13.3: Arc Length and Curvature. If r is a vector valued function
(13.3.1) r(t)=f(t)i+g)j+ h(t)k, a<t<b

then we defined the derivative to be
r(t+ At) —r(t)

13.3.2 ") = 1
(13:3.2) () = fim, At
In components this means that
(13.3.3) r'it)=ft)i+d®)j+r )k

For a curve with vector equation (13.3.1) or equivalently parametric equations
(13.3.4) z = f(t), y=g(t), z = h(t), a<t<b
we define the arc length of the curve to be
(13.3.5) / V (dz/dt)? + (dy/dt)? + (dz/dt)? dt
However, since
(13.3.6) ) =V f'(t) 24+ 1(t)?
this can also be written.

b

(13.3.7) L= / v’ (¢)| dt

It is easy to see that it is the arc length if we approximate it by a Riemann sum:
(13.3.8) L~ e ()| At

where t; = a + iAt, At = (b— a)/n and use the definition of derivative (13.3.2):
I‘(ti + At) — I‘(ti)

"(t. ~
(13.3.9) r'(t:) N
we obtain
n—1
(13.3.10) L~ Y et + At) —x(t)]
=0

This is exactly the length of the polygon consisting of the line segments between
the vertices r(t;), i = 0, ...,n, which is a good approximation of the arc length.
Ex. Find the arc length of the helix r(t) = costi+sintj+tk, when 0 < ¢ < 27.

Sol. We have r'(t) = —sinti+costj+ k, so |r'(¢)| = V/sin?t + cos? t + 1 = /2.
Hence L = f027r It/ (t)| dt = 027r V2dt = /22

The same curve can be represented by different parametrizations:
Ex. Find the arc length of the helix: ry(u)=cos u?i+sin u?j +u%k, 0<u<+/27.
Sol. We have rh(u) = —2usinu?i+ 2ucosu?j + 2uk. Hence

I’ (u)| = V4u? sin? u? 4 4u? cos? u? + 4u? = 2v/2u and

\/ﬂl m ’U,Zzt 27
L:/O \r2(u)|du:/0 2v/2u du = [2udu:dt] :/0 dt = 2/2m

Two different parametrizations, r(t) =ra(u), where u=wu(t), leads to the same arc
length. By the chain rule r'(t) =dry(u)/dt =14 (u)u’(t) and if we change variables

[imsldu=| a0, | = [wia

1




We define the arc length function by

(13.3.11) s(t) = / v (7)| dr

s(t) is the length of the curve from r(a) to r(¢). By the Fundamental Theorem of

Calculus
ds(t)
13.3.12 — =1r'(t
(13..12) 22— ()
It is often useful to parametrize the curve by arc length because it does not depend
on any particular parametrization so it is better to use if we want to study properties

of the curve itself. If ¢(s) is the inverse of the function in (13.3.12) then
(13.3.13) ra(s) = r(t(s))
is a reparametrization of the curve in terms of arc length. By the chain rule r}(s) =
dr(t(s))/ds = r'(t(s))dt/ds. Hence |ro(s)| = |r'(t)|/(ds/dt) = 1 by (13.3.12).

Ex. Reparametrize the helix with respect to the length from ¢ = 0.

Sol. If r(t) = costi + sintj + tk then ds/dt = |r'(t)] = V2 and s(t) =
fot It'(7)| dr = fg V2dr = +/2t, so t(s) = s//2. Hence the curve reparametrized in
terms of arc length is ro(s) = r(t(s)) = cos (s/v/2) i + sin (s/v/2)j + (s/v2) k.

Curvature. First recall that
r'(#)
(13.3.14) T(t) ()
is a unit vector in the direction of the tangent line to the curve. If the curve is
parametrized by arc length then there is no need to divide by |r/(¢)|. Note that
T(t) changes direction very slowly when the curve is fairly straight. The rate of
change of T () per unit distance along the curve, therefore tells us something about
how much the curve bends. We therefore define the curvature of a curve to be:
dT

" s
Note that the derivative is defined in terms of the arc length s along the curve, i.e.
we measure the rate of change of T per unit distance traveled along the curve. It
is easier to compute the curvature if it is expressed in terms of ¢ instead of s. By
the chain rule dT/dt = dT/dsds/dt and by (13.3.12) ds/dt = |[r'(t)] so
_ T

v’ (2)]

Ex. Show that the curvature of a circle of radius a is 1/a.

Sol. If r(t) = acosti+ asintj, then r'(t) = —asinti+ acostj and |r'(t)| = a.
If T(t) =1'(t)/|r'(t)] = —sinti+costj then T'(t) = — costi—sintj and therefore
k(t) = [T'(1)|/[r' ()| = 1/a.

There are some other formulas to calculate the curvature, e.g.
_ [r'(@) x " (2)]

(13.3.15)

(13.3.16) K(t)

13.3.17 t) =
and in the case the curve is given as a graph in the plane, y = f(z),
(13.3.18) w(z) = — L@
(+ 7P

The geometric interpretation of curvature is that it is one over the radius of
the circle that best approximates the curve close to a point.



