Math 168A Selected Homework 3 Solutions

C.T. Wildman

3.1.1 Following the calculations on p. 59, we see that by conservation of energy we must
have
I — / I(r) dS = I(r) / 45 = dmr1(r)
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3.4.2 Fix a € R%. We will use the formula for the Radon transform of g = xp, to compute
the transform of f = xp, (). We have

2v1 =t if |t <1
Ryltw) = 42V TS
0 if |t] > 1
Now we observe that f(x) = g(x —a) and compute:
i)‘if(t,w):/ f(s@ + tw) ds:/ g(sw+tw —a)ds

At this point, we write a = (a,w)w + (a, w)w and get

/_OO g1(s — (a,))o + (t — (a,0) )] ds

Changing variables to u = s — (a,w) gives us
| atu+ (¢ = @w)e) du=Rolt - (a0, )
Thus, we have shown that

2y/1—((a,w))? if |t —(a,w)| <1
0 if [t — (a,w)| > 1
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Notice that f(x,y) depends only on r = /22 4+ y? so we can use the formula for the
Radon transform of radially symmetric functions. We have f(z,y) = F(r), where
1 ifr=1
F(r)= nr Then
0 else
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since F'is 0 everywhere except at r = 1.

Suppose f(x) > g(x) for all x. Then (f — g)(x) > 0 for all x. Then by Proposition
3.4.1, we have R(f —g)(t,w) > 0. Then by linearity of the transform, we get Rf(t,w)—
Mg(t,w) > 0, which is the same as Rf(¢,w) > Rg(t,w).

For simplicity, we will show that the segment [0, 1] has measure 0 as a subset of the
plane. Let € > 0 be given, and choose N large enough so that the following inequality
holds: %—i—ﬁ <e Forj=0,1,...,N,let z; = £ and let r; = % for all 5. Then the
segment [0, 1] is contained in the union Uj.V:O B,,(r;) and we have

By completeness of the space L'(IR?), it is enough to show that the sequence {Rf,} is
Cauchy in L'.. We have

IR fr = Rfmls = [R(fr — f) 1 S NR(fo = fr)lioo < | fn = finlt — 0

where the second inequality follows from Proposition 3.4.4. The last quantity goes to
0 since the sequence {f,} converges in L.

We have f(z,y) = F(r), where F(z) = 1xpq(2?). Thus we can use the radially
symmetric formula for the transform:
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We will get 0 if || > 1; otherwise we get
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Summarizing, we have

EaTE —Cif |t <1

0 if |¢| > 1
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