
Solutions to Math 21C Final, Winter 02 Agler.1. Two ve
tors for two of the sides of the triangle are a = h1; 2; 1i and b =h2;�2; 3i. The area of the triangle is ja� bj=2. We have a� b = ::: = 8 i� j� 6kand ja� bj = p82 + 1 + 62 = p101.2. The 
urves interse
t when ht; t2; t3i = h1 + s; 4s; 8s2i for some t and s. Thismeans that t = 1+s and t2 = 4s = 4(t�1) so t2�4t+4 = 0 and hen
e (t�2)2 = 0, i.e.t = 2 and hen
e s = 1. Its is easy to 
he
k that also the last equation is satis�ed forthese values. We have r01(t) = h1; 2t; 3t2i so r01(2) = h1; 4; 12i and r02(s) = h1; 4; 16siso r02(1) = h1; 4; 16i. The angle is given by 
os � = r01(2) � r02(1)=(jr01(2)j jr02(1)j) =209=(p1 + 42 + 122 � p1 + 42 + 162) = 209=p161 � 273.3. The ve
tor n = h2; 1; 4i between the points is normal to the plane and thepoint in the middle between the points P = (0; 3=2; 1) is on the plane. The equationof the plane is therefore 2(x� 0) + 1(y � 3=2) + 4(z � 1) = 0.4. r0(t) = 3t1=2 i � 2 sin 2t j + 2 
os 2tk. The initial speed is jr0(0)j = j2kj = 2.The ar
 length is R 10 jr0(t)j dt=R 10 p9t+ 4 dt=(9t+4)3=22=27��10=2(133=2�43=2)=27.5. The tangent plane to F (x; y; z) = x2 + y2=4 + z2=9 = 1 at a point (x0; y0; z0)has normal rF (x0; y0; z0)=h2x0; y0=2; 2z0=9i. This ve
tor is parallel to the normalof the plane x+y�z=0, whi
h is h1; 1;�1i, if 2x0=�, y0=2=� and 2z0=9=�� Sin
ethe point also must lie on the surfa
e we must have F (�=2; 2�;�9�=2)=�2=4+�2+9�2=4=7�2=2=1 so �=�p2=7. The point is (x0; y0; z0)=�p2=7(1=2; 2;�9=2).6. fx(x; y) = 4x3� 8y = 0 and fy(x; y) = �8x + 4y = 0 gives y = 2x and4x(x2�4)=0. Hen
e x=0 or x=�2 so the 
riti
al points are (0; 0), (2; 4), (�2;�4).fxx=12x2, fxy=�8, fyy=4 so D(x; y)=fxxfyy�f2xy=48x2�64. Then D(0; 0)<0so (0; 0) is a saddle point, D(2; 4)=128> 0 and fxx(2; 4)=48> 0 so (2; 4) is lo
almin, D(�2;�4)=128>0 and fxx(�2;�4)=48 > 0 so (�2;�4) is lo
al min.7. Minimize the area A=xy+2xz+2yz, subje
t to the 
onstraint that the volumeis V =xyz=32; 000. Lagrange multiplies: rA(x; y; z)=hy+2z; x+2z; 2x+2yi andrV (x; y; z)=hyz; xz; xyi so we must �nd all (x; y; z) and � su
h that y+2z = �yz,x+2z = �xz, 2x+2y = �xy and V (x; y; z)=32; 000. Multiplying the �rst equationby x, the se
ond by y and the third by z we get x(y+2z)=y(x+ 2z)=z(2x+2y).Subtra
ting the �rst two equations gives 2z(x � y) = 0 and subtra
ting the �rstand third gives (x� 2z)y=0. If z = 0 then y = 0 or x = 0. If z 6=0 then x=y=0or x= y=2z. Hen
e we have the points (x; 0; 0), (0; y; 0), (0; 0; z) and (2z; 2z; z).Only the last one gives V 6= 0 and we must have V (2z; 2z; z)=4z3=32; 000 whi
his equivalent to z=20 so (x; y; z)=(40; 40; 20).8. Let D=f(x; y); 10� 3x2� 3y2�4g=f(x; y); x2+ y2�2g.The volume is RRD z dA = RRD(10 � 3x2� 3y2) dA = R 2�0 R p20 (10 � 3r2) rdr d� =R 2�0 (5r2 � 3r4=4)��p20 d�=R 2�0 7 d�=14�.9. RRT p1 + 1 + 4y2 dA = R 10 R y0 p2 + 4y2 dx dy = R 10 p2 + 4y2x��yx=0 dy =R 10 p2 + 4y2y dy(2 + 4y2)3=2=12��10 = (63=2 � 23=2)=12.10. E = f(x; y; z); x � 0; y � 0; z � 0; x + y + z=2 � 1g= f(x; y; z); 0 � z � 2; 0 � y � 1� z=2; 0 � x � 1� y � z=2g.RRRE y dV = R 20 R 1�z=20 R 1�y�z=20 y dx dy dz = R 20 R 1�z=20 yx��1�y�z=2x=0 dy dz= R 20 R 1�z=20 y(1 � y � z=2) dy dz = R 20 (y2=2 � y3=3 � zy2=4)��1�z=2y=0 dz= R 20 (1� z=2)3=6 dz = R 11=2 t3=3 dt = t4=12��10 = 1=12.1


