Lecture 18: 14.6: Directional Derivatives and the Gradient Vector.
Recall that the partial derivatives

m f(zo + h,y0) — f(x0,%0)

(14.6.1) falwo,30) = lim )
(1462) fy(-'L'O, y()) — }{E}I}) f(xO, Yo + h}i — f(.’,Co, yo)

represents the rate of change of the function f in the x and y directions.

Suppose that we now want to measure the rate of change in the direction of an
arbitrary unit vector u = (a,b). To do this is it is convenient to introduce the
position vectors for the point ro = (xg,yo) and for the point r(h) = (z(h),y(h))
obtained by moving a distance h from ry in the direction of the unit vector u:

(14.6.3) r(h) =ro + hu,

The rate of change of f in the direction of the unit vector u is now given by the
derivative of f(x,y) along the curve (x,y) = r(h);

(14.6.4) L)

where f(r(h))=f(ro+hu) = f(zo+ha, yo+hb). We therefore define the directional
derivative of f at (zg,yo) in the direction of unit vector u={a, b) by

.. f(wo+ ha,yo + hb) — f(xo0,yo)
(14.6.5) Dy f(zo,y0) = ’1L1_I)% -

Ifuisi=(1,0) or j=(0,1) it reduces to partial derivatives in the z or y directions:

(14.6.6) D; f(zo,y0) = fz(To, Yo), D; f(x0,%0) = fz(T0,Y0)

Furthermore, by the chain rule we have since r(h) = (z(h), y(h)) = {(xo+ha, yo+ hb)

d _Ofdx  Ofdy
(14.6.7) %f(a:(h),y(h)) = ordh 87/%’
so we conclude that
(14.6.8) Duf(z,y) = fo(z,y)a+ fy(z,y) b, if u = (a,b)

Note that u has to be a unit vector in order that D, f give the rate of change.
Ex. Find the directional derivative of f(z,y) = 2 + y? in the direction of (1, 1)
at the point (1,2). Sol. A unit vector in the direction is u = (1/v/2,1/+/2) and

Du,f(152) = fw(1’2)/\/§+ fy(l’Q)/\/i = 2/\/§+4\/§ = 3\/5'

We notice that the expression in (14.6.8) can be written as a dot product:

(14.6.9) Duf(z,y) = (fz(,y), fy(z,y)) - (a,b)

Because of this we introduce a special notation for the so called gradient of f:

(14.6.10) Vi(z,y) = (fo(z,9), fy(z, )
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also denoted grad f. With this notation we hence have
(14.6.11) Dyf(z,y) =Vf(z,y) -u

This expresses the directional derivative in the direction u as the scalar projection
of the gradient onto u. Using this identity we conclude that the maximum value of
Dy, f(z,y) is |V f(z,y)| and it occurs when u is in the direction of V f(z,y). Fur-
thermore D,, f(z,y) = 0 when u is perpendicular to Vf(z,y). If r(t) = (x(t), y(t))
is a level curve to f(z,y), then f(r(¢)) is constant and by the chain rule

SIE) = 5 F@0),0(0) = falw)a’(0) + Fy )0/ (0) = VIE(D)) ¥ (1) =0
i.e. the gradient is perpendicular to the tangent of the level curves of f.
You reach the top of a hill fastest by going in the direction of the gradient.

Ex. Find the gradient of f(z,y) = 2 +%? at the point (1,2) and the directional
derivative in the direction u = (1/v/2,1/v/2), at the point (1,2).

Sol. Vf(z,y) = (fz(z,y), fy(z,y)) = (2z,2y). Hence Vf(1,2) = (2,4) and
Dof(1,2) = V£(1,2)-u=(2,4)- (1/v/2,1//2) = 2/V2 + 4//2 = 3/2.

Ex. In which direction does f(z,y) =2+ y? increase the most at the point (1,2)
and what is the maximum rate of increase? In which direction is f constant?

Sol. Vf(1,2) = (2,4) so the increase is largest in the direction of the gradient,
i.e. in the direction of the unit vector u = (2,4)/v/22 + 42 = (1//5,2//5), where
Dy = (2,4) - (1/v/5,2/+/5) = 21/5. The rate of change vanishes in the direction
perpendicular to the gradient (2,4), i.e. in the direction of (4, —2).

Similarly, we now for a function of three variables f(x,y, z) define the directional
derivative in the direction of a unit vector u = (a, b, ¢) at the point (zq, yo, z0) by

(14.6.12) Duf(xo’ Y0, ZO) — }LIm f(x() + ha, yo + hb, zo + hC) — f($(), Yo, Z()) .

—0 h

As before
d

(14.6.13) D.f(z,y,z) = %f(r(h)) - if r(h)=rg+ hu
where ro = (x0, Yo, 20). We define the gradient by
(14.6.14) Vi(@,y,2) = (fz(2, 9, 2), fy(2, 9, 2), f2(z,y,2)),
and as before we have the identity:
(14.6.15) Duf(z,y,y)=Vf(z,y,2)-u

Hence the maximum of Dy f(x,y, 2z) is |V f(z,y, z)| and it occurs when u is in the
direction of V f(z,y, z) and Dy f(x,y, z) =0 when u is perpendicular to V f(z, y, 2).

Let S be the level surface F(x,y, z) = k. Suppose that r(t) = (z(t),y(t), z(t)) is
a curve on the level surface S. Then since F(xz(t),y(t), 2(t)) = k so

d L
FF() = V() r'(t) =0

Since this holds for any curve on the surface it follows that the gradient is perpen-
dicular to the tangent vector of any such curve. We therefore define the tangent
plane to the surface F'(z,y, z) =k at the point (x¢, yo, 20) to be the plane through
(x0, Yo, 20) with normal vector VF(zg, Yo, 2z0)- The equation of the tangent plane is

Fy(z0,y0, 20)(x — z0) + Fy(z0, Y0, 20) (¥ — yo) + F2 (20, Y0, 20) (2 — 20) =0
Ex. Find the tangent plane to F(z,y,2) = 22 + y% + 22 = 5 at the point (1,2,0).



