Lecture 16: 15.4 Tangent planes and linear approximations.
Suppose that f(z,y) has continuous first partial derivatives f;(x,y) and f,(z,y).
Consider the surface S given by z = f(x,y) and a point Py(xo, yo, 20) on it.
Let Cy and Cs be the intersection of the surface with the planes y = yo and x = xy.
Let T7 and T3 be the tangent lines to the curves C; and C5 at the point Fp.
The tangent plane to the surface S at P, is the plane containing Py, 77 and T5.
Let us derive the equation for the tangent plane. A plane through Py has the form:
A(z — z9) + B(y — yo) + C(z — 29) = 0 and after dividing by C and moving two
terms to the other side we get
(14.4.1) z—zo=a(z —xo) + by — yo)
If (14.4.1) represents the tangent plane at the point P then the intersection with
the plane y = yo must be the tangent line T7:
(14.4.2) z—zp = a(x — zy), Y =1Yo
We learned in section 14.3 that f;(zo,yo) is the slope of T at Py so a = fz(z0, yo)-
Similarly fy(zo,y0) is the slope of Ty so b = f,(zo,y0). Therefore we get the
equation of the tangent plane at Py:
(14.4.4) z =20 = fz(%0,Y0) (T — zo) + fy(Z0,y0) (¥ — o)
Compare with one dimensions y = f(z) and tangent line y — yo = f'(z0)(z — x0).
Ex. find the tangent plane to z = f(x,y) = 22 + y? at the point (1,2,5).
Sol. z—5=2(z—1)+4(y — 2).
Since the tangent plane approximates the surface close to (1,2), the linear function
(14.4.6) L(z,y)=5+2(x—1)+4(y —2)
is a good approximation of the function f(z,y) = 22+ close to the point (1,2, 5):
F(1.1,1.9)=1.12+1.92=4.82,  L(1.1,1.9)=5+2(1.1—1) +4(1.9— 2) = 4.8
The linear approximation of the function f(x,y) for (x,y) close to (zo, yo) is

f(mﬂ y) ~ L('Tu y) = f($07 1/0) + fa:(an yo)(l‘ - .’13()) + fy(-TO: 1/0)(3/ - y())
and L is the linearization of f at (¢, y0). The linear approximation in one variable
is f(x) ~ f(xzo) + f'(zo)(x — xp). Recall that we called f differentiable at a if

Ay = f(zo + Azx) — f(z0) = f'(a) + eAuw, where e¢—0, as Az —0

We say that z = f(x,y) is differentiable at (z¢,yo) if
Az = f(zo+ Az, yo+AY) — f(To, yo) = fz(To, yo) AT+ fy(z0, Yo) Ay +e1dz+e2 Ay
where €1 and g2 — 0 as (Az, Ay) — (0,0).

Ex. Show that f(z,y) = +/|z||y| is not differentiable at (0, 0).

Sol. Az=f(Az,Ay)— f(0,0)=+/|Az||Ay| and f;(0,0)=f,(0,0) =0 so Az —
(fz(0,0)Az+ f,(0,0)Ay)=+/|Az||Ay| does not go to zero faster than |Ax|+|Ayl.

The linear approximation for a function of three variables:
f(@,y,2) ~ f(To, Yo, 20)+fz(0: Yo. 20) (T—20)+ fy (0 Yo, 20) (Y—Y0)+f=(T0, Yo, 20) (2—20)
Ex. A rectangular box is measured to have sides 60 cm, 80 cm and 120 cm with an

error of ==1¢m in each measurement. Find and approximation of the total volume
and estimate the maximum error by the linear approximation.

Sol. V = f(.’E,’y,Z) = TY=z, f$($7yaz) =Yz, fy(x;y,z) = Tz, fz($,’y,Z) =Y
f(x,y,2) ~0.6-08-1.2+0.8-1.2(x —0.6) + 0.6 - 1.2(y — 0.8) + 0.6 - 0.8(z — 1.2)
= 0.576 + £(0.96 + 0.72 + 0.48) - 0.01 = 0.576 = 0.0216
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