2 -1 Tl

Using x € X (which implies ||x|| = 1) we get

2 2 2
oGl = 2 TR k.
(1—xp)? (1—xp)?
Therefore
2 2x
lop()I1>+1 = (x> —1=—=

1_Xn, 1_Xn.
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This gives
2x1/(1 — xp)
1—xy .
lp((l)(x)) = 2 . =X
zxn/(l - .Xn)
Similarly,
-1 2 (1 2= 1)1 g+
Itz +1 g +1 I1t]1> + 1 2

which gives

) a1
oi00) = s (1- M) =

It1>+1 [It1>+1
for j <n—1,and so ¢(p(t)) = t.
v) en
05
t
2 0 2 3
-05

(vi) Inthe formula for i replace e;, with —e, and in the formula for ¢ replace
xp with —x;; to get
2t
_ 1 z RO
”t||2+1 2t, 1 ’ 1+ xp
L=l !
B.8. Define 1: R” — R" by (x) = —x, i.e.
P(x1,...,x0) = (—x1,..., —xn)T.
Then Dy(x) = —I, where I is the n x n-identity matrix. ¢: R” — R™ is even
means ¢ o P = ¢, so by the chain rule D$(p(x))Dp(x) = D¢(x) for all x, in

other words D¢(—x)(—1I) = D¢p(x), so —Dp(—x) = D¢p(x). Taking x = 0 gives
D¢(0) = 0, the m x n-zero matrix.

(1)



